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Last Time: 
Graph Methods and
Spectral Approaches
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Spectral Graph Theory
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Adjacency Matrices
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Weighted Matrices
Adjacency matrix (A)

n x n matrix
:   edge weight between vertex xi and xj

x1 x2 x3 x4 x5 x6

x1 0 0.8 0.6 0 0.1 0

x2 0.8 0 0.8 0 0 0

x3 0.6 0.8 0 0.2 0 0

x4 0 0 0.2 0 0.8 0.7

x5 0.1 0 0 0.8 0 0.8

x6 0 0 0 0.7 0.8 0

• Important properties: 
– Symmetric matrix
⇒ Eigenvalues are real
⇒ Eigenvectors span orthogonal basis
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Graph (Unnormalized) Laplacian
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Laplacian Variants



Non-Linear Dimensionality 
Reduction
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• Why do we need NLDR?
• Many data sets contain essential non-linear structures that “invisible” to PCA and 

MDS
• Must resort to some non-linear dimensionality reduction approaches

Non-Linear Dimensionality Reduction

9
Data sampled from a non-linear manifold



• We can try to capture the manifold structure through the right notion of distance 
directly on the manifold (geodesic distance)

• That’s why PCA and MDS fail – they only see the Euclidean structures
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The Choice of Distance
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PCA Cares About Large Distances



• An unsupervised learning 
algorithm – it must discover the 
global internal coordinates of the 
manifold, without external signals 
that suggest how the data should 
be embedded in low dimensions

• Build a bridge between high- & low-
dimensional spaces
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The Challenge of NLDR



Isomap
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• Example of non-linear structure (Swiss roll)
• Only the geodesic distances reflect the true low-dimensional geometry of the manifold

• ISOMAP (Isometric Feature Mapping)
• Uses the geodesic manifold distances between all pairs
• Preserves the intrinsic geometry of the data -- Preserves the geodesic distances
• How to estimate geodesic distances between point pairs?

ISOMAP (J. B. Tenenbaum, V. de Silva and J. C. Langford)
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• Step 1
• Form a near-neighbor graph G on the original data points, weighing the edges based on their original 

distances              .

• Step 2
• Estimate the geodesic distances               between all pairs of points on the sampled manifold by 

computing their shortest path distances in the graph G.

• Step 3
• Construct an embedding of the data in d-dimensional Euclidean space Y that best preserves the 

distances (MDS).

ISOMAP (Algorithm Description)
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• Step 1
• Determining neighboring points within a fixed radius based on the input space 

distance         , or use a fixed # of neighbors
# ε-radius # K-nearest neighbors

• These neighborhood relations are represented as a weighted graph G over the data 
points.

Near Neighbor Graph
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• Step 2
• Estimating the geodesic distances between all pairs of points on the 

manifold by computing their shortest path distances in the graph G.
• Can be done using classic graph algorithms for the All Pairs Shortest Path (APSP) 

problem: Floyd/Warshall’s algorithm or Dijkstra’s algorithm

Shortest Path Computation
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• Step 3
• Constructing an embedding of the data in d-dimensional Euclidean space Y that 

best preserves the inter-point distances

• This is of course nothing but an MDS problem

Euclidean Embedding
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• Isomap is guaranteed asymptotically to recover the true dimensionality and geometric structure 
of non-linear manifolds.

• As the sample data point density increases, the graph distances provide increasingly better 
approximations to the intrinsic geodesic distances.

Recovery Guarantees
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ISOMAP Examples
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MDS :  open triangles

Isomap :  filled circles



Laplacian Eigenmaps
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• Start same as Isomap, but use a spectral embedding in lieu of MDS

Laplacian Eigenmaps (M. Belkin, P. Niyogi)

23Hole distorts long geodesic distances, but affects less diffusion distances



Locally Linear Embeddings
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• Define neighborhood relations 
between points (build NN graph)

• k nearest neighbors
• ε-balls

• Find weights that reconstruct each 
data point from its neighbors:

• Find low-dimensional coordinates 
so that the same weights hold:

Locally Linear Embeddings (LLE) (S. T. Roweis and L. K. Saul)
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• The weights wij capture the local shape
• Invariant to translation, rotation and scale of the neighborhood
• If the neighborhood lies on a manifold, the local mapping from the global coordinates (RD) to the 

surface coordinates (Rd) is almost linear
• Thus, the weights wij should hold also for manifold (Rd) coordinate system!

From Local to Global
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• Linear least squares (using Lagrange multipliers)

• To find                                    that minimize,

a sparse eigenvalue problem is solved. Additional constraints are added for 
conditioning:

Solving the Minimizations
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Effect of Neighborhood Size on LLE
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• Lips

LLE Experiments

29PCA LLE



LLE Experiments: Faces
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LLE Experiments: Words
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Based on word counts in encyclopedia
articles.

Note how LLE collocates words with
similar semantic contexts in this
continuous space.



t-SNE
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Laurens van der Maaten and Geoffrey Hinton, JMLR 2008
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t-Distributed Stochastic Neighbor Embedding



Stochastic Neighbor Embedding
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Symmetric SNE
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t-Distribution
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MNIST t-SNE
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MNIST MDS w. Sammon Mapping
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MNIST Isomap
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MNIST LLE

40



Source Codes
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Many More Methods
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Many NLDR Methods 

43From Wikipedia

t-Distributed Stochastic
Neighbor Embedding (t-SNE)

Caltech 101
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MDS PCA ISOMAP LLE Laplacian Diffusion 
Map

KNN 
Diffusion

Hessian

Speed Very 
slow

Extremely 
fast

Extremely 
slow

Fast Fast Fast Fast Slow

Infers 
geometry?

NO NO YES YES YES MAYBE MAYBE YES

Handles 
non-convex?

NO NO NO MAYBE MAYBE MAYBE MAYBE YES

Handles 
non-uniform 
sampling?

YES YES YES YES NO YES YES MAYBE

Handles 
curvature?

NO NO YES MAYBE YES YES YES YES

Handles 
corners?

NO NO YES YES YES YES YES NO

Clusters? YES YES YES YES NO YES YES NO

Handles 
noise?

YES YES MAYBE NO YES YES YES YES

Handles 
sparsity?

YES YES YES YES YES NO NO NO
may crash

Sensitive to 
parameters?

NO NO YES YES YES VERY VERY YES
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The End
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