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Last Time: PCA 
Principal Components 

Analysis
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• Introduced by Pearson (1901) and Hotelling
(1933) to describe the variation in a set of 
multivariate data in terms of a set of 
uncorrelated variables.

• PCA looks for a single lower dimensional 
subspace that captures most of the 
variation in the data.

• Specifically, we aim to minimize the error 
introduced by projecting the data into this 
linear subspace.

Principal Components Analysis (PCA)
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• Minimizing the reconstruction error is equivalent to maximizing the variance of 
the projected data.

• Remember the mean is 0
𝑟𝑟2 + 𝑣𝑣2 = 𝑑𝑑2

Reconstruction Error and Variance
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NB, projections of
centered data are
centered



• Finding the direction of maximum variance is easy if the covariance matrix is 
diagonal.

• So, in general, we want to rotate the coordinate system so as to make the 
covariance matrix diagonal.

• This is an eigenvalue problem; the eigenvectors of the covariance matrix point in 
the directions of maximal and minimal variance – so we rotate the axes to align 
them with the directions of maximal and minimal variance.

PCA by Diagonalizing the Covariance Matrix
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The General PCA Problem
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• Key result:
• Exploit spectral analysis of the covariance matrix C of the data
• For any integer p, the error-minimizing p-dimensional subspace is the one 

spanned by the first p eigenvectors of the covariance matrix

PCA
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• Assumption behind PCA is that the data points x are well 
represented by a small-dimensional linear subspace

• Often this assumption does not hold …

• However, it may still be possible that a non-linear 
transformation φ(x) “linearizes” the data, but in a higher 
dimensional space -- then we can perform PCA in the 
space of φ(x)

• Kernel PCA performs this “lifted” PCA; however, because 
of “kernel trick,” it never computes the mapping φ(x)
explicitly.

Kernel PCA (KPCA)
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Today:
CCA & MDS
Canonical Correlation Analysis

Multi-dimensional Scaling
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CCA: Shared Structure
Across

Different Data Sets
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Different Views of the Same Data
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Cluster by appearance similarity

Cluster by content similarity



Covariance and Correlation
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• Pearson correlation coefficient between two random variables X, Y

• Note that, by the Cauchy-Schwarz inequality

so

Covariance and Correlation
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mean

standard deviation



• Correlation measures a linear association between X, Y

• Note that, X, Y independent, then corr(X,Y) = 0
• but the opposite is not true

• High correlation not the same as causality

Covariance and Correlation
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[U uniform in [0,2π], X = sin U, Y = cos U]



• Empirical version, for n measurements xi, yi of X and Y

• We’ll use centered versions, 

Empirical Correlation
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Canonical Correlations
for Two Sets of Variates
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• Canonical correlation analysis seeks a pair of linear transformations, one for each 
of the sets of variables X, Y, such that when the set of variables is transformed, 
the corresponding coordinates are maximally correlated.

• Consider projections of X and Y

• So we get
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Canonical Correlations



• We choose wx, wy to maximize the correlation between these two vectors

• Or, in empirical form, if we write

We can re-write the correlation expression as 
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1st Canonical Correlation



• Can re-write as 

• so that

• If we now write

• we get 
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Covariance Formulation



• Note that the he expression

is invariant to re-scalings of wx or wy

• We can therefore solve the optimization problem

subject to the constraints
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Solution by Eigenanalysis



• Setting derivatives of L to 0 w.r.t. wx, wy we get (after some manipulation)
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Lagrange Multipliers

multiply by wx
T,       multiply by wy

T

subtract



• Leading to

• Assuming Cyy is invertible, we can use the second derivative constraint above to get

• so now from the first derivate constraint we get

• or
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Lagrange Multipliers



• A generalized eigenvalue problem

• Can symmetrically also get

• One can go back and forth between wx and wy
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Eigenvalue Problem



• If Cxx is invertible, then can reduce to a standard symmetric eigenvalue problem

• Numerically, all these inversions and multiplications lose precision
• Alternate approach:

• Cxx and Cyy are symmetric positive definite; use complete Cholesky decomposition – Rxx lower 
triangular so that

• Now let 
• Can re-write
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Solving the Eigenvalue Problem

For more on the numerics, see the Weenik article



• For centered variates, the covariance
• Canonical correlation analysis attempts to answer the question “which directions 

accounts for most of the covariance between the two data sets?” The goal is to 
find directions wx, wy so as to maximize

• subject to

• In PCA we have a single variate and seek the direction that “maximizes the 
variance in the data”

• subject to  
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Centered Variables, CCA vs PCA
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CCA vs PCA

PCA

CCA



Example 1
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CCA Example 1: Scores Data
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CCA Example 1: Scores Data
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Higher Order CCA
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• We defined the 1st canonical correlation ρ1 through the projection vectors / 
directions 

• Given the first k-1 directions, the k-th canonical correlation is defined via 
vectors                          , so that we maximize

• but under orthogonality constraints to the previous directions

Higher-Order Canonical Correlates
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Equivalent Higher Order CCA Formulations
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• Goal: capture geometric configuration of two subspaces with few and intuitive 
numbers

• Principal angles intuition
• Measure angles between ‘most similar’ directions within subspaces
• Capture relative ‘orientation’ of two subspaces
• Recursive definitions with decreasing similarity

• Consider subspaces spanned by the cols of X and Y respectively

Principal Angles Between Subspaces
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• CCA between RVs in column form → principal angles of row spaces spanned by 
data matrices

• For i = 1, 2, … 

• Note 1: The number of canonical directions/variates is

• Note 2: 
• If X and Y are orthogonal (XTY = 0) then all principal angles are 90o and the corresponding 

canonical correlations are 0
• If X and Y intersect in a d-dimensional subspace, then the first d principal angles are 0

CCA and Principal Angles
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CCA Computation via Sphering/Whitening
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Transformed Problem
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SVD to the Rescue
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More Examples
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CCA Example 2: Object Recognition
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• Lisanti, Giuseppe, Iacopo Masi, and Alberto Del Bimbo. "Matching people across camera views using kernel canonical 
correlation analysis." Proceedings of the International Conference on Distributed Smart Cameras. ACM, 2014.

CCA Example 3: KCCA for Matching People
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Common Subspace Through KCCA
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Multidimensional Scaling

42



• A “distance preserving” embedding of the data into a Euclidean space
• Sometimes distances are observed directly (e.g., similarity ratings)
• Sometimes they can be calculated from a data table (e.g., Euclidean distances, correlations)

Multidimensional Scaling (MDS)
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• Given a (symmetric) matrix of pairwise “dis-similarities” between n objects / data 
sets

• Find  n points in low-dimensional space Rd, so that their distance matrix is as 
close as possible to M

• Low d (=2,3) allows us to visualize the data directly

Formally (Metric MDS) …
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( )ij n n
M δ

×
= No need to satisfy the

triangle inequality



• How do distances/dissimilarities determine dimensionality?

Distances and Dimensionality
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MDS: Motivating Example
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MDS: Motivating Example
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MDS: Motivating Example

Travel time only partially 
related to map distance

Other considerations relating 
distance and dissimilarity

Emile Cheysson (1888) –
anaphoric map, showing
decrease in time to travel
from Paris over 200 years



• Psychology (perception, cognition)
• Political science (voting behavior, 

court decisions)
• Sociology (social network analysis)
• Archeology (artifact similarity)
• Biology/Chemistry (molecular 

structure, species analysis)
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MDS Has Many Uses

• Document retrieval & 
classification

• Graph layout
• Pattern recognition
• Dimension reduction
• …



• Direct ratings (flavor comparisons)
• Confusion data (Morse dots and 

dashes)
• Co-occurrence data (Amazon 

recommendations)
• Sorting into groups

Obtaining Dissimilarity Data
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Sometimes distances are naturally
defined – but sometimes we seek
subjective dissimilarities

Can every distance matrix be realized in a Euclidean space?



51

Example: Pattern Recognition

MDS of judged similarity of
handwritten “2”s

Goal: determine features
important in pattern
recognition
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Classic Metric MDS
Sometimes we can model our data as points in a high-
dimensional Euclidean space – and we are looking for an 
embedding to a lower-dimensional space that preserves 
(absolute or relative) distances (in the high-d space) as much 
as possible.

In this case the problem has a clean geometric solution.

Is this the same as PCA?
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Classic Metric MDS

To go from dimension D down to dimension d
Given data X ∈ RD×n

We look for X’,

We can assume the xi’ are centered

( )2dist ( , )
n n

M
×

= i jx x
2

| | |

| | |
nX

 
 =  
 
 

1x x x

and

| |

| |

d nX R ×

 
 

′ ′′ = ∈ 
  
 

1 nx x
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Classic Metric MDS

So that we minimize || M’ – M || (related to the stress of the 
system)

where 

M’ is the Euclidean distances matrix for points xi’.

( ) 2
2dist ( , ) n nM R × ′ ′ ′ ′′ = = − ∈ 

 
i j i jx x x x

min || M’ – M ||



55

The Math Details

Ideally we want
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The Magic Matrix J
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So We Get to The Gram Matrix

Cleaning the system:

So from the distance matrix we can get the Gram (inner product) 
matrix.

2
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And Finally Use the Spectral Hammer

We will use the spectral decomposition of B:

1| | | |

| | | |
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So We Get the X’

1

d

X
λ

λ

 
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So we find X’ by throwing away the last n−d eigenvalues

For this X’ :

This choice minimizes the
inner product (and distance) loss



• In general, we minimize directly the square loss on distances

• Sammon mapping

• This weighting system normalizes the squared-errors in pairwise distances by using the distance in the original space. 
As a result, Sammon mapping preserves the small dij, giving them a greater degree of importance in the fitting 
procedure than for larger values of dij

More General Metric MDS

60Generally solved by gradient descent

f monotonic



• Sometimes all we can say is that (dis)similarity is ordinally related to distance in 
MD space (only ordering of distances matters, not the actual values)

• If we only have ordering information, we can use monotone (isotonic) regression 
to find “disparities” that are compatible with the ordering constraints of the 
dissimilarities (not unique)

• We can then use alternating least squares (ALS) by repeating
• a monotone regression step, followed by
• a metric stress reduction step 

Non-Metric MDS
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The 1st Assignment
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• Problem 1 (PCA): Face Reconstruction/Recognition: Eigenfaces

• Problem 2 (CCA): Word Image Recognition

Assignment 1: PCA + CCA

63



PCA
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• Photo organization

• Surveillance

• …

• Has to be coupled with face detection

Face Recognition
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Detection

Recognition “Sally”



• Treat image pixels as a long vector …

• Face recognition by nearest neighbor

Recognition: Embed into ℛ𝑛𝑛!
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x

nyy ...1

xy −= T
k

k
k argmin



• Dimension reduction — compute covariance matrix of face images

• Derive the principal components (“eigenfaces”)
• K eigenvectors with largest eigenvalues

• Represent all face images in the dataset as linear combinations of eigenfaces
• Perform nearest neighbor on these coefficients

Eigenfaces (PCA on Face Images)
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M. Turk and A. Pentland, Face Recognition using Eigenfaces, CVPR 1991

http://www.cs.ucsb.edu/%7Emturk/Papers/mturk-CVPR91.pdf


Training Images
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Eigenfaces
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Top eigenvectors: u1,…uk

Mean: μ



Eigenface Visualization
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Principal component (eigenvector) uk

μ + 3σkuk

μ – 3σkuk



CCA
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Camera Text Recognition

72

Scanned

In this chapter, we review some important
background material regarding key concepts
from probability theory, information theory, and
graph theory…

1n this chapter we FBViEW SUIHC important
background mated-M regarding WY cnncepn
5mm probability theory information theory and
Efaph theory…

Camera



• OCR reads text character by character, but character segmentation can be 
challenging. 

• View perspective distortions
• Uneven lighting
• Presence of noise and blur

Why OCR Fails
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Word Recognition via Image Retrieval
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Query Recognized

Huizhong Chen, Visual Word Recognition with Large-Scale Image Retrieval
Stanford EE Ph.D. Thesis, 2015 



If Font Is Known, Task is Easier
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• Some fonts have visual similarities (e.g., Arial, Helvetica).

Inter-font Similarities
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THE QUICK BROWN FOX JUMPS OVER THE LAZY DOG
THE QUICK BROWN FOX JUMPS OVER THE LAZY DOG

the quick brown fox jumps over the lazy dog
the quick brown fox jumps over the lazy dog

Source: www.fonts.com



Compact Data Base Representation
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WORD

WORD

WORD

Shared 
representation

For a K-font cluster: reduce 
database size by K

Font 
Clustering

Feature 
Aggregation

Aggregation by
Descriptor Averaging



Motivation for CCA
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Font 1 Font 2

Different

Similar

Words in the lexicon

Database 
features



Two View vs. Multi-View 
CCA
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That’s All
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