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Optimization Problems
€000

Optimization Objectives

Problem Objective
Least-squares E(%) = ||AZ —b||?
Project b onto @ E(c) = ||ed — b]|
Eigenvectors of symmetric matrix 7) = 7T AT
Pseudoinverse 7) = ||7))?

Principal components analysis
Broyden step
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Optimization Problems
000

Optimization Constraints

Problem Constraints
Least-squares None

Project b onto @ None
Eigenvectors of symmetric matrix | ||Z]| = 1
Pseudoinverse ATAZ=ATb
Principal components analysis CTC = Iy
Broyden step Ji - AT = Af(Z)
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Recall:
Variational Approach

Define energy measuring
desirable properties and
attempt to minimize It.
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General Motivation

So far:
Optimality conditions
solvable in closed form
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General Motivation

So far:
Optimality conditions
solvable in closed form

What if:
We re not so |ucky7
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Motivation

min f(Z)

No constraints on .




Nonlinear Least-Squares

E.g. for fitting an
exponential:

Ela.c) = 3 (s — ce™)?
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[e]e] o)

Maximum Likelihood Estimation

1 6—(h—u)2/2a2

h:p, o) = ——
g(h; p, o) o
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[e]e] o)

Maximum Likelihood Estimation
glhip,o) = L e
T o\ 21

Il (independent sample)
P({h, ... b} p,0) = [ [ 9(his . 0)
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[e]e] o)

Maximum Likelihood Estimation

1 2/, 92
h; o) = 6—(h—u) /20
g(h; p,0) p

Il (independent sample)
P({h, ... b} p,0) = [ [ 9(his . 0)

Estimate 11 and o.
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[e]e] o)

Maximum Likelihood Estimation
glhip,o) = L e
T o\ 21

Il (independent sample)
P({h, ... b} p,0) = [ [ 9(his . 0)

Estimate 11 and o.

max P({hy,...,hn};u,0)

11,0
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No square!
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Optimization Problems
©000000

What are we looking for?

Global minimum
" € R" is a global minimum of f: R" — R if
f(@) < f(&) for all ¥ € R".
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OOOOOOO

What are we looking for?

Global minimum
" € R" is a global minimum of f: R" — R if
f(@) < f(&) for all ¥ € R".

Local minimum

2" € R" is a local minimum of f: R" — R if
f(z*) < f(Z) for all ¥ € R" satisfying

|% — || < & for some & > 0.
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OOOOOOO

Differential Optimality
f(Z) = f(Zo) + V [(Zy) - (T — &)
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OOOOOOO

Differential Optimality
f(Z) = f(Zo) + V [(Zy) - (T — &)

Take: ¥ — fo = &Vf(fo):
(@ +aV f(do)) = f(io) + al|V f(70)]
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OOOOOOO

Differential Optimality
f(Z) = f(Zo) + V [(Zy) - (T — &)

Take: ¥ — @y = oV f(Zy):
(@0 +aV f(Z)) = [(Zo) + al|V f(Z0)]”

When ||V f(Zy)|| > 0, the sign of o determines
whether f increases or decreases.
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Optimization Problems
00®0000

Stationary Point
ﬁ

V(xy) =

Doesn’t change to first order
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OOOOOOO

Typical Strategy

1. Find critical point(s)
2. Check if its a local
minimum
3. Repeat [optional]
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Optimization Problems
0000000

Hessian

0% f 0> f
8x% 011029
0*f 0% f
Hf (f) —_ 8@.83:1 82.:[2
0*f 0 f

O0rndr] O0xpdxy
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OOOOOOO
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Optimization Problems
0000080

Hessian-Based Optimality

f(@) = f(

~ Hy is positive definite = local minimum
~ Hy is negative definite = local maximum
~ Hy is indefinite => saddle point

» Hy is not invertible =—>
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Optimization Problems
0000080

Hessian-Based Optimality

f(@) = f(

~ Hy is positive definite = local minimum
~ Hy is negative definite = local maximum
~ Hy is indefinite => saddle point

» Hy¢ is not invertible => nothing
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Optimization Problems
000000@

Alternative Optimality

Convex
f :R™ — R is convex when for all Z,y € R™ and
a € (0,1), f((1 - )T+ af) < (1-a)f(Z)+af(y).
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Optimization Problems
000000@

Alternative Optimality

f :R™ — R is convex when for all Z,y € R™ and

Convex
€ (0,1), fF(1 — )T+ ay) < (1 — a) f(Z) + af(¥)- J

f :R™ — R is convex when for all Z,y € R™ and

Quasi-Convex
€ (0,1), f(1 — a)Z + ay) < max(f(Z), f(¥))- J
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Single-Variable Methods
©000000

Newton’s Method

Minimize f <> find roots of f’
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Single-Variable Methods
©000000

Newton’s Method

Minimize f <> find roots of f’

f(xy)
f//(mk)

L+l = T —
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Single-Variable Methods
©000000

Newton’s Method

Minimize f <> find roots of f’

f(xy)
f‘//(l.k)

Question:
What do you need for secant?

L+l = T —
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Single-Variable Methods
©000000

Newton’s Method

Minimize f <> find roots of f’

f(xy)

Lkt1 = Tk — 7,7~

f//(l.k)

Question:
What do you need for secant?

Alternative: Successive parabolic interpolation
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Single-Variable Methods
0®00000

Imitate Bisection?

Question:
Analog of Intermediate Value Theorem?
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Single-Variable Methods
0®00000

Imitate Bisection?

Question:
Analog of Intermediate Value Theorem?

Unimodular
f :la,b] — R is unimodular if there exists

x* € [a, b such that f is decreasing for
x € |a, x*] and increasing for x € [x*, b].
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Single-Variable Methods
ooooooo

Observations about
Unimodular Functions

> f(xo) > flxr) = f(x) > f(x;) for all
x € |a,r9] = [a, x| can be discarded

) > Fla) = f@) > o) for al
x € [r1,b] = [x1,0] can be discarded
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Single-Variable Methods
ooooooo

Unimodular Optimization v1.0

lteratively remove 1/3 of
interval in each iteration.
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Single-Variable Methods
ooooooo

Unimodular Optimization v1.0

lteratively remove 1/3 of
interval in each iteration.

Requires two evaluations
per Iteration.
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Single-Variable Methods
000000

Reuse Evaluations?

o= T1=1—«
a € (0,1/2)
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Single-Variable Methods
000000

Reuse Evaluations?

o= T1=1—«
a € (0,1/2)

Remove right interval [z, D]
—>new interval is [0, 1 — af.
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Single-Variable Methods
ooooooo

Reuse Evaluations?
o= T1=1—«
a € (0,1/2)

Remove right interval [z, D]
—>new interval is [0, 1 — af.

New bounds:
o= a(l — a)
S~Cl = (1 — 05)2
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Single-Variable Methods
ooooooo

Reuse Evaluations?

To reuse: (1 —a)’=a

CS 205A: Mathematical Methods (Optimization |I: Motivation, One-Variable / 22 /23



Single-Variable Methods
ooooooo

Reuse Evaluations?

To reuse: (1 —a)’=a

1—&2%(\/5—1)57

Golden ratio...
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Single-Variable Methods
000000e

Golden Section Search

1. Initialize @ and b so that f is unimodular on [a, b].
2. Takexp=a+ (1 —7)(b—a),zy =a+7(b—a);
initialize fo = f(xo), f1 = f(x1).

3. lterate until b — a is sufficiently small:

3.1 If fo > fi, then remove the interval [a, x¢):
» Move left side: a + x¢
» Reuse previous iteration: xg < x1, fo < f1
» Generate new sample: 1 < a+ 7(b—a), f1 < f(x1)

3.2 If fi > fo, then remove the interval [z1,b]:
> Move right side: b < z
> Reuse previous iteration: x < xq, f1 + fo
» Generate new sample: 29 < a+ (1 —7)(b—a), fo < f(z0)
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