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Introduction
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• Data from many kinds of 
sensors

• Data from simulations

• Data from the activities of 
individuals on the internet
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Big Data Era

“Data Science”
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Data Sets of Geometric Character

Vehicle GPS traces (Beijing)

3D city scans (Bremen)
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Geometry in Ordinary Images and Videos

Object recognition

Optical flow

Motion involves geometry

Segmentation involves geometry
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Non-Geometric Data

Diabetes II
subtypes
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Data Has Shape



• Cover basic tools for geometric and topological data analysis, both 
supervised and unsupervised

• Discuss mathematical ways, based on geometry and topology, to 
encode and transfer knowledge about the data

• Introduce methods for joint data analysis and joint machine learning 
– benefiting from the “wisdom of the collection”

CS233 Key Course Goals
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Integrate Data Across Multiple Modalities

● + High resolution
● + Dense coverage
● - Subject to many imaging 

artifacts

● + Absolute depth and scale
● - Sparse, low rez



• The interpretation of a particular piece of geometric data is deeply influenced by 
our interpretation of other related data

Each Data Set Is Not Alone

103D Segmentation



• Algebraic
• Graph theory based
• Geometric
• Topological
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Look at Data from Many View Points

Getting to the semantics of data



• Relatively new course in a fast evolving area – still some rough edges, 
especially in the current all virtual format

• Will cover a very wide variety of techniques: LA, ML, Stat, 
optimization, geometry processing, computer vision, algebraic 
topology …

• Data sets will be primarily visual/geometric (images, 2D/3D point 
clouds, meshes, or CAD models)

Caveats
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geometric data analysis



• Presumes some knowledge of linear algebra, optimization, 
algorithmic thinking, basic geometry …

• As compared to CS229, STATS216, much greater emphasis on diverse, 
irregular data types (e.g., point clouds, graphs) and unsupervised 
methods, in addition to the geometry / topology angle

Prerequisites / Overlaps
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The Team
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• Leonidas (Leo) Guibas (CS & EE)
• Instructor

• Davis Rempe (CS)
• Course Assistant

• Yueqi Duan (CS)
• Course Assistant

• Kaichun Mo (CS)
• Guest lecturer

• Samir Chowdhury (Neuropsychiatry)
• Guest lecturer

• Carrie Petersen (CS)
• Admin
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The Principals

Leo

Davis

Yueqi

Samir

Carrie

Kaichun



Unsupervised Methods
The Linear Space View of 

Data
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• Attributes or features can be used to map data to a Euclidean space
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Embedding Data into a Euclidean Space



Direct Embeddings
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Input Latent code

P

Very high-dimensional



• Principal components analysis (PCA)

• Canonical correlation analysis (CCA)
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Linear Space Methods

Dimensionality reduction

Low-d data (intrinsic dimension) living on a linear subspace,
inside a high-d space (extrinsic dimension)



• Non-linear dimensionality reduction
• Low-d data inside high-d space may 

lie on a non-flat manifold

Data as Points on a Manifold
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Isomap, locally linear embeddings, Laplacian eigenmaps, t-SNE



Supervised Methods 
Deep Learning
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Trainable Feed-Forward Learning Pipelines
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Feature extraction,
encoding

Output generation,
decoding
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“narrow neck”

A latent code (= a point in a Euclidean feature space) acts
as a low-d proxy for high-d input data, w.r.t. a learning task.



• Feed forward networks
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Image Deep Learning Networks

Classification
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32

3

32x32x3 image
5x5x3 filter

1 number: 
the result of taking a dot product between the filter 
and a small 5x5x3 chunk of the image
(i.e. 5*5*3 = 75-dimensional dot product + bias)

Convolutional Layers
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ConvNets are a sequence of convolutional layers, interspersed with activation functions

32

32

3

CONV,
ReLU
e.g. 6 
5x5x3 
filters 28

28

6

CONV,
ReLU
e.g. 10 
5x5x6 
filters

CONV,
ReLU

….

10

24
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Convolutional Architectures
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- makes the representations smaller and more manageable 
- operates over each activation map independently:

Pooling Layer
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[Makwana, 2016]

[Lee et al., 2009]

Data-driven feature learning at ascending
abstraction layers

Data Abstraction Across Layers

“Vertical” networks
27



Classification Retrieval Detection

Segmentation
Control

Speech 
processing

Text processing

Image 
captioning

ConvNets are Everywhere
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Success Made Possible By ….

Plenty of annotated data
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Learning on Irregular Data
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Convolutional Networks

Convolutions require regular array type inputs for weight sharing
and other optimizations



Multiple Representations for 3D Geometric Data

Projected ViewPoint Cloud Mesh Volumetric

…

RGB(D)

These are irregular 
representations
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Deep Learning for 3D Geometry Analysis

Classification Segmentation/Parsing
(object/scene)

Correspondences
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• Goal: design a NN architecture that can work directly with point clouds
• Must deal with unstructured, unordered data

PointNet: Working Directly with Point Cloud Data
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The Graph View of Data
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Graphs and Simplicial Complexes
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A Graph View of Data



• Linking the graph-theoretic and 
linear algebraic view of data.
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Spectral Methods in Graph Theory



• What to do if the number of features per data set is variable?
• “simple” vs “complex” objects

• Distance or similarity metrics

• Multidimensional scaling
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From Feature Vectors to Feature Sets

A “Procrustean” approach



Topological Data Analysis
(TDA)
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• Topology is the branch of 
mathematics that does not take 
distances too seriously.

• Large distances (aka “similarity 
metrics” are often suspect …
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Computational Topology

G. Carlsson
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In TDA, Sampled Spaces: “The Shape of Data”

Regression Cluster FlaredLoop



43

Simplicial Complexes
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A Multiscale View of Data

β0 = 150
β1 = 0
β2 = 0

β0 = 1
β1 = 37
β2 = 0

β0 = 1
β1 = 2
β2 = 1

β0 = 1
β1 = 1
β2 = 22

ε
β1



• Persistence of topological features

• Barcodes and persistence diagrams

• Data embeddings into 
non_Euclidean spaces
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Persistent Homology
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Functions on the Data as Filters
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A Simplicial Complex
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Functions as Lenses on Data



Data Representations 
and

Latent Spaces
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(Too) Many Latent Spaces
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Many types
of data

Many learning
tasks Codes

Latent vectors

Parametrizations

Representations

…
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Correlated Data Sets
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Correlated Tasks

RGB Image Predicted Normals Predicted Depth Predicted (re)Shading Predicted Curvature



The Structure of Latent Spaces
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αʹ. Σημεῖόν ἐστιν, οὗ μέρος οὐθέν.

a. A point is that which has no parts

Euclid’s Elements

P



Homomorphic Encyption
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Craig Gentry



• What kinds of mathematical objects can serve well as latent space codes?

• How should such an object vary with
• the input data?
• the input modality?
• the learning task?

The Mathematics of Latent Codes
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A Shared “Narrow Neck / Waist” in Other Fields

56

Power distribution Network protocol stack [Image: R. Katz]



Relating Data Sets:
Horizontal Map Networks
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Horizontal Networks & Joint Learning

Claude Shannon

Similarity as a communications channel
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Networks of Visual Data
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Alignment and Registration

Rigid Registration

Low-dimensional transformation group
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Maps and Correspondences



Transport Operators
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Our understanding of data can greatly benefit from extracting these relations and 
building relational networks.

We can exploit the relational network to
• transport information around the network

• assess the validity of operations or interpretations of data (by checking consistency against related data)

• assess the quality of the relations themselves (by checking consistency against other relations through cycle 
closure, etc.)

• extract shared structure among the data

Thus the network becomes the great regularizer in joint data analysis.

Societies, or Social Networks of Data Sets
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Functionals Over Data and 
Functional Maps
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Knowledge as Functions over Data

Curvature
Parts

SIFT flow, C. Liu 2011

Knowledge towers over visual 
data: function spaces
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Hierarchical Bases for a Function Space

global support



Functional Maps
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M

N

A contravariant functor
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Starting from a Regular Map φ

φ: lion → cat



A Contravariant Functor
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Functions on cat are transferred to lion using Tφ Tφ is a linear operator (matrix)

from cat to lion
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Compact Encoding of Maps as Matrices



Changes to Measure and Metric under a Map

71Area distortion Conformal distortion



Shape Differences are a Change Recipe

72

A recipe encoded as a matrix:

Area distortion
Conformal distortion

A novel type of latent 
space representation for 
3D data

Under some conditions,
lossless
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The Space of Shapes



Horizontal Map Networks
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Networks Between Data
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Joint Analysis: Co-Segmentation
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Unsupervised Structure Extraction

[Q. Huang, F. Wang, L. Guibas, ’14]



MSRC: 5 images per class are shown
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The Network is the Abstraction
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Plato’s cow
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Mosaicking or SLAM at the Level of Functions

robotics.ait.kyushu-u.ac.jp

http://www.cs.cmu.edu/afs/cs.cmu.edu/academic/class/15463-f08/www/proj4/www/gme/



• Need to aggregate information:
• over different data sets
• over different modalities (geometry, 

appearance, language)
• over space and time
• over different representations
• over different predictions
• over different tasks

in settings where the above refer to 
same entities in the world – and are 
thus correlated
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Joint Learning and Information Aggregation



Visual Data Repositories
for Storing Semantic Knowledge
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Also known as frame networks
Encode semantic relations between concepts
Often used as a form of knowledge representation 
A directed or undirected graph consisting of vertices, which 
represent concepts, and edges which represent concept 
relations

Semantic Networks
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Tom Hanks
is-an

Actor



Example of a Semantic Net
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Semantic Net in Lisp Graph representation
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Google Knowledge Graph
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WordNet



a lexical database of English
words -> synonym sets (synsets)

WordNet

87
G. A. Miller, R. Beckwith, C. D. Fellbaum, D. Gross, K. Miller. 1990.
WordNet: An online lexical database. Int. J. Lexicograph. 



Important relations between synsets (nouns):

WordNet
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Taxonomy: is-a Relationship
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Partonomy: has-a Relationship
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91Slide Credit: Li Fei-Fei

(with WordNet backbone)
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ShapeNet (>3M Models)



Object Knowledge
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Parts, symmetries, keywords, physical properties, materials, affordances, …
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Object Interaction Knowledge






Supervised Methods 
Visual DataSets
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Explain how big visual datasets including ImageNet and ShapeNet are 
organized

ImageNet and ShapeNet
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• Live lecture by Kaichun Mo will be from 10:30 – 11:50 am (of course it 
will be recorded)
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Lecture on Wednesday, March 31



Course Mechanics
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• Two online weekly lectures

• Online office hours

• Class web site http://cs233.stanford.edu
http://graphics.stanford.edu/courses/cs233-21-spring

• Use Canvas for lecture videos

• Use Piazza (discussion group), Gradescope (for homework submissions)

Class Mechanics
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http://cs233.stanford.edu/
http://graphics.stanford.edu/courses/cs233-21-spring


• Four assignments 
• modest programming in MATLAB/Python for three, one in JavaPlex
• working in groups OK, up to three students
• Use Google Cloud for Education

• An open book midterm

• Class participation

• No final

Course Work

100
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CS233 / CME 251 Class Schedule



• Cover basic tools for geometric and topological data analysis, both 
supervised and unsupervised

• Present mathematical ways to encode and transfer knowledge about 
the data

• Present methods for joint data analysis – benefiting from the 
“wisdom of the collection”

Key Course Goals
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Data Has Shape



104

That’s All
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