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Abstract

Subdivision surfaces provide a curved surface representation that is useful in a
number of applications, including modeling surfaces of arbitrary topological type, fit-
ting scattered data, and geometric compression and automatic level-of-detail genera-
tion using wavelets. Subdivision surfaces a so provide an attractive representation for
fast rendering, since they can directly represent complex surfaces of arbitrary topol-
ogy.

We present a method for subdivision surface triangulation that is fast, uses mini-
mum memory, and is simpler in structure than a naive rendering method based on di-
rect subdivision. These features make the algorithm amenable to implementation on
both general purpose CPUs and dedicated geometry engine processors, allowing high
rendering performance on appropriately equipped graphics hardware.
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1 Introduction

A subdivision surfaceresults from iteratively refining acontrol mesh of arbitrary topology
by adding new vertices into the mesh and modifying the locations of existing vertices. In
the limit the mesh converges to a continuous surface. The control mesh usually gives a
rough polygonal approximation of the resulting surface; some methods even interpolate
the control mesh [4]. The first subdivision surfaces were based on quadrilateral meshes
and generalize biquadratic [3] and bicubic [1] tensor product surfaces (see [5] and [9] for
extensions). In addition to surface modeling, subdivision surfaces have been used for fit-
ting scattered data [6], and geometric compression and automatic level-of-detail genera-
tion using wavelets [8].

The goal of this work was to develop an efficient algorithm to implement Loop’s sub-
division scheme [7] with additions by Hoppe et al. [6]. Loop’s subdivision schemeis a
generalization of C? quartic triangular B-splines, and isthe simplest method known to lead
to tangent plane smooth surfaces. The control mesh consists of triangular faces and, like
subdivision surfacesin general, can have any topology. Theresulting surface hasthe same
topology as the control mesh.

Figure 1 diagramsLoop’s subdivision process. Eachiter- A B
ation splits all the edges in the control mesh and introduces
four new triangles for each original one. The location of
anew vertex is obtained by a weighted average of the sur-
rounding vertices. For example, when the edge BC is split, C D
the vertex mis introduced at location m = A38:3%4D  Fach
iteration also perturbs the locations of existing vertices by ~ Figure1: Triangle subdivision.
taking aweighted average of the locations of the vertex and itsimmediate neighbors. Itis
also possible at any level to directly calculate the limiting location of each control vertex
on the final surface, aswell as the normal vector.

Hoppe et al. [6] extended Loop’s scheme by introducing subdivision rules that lead to
a piecewise smooth surface with features such as creases, corners, darts, and conical ver-



tices. The vertices and edges of the control mesh are typed and the weights in the subdi-
vision rule are chosen based on the vertex and edge types (the rules are collected in Ap-
pendix).

1.1 Rendering

Figure 1 suggests a simple method for rendering a subdivision surface: for each triangle,
createfour new triangles, and computethelocationsof theresulting (origina and new) ver-
tices, then recurse. The control mesh can be stored in a general mesh data structure which
facilitates operations such as finding the neighbors for each vertex and edge. While this
algorithm is straightforward, it is inappropriate for implementation in dedicated graphics
hardware. Geometry engines (GEs) typically have limited memory and may beill-suited
to linked-list traversal and recursion.

Wedescribeanovel algorithmfor subdivision surfacetriangulationthat isfast, useslittle
memory, and is easy to parallelize. These features make the method ideal for GE imple-
mentation. If GEs are available, then the host is freed from doing most of the work of
generating triangles on the subdivision surface. In addition, instead of sending the GEs
along list of triangles, the host sends a compact representation of the surface, reducing
host-GE bandwidth requirements. Even an implementation that performs all the compu-
tations in the CPU, however, can reap the speed benefits of the simple indexing, iterative
processing, and small memory consumption of our algorithm.

1.2 Overview of paper

In the next section we describe the full algorithm for rendering subdivision surfaces. We
describe how to do the subdivision using asimple 2D array and present a sliding window
method for rendering the subdivision surface patches depth-first and in-place, thus saving
memory. We then describe how we find the submeshes that are sent to GEs and describe
some practical issues and limitations. Section 3 presents our results and compares sub-
division surface rendering to that of NURBS surface rendering. Section 4 discusses the
promise for fast rendering when other subdivision surface features are considered such as
automatic LOD selection and compression. An appendix describes the actual subdivision
rules.

2 Method

Our basicideaisto dividethe subdivision of an arbitrary control meshintotwotasks. The
host manages the general control mesh and partitionsit into small, regular patches. These
patches can then be rendered independently inside a GE using an efficient algorithm. The
patches are stored so that after partitioning the host need only consult acache and send the
precomputed messages to the GEs to render more frames.

We have implemented the control mesh in the host as a half-edge data structure similar
toonesdescribedin [11]. Although such adata structureis needed to describe an arbitrary
control mesh, we can use a simpler data structure to describe the regular surface regions
between the original control points. Our method avoids the overhead of explicitly repre-
senting concepts such as faces, edges, and neighbors, and stores only the vertices. The
vertices can have arbitrary dimensions, so each vertex can have color or texture coordi-
natesin additionto 3D space coordinates. The subdivision algorithmtreatsall dimensions
in the same fashion.



In order to preserve continuity between patches, the patches
need to overlap. Figure 2 shows two subdivisions of a patch .
consisting of asingle control triangle. In the first subdivision, ¢
all the support vertices (the 1-neighborhood) of the patch are
needed both to split the edges and to update the (three) old ver-
tices in the patch. The neighboring triangles are subdivided
only enough to obtain a new layer of supporting vertices and '
edges. In the following subdivisions this support layer shrinks Figure 2 The immediate
even closer to the patch. neighbors are needed.

We first describe how a 2D array can be used to subdivide pairs of control mesh trian-
gles. Thenwe present adepth-first method for performing these cal cul ationsin amemory-
efficient manner. We propose amethod for finding the triangle pairsfrom the original con-
trol mesh, and finally describe the structure of the messages sent from host to GEs as well
as some limitations caused by limited resources.

2.1 Subdivision insidea GE
Subdivision in a 2D array

A 2D array is perhaps the simplest possible
data structurefor describing pointson asurface.
However, it can store effectively only regularly
tesselated surfaces of planar topology, so it is —_—
not a suitable representation for the general con-
trol mesh. Insidethe control trianglesthingsare
simpler: the surface has planar topology and the
vertices are connected in avery regular fashion.
When we combinetwo trianglesinto a quadran-
gle, we obtain a natural mapping from subdivided triangle pairsto asquarearray. Figure3
shows the array representation of the triangle pair after one and two subdivisions.
Thereis no need to keep any connectivity information to find the neighbors for a vertex,
since the neighbors are always in the adjacent array locations. With Hoppe's extension to
L oop’s subdivision scheme, each edge and vertex can have an associated type. However,
we only need to store the original edge and vertex types, and the types can be deduced
from the location in the 2D array and the stored original types. The extra corner support
vertices are stored in an additional array.

With this scheme, it is easy to subdividethetrianglesonelevel at atime. Thesize of the
array at anintermediatelevel j is (2 +3) x (2+3). At thefinal level we calculate the vertex
coordinates and normal vectors on thefinal surface, storethemina (2 +1) x (2 +1) array,
and render them as triangle strips. An exception occurs if the (diagonal) edge between
the original trianglesis sharp. In that case the vertices on the diagonal have two normal
vectors, so weneed onemore element for each row for the extranormal, and each row must
berendered astwo triangle strips. The number of subdivisionlevelsis decided beforehand
by the application and is a tradeoff between execution time and rendering accuracy.

level j level j+1

Figure3: A 2D array stores vertices compactly.

The diding window method
The simple method of subdividing atriangle pair one level at atime, even with aclever
implementation, uses memory on the order of the size of the output. Since each level



of subdivision quadruples the number
of triangles, we could only implement . /
a very modest number of levels (e.g.,
2) inaGE. Instead, we use adepth-first
approach that incrementally calculates level | level j+1

the vertex coordinates, renders the tri- Figure 4: Initialization of the depth-first algorithm.
angles as soon as they are cal culated, and reuses memory. This technique enables usto go
several levels deeper than the naive approach with the same amount of memory.

It turnsout that it is sufficient to store only awindow of threerows of the 2D array for each
level, plustwo rowsfor thefinal vertex coordinatesand normal vectors. Inthe courseof the
algorithm we slide the window down the 2D arrays. Figure 4 illustrates the initialization
phase of the algorithm. On the left side we have the three first rows of the triangle array
at subdivision level j.

We obtain the first row support vertices at level | + 1 (the right image) by splitting the
diagonal and vertical edges between the first and second row vertices at level j. Similarly,
the second row in the right image is obtained by splitting the horizontal edges and updat-
ing the vertices in the left image. The third row is obtained by splitting the vertical and
diagonal edges connecting the second and third rowsat level j. We initialize the three-row
arraysalevel at time, and at the final level we calculate the final coordinates and normal
vectors for one row.

After thetop rowshavebeeninitialized, we begintherecursivepart of thea gorithm. We
introduce the next row of vertices from the original message. Figure 5 (the upper arrow)
shows how anew row at level j providesthe neighbors needed for splitting the horizontal
edgesand updating the vertex coordinatesin the middlerow. Thenew and updated vertices
becomethe new low row at level j+ 1, and they are written over the old highest row at that
level. We can now repeat the same going from level j + 1toj + 2.

The new row at level j aso enables us to split the diagonal and vertical edges connect-
ing the level j low and middle rows, which produces yet another new row for level j + 1
(thelower arrow in Fig. 5). In this manner, we write new rows over old ones and descend
towards the final subdivision level. There, with each new row, we calculate the final co-
ordinates and normals for the middle row vertices and render another triangle strip.

-
-

|
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level j level j+1

Figure 5 Introduction of the lowest row on the left enables us to calculate two new rows on the
right. The bars on the right denote the extent of the window before, after the split of the horizontal
edges, and after the split of the vertical and diagonal edges.

L et uscal cul ate the space and time requirementsof our method. We denoteby nthe num-
ber of 3D points(with normal vectors) that running theal gorithmfor | levelsproduces. The
length of the rows at the finest level is approximately +/n, and since the rows at a coarser
level are only half aslong as at the next finer level, the algorithm uses O(Z::o \/ﬁil,) =
O(y/n) memory. Each vertex is calculated only once, the cal culation takes constant time,



and sincethereare only about one quarter as many verticesat acoarser level, thealgorithm
uses O(3"}_, nd) = O(n) time.

SUBDI VI DE(| evel , |ast) Here is pseudocode for the depth-

BEIGFN(I | 1= last) THEN first algorithm. Although the algo-
evel = 1las : : . :

split horizontal edges, update vertices rithm is not tall_ FECUrSve, we Ca,n

SUBDI VI DE(| evel +1, | ast) unroll the algorithm and execute it

split vertical and diagonal edges iteratively since we know the max-

SUBDI VI DE(I evel +1, last) imum number of subdivisionlevels

ELSE . . . .
calculate final positions and normals .(Wh'Ch is dictated by the availabil-
render a triangle strip ity of resources).

ENDI F

END

2.2 Findingtrianglepairs

Aswe have already said, we render the control trianglesin pairs. The host needs to par-
tition the control mesh into pairs of neighboring triangles, which are then rendered in the
GEs. A simple, linear time agorithm would just remove a triangle along with a neigh-
bor, until no trianglesremain. This simple approach, however, islikely to produce several
triangles whose neighbors have already been paired with other triangles, which wastes re-
Sources.

Intuitively, we want to avoid running into a dead end where some of the triangles end
up without aunique pair. Therefore, we want to nibble away pieces from the boundary of
the mesh so it remains as compact as possible in the sense that the number of the boundary
edgesis minimized. We also want to avoid breaking the mesh into disconnected parts.

Our algorithm proceeds as follows. Each triangle is inserted into one of four priority
sets depending on how many free (unpaired) neighborsit has (see Fig. 6). Triangleswith
zero or one free neighbors have the highest priority (3), and the triangles with three free
neighborshavethelowest priority (0). Of the remaining triangles (two free neighbors), the
oneswith both neighborsin set 0 havelower priority (1). Thealgorithm choosesatriangle
from the highest nonempty set and pairsit with the neighbor of highest priority. The paired
trianglesareremoved fromthe sets, and their remaining neighborsare promotedto ahigher
priority set (from 1 and 2 to 3, from O to 1). Additionally, all thetrianglesin 1 with afree
neighbor not in 0 are promoted to set 2.

Thealgorithm has as many cases aswe have priority sets: let’s analyze each of the cases
(seeFig. 7). If the highest nonempty set is 3 and the triangle under consideration does not
have any free neighbors (Fig. 7(i)), we can remove it. We will, however, pair thistriangle

nunber of free

set

nei ghbors
3 0or 1
one of them
212 not in 3
bot h of
112 themin 3
0 |3

Figure 6 The sets for
pairing triangles.

Figure7 The different cases of the triangle pairing.



with a dummy mate and make a note that only this triangle of the pair will be actually
rendered. The number of boundary edgesis reduced by 3, and this choice does not break
up the mesh.

If the current triangle (ain Fig. 7(ii)) has one neighbor we pair it with that neighbor (b).
This choiceis forced. Though it can break up the mesh, it will not produce a suboptimal
triangulation: it could bethat b was heeded asamate of some other triangleinthe optimum
pairing, but if we don't pair it, a will be |left alone. The number of boundary edges may
stay the same, or is reduced by up to 4 edges.

If the highest nonempty set is 2 (Fig. 7(iii)), one of the neighbors of the current triangle
a must also belong to 2 (in this case b, while ¢ belongs to set 0). In the example, pair-
ing a with b just chips off a corner of the mesh. The number of boundary edges remains
the same. Here we haveto be careful, though, sinceit is possible to disconnect the mesh.
Therefore, if there are any other trianglesin the set 2 that do not disconnect the mesh, they
should be given precedence.

If the highest nonempty setis 1 (Fig. 7(iv)), the mesh has rather regular structure at the
boundary: each triangle with a boundary edge will have two neighbors that have only a
boundary vertex. In the example pairing awith b would directly lead to a cascade of pair
removals (the neighbor of b is promoted to set 3) which would peel off alayer of triangles
from the mesh boundary. The number of boundary edges grows by 2, and the mesh cannot
be disconnected.

The case where the highest nonempty set is0 (Fig. 7(v)) can only occur in the beginning
if the mesh formsa closed surface. The number of boundary edgesincreasesto 4, and the
mesh remains connected.

Figure 8 gives two examples of how the algorithm proceeds. In the left mesh, all the
triangles with a border edge belong to set 2, while the others belong to set 0. We start by
pairing two triangles marked “1”, which promotes one of triangles marked “2” to set 2.
They form the next pair, which now promotes one of the triangles marked “3” to set 3,
and so forth. In the mesh on the right we always remove triangle pairs such that at least
one of the trianglesis left with only one free neighbor.

1 4 7
1 4 7

2 5 8
2 5 8

3 6 9
3 6 9

Figure 8 Pairing of trianglesin amesh. ;gyirn?mgedi-;tvéongémgoli and
2.3 Someimplementation issues

Host-GE interface

Figure9illustratestheinformationin the messagethat is sent to the GEs for rendering two
triangles. The message comprisestwo parts: afixed-length part and avariable-length part.
Thefixed-length part contains the vertex coordinates along with vertex and edge typesfor
thetriangle pair (the shaded triangles) and the neighboring triangles (the four unshaded tri-
angles). Additional informationincludesthe dimension of vertex coordinatesand whether



the second triangle should be rendered or isadummy. The variable-length part accommo-
dates the variable valence of the control mesh vertices.

The overhead of subdividing the neighbors

When looking at Fig. 2 it might seem that we are doing more work subdividing the im-
mediate neighbors than the actual patch. A closer look reveals, however, that after afew
subdivisionsthe space and time spent on the support edges and verticesis but asmall frac-
tion of the real work.

A larger patch size with more control triangles would mean less duplicated work with
the support edges. However, that would destroy the simple square array structure and the
patch would not be guaranteed to be topologically planar. Also, the patch size should be
constant to obtain even load balancing for maximum performance in the case of severa
GEs.

Limitations
Dueto thelimited memory, there hasto be amaximum number for thelevelsof subdivision
we can process in a GE. If the user wants more subdivisions, the first levels can be done
in the host, and the results then sent to GEs.

The memory limitations also prevent us rendering meshes with arbitrarily large vertex
valencies. We currently support a combined valency of 40 for the four corner vertices,
though the choiceis arbitrary and could easily be made somewhat larger.

3 Results

We implemented this algorithm as an experimental extension to OpenGL for the Silicon
Graphics Onyx Reality Engine. The host storesthe general control mesh using ahalf-edge
datastructure, chopsthe meshinto triangle pairs, and sendsthe pairs (with their neighbors)
to GEs. The GE microcode (unoptimized C) subdividesthetriangle pairsand rendersthem
using the existing OpenGL code for rendering triangle strips.

3.1 Performance measurements

We present some performance measurements comparing subdivision surfaceand NURBS
versionsof the Utah teapot and acylindrical car part with holes(seeFig. 10). Inthefollow-
ing table, RE refersto an SGI Onyx RE2 with 12 geometry engines operating in parallel,
whilelndigoreferstoan SGI Indigo® XL onwhichall subdivisionwork isdonein the host.

All subdivision surfacetimesincludefindingtrianglepairs. Theadditional control points
for the“ car part” NURBS surface indicate trim curve points; measured timesincludetrim
region tesselation. The two sets of subdivision surface timing numbers are for 2 and 3
levels of subdivision. Thetriangle rates of the two examples seem typical: other complex
surface models (e.g., head and distributor cap) had very similar rates.

Theresults show that even our unoptimized implementationwas faster than the OpenGL
NURBS, both for a GE microcode implementation (RE) and when the subdivision was
performed completely on the host (Indigo). In addition, for a surface with complicated
local geometry (see color plate) a NURBS rendering would require more triangles to ob-
tain acomparable visual quality. The reason is that the subdivision surface representation
concentrates moretrianglesin areas of higher detail; this effect is difficult to achieve with
NURBS renderers.

Thetrianglerateincreaseswith the number of subdivisionlevels. Thereseemto bethree



Subdivision surfaces
model control triangles | triangles/sec (1000s)
points RE Indigo —

teapot 157 4960 147 26 -

10840 | 207 31 @ /
car part 126 3264 157 26

13056 212 39

NURBS surfaces

teapot 512 8740 141 24 Figure 10 Subdivision surfaces: the
carpart | 1143+189 | 5608 80 2 Utah teapot and a cylindrical car part

with holes.

reasons. with more subdivision levels, the setup and communication costs are amortized
over alarger number of triangles, more of the computed triangles are inside the control
triangles where the subdivision algorithm is most regular, and individual triangle strips
become longer.

3.2 Real timeediting

Weimplemented asimple surface editor that allows usto movethe control verticesaround
and change the types of the control vertices and the connecting edges. The fast rendering
alowsinteractive editing of the control mesh even for quite complicated objects (consist-
ing of hundredsof control triangles) and givesreal -time feedback by showing theresulting
subdivision surface. The color plate shows amodel of a head and the result of a couple of
minutes’ worth of editing.

3.3 Comparison with NURBS

Subdivision surfaces possess several potential advantagesover NURBS patches. Themost
obviousadvantageisthat asingle subdivision surface can model an object of any topology,
whereas objects with complicated shapes usually need to be covered by several NURBS
patches. The color plate shows such a surface. With a single continuous surface thereis
no need to stitch patches together to avoid cracks or to trim patches to avoid surface in-
terpenetration. Further, the control points of aNURBS patch need to be in atopologically
regular 2D lattice, whereasthe subdivision surface control mesh givesmore freedom about
the connectivity of the control points.

4 Discussion
4.1 Compression in communication
Rendering a(piecewise) smooth surface accurately by polygonal approximationrequiresa
large number of polygons. Our method not only relievesthe host from the task of tessel at-
ing the surfaceinto a set of triangles, but it al so reduces communication between host and
GEs. Let'sassume that the user wantsto subdivide the control mesh four timesto achieve
avery high geometrical accuracy. Every triangle in the control mesh is subdivided four
times, yielding 4* = 256 triangles. When these triangles are rendered, for example as tri-
angle strips, we still haveto send each vertex twice (on average) to the graphics hardware.
A single subdivision message, however, sendstypically only 10-15 vertices (two triangles
and their neighbors), along with some type information, but produces 512 triangles.
Subdivision surfaces combined with wavelet analysis may yield even greater compres-
sion in communication [2]. A multiresolution representation of the control mesh would
allow sending larger submeshes compactly.



4.2 Leve-of-detail control

In order to obtain interactive rendering speeds, automatic level-of-detail (LOD) control is
essential. With subdivision surfaces, there is no need to store or create alternate descrip-
tions of geometry at different levels of detail. The LOD control isbuilt in: one parameter,
the number of subdivision levels, dictates how detailed the rendering is. The color plate
shows ateapot at four different levels of detail.

Itisquite easy to obtain acontinuousL OD control by interpolating between subdivision
levels. Thisisimportant for eliminating “jumping” of the surface, e.g., when one zooms
in to an object to display more detail. Suppose wewant to display the object at subdivision
level 3.5. Let uscall the vertices introduced at level j even and vertices at level j + 1 odd.
Wewould then calculatethe surface points at level 4, use the average of the parent vertices
(even) for each odd vertex asthe starting point, and the actual location asthe ending point.
The non-integer subdivision levels between 3 and 4 can now be obtained by interpolating
between the starting and ending points.

It is also possible to render different control mesh triangle pairs at different levels of
subdivision. A naiveimplementation would leave cracks between patches, but with a bit
of extrainformation, the cracks can easily befilled. Let's assume that while rendering the
current patch we know that the patch on the left was rendered with one fewer levels of
subdivision. We know that each leftmost vertex of the even rows correspondsto a vertex
on the neighboring patch. Introducing a new triangle consisting of the even, odd, and the
next evenvertex will fill thecrack. Ingeneral, if thereare morelevels between the patches,
the crack filling polygons consist of the vertices shared by the patches and of all the finer
level vertices between them.

4.3 Conclusions

We have presented an algorithm for rendering Loop’s subdivision surfaces with Hoppe's
extensionsthat uses very little memory and is efficient to execute. A control mesh of arbi-
trary topology is efficiently divided into patches consisting of triangle pairs and their im-
mediate neighboring vertices. The patches can be rendered separately and they are about
the same size, which makes the algorithm attractive for parallel implementation if several
GEs are available. Our algorithm works also for any other subdivision scheme with the
same support of the subdivision masks and can be extended in a straightforward manner
to triangle-based schemes with larger support.

Subdivision surfaceshave several advantagesover traditional surface descriptions, such
as NURBS. Arhitrarily complicated objects can be represented by a single surface rather
than a collection of patches; the control mesh is quite natural to edit by designersand pro-
vides both smooth surfaces and sharp features; level-of-detail control issupportedin anat-
ural way; and our implementati on outperformed the OpenGL NURBS versions of compa-
rable surface models.
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Appendix
The edges and vertices in the control mesh can have the following types. An edge can be either smooth (contin-
uous surface normals) or a crease (discontinuous surface normals). A vertex can be either smooth, dart, crease,



or corner, depending whether it has zero, one, two, or more incident crease edges, respectively. A crease vertex
isregular if thereisexactly two smooth edges between the two creases, otherwise it is nonregular. Additionally,
any vertex can be tagged as a conical vertex.

Figure 11 presents the masks used for both subdividing the control mesh and calculating the final positions
and normal vectors at each vertex location. A new value is obtained by an affine combination of avertex and its
neighbors, and the mask gives the appropriate weights. For example, a new vertex position can be obtained by
\/6 = Zinzo Gvi/ Zinzo Gi, Where vp isthe old vertex position and the other \’s are the neighbors. The following
table gives the masks for subdivision (S) and final locations (F}. In the formulas & is 1 if the edge -G isa
crease, 0 otherwise, a(n) = 5/8 — (3 + 2 cos(2x /n)} /64 and b(n) = (3 + 2 cos(27 /n)/8.

vertex type @ G
S | smooth or dart nfan —n | 1 3\ / \ / I
S | crease 6 doi c 4 Co
S | corner 1 0 \ / C /
S | conica b(n) 1 \ /
F | smooth or dart 3n/(8a(n)) 1 / \C W3 I
F | regular crease 4 o W,
F | nonreguler crease | 3 %o Flgure 11 The subdivision masks.

The center mask is used when subdividing edges (between aand b). If the edge is smooth or if either of the
vertices (aor b) isadart, theweights {ab,c,d} are {3,3,1,1}. If the edge isa crease and one of the edge vertices
(8) isaregular crease while the other (b) is either non-regular crease or corner, the weights are {5,3,0,0}. In the
remaining cases the weights are {1,1,0,0}.

Thenormal vectors can be calculated by taking the cross product of two surface tangent vectors yand u,. For
non-crease vertices, we use the left mask. The center weight ¢ isO for both uy and up, while g = cos(27i /n) for
up and ¢ = cos(2w(i — 1)/n) for up. For crease vertices we use the right mask (the fat line denotes the crease),
where u; goesaong and up acrossthecrease. Thew, weightsarew; = 1, wn = —1, other wi’sare 0. For aregular
crease vertex, W weights {wp, ..., wa } are {—2, —1,2,2, —1}. For anon-regular crease vertex, b weights are,
forn > 4,wp =0,w; =Wy =sinf,andw = (2cosf — 2)(sin(i — 1)0) for 1 < i < n,whered = 7/(n — 1);
forn=3, {wp, ..., ws} are {—1,0,1,0}; for n = 2, {wo, wy, wo } are {—2,1,1}.
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Left top: a control mesh and the resulting subdivision surface. D fferent
colors denote different vertex and edge types.

Center top: A head before and after sone sinple edits.

Ri ght top: Another exanple of a conplicated object wwth a single surface.
Bottom A teapot with 0, 1, 2, and 3 subdivisions. Note that the visual
accuracy is already very good with only 2 subdivisions.
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