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The “Shape of Data”

* TDA Studies Sampled Spaces

Regression Cluster Loop Flared



Algebraic Topology and Topology Inference

* Unlike geometry, topology studies the global structure of spaces

* Getting to this structure via algebra |algebraic topology

Algebraic

Topological structures:
Spaces vector spaces,
groups, rings

Sampled

approximations, Topological Data Analysis (TDA)
complexes



From Data to Algebraic Objects

Pierre Antoine Grillet
Abstract Algebra

Algebraic entities as
data descriptors




Point Clouds Have No Higher-D Topology

Connect the points into simplicial
complexes

Simplicial homology




A Simplex

e A k-simplex is the convex hull of £ + 1 affinely independent points

S = {wvo,v1,...,vr}. The points in S are the vertices of the simplex.

* A k-simplex is a k-dimensional subspace of R?, dim o = k.

b b
c
[ ] *——— d
a a b a
¢ d
vertex edge triangle tetrahedron
a [a, D] [a,b,c] [a,b,c.d]

d=0 =1 d=2 d=3



Simplicial Complexes

A simplicial complex K is a finite set of simplices such that
l.L.ce K.t1<o=71€K,
2. 000 e K=o0cndo <o’ oroana =10.

The dimension of K is dim K = max{dimo | o € K}.

The vertices of K are the zero-simplices in /K.

A simplex is principal if it has no proper coface in /.

(left) an example (right) a non example 8



Meshes are 2-D Complexes
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Cech Complex

¢« Co(M)={convT | T C M), er B (mi) #0}.

* Yo (’}’:) =2mti—1
« C.(M) =M
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Cech Complex

oo % %% The Cech complex C. encodes the
0 e o © . .
00 ° 2% g N intersection pattern of M.: Encode:
00 ¢ © ¢ . .
00 © ° Points as vertices
o O
° & ~ s (0-cells)
o % S
Q
& 5% o
O ©o
0 o8 ©
. o O@ DOOOOOO
(o) 8 g oo o
OO % DO o 00
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Cech Complex

The Cech complex C. encodes the
intersection pattern of M.: Encode:

Points as vertices
(0-cells)

Pairwise intersections
as edges (1-cells)

12



Cech Complex

The Cech complex C. encodes the
intersection pattern of M.: Encode:

Points as vertices
(0-cells)

Pairwise intersections
as edges (1-cells)

Threeway intersections
as triangles (2-cells)

k-way intersections as

Co (k+1)-cells

Can be hard to compute ... =



General Cech Complex = Nerve

{"
DS >

e Let U = (U;)ics be a covering of a topological space X by open sets:
X = UierU;.

e The Céch complex C'(U) associated to the covering U is the simplicial
complex defined by:
- the vertex set of C'(U) is the set of the open sets U;
- [Uig, -+ ,Us, ) is a k-simplex in C'(U) iff N*_oU;, # 0.

14



General Cech Complex

{.
S

Lemma (Nerve Lemma, Leray '45)
C. is topologically equivalent to M..

Nerve theorem (Leray): If all the intersections between opens in U are either
empty or contractible then C(U) and X = U;c;U; are homotopy equivalent.

= The combinatorics of the covering (a simplicial complex) carries the
topology of the space.

Warning: even when the open sets are euclidean balls, the computation of
the Cé&ch complex is a very difficult task!

15



Rips-Vietoris Complex

The “poor man’s” alternative
to the Cech

This is a common complex
For computations

* R(M)=A{convT | T C M, dim;,m;) <e,mim;ecT}.
e Sull O ((7;)) for the kth skeleton
e Need (k + 1)st skeleton for computing Hy

16



Rips vs. Cech
N Rips vs Cech N

Let L = {po,---pn} be a (finite) point cloud (in a metric space).
The Rips complex R*(L): for po,---pr € L,

o = [pop1---pr) € RY(L) iff Vi,j €{0,---k}, d(pi,pj) <«

e Easy to compute and fully determined by its 1-skeleton

e Rips-Cech interleaving: for any o > 0,

C2(L) CR™(L)CCYL) CR**L)C---

17



Groups

* A group (G, %) is a set &, together with a binary operation * on G,
such that the following axioms are satisfied:

(a) = 1s associative.

(b) G has an identity e element for = such thate * © = x x e = x for
all z € G.

(c) any element a has an inverse o’ with respect to the operation =,
ie.Va € GG,da’ € Gsuchthata' xa = a*a’ = e.

If G is finite, the order of G is |G].

We often omit the operation and refer to (7 as the group.

(Z,+), (R, ), (R, +), are all groups.

A group ( is abelian if its binary operation * is commutative.

18



Chain Groups

Other coefficient

fields/ri |so OK
Simplicial complex K elds/rings also

k-chain: ¢ = ) . nio;],n; € Z,0; € K (like a path)

o] = —|7] if 0 = 7 and ¢ and 7 have different orientations.

The /th chain group C;. of /A is the free abelian group on its set of
oriented k-simplices

rank C, =7

We take linear combinations of
simplices of a given dimension k

19



Boundary Operator

* The boundary operator 0y, : C;, — Cj_1 1s a homomorphism defined
linearly on a chain c by 1ts action on any simplex

o = [vg,v1,...,0;] € c,

oo = Y (=1)'[vo,v1,.. .. G, vk,

i
where v; indicates that v; 1s deleted from the sequence.
e Oila,bl =b—a.

* Oala,b,c] = [b, ] —a, ] +[a,b] = [b, ¢] + [¢, a] 4 a, b].

e O3la,b,c,d| = |b,c,d| — |a,c,d] + |a,b,d| — |a, b, c|.

20



Boundary Theorem

¢ (Theorem) 9y._10; = 0, for all k.

* Proof:

8k_13k[’003 Ulyen vy Uk] —

= Op_1 Z(_l)i[vﬂavla“'aﬁia'“avk]

as switching 7 and j in the second sum negates the first sum.

21



Chain Complex

* The boundary operator connects the chain groups into a chain

complex C,:

dk+1
.—>Ck_|_1 Cgu C,gu 1 = o

Ok+1
—

22



Cycle Group

Let ¢ be a k-chain

If it has no boundary, it is a k-cycle (zycle?)

Orc = 0, s0 ¢ € ker 9

The kth cycle group is

Z;. = kerd,, = {C c C,. | orc = @}

d(bc + cd + de + eb)
=c—-b+d —c+e —-d+b —e=0.
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Boundary Group

* Let bbe a k-chain
e If b is a boundary of something, it is a /~-boundary.

e The £th boundary group is

B, = im 8“1 = {C c Cy | dd € Ck+1 . C = 8k+1d}.

24



Boundaries are Cycles!

Let b be a k-boundary.

Then, d¢ € Cg41,such that b = Oy c.

What is the boundary of b?

Okb = OO 41c =0,

by the boundary theorem.

That 1s, every boundary is a cycle!

Nesting behavior!

25



Simplicial Homology

* The £th homology group is

Hk = Z}{J./Bk — ker ar{;/lﬂl 6k+1.

* If 2y = 20 + By, 21,20 € Z);, we say 21 and z9 are homologous

® Z1 ~ Z9.

26



Homology Groups

Homology groups are finitely generated abelian.

(Theorem) Every finitely generated abelian group 1s 1somorphic to
product of cyclic groups of the form

Liypy X Loy X oo X Lagn, X| L X L X ... X 1L,

The kth Betti number 35 of a simplicial complex K is B = B(Hg),
the rank of the free part of Hy.

Torsion coefficients

* Alexander Duality:
— [3p measures the number of components of the complex.
— (31 1s the rank of a basis for the tunnels.

— [32 counts the number of voids in the complex.
27



Betti Numbers f3,

* Ranks of the free part of homology groups H,

* 3, counts the number of connected components

* 3, counts the number of independent loops

* 3, counts the number of independent voids

Topology is fundamentally a tool for classification 28



Persistent Homology

N
»




Sampled Data Has “Shape”

o O, 0O
00 0 0 g
ko) 08 o
0o o °© o di . |
200 © 5 © 2-dimensiona
o © .
°© 4 o Approximates annulus
o % g
g o % o
o}
€ o,
o] 08 o
o g@ 000 ooo
o § %90 °
%6 3 ° 4 o6 o
© oo
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Sampled Data Has “Shape”

2-dimensional

Approximates annulus

Topological features of annulus:

1 component (Fy = 1)
1 loop (51 = 1)

Goal: Recover topology of annulus from point cloud

We do so by building various complexes on the point cloud

31
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How to Choose €7

* How to determine the topology of the underlying space from a point
cloud approximation?

33



How to Choose €7

* How to determine the topology of the underlying space from a point
cloud approximation?

34



How to Choose €7

* How to determine the topology of the underlying space from a point
cloud approximation?

35



How to Choose €7

* How to determine the topology of the underlying space from a point
cloud approximation?

36



Filtrations

A filtration of a (finite) simplicial complex K is a sequence of subcomplexes
such that

))=K'cK'c..-c K™ =K,
i) K1 = K* U o' where o'*! is a simplex of K.

Sub-simplices of a simplex must be added before the simplex! 37



The Sub-Level Set Filtration

e f a real valued function defined on the vertices of K
e For o = PUQ, - 7‘016] e K, f(O‘) — MaxX;—o,... k f(fUZ)

e The simplices of K are ordered according increasing f values (and di-
mension in case of equal values on different simplices).

38



Persistent Homology:
Do not choose an €!




Standard Homology

(> vector space of faces (7 vector space of edges Co vector space of vertices

Take the linear extension of the boundary operator:

d
Od([Vo:---va]) = D (1) [vo.... 0, ... vq]
=0

Fact: Jg_1004=0= 1m0y C kerdy_1
Definition:  Hy(K) = ker 04/ Im 0q1

40



Cech Complex

The Cech complex C. encodes the
intersection pattern of M.: Encode:

Points as vertices
(0-cells)

Pairwise intersections
as edges (1-cells)

Threeway intersections
as triangles (2-cells)

k-way intersections as

Co (k+1)-cells

Can be hard to compute ... "



We Can Track Topological Features in a Filtration
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Functorality allows us to systematically track holes over time!

The inclusion map among the complexes translates to a homomorphism
between the homology groups

42



Persistent Homology is Functorial Homology

Homology of the entire filtration

Homomorphisms at the homology level allow us

to track homology classes —i.e., topological features 43



Persistence of Homology Classes

Lifetime of topological feature y
44



Barcodes are the Lifetimes of Topological Features

Barcodes are the output of persistent homology 4



long barcodes =
points away from
the diagonal =
robust features

Another View: Persistence Diagrams

persistence

T L~
barcode
st :ZE&
. —
\ —

persistence
diagram

(a,b)

3
birth

Map 1-D intervals to points in 2-D

Short barcodes =
points near

the diagonal =
noise

46



Today:
Persistent Homology




Today: Persistent Homology

e Wiawsarannau i ML siaeline Youtube “Persistent homology on a noisy torus”

pcyDcy@c cyrr-1)cym [ (1) Topology J

l Functoriality of homology

0 _)Hp(z(l)) N HP(E(Z)) SN Hp(z(n—l)) N Hp(z(n)) [(Z)Algebra}






Pipeline

Dataset:

- Euclidean point cloud
data

- Metric spaces

- Triangulated shapes

- Graphs, matrices...

Filtered simplicial
complex

e Possible to have

both inclusions
and deletions
(dynamic data)

Vector spaces with
linear maps: a
persistent vector
space

Visual summary: a
persistence diagram
or persistence

barcode

* Postprocessing
available for ML-
friendly output
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Plan

Today:

 Computing homology; the persistence algorithm @ w @ Q @

 Demo using Ripser and Javaplex

 Mathematical theory of persistence; Zigzag persistence
* Sublevel set persistence; Demo using Dionysus
Bottleneck distance and Gromov-Hausdorff stability ;

time

Next time:

* 0O-dimensional persistence and single linkage clustering
 The Mapper algorithm
e Applications of TDA:
e Clustering, time series analysis, topological loss for
neural networks, applications to empirical science

-100 -80 -60 -40 -20 0 20 60 80 101

50



Background: Computing Homology




Recall: Simplicial Complexes =2 Vector Spaces

¢ X a simplicial complex, X, the 0-simplices (vertices), Z;the 1-simplices
(edges), X, the 2-simplices (triangles), ...

+ [F a field, typically Z/27Z = {0,1}

¢ (,(2), the vector space of p-chains

* Intuitively, just allow addition and scalar multiplication (using IF) of simplices!

* Linear combinations of p-simplices will be called p-chains
b bc c

be cd ¢ Intuitively, bc + cd + de + be traces
out a loop bounding a box.

52



Recall: the Boundary Map o

+ Alternating sum (hat denotnes omission):

a dxg, ... x,] = 2(—1)i Xy oo, B, o o]

=0

) ¢ d(bc + cd + de + eb) ab 3

bC‘/=C—b+d—c+e—d+b—e=0. b abc c
0 O bc
Q Q.

+ Key identity: 0% = 0.

d ab 3
O © O 0%(abc) = d(bc — ac + ab) /abc\
€ d =c—b—-c+a+b —a=0. >

¢ d =0 on linear combinations that are boundaries. Intuitively,
0% = 0 says that the boundary of a simplex really is a boundary! i



Recall: the Chain Complex

¢+ We now have a sequence of vector spaces and linear maps:

Op+2 3p+1c Ip C Op—1
— Cppr — G — Cpp — L

¢ Notation: Z,, := ker d, = {v € C,: 9, (v) = 0} the p-cycles, B, := im 0,1 S Cpthe p-
boundaries.

pth homology vector space:

ker 6‘p

Hp =

Intuition: p-dimensional connectivity

54



Setting up the Linear Algebra

¢ 0d,:C, > C,_, isalinear map between vector spaces, so we'll use matrices

X S ab ca bc cd
bjabc\C all 1 0 O
be b1 0 1 0
© 8 20111
L de | 0 0 0 1
5 o e‘oooo

de eb
0 O
0 1
0 O
1 0
1 1-

ab
ca

bc

cd
de

eb

abc

NQJ{:OOOr—\r—xr—:\

55



QO T Q

1

1
0
0
0

o O = O
O O

Setting up the Linear Algebra

ab ca bc cd

0

0
1
1
0

ker 0
L so we need to extract bases for these vector spaces
2

"‘Eg H1 —

0

de eb

== O O O
= O RO




Setting up the linear algebra

1

1
0
0
0

1

O O kO

0

O O = =

ab ca bc cd

0

0
1
1
0

== O O O

e

de eb

ab
ca

bc
cd

eb
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Setting up the Linear Algebra

- - oy
w— -—_=~

(@)

‘ca |

7N |
.fxbf){‘

ncd
Il 1
] de |
11 ] ]
.eb,

O O O = =}



Setting up the Linear Algebra

- (@9
I\\--

;ab
| ca '
7N |
rbey

et AL

ncd
]

. de,,
1\ eb" ()
W jl ,
¢ Need Z /27 arithmetic S

# Column operations »

O O O = =}




Summary So Far

%02 Cl C()—>O

O de O / | \
¢ d ; ,

2 1

{abc} — {ab,ca,bc,cd,de,eb} - {a,b,c,d,e}
ab alhc ab ca2 bc cdeb de
ca | 1 g1 10000
be |1 b1t 01010
od clo1 1100
b 0 dlfo o0 1 0 1
€alo eloooo0 11
de 0
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Smith Normal Form

Standard algorithm for homology: | rank G,

———rank”Z, ———

# Use row/column operations (Gaussian elimination)
on boundary matrices to get form where initial
segment of diagonal is 1, everything else O

rank B, _,

/|

rank C,,_

¢ Read off basis for ker d,, (nullspace) and
im 0,41(range)

¢ Diagonal form means we have 1-1 correspondence,
know which cycles are boundaries

¥ WEe’'ll see a slightly different method that only uses column operations

and goes through unchanged for persistent homology 62



Column operations in Z/2Z

Arithmetic in Z /27 is very easy:



Reduction Algorithm for Homology*™

*Cohen-Steiner, Edelsbrunner, Morozov - Vines and Vineyards by Updating Persistence in Linear Time

To get Hy,, we need: (1) a basis for ker d,,, and (2) a sub-basis for im 0, .

K< « T S T « L I~ 3
S T 8 T T O I
Notation: lowg (j)= row index of bottom 1 in column j of matrix R
1 100 0 0 0 i !
a r ]
b |1 01 0 0 1 O :
clo 1110 0 0 Algorithm:
d |10 001 1 0 O
e lo o oo 1 1 0 Initialize boundary information in incidence matrix D
ablo 0 0 0 0 0 1 Initialize R = D
ca |10 00O O O 1 .
bcloO 0 0 0 0 0 1 For cc.)lum.r)] = 1,2, ....,,n |
cdlo o o o o o0 o while 3j' < j, lowg(j') = lowg(j) do
delo 0 0 0 0 0 O add column j’ to column j
\eb 0 0 0 0 0 O 0-]

5 <
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Reduction Algorithm for Homology

QOO 8S LS YV N 3
S O O T 9 T
Notation: lowg (j)= row index of bottom 1 in column j of matrix R
1 0 0 0 0 O
O 1 0 0 1 O .
1 110 0 0 Algorithm:
O 01 1 0 O
00 0 1 1 0 In?t?al?ze bOL.deary information in incidence matrix D
00 0 0 0 1 Initialize R == D
O 0 0 0 0 1 .
0 0 0 0 0 1 For cc.)lum.r)] = 1, 2, ....,,n |
00 0 0 O 0 while 3j’ < j, lOV.lfR(] ) = lom./R(]) do
0 00O 0 O add column j’ to column j
O 0 0 0 O 0-/

- <
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Reduction Algorithm for Homology

S 82T 89S

semmnsm, Notation: lowg (j)= row index of bottom 1 in column j of matrix R
a {1 1=0 0 0 0 O
b 11 0:1 0 0 1 O :
¢ 10 ﬂ 1 1.0 0 0 Algorithm:
d 40 0=0 1 1 0 O T : T ,
e 40 0°0 0 1 1 0 In!t!al!ze boundary information in incidence matrix D
ab10 020 0 0 0 1 Initialize R := D
cad0 0:0 0 0 0 1 ,
bedo 00 0 0 0 1 For cc.)lum.n] = 1, 2, ....,n |
cdlo 020 0 0 O O while 3j" < j, lowgr (') = lowg(j) do
dedo 0 E 00 0 0 O add column j’ to column j

000 0 0 0 01)

>
~
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Reduction Algorithm for Homology

3§88/ LSS
T Notation: lowg (j)= row index of bottom 1 in column j of matrix R
a 1 1 0=0 0 0 0]
ICD (1) (1) %_Elcl) 8 é 8 Algorithm:
d 0 0 0=1 1 0 © . .
e 10 0 OE 01 1 0 In!t!al!ze boundary information in incidence matrix D
ablo 0 00 0 0 1 Initialize R = D
caj0 0 0=0 0 0 1 ,
bc 1o 0 OE 00 0 1 For cc.)lum.n] = 1, 2,....,n |
cdlo 0 00 0 O O while 3j' < j, lowg(j') = lowg(j) do
de 10 0 ()E 0 0 0 O add column j’ to column j
b 10 0 020 0 O 0-/

j

=

67



Reduction Algorithm for Homology

8

+
S 8§ 87
a 71 1 1:0
b 31 0 [170
c J0 1 0:1
d 10 0 0=1
e 40 0 00
ab10 0 0:0
SRS IS
“bc+cal0 0 020
TP ST
de 0 0 0= 0
b10.,0,,0:0

o, R ooo de

codoo

N oNollolo)

eb
cCodr or o000 O abc

\-

O R, OO r o

=

Reminder: to keep bases compatible, column operations require
corresponding row operation!

E.g. T:V — W linear map, {v{,v,}, {w;, w,} bases,
T(v,) = a{yw; + a,{w,. Changing codomain basis by
setting w; « wy, w, < w, + w; means we have:

T(vy) = ayawy + azy(wy + wy) —az wy
= (a11 — az)wy + az1(wy + wy).

|.e. subtract row 2 from row 1 (notice the “reflected”
operation). In Z /27, this is just addition!




Reduction Algorithm for Homology

E

_|_

S

+

S 8 27T
a 711 020
b 11 0 0= 0
c 40 1 0.1
d 10 0 0=1
e 40 0 00
abd0 0 0z 0
caOOOEO
bc+ca+ab 310 0 0= O
cd 40 0 0z 0
de 0 0 0= 0
10,,0,,0: 0

\60 10..0..9

coocoococoorRrrRrooo de

eb

cCcoocococ o RO O RO
COOROO0O0O0O0OO abc

R

Notation: lowg (j)= row index of bottom 1 in column j of matrix R

Algorithm:

Initialize boundary information in incidence matrix D
Initialize R = D

Forcolumnj = 1,2,...,n
while 3j' < j, lowg(j') = lowg(j) do
add column j’ to column j
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Reduction Algorithm for Homology

K
S
_|_
S
O
+ o
S S 88 < T8
L1 o ‘..0.- 0 0 0 Notation: lowg (j)= row index of bottom 1 in column j of matrix R
a [ = 0. T
b |1 0 0200 1 0 L
c lo 1 O:i: 0 0 0 Algorithm:
d |10 0 091f[1 0 O
e lo o o :: 1 1 0 Initialize boundary information in incidence matrix D
ab lo o OE 00 0 0 Initialize R := D
ca |0 0 0020 0 0 .
bc+ca+ab [0 0 0020 0 1 For cc.)lum.r)] = 1, 2,....,,n |
cd [0 0 02070 0 0 while 3j" < j, lowg(j") = lowg(j) do
delo 0 000 0 O add column j’ to column j
\eb lo 0 0i0i0 0 ol

a
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Reduction Algorithm for Homology

Ko
S
_|_
S
O
+ o
T S 28 = ® S
pp—— Notation: lowg (j)= row index of bottom 1 in column j of matrix R
a 1 1 020 070 O
b (1 0 00 021 0 .
c o 1 01 OE 0 0 Algorithm:
d [0 0 021 120 O
e lo 0 ofo ﬂ 1 0 Initialize boundary information in incidence matrix D
ab o o OE 0 0:0 0 Initialize R := D
ca |0 0 0.0 020 O .
bc+ca+ab |0 0 020 0° 0 1 For cc.)lum.r)] = 1, 2,....,,n |
cdlo o OE 0 0 0 while 3j' < j, lowg(j') = lowg(j) do
delo o0 00 00 o add column j’ to column j
\eb 0 0 0:0 020 0
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Reduction Algorithm for Homology

Ko
S
_|_
S
(8]
T S
S 8§ 88 8 © S
LI Notation: lowg (j)= row index of bottom 1 in column j of matrix R
a 1 1 0=0 0 0z0]
b (1 0 0:0 0 1=0 L
c o 1 021 0 00 Algorithm:
d |0 0 0=1 1 0:0 . .
e lo o 0: 0 1 IE 0 Initialize boundary information in incidence matrix D
ab [0 0 020 0 0°=0 Initialize R := D
ca [0 O OE 0 0 00 .
bc+ca+ab [0 0 00 0 0:1 Forcc?lum.r,1] = 1,2,....,,n |
cdlo o0 00 o OE 0 while 3j' < j, lowg(j') = lowg(j) do
delo o o=0 0 0%o0 add column j’ to column j
\eb _0 O O:I I()III()IIIOIE 0—

R e



Reduction Algorithm for Homology

K
S
_|_
S <
+ + o
T 8§ 88 =% TS
L1 o _..0...0..-6: 0 Notation: lowg (j)= row index of bottom 1 in column j of matrix R
a [ ! " 0
b {1 0 0:0 0 1:0 s
c lo 1 01 0 0=0 Algorithm:
d o o oi1 1[1k0 | |
e lo o o"0 1 0%o0 Initialize boundary information in incidence matrix D
ablo 0 00 0 OE 0 Initialize R := D
ca]0 0 0=0 0 0:0 .
bc+ca+ab [0 0 00 0 0:1 For cc.)lum.r)] = 1, 2,....,,n |
cdlo o0 00 o OE 0 while 3j' < j, lowg(j') = lowg(j) do
delo o o=0 0 0%o0 add column j’ to column j
ebtde _0 O O:II()III()IIIOIE 0—

R 73



Reduction Algorithm for Homology

K
; E
Tt +
S S
=
S s sw o t8
S S 28 = o S
L1 o _..0...0..-8.’: 0 Notation: lowg (j)= row index of bottom 1 in column j of matrix R
a [ o " 0
b {1 0 0:0 0 1:0 s
c lo 1 071 o E 0 Algorithm:
d 10 0 0=1 1 0:0 . .
e lo o o"0 1 050 Initialize boundary information in incidence matrix D
ablo 0 00 0 OE 0 Initialize R := D
ca]0 0 0=0 0 0:0 .
bc+ca+ab [0 0 00 0 0:1 For cc.)lum.r)] = 1, 2,....,,n |
cd [0 0 020 0 0%0 while 3j" < j, lowg(j") = lowg(j) do
delo o o=0 0 0%o0 add column j’ to column j
eb+detcd 0 0 ()E 0 0 0= 0.
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Initialize boundary information in incidence matrix D
,n
while 3j' < j, lowg(j') = lowg(j) do
add column j’ to column j

Initialize R :
Forcolumnj = 1,2, ..

Notation: lowg (j)

Algorithm:
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Initialize boundary information in incidence matrix D
,n
while 3j' < j, lowg(j') = lowg(j) do
add column j’ to column j

Initialize R :
Forcolumnj = 1,2, ..

Notation: lowg (j)
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Notation: lowg (j)
Initialize boundary information in incidence matrix D
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Algorithm:
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Full matrix at termination. Observe:
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Full matrix at termination. Observe:

aqo
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DO
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Q

S Q

(Proposition) No two columns
with the same lowy, value
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Full matrix at termination. Observe:

(Proposition) No two columns
with the same lowy, value

Zero columns can be read off
immediately to get ker d,
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Reduction Algorithm for Homology

U DWW N R
O QLS Q
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eb + de + cd
11 +ca+ ab abc

Coococoocococococooco (|~

cCcoocococococococoocoo bid

cC |W
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coocococococococococo dis

e (O]

O O OO OO OO OO OO

3 11

S

+

S

_|_
S 3|88 <
1 1/{00 0 O
1/0]0[{ 0 O
0, 1/0, 1 O
0O 00| 1|1
0O 0/]0 01
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0O 0[{0[ 0O O
0O 0[]0 O O
0O 0[{0[ 0O O
0O 0[]0 O O
0O 0[O0 O O
0O 0[O0 0O O

abpc

OO OO RO OoO OO OO0

Full matrix at termination. Observe:

* (Proposition) No two columns
with the same lowy value

e Zero columns can be read off
immediately to get ker d,

* (Proposition) Indices i such that
column i is zero but i # lowg(j)
for any j correspond exactly to
the cycles that are not
boundaries!

 Thus we get a basis for homology

in each dimension. .



Reduction Algorithm for Homology
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Full matrix at termination. Observe:

* (Proposition) No two columns
with the same lowy value

e Zero columns can be read off
immediately to get ker d,

* (Proposition) Indices i such that
column i is zero but i # lowg(j)
for any j correspond exactly to
the cycles that are not
boundaries!

 Thus we get a basis for homology

in each dimension. .



Reduction Algorithm for Homology

H, = Fla]
H, = Fleb + de + cd + ca + ab]
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Full matrix at termination. Observe:

* (Proposition) No two columns
with the same lowy value

e Zero columns can be read off
immediately to get ker d,

* (Proposition) Indices i such that
column i is zero but i # lowg(j)
for any j correspond exactly to
the cycles that are not
boundaries!

 Thus we get a basis for homology

in each dimension. N
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Basis Selection

H, = Fla]
H, = Fleb + de + cd + ca + ab]
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abpc
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Caveat: homology involves an equivalence
class, so we get “representative cycles”. E.g.
we got eb + de + cd + ca + ab instead of
eb + de + cd + bc.

Operating at the algebraic level gives up some
control over geometric correspondence. 5
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Reduction Algorithm for Persistent Homology

Ulrich Bauer, Ripser: efficient computation of Vietoris—Rips persistence barcodes

Persistence algorithm:

+ When setting up boundary matrices/overall incidence matrix, order
basis vectors according to order of appearance of simplices

+ Apply reduction algorithm from before

+ Read off persistence pairs {(i,j) | i = lowr(j) # 0} and essential
indices {i | R[:,i] =0, i # lowg(j) for any j}

+ Persistence pairs track representative cycles that are born at index i
and die at index j

+ Essential indices track cycles that are born at index i and live forever

+ Complexity: Gaussian elimination, so essentially cubic in the number
of simplices (state-of-the-art: matrix multiplication time)
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Back to the House Example

d d

oeyo ab ca
b Oc b C

Persistence pairs:  {(2,6), (3,7), (4,9), (5,10), (8,12)} b

(column indices)

Lifetimes (dim 0): {[1,1),[1,2),[1,3),[1,3)}

(time indices)

Lifetimes (dim 1): {12,5)}

(time indices)

Essential indices: {1,11}

(column indices)

Lifetimes: {[1, ) (connected component), [4, ) (loop)}
(time indices)

91



Simplices are “Creators” or “Destroyers”

+ Every simplex either creates a homology class or destroys one

+ Specifically, a k-simplex either creates a k-dimensional feature or
destroys a (k — 1)-dimensional feature
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Sublevel Set Persistence

¢ For general point cloud or metric data, we build filtered simplicial
complexes using the metric as a filter

Lk} T4 Ty

death H,

0.5 1 15 _/

¢ When given a function f: M = R where M is a triangulated space
(i.e. a simplicial complex at the outset), we can use f as a filter 03
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Persistence Barcodes and Diagrams




Persistence Pairing Yields a Barcode

# In birth-death pair (b;, d;), we have d; > b;




Equivalently, a Diagram

+ Pairs (b;, d;) are represented
as points on upper-half plane

+ Often (but not always), short
bars correspond to
“topological noise” [




Elder Rule

A AN




Demo — Ripser and Javaplex
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A Deeper Look at the Algorithm

+ Why the restriction on directions of column operations?

+ Why is persistent homology different from computing standard
homology a bunch of times in parallel?

0 - H,(ZV) 5> H,E?) > ..> H,E" V) > H,(z)
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A Deeper Look at the Algorithm

+ Why the restriction on directions of column operations?

+ Why is persistent homology different from computing standard
homology a bunch of times in parallel?

0 - H,(ZV) 5> H,E?) > ..> H,E" V) > H,(z)

Obtaining bases for the individual vector spaces is not sufficient. To
encode linear maps, we need compatible bases.
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A Deeper Look at the Algorithm

Figure from Edelsbrunner, Jablonski, Mrozek, The persistent homology of a self-map

3\"’%\\“/@ l{ O 1[
\||f/m PP
o Il = a1l o \\||/%\/\ =
o 7 I IN o Ak o A I o NI |/ o
=B AN 7 I S T I B A
J{\»-O-—f/\\ﬂ 7/
~—/ 1\
o v}/ *O
. JL JL _/

A 3 A4 3 A 3 A 24

+ Left-to-right ordering of chain complex basis vectors + left-to-right
column operations gets us to compatible bases for homology

+ “Existence and uniqueness” comes from commutative algebra
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A Deeper Look at the Algorithm

/

tl;dr: (1) Massage all the vector
spaces into a “familiar structure”
(equivalence of categories), (2)
apply known classification results
Qor the familiar structure

~

Carlsson, Zomorodian, Computing Persistent Homology

+ Rephrased PH computation: stack all these
vector spaces together into a single
structure, find a compatible basis for the full
structure in one shot

¢ (Carlsson, Zomorodian ‘05) The sequence

v v 2y Ly ey

can be viewed as a module (=generalized
vector space) over a polynomial ring F[t] =
{Zizoait' | a; € F}

+ powers of t encode the filtration order

+ formal equivalence to modules enables
import of standard algebra results
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PH as Applied Representation Theory

Carlsson, de Silva, Zigzag Persistence

+ VIZVlf—1>V2f—2>...—>Vn_1 —)fn_l

Vo= —> . > + choice of vector spaces
and linear maps

+ This is a quiver representation. Given equal-length quiver reps W, X, say
V=W @ X if Vi — Wi @ Xi and fl(Wl) C Wl'_|_1, fl(Xl) - Xi+1 foreachi

Theorem (Gabriel ‘72): Any V as above can be written V =; (b;, d;), where

Ih;,d;)) =0-0->---0->F->F->F->:->F->0-0-0

t t t t

Index 1 Index b; Index d; Index n

Theorem (Krull-Remak-Schmidt): Such a decomposition is unique up to relabeling. .



PH as Applied Representation Theory

Carlsson, de Silva, Zigzag Persistence

§\|/,——§-\/\]{ = l{ 7
S I 7 \\||/9 SR
o LT = AT T/ o NI | /o =
o 7/ T IW T /IT Tk o AT 11 o N1 1/
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Theorem (Gabriel ‘72): Any V as above can be written V =; (b;, d;), where

Ih;,d;)) =0-0->---0->F->F->F->:->F->0-0-0

t t t t

Index 1 Index b; Index d; Index n

Theorem (Krull-Remak-Schmidt): Such a decomposition is unique up to relabeling. s



/1gzag persistence

Carlsson, de Silva, Zigzag Persistence

+ Gabriel’s theorem does not need all the arrows to point in the same direction!

e Standard persistence:
Vi Voo oV

. : .
Z1gzag persistence: o . -

Vi<— Vh <= ... «— V,.

* Each p; can be forward or backward

+ Application: inclusion not needed, can compare/correlate features across
incomparable spaces

* E.g. Unionsequence: X;{i —=> X{1UXyr <« X0 —> --- <« X,
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Stability of Persistent Homology

+ Persistent homology outputs are robust to small perturbations of data

<

Y\

©®

Figure from Edelsbrunner, Harer,
Computational Topology

-
birth

+ Theorem (Cohen-Steiner, Edelsbrunner, Harer): M a triangulable space, f, g: M = R “nice”. Then,
dg(Dr(f), k(@) < IIf = 9 lleo-

Here D, is the persistence diagram in dimension k, || - ||« is the max-norm, and dj is the bottleneck distance (TBD)
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Stability of Persistent Homology

+ We also have stability when building filtered complexes from metric data

A AR W A A E
@ 4™ D |

LY T X N N Y ¥ Y T J P
Kl X XN NN NN fog
00080000008 - ~ @
VWM AR LA A

R

@C@
O

0.02 0.03

+ Theorem (Chazal, Cohen-Steiner, Guibas, Mémoli, Oudot): (X, dy), (Y, dy) finite metric spaces. Then,
dg (D (VR(X)), D (VR(Y))) < 2dgy (X, Y).

Here d . is the Gromov-Hausdorff distance between metric spaces (TBD)
123



The Bottleneck Distance

Method for comparing persistence diagrams:

+ Choose a bijection, matching points to the diagonal if needed

¢+ Compute the [®distance between each pair of matched points (max-norm)
+ Take worst case matching cost

# Optimize over all possible bijections
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The Bottleneck Distance

A, B two persistence diagrams.
dg(A,B) =inf { sup |[x —¢p(x)||le : Pp:AUA — B U A a bijection}

XEAUA
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Gromov-Hausdorff Stability

) e

Figure from Burago, Burago, Ivanov, A course in metric geometry

Figure from Sormani, How Riemannian manifolds converge

The space of metric spaces is a metric space under the Gromov-Hausdorff distance
+ Used to study convergence of spaces
+ Popularized by Gromov in the context of geometric group theory
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Gromov-Hausdorff stability

X, Y subsets of a finite metric space (Z, d) (X,dy), (Y, dy) finite metric spaces
Hausdorff distance: Gromov-Hausdorff distance:
_ Z
dy(X,Y) = max(méi)?( r;lellr} d(x,y), meax mln d(x,y)) dey(X,Y) = Z,qbl)r(l,fpy di; (px (X)), py(Y)), where
sup inf d(z, y) ¢x, Py are isometric embeddings
reX &

sup inf d(x, y)
yeEY T
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Gromov-Hausdorff Stability

X, Y subsets of a finite metric space (Z, d) (X,dy), (Y, dy) finite metric spaces
Hausdorff distance: Gromov-Hausdorff distance:
_ Z
dy(X,Y) = max(méi)?( r;lellr} d(x,y), meax mln d(x,y)) dey(X,Y) = Z,qbl)r(l,fpy di; (px (X)), py(Y)), where
sup inf d(z, y) ¢x, Py are isometric embeddings
reX &

%, 8

sup inf d(x, y)
yeEY T
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Gromov-Hausdorff Stability

3,
" (o) Q(*\./(‘Dm M = finite metric spaces
/ F =filtered simplicial complexes
("d’h | V = persistent vector spaces
D = persistence diagrams
\4
7 () V()
 F(X) v

¢ Theorem (Chazal, Cohen-Steiner, Guibas, Mémoli, Oudot): (X, dy), (Y, dy) finite metric spaces. Then,
dp(Dk(VR(X)), D (VR(Y))) < 2dgu(X, V).

\ J \\ J
Y Y

0(n3) with Hungarian algorithm, NP-hard
0(n3/2) state-of-the-art (Kerber, Morozoy,
Nigmetov 2017)
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Connections

+ Wasserstein distance: a probabilistic analog of Hausdorff distance

* Popularized in the study of optimal transport
* Used in Wasserstein-GANs, domain adaptation, transfer learning

Dataset Optimal transport Classification on transported samples

""""""" Courty, Flamary, Tuia, Rakotomamonjy, Optimal transport for

e 0000 o8 K %’g, domain adaptation. PAMI’16
,f++ -} 8 "
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* Arises as convex relaxation (loss remains nonconvex, but optimization is over a convex set)
» Useful for obtaining correspondences across shapes

Solomon, Peyré, Kim, Sra, Entropic metric
alignment for correspondence problems.
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Software Packages

¢ Javaplex - http://appliedtopology.github.io/javaplex/

¢ Ripser - https://github.com/Ripser/ripser
* Ripser.py - https://github.com/scikit-tda/ripser.py
* Ripser live - https://live.ripser.org/

¢ Ripser++ - https://github.com/simonzhang00/ripser-plusplus

¢ Dionysus 2 - https://mrzv.org/software/dionysus2/
¢ Gudhi - https://gudhi.inria.fr/python/latest/

¢ DIPHA - https://github.com/DIPHA/dipha

¢ PHAT - https://bitbucket.org/phat-code/phat

¢ Eirene - https://github.com/Eetion/Eirene. |l

¢ BATS - https://bnels.github.io/BATS.py/#/
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That’s All
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