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Last Time: 
CCA + MDS
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Canonical Correlation Analysis
Multi-dimensional Scaling



• Work with centered variates X and Y -- the covariance is
• Canonical correlation analysis attempts to answer the question “which directions 

account for most of the covariance between the two data sets?” The goal is to 
find directions wx, wy so as to maximize

• subject to

• In PCA we have a single variate X and seek the direction that “maximizes the 
variance in the data”

• subject to  

CCA vs PCA
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CCA vs PCA

PCA

CCA



• A generalized eigenvalue problem

• Can symmetrically also get

• On can go back and forth between wx and wy

CCA (too) Becomes an Eigenvalue Problem
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• A “distance preserving” embedding of the data into a Euclidean space
• Sometimes distances are observed directly (e.g., similarity ratings)
• Sometimes they can be calculated from a data table (e.g., Euclidean distances, correlations)

Multidimensional Scaling (MDS)
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• Metric MDS

• Metric MDS with Sammon
mapping

• Non-metric MDS
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Many MDS Variants
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Many MDS Applications, Books, etc.



The Graph View
of Data

Graph Laplacians, Laplacian Embeddings, and Spectral Clustering
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Slides ack: Radu Horaud, Dan Spielman
http://perception.inrialpes.fr/
http://www.cs.yale.edu/homes/spielman/561/

http://perception.inrialpes.fr/
http://www.cs.yale.edu/homes/spielman/561/
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The Graph View of Data
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Social Networks



• Euclidean -- points in Rd

• via near-neighbor graphs
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Connect Points in Rd and Graph Views of Data

• Graph
• via matrix 

representations of 
graphs



Spectral Graph Theory

Branch of Graph Theory
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Spectral Graph Theory
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More Applications
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Graph Notations and Definitions
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Subgraphs
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k-Partite Graphs
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Adjacency Matrices
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Weighted Matrices
Adjacency matrix (A)

n x n matrix
:   edge weight between vertex xi and xj

x1 x2 x3 x4 x5 x6

x1 0 0.8 0.6 0 0.1 0

x2 0.8 0 0.8 0 0 0

x3 0.6 0.8 0 0.2 0 0

x4 0 0 0.2 0 0.8 0.7

x5 0.1 0 0 0.8 0 0.8

x6 0 0 0 0.7 0.8 0

• Important properties: 
– Symmetric matrix
⇒ Eigenvalues are real
⇒ Eigenvectors span orthogonal basis
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Eigenvalues and Eigenvectors

Order the eigenvalues from small to large



The Laplacian
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Functions on Graphs
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Operators and Quadratic Forms
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Incidence Matrices for Directed Graphs

Nabla

vertices
edges
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Discrete Differential Operator
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Graph (Unnormalized) Laplacian
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Degree Matrix for Weighted Graphs

• Important application:
– Normalize adjacency matrix

Degree matrix (D)
n x n  diagonal matrix

: total weight of edges incident to vertex xi

x1 x2 x3 x4 x5 x6

x1 1.5 0 0 0 0 0

x2 0 1.6 0 0 0 0

x3 0 0 1.6 0 0 0

x4 0 0 0 1.7 0 0

x5 0 0 0 0 1.7 0

x6 0 0 0 0 0 1.5
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Laplacian Matrix for Weighted Graphs

Laplacian matrix (L)
n x n symmetric matrix

• Important properties:
– Eigenvalues are non-negative real numbers
– Eigenvectors are real and orthogonal
– Eigenvalues and eigenvectors provide insight into the 

connectivity of the graph…

L = D - A
x1 x2 x3 x4 x5 x6

x1 1.5 -0.8 -0.6 0 -0.1 0

x2 -0.8 1.6 -0.8 0 0 0

x3 -0.6 -0.8 1.6 -0.2 0 0

x4 0 0 -0.2 1.7 -0.8 -0.7

x5 -0.1 0 0 0.8- 1.7 -0.8

x6 0 0 0 -0.7 -0.8 1.5
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Laplacian Defines a Natural Quadratic Form of Graphs

A measure of continuity of x
over the graph
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Undirected Weighted Graphs

← 0 always an eigenvalue
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Discrete Surface Laplacians: 3D Meshes
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Point Cloud Laplacians

Nearest Neighbor Graphs
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Connected Graph Laplacians
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A Graph with k Connected Components
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The Eigenspace of λ1 = 0
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Courant/Fischer Eigenvectors / Eigenvalues 
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The Fiedler Vector
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Laplacian Eigenvectors for Connected Graphs

λ2 = algebraic connectivity,
monotone under graph 
inclusion
The larger λ2, the more 
connected the graph.



40

1-D Laplacian Embedding
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1-D Embedding Example
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Higher-D Embeddings
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Example: 2-D Embeddings
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Spectral Graph Drawing
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Tutte Embedding
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Spectral Embedding Using Unnormalized Laplacian
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More Eigenvectors, More 1-D Embeddings



Laplacian Variants
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The Normalized Spectral Embedding of a Graph
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Why the Scaling?
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Commute-Time Distance (CTD)

vol = sum of
degrees
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Graph PCA
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Laplacian Variants
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Eigenvectors/Eigenvalues for Ln, Lr
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Random Walk Spectral Embedding
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Useful for Isometric Shape Comparisons

Uses random-walk Laplacian
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Graph Partitioning

vol = sum of
degrees
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Spectral Clustering
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Spectral Clustering Using the Random-Walk Laplacian
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k-Means Clustering
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k-Means Algorithm
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Spectral Clustering: The Ideal Case
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Spectral Clustering: The Perturbed Case
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Spectral Gap: Selecting k
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Eigengap: the difference between two consecutive eigenvalues.
Most stable clustering is generally given by the value k that 
maximizes the expression

1k k kλ λ −∆ = −

⇒ Choose k=2

2 1max k λ λ∆ = −
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Spirals Again
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shapes
⇒ Direct k-means performs very 
poorly in this space due to bias 
toward dense spherical clusters.
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Build nearest neighbor graph
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Spectral Image Segmentation (Shi-Malik ’00)
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Spectral Image Segmentation (Shi-Malik ’00)
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Spectral Image Segmentation (Shi-Malik ’00)



69

Second Eigenvector
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Second Eigenvector Sparsest Cut
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3rd and 4th Eigenvectors
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Normalized Cuts
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Mesh Segmentation Using Spectral Clustering
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Conclusion
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The End
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