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Spectral Graph Theory
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Adjacency Matrices
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Graph (Unnormalized) Laplacian
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Undirected Weighted Graphs

← 0 always an eigenvalue
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1-D Laplacian Embedding
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1-D Embedding Example
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Higher-D Embeddings
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More Eigenvectors, More 1-D Embeddings
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Laplacian Variants
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Random Walk Spectral Embedding
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Spectral Clustering Using the Random-Walk Laplacian
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Spirals Again
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Dataset exhibits complex cluster 
shapes
⇒ Direct k-means performs very 
poorly in this space due to bias 
toward dense spherical clusters.

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

-0.709 -0.7085 -0.708 -0.7075 -0.707 -0.7065 -0.706
In the embedded space given 
by two leading eigenvectors, 
clusters are trivial to separate.

Build nearest neighbor graph
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		r76		?		-0.7083055133		-0.7059060135

		r77		?		-0.7082659001		-0.705945759

		r78		?		-0.7082284555		-0.7059833247

		r79		?		-0.7081932403		-0.7060186502

		r80		?		-0.7081603089		-0.7060516815

		r81		?		-0.7081297053		-0.7060823752

		r82		?		-0.7081014652		-0.706110696

		r83		?		-0.708075616		-0.7061366171

		r84		?		-0.7080521744		-0.7061601223

		r85		?		-0.7080311482		-0.7061812042

		r86		?		-0.7080125356		-0.7061998651

		r87		?		-0.7079963227		-0.7062161192

		r88		?		-0.7079824863		-0.7062299903

		r89		?		-0.7079709909		-0.706241514

		r90		?		-0.7079617917		-0.7062507355

		r91		?		-0.7079548303		-0.7062577138

		r92		?		-0.707950037		-0.7062625185

		r93		?		-0.7079473303		-0.7062652317

		r94		?		-0.7079466149		-0.7062659488

		r95		?		-0.7079477827		-0.7062647782

		r96		?		-0.7079507126		-0.7062618413

		r97		?		-0.7079552686		-0.7062572744

		r98		?		-0.7079613021		-0.7062512264

		r99		?		-0.7079686484		-0.7062438622

		r100		?		-0.7079771278		-0.706235362

		r101		?		-0.7079865441		-0.7062259223

		r102		?		-0.7079966853		-0.7062157557

		r103		?		-0.708007322		-0.7062050921

		r104		?		-0.7080182063		-0.7061941798

		r105		?		-0.7080291962		-0.7061831614

		r106		?		-0.7063118845		0.7079007853

		r107		?		-0.7063029175		0.7079097321

		r108		?		-0.7062968639		0.7079157718

		r109		?		-0.7062922747		0.7079203506

		r110		?		-0.7062884964		0.7079241201

		r111		?		-0.7062852719		0.7079273372

		r112		?		-0.7062825715		0.7079300313

		r113		?		-0.7062805116		0.7079320864

		r114		?		-0.7062792975		0.7079332976

		r115		?		-0.7062791846		0.7079334103

		r116		?		-0.7062804516		0.7079321462

		r117		?		-0.706283395		0.7079292097

		r118		?		-0.7062883285		0.7079242876

		r119		?		-0.7062955865		0.7079170464

		r120		?		-0.7063055254		0.7079071301

		r121		?		-0.7063185242		0.7078941605

		r122		?		-0.7063349831		0.7078777378

		r123		?		-0.7063553242		0.7078574404

		r124		?		-0.7063799906		0.7078328255

		r125		?		-0.7064094427		0.7078034326

		r126		?		-0.7064441545		0.7077687875

		r127		?		-0.7064846071		0.7077284084

		r128		?		-0.7065312656		0.7076818287

		r129		?		-0.7065845548		0.7076286221

		r130		?		-0.7066447939		0.7075684669

		r131		?		-0.7067121105		0.7075012318

		r132		?		-0.7067863136		0.7074271036

		r133		?		-0.7068667561		0.7073467248

		r134		?		-0.7069522427		0.7072612859

		r135		?		-0.7070410718		0.7071724845

		r136		?		-0.7071312503		0.7070823112

		r137		?		-0.7072208586		0.7069926854

		r138		?		-0.7073083866		0.7069051183

		r139		?		-0.7073929106		0.706820536

		r140		?		-0.707474042		0.7067393295

		r141		?		-0.707551743		0.7066615392

		r142		?		-0.7076261412		0.7065870394

		r143		?		-0.7076974141		0.7065156545

		r144		?		-0.7077657317		0.7064472161

		r145		?		-0.7078312445		0.7063815749

		r146		?		-0.7078940819		0.7063186029

		r147		?		-0.7079543532		0.706258192

		r148		?		-0.7080121484		0.7062002533

		r149		?		-0.7080675411		0.7061447141

		r150		?		-0.7081205897		0.706091517

		r151		?		-0.7081713367		0.7060406206

		r152		?		-0.7082198111		0.7059919966

		r153		?		-0.7082660287		0.7059456301

		r154		?		-0.7083099936		0.7059015179

		r155		?		-0.7083516951		0.7058596716

		r156		?		-0.7083911119		0.7058201134

		r157		?		-0.70842821		0.7057828783

		r158		?		-0.7084629435		0.7057480129

		r159		?		-0.7084952553		0.7057155753

		r160		?		-0.7085250761		0.7056856358

		r161		?		-0.7085523249		0.7056582763

		r162		?		-0.7085769085		0.705633591

		r163		?		-0.7085987218		0.705611686

		r164		?		-0.7086176477		0.7055926795

		r165		?		-0.7086335567		0.7055767019

		r166		?		-0.7086463069		0.7055638963

		r167		?		-0.7086557434		0.7055544184

		r168		?		-0.708661698		0.7055484375

		r169		?		-0.7086639898		0.7055461356

		r170		?		-0.7086624239		0.7055477085

		r171		?		-0.7086567914		0.7055533658

		r172		?		-0.708646869		0.7055633317

		r173		?		-0.708632419		0.7055778445

		r174		?		-0.7086131892		0.7055971571

		r175		?		-0.7085889109		0.7056215384

		r176		?		-0.7085593		0.7056512725

		r177		?		-0.7085240595		0.7056866565

		r178		?		-0.7084828186		0.7057280608

		r179		?		-0.7084366779		0.7057743785

		r180		?		-0.7083909569		0.705820269

		r181		?		-0.7083472251		0.7058641574

		r182		?		-0.7083055133		0.7059060135

		r183		?		-0.7082659001		0.7059457591

		r184		?		-0.7082284555		0.7059833247

		r185		?		-0.7081932403		0.7060186502

		r186		?		-0.7081603089		0.7060516815

		r187		?		-0.7081297053		0.7060823752

		r188		?		-0.7081014652		0.706110696

		r189		?		-0.708075616		0.7061366171

		r190		?		-0.7080521744		0.7061601223

		r191		?		-0.7080311482		0.7061812042

		r192		?		-0.7080125356		0.7061998651

		r193		?		-0.7079963227		0.7062161192

		r194		?		-0.7079824863		0.7062299903

		r195		?		-0.7079709909		0.706241514

		r196		?		-0.7079617917		0.7062507355

		r197		?		-0.7079548303		0.7062577138

		r198		?		-0.707950037		0.7062625185

		r199		?		-0.7079473303		0.7062652317

		r200		?		-0.7079466149		0.7062659488

		r201		?		-0.7079477827		0.7062647782

		r202		?		-0.7079507126		0.7062618413

		r203		?		-0.7079552686		0.7062572744

		r204		?		-0.707961302		0.7062512264

		r205		?		-0.7079686484		0.7062438622

		r206		?		-0.7079771278		0.706235362

		r207		?		-0.7079865441		0.7062259224

		r208		?		-0.7079966853		0.7062157557

		r209		?		-0.7080073219		0.7062050921

		r210		?		-0.7080182063		0.7061941798

		r211		?		-0.7080291961		0.7061831614
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Non-Linear Dimensionality 
Reduction
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• Why do we need NLDR?
• Many data sets contain essential non-linear structures that “invisible” to PCA and 

MDS
• Must resort to some non-linear dimensionality reduction approaches

Non-Linear Dimensionality Reduction

16
Data sampled from a non-linear manifold



• We can try to capture the manifold structure through the right notion of distance 
directly on the manifold (geodesic distance)

• That’s why PCA and MDS fail – they only see the Euclidean structures

17

The Choice of Distance



• An unsupervised learning 
algorithm – it must discover the 
global internal coordinates of the 
manifold, without external signals 
that suggest how the data should 
be embedded in low dimensions

• Build a bridge between high- & low-
dimensional spaces

18

The Challenge of NLDR



Isomap
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• Example of non-linear structure (Swiss roll)
• Only the geodesic distances reflect the true low-dimensional geometry of the manifold

• ISOMAP (Isometric Feature Mapping)
• Uses the geodesic manifold distances between all pairs
• Preserves the intrinsic geometry of the data -- Preserves the geodesic distances
• How to estimate geodesic distances between point pairs?

ISOMAP (J. B. Tenenbaum, V. de Silva and J. C. Langford)

20



• Step 1
• Form a near-neighbor graph G on the original data points, weighing the edges based on their original 

distances              .

• Step 2
• Estimate the geodesic distances               between all pairs of points on the sampled manifold by 

computing their shortest path distances in the graph G.

• Step 3
• Construct an embedding of the data in d-dimensional Euclidean space Y that best preserves the 

distances (MDS).

ISOMAP (Algorithm Description)

21
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• Step 1
• Determining neighboring points within a fixed radius based on the input space 

distance         , or use a fixed # of neighbors
# ε-radius # K-nearest neighbors

• These neighborhood relations are represented as a weighted graph G over the data 
points.

Near Neighbor Graph

22

( )jid ,X

ε

K=4

i
j

k

( )jid ,X

( )kid ,X



• Step 2
• Estimating the geodesic distances between all pairs of points on the 

manifold by computing their shortest path distances in the graph G.
• Can be done using classic graph algorithms for the All Pairs Shortest Path (APSP) 

problem: Floyd/Warshall’s algorithm or Dijkstra’s algorithm

Shortest Path Computation

23

( )jidG ,

𝑑𝑑𝐺𝐺(𝑖𝑖, 𝑗𝑗) = 𝑑𝑑𝑋𝑋(𝑖𝑖, 𝑗𝑗) neighboring i,j
𝑑𝑑𝐺𝐺(𝑖𝑖, 𝑗𝑗) = ∞ othewise

𝑓𝑓𝑓𝑓𝑓𝑓 k = 1,2,...,N
𝑑𝑑𝐺𝐺(𝑖𝑖, 𝑗𝑗)
= min{𝑑𝑑G(𝑖𝑖, 𝑗𝑗), 𝑑𝑑𝐺𝐺(𝑖𝑖, 𝑘𝑘) + 𝑑𝑑𝐺𝐺(𝑘𝑘, 𝑗𝑗)}

i
k

𝑑𝑑𝐺𝐺 𝑘𝑘, 𝑗𝑗
𝑑𝑑𝐺𝐺 𝑖𝑖, 𝑘𝑘
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• Step 3
• Constructing an embedding of the data in d-dimensional Euclidean space Y that 

best preserves the inter-point distances

• This is of course nothing but an MDS problem

Euclidean Embedding

24



• Isomap is guaranteed asymptotically to recover the true dimensionality and geometric structure 
of non-linear manifolds.

• As the sample data point density increases, the graph distances provide increasingly better 
approximations to the intrinsic geodesic distances.

Recovery Guarantees

25
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ISOMAP Examples

27

MDS :  open triangles

Isomap :  filled circles



Laplacian Eigenmaps
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• Start same as Isomap, but use a spectral embedding in lieu of MDS

Laplacian Eigenmaps (M. Belkin, P. Niyogi)

29Hole distorts long geodesic distances, but affects less diffusion distances



Locally Linear Embeddings
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• Define neighborhood relations 
between points (build NN graph)

• k nearest neighbors
• ε-balls

• Find weights that reconstruct each 
data point from its neighbors:

• Find low-dimensional coordinates 
so that the same weights hold:

Locally Linear Embeddings (LLE) (S. T. Roweis and L. K. Saul)

31
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• The weights wij capture the local shape
• Invariant to translation, rotation and scale of the neighborhood
• If the neighborhood lies on a manifold, the local mapping from the global coordinates (RD) to the 

surface coordinates (Rd) is almost linear
• Thus, the weights wij should hold also for manifold (Rd) coordinate system!

From Local to Global
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• Linear least squares (using Lagrange multipliers)

• To find                                    that minimize,

a sparse eigenvalue problem is solved. Additional constraints are added for 
conditioning:

Solving the Minimizations
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Effect of Neighborhood Size on LLE
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• Lips

LLE Experiments

35PCA LLE



LLE Experiments: Faces
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t-SNE

37

Laurens van der Maaten and Geoffrey Hinton, JMLR 2008
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t-Distributed Stochastic Neighbor Embedding



Stochastic Neighbor Embedding

39



Symmetric SNE
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t-Distribution
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MNIST t-SNE
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MNIST MDS w. Sammon Mapping
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MNIST Isomap
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MNIST LLE
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Source Codes
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Autoencoder
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• An autoencoder is a feedforward neural network trained to reproduce its input at 
the output layer

• Parameter estimation
• Back-propagation

Autoencoder

48



• Optionally, the reverse mapping W’ may be constrained to be the transpose of 
the forward mapping, referred to as tied weights

• Easy to learn
• In linear case it approximates PCA
• Tied weights are sort of regularization

Tied Weights
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• Should be robust to the introduction of noise
• Random assignment of inputs to 0, with probability
• Gaussian noise

Denoising Autoencoder

50



• Manifold learning perspective

Denoising Autoencoder
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• Manifold learning perspective

Denoising Autoencoder

52



• Autoencoders can reconstruct data from the learned features
• Can we generate new data from an Autoencoder?

Variational Autoencoder
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• Probabilistic spin on Autoencoder – will let us sample from the model to generate data
• Assume training data is generated from underlying latent (unobserved) representation

• We wish to estimate the true parameters θ from the training data x
• Modeling the conditional distribution by a neural network (decoder) 

Variational Autoencoder
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• For generative model, the training objective is to maximize likelihood of training data:

• Problem:
• Intractable to compute p(x|z) for every z
• The posterior distribution p(z|x) is also intractable

• Solution: In addition to decoder network, define an additional encoder network that 
approximates p(z|x)

Variational Autoencoder
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• The complete Variational Autoencoder

Variational Autoencoder

56



Variational Autoencoder
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• Sparse Autoencoder
• Contractive Autoencoder
• Convolutional Autoencoder
• …

More Extended Autoencoders
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Self Organizing Maps
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• To learn a feature map from the spatially continuous input space, to the low 
dimensional spatially discrete output space

• A one-dimensional map will just have a single row or column

The SOM Algorithm

60



The SOM Algorithm
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Experiments

62



Experiments
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• Approximation of the input space
• Topological ordering
• Density matching
• Feature selection

Properties

64



Many More Methods
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Many NLDR Methods 

66From Wikipedia

t-Distributed Stochastic
Neighbor Embedding (t-SNE)

Caltech 101
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MDS PCA ISOMAP LLE Laplacian Diffusion 
Map

KNN 
Diffusion

Hessian

Speed Very 
slow

Extremely 
fast

Extremely 
slow

Fast Fast Fast Fast Slow

Infers 
geometry?

NO NO YES YES YES MAYBE MAYBE YES

Handles 
non-convex?

NO NO NO MAYBE MAYBE MAYBE MAYBE YES

Handles 
non-uniform 
sampling?

YES YES YES YES NO YES YES MAYBE

Handles 
curvature?

NO NO YES MAYBE YES YES YES YES

Handles 
corners?

NO NO YES YES YES YES YES NO

Clusters? YES YES YES YES NO YES YES NO

Handles 
noise?

YES YES MAYBE NO YES YES YES YES

Handles 
sparsity?

YES YES YES YES YES NO NO NO
may crash

Sensitive to 
parameters?

NO NO YES YES YES VERY VERY YES
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That’s All
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