CS233, CME251: Geometric and
Topological Data Analysis

Leonidas Guibas
Computer Science Department
Stanford University

Lecture 17
26 May 2021

.

U

Geometric Computin




Last Time: Functional Map
Networks




Consistency in Map Networks for Related Data

Networks of “samenesses”



IXing Maps

F

Intermediate

[Q. Huang, G. Zhang, L. Gao, S. Hu, A. Bustcher, and L. Guibas, 2012]



Cycle-Consistency = Low-Rank

* In a functional map network, commutativity, path-invariance,
or cycle-consistency are equivalent to a low rank or
semidefiniteness condition on a big mapping matrix

( [m X1’2 c o Xl,n \ Qrf
X172 Im .« “.. j ~.-‘i', \
\ Xn,l Xn,(n—l) ]m / 7>

e Conversely, such a low-rank condition can be used to

* regularize and clean up functional maps
e extract shared structure



Map Synchronization by Matrix Factorization
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Image Co-Segmentstion




Joint Estimation of Functional Maps, Il

* Plato’s allegory of the cave: a
latent space

X 30x30, Y 30x20 8



Generating Consistent Segmentations

* Two objectives for segmentation functions
* consistent under functional map transportation
Fmap — SN || Xf — £ % We look for network

(:) €0 consistent fixed points!

* and agreement with normalized cut scores:

N Easy to incorporate labeled
1568 = S fZTB?LZ.BZ.fief— images with ground truth
—

i segmentation

* Joint optimization:

Eigen-decomposition problem

N
min f5°8 4 o fAP 5 ¢, Z 1£||? = 1<
i=1



PASCAL: 10 images per class are shown
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"

PASCAL: 10 ima
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Apple + picking

all + kids

o LY
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Apple + picking (red: apple bucket; magenta: girl in red;

green:

baby; cyan: pumpkin.)
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Start From Noisy Shape Descriptor Correspondences

AR _ 373
| AN~ /\
himih 333
URIURIY A

Lift to
functional form
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Joint Map Optimization

e Step 1: Convex low-rank recovery using robust PCA — we minimize

over all X
trace norm X* = )\HXH* + min Z HX’LjCZj — D :
XL = 225 0a(X) X (1.7)€G [All2,0 = 25 [1d:l]

Dual ADMM

 Step 2: Perturb the above X to force the factorization

Z X7 Y_I_Y”F_I_FLY T (yiryi)®

1<i,j<N i=1 1<k<I<L

Non-linear least squares
Gauss-Newton descent

The Y, give us the desired latent spaces
16



Consistent Shape Segmentation

""""""""""""""""""
I""lll‘ iiiiiiii
A A A B A m & § @ " ® B = u

Via 2"d order MRF on each shape independently
17



Detour: ZoomQOut

ZoomOut: Spectral Upsampling for Efficient Shape Correspondence, S. Melzi, J. Ren, A. Sharma, E.
Rodola, P. Wonka, M. O., SIGGRAPH Asia 2019

18



Many Open Functional Maps Questions

1. How can we build up a functional map progressively?

2. Given a small functional map, can we use it to transfer high
frequency functions?

3. Simplify and speed-up functional map refinement?

19



ZoomQOut

A two-lines-of-code algorithm:

1) Given a functional map C1 of size k x k convertittoa p2pmap T.
2) Convert T to C2 of size (k+1) x (k+1)

Repeat for progressively larger k

S'i 4;24 Initial fMap Upsampled Upsampled Upsampled Upsampled Upsampled
4x4 6x6 7x7 20 x 20 50 x 50

» 2 B
).

.

n, = 10008
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Upsampling vs. computing directly:

21



ZoomQOut — Results

From 5x5 to 50x50

22



ZoomOut — Results

From 20x20 to 120x120







ZoomOut — Rationale

Consider the optimization problem:

: 1
min E(C), where E(C) = Zk: “llcic - L[5 -

C eP: functional map arising from some pointwise map.

C, :leading principal kX k submatrix of C.

E(C) =0 if and only if the point-to-point map is an isometry.

ZoomOut can be derived as a iterative method for solving this
optimization problem.

24



ZoomOut — Results

Initialization ICP deblur
Err = 0.135 Err = 0.068 Err = 0.123

Source

Evaluated on:

* Intrinsic symmetry detection
 Complete matching

e Partial matching

* Function transfer

deblur(x10) BCICP Ours . .
Err = 0.115 Err = 0.029 Exr = 0,022 Compared against 14 baselines

QOurs is 50-300x faster than
state-of-the-art with higher
accuracy

25



ZoomOQOut — Non-isometric

In some cases also works for non-isometric shapes

Ours [Ezuz et al. 2018]
(0. 17sec) (355sec/570sec)

26



Today: Shape Differences
and Variability




Object Shape, Material and Appearance Differences




What Exactly is a Shape Difference?

Making 3D shape differences first class citizens 29



earch Engines Based on Differences?
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Latent Spaces in ML, Supervised or Not

Latent representation

Encoder | Decoder

b
¥ .
~"

Input data
Learning task result

Feature extraction Output generation

A latent code acts as a low-d proxy for input data w.r.t. a learning task
31
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What Exactly is a Latent Space Representation?

# Latent code

Z axis A

O—l = Y axis

X axis

33




Is a Shape Difference Just a
Vector in a Latent Space?




Continuous Shape Variability

35
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What Exactly is a Shape Difference?

37
Where and how are the shapes different?



A Challenge: Multiple 3D Representations
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Point Cloud

Volumetric

Projected View

RGB(D)

Irregular representations such as point clouds or meshes are
a challenge for machine learning algorithms
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Underlying Shape Surface Discretizations

=
R
o o oy

=
T

=
Py,
57
A
bv‘f
A3
o

Ty
'ﬁ‘?- I
Sl IS )
S 5

P~
e

o

LF
L7
S
Rees
A
X
)

iy
N

va

e lm"‘ V"
AR
SR
RS
AN D
'i.’hf‘{?ﬂ PR

<) 5

=

e
ay
T

A
e r/‘,

RN 70
NS
N i e
e
N AN S =S
=il Wy ] ’4"‘“" A ‘(J
A ANV SN i
A O e e,
DN

e
iy

)
PAVEN
o
‘\$‘\

- < s
> i =
o van A

Point cloud Mesh

Must distinguish differences of the representations from differences of the shapes
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Continuous Shape
Differences Under a Map




Surface Maps and Distortions

* Shape correspondences

e Often computed by minimizing some measure of distortion

Yet the distortion estimates
are forgotten as soon as the
correspondences are
computed

41



Subtlety 1: Correspondences at Multiple Scales




Subtlety 2: Intrinsic or Extrinsic Distances

Measure on the surface or in the ambient space? 43



Shape Differences from
Intrinsic Distortions

[R. Rustamov, M. Ovsjanikov, O. Azercot, M. Ben-Chen, F. Chazal, L. Guibas; Siggraph "13]




Intrinsic Changes to a Metric

Distortion

Ignore
extrinsic

Intrinsic distortions: Area distortion Conformal distortion Length ... 45



Classical Approach to Relating Intrinsic Metrics

To measure distortions induced by a map, we track how inner products
of vectors change after transporting

Riemann

Challenges:
e point-wise information only, hard to
aggregate

. ,
noisy »



A Functional View of Distortions

To measure distortions induced by a map, track how inner products of
vectors change after transporting.

!

To measure distortions induced by a map, track how inner products of
functions change after transporting.

Riemann

47



The Art of Measurement

* A metricis defined by a functional inner product

WM (f 9) = [ f@)g(x)du(x)

* So we can compare M and N by comparing

Riemann

h™ (F(f), F(g))

The functional map F transports
these functions to N, where we
repeat this measurement with
the inner product hV(F(f),F(g))

M(f,g)

48




Inner Products of Functions

—
—Zfzgg (z))

= fTAg

Area weights matrix



Starting from a Functional Map F

from cat to lion

SRS
-5.27703 490144

T
.."...- !1.00
P 4050
i F 40.00
2 . ; 225 0 ; . | | -0.50
19007 5.05475 -6.77003 1 2 ‘
=

/ imn
\ F is a linear operator (matrix)

e | - F: L?(cat) — L?(lion)

Functions on cat are transferred to lion using F

50



Measurement Discrepancies

A )
e e
-5.27703 6.41637

™y o

\ J \ J
| [

after before
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Measurement Discrepancies

flion F(f)F(9)dm # fcat fagdu,

\ J \ J
[ |

after before

Both can be considered as
inner products on the cat 52
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Riesz Representation Theorem

54



Sanity Check

(9™ = f Aug
(F(f), F(g)" = [F(f)] An[F(g)]
— f . FTANF - g
= f' - (Ap A )F'ANF - g
= ' Ay (A FTANE - g)
~ (f, (A&lFTANF)m
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Area-Based Shape Difference:

flion F(f)F(g) # fcat /g

V maps functions on the cat
to functions on the cat -- is
a self-map of the domain

JSiion FCE(G) = J o0 fV (9)

56



A Small Example of V
. @0
I
N Vig1) V(g2)
. @90

Note that V maps functions on M IN F(f)F(g) = IM fV(g)

to functions on M
57



Conformal Shape Difference R

Consider a different inner-product of functions ...
get information about conformal distortion

/VF fIVF(g /VfVR g)

The choice of inner product should be driven by

58



Conformal Shape Difference R

Siion VE(f) -VF(g9) # [,V Vg Vf.g

'

Jiion VE(f) - VF(g) = [.,, V[ - VE(g)
59



Input: Functional Map F

from cat to lion

SRS
-5.27703 490144

\g e - » F:- w " -
L S

- 41.00

F q0.50

r40.00

-0.50
-1.00

F is a linear operator (matrix)
F : L*(cat) — L*(lion)

Functions on cat are transferred to lion using F



Shape Difference Operators

V — area-based shape difference R — conformal shape difference

o 2.00

r 11.00

r 10.50

r 10.00

linear operator (matrix) linear operator (matrix)
V : L*(cat) — L*(cat) R : L?(cat) — L*(cat)

InF(f)F(9) = [, fV(9) /NVF(f)VF(g):/M VIVR(g)

61



Shape Differences in Collections

0000O0O0@
oo




Comparing Differences

63



Intrinsic Shape Space

"W Area Conformal
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Intrinsic Shape Space
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Deformation localization



Localized Comparisons

p: M — R

supported in Rol

ﬁ Dyp to Dap
Ny

66



Interpolation Between Poses Along Rol

‘*‘H ‘t\

Initinal Output 1nterp01at1ng poses on ROI Final

SCAPE Human Shapes

67



Exaggeration of Difference in Rol

68



Comparing Differences Il

{DM,N ~ CIDP,QC}

=

0

69




Analogies: D relates to C as B relates to A

D=C+(B-A)

hands raised up

or

D=CBA"

- \\;h output i//

/70



Analogies: D relates to C as B relates to A

ﬁntire SCAPE

/1



Shape Analogies

//"‘-,,é'
\_  output / ~ \_  output /

72



Comparing Differences Il

9 ﬁ
.ﬁ ﬁx

DM,N ~ (1 DP,QC
Spec(Dyr n) ~ Spec(Dpg)

WA A Ly #




Aligning Disconnected Collections

4 a R
OV

N

74



Aligning, Without “Crossing the River”

Comparing the differences is sometimes easier than comparing the originals
/5



Shape from Differences

[E. Corman, J. Solomon, M. Ben-Chen, L.Guibas, M. Ovsjanikov; ACM ToG ‘17]
[R. Huang, P. Achlioptas, M.J. Rakotosaona, M. Ovsjanikov, L. Guibas; ICCV ‘19]

76



Shape Reconstruction from Differences (Full Basis)

Given the area weights, can solve

for triangle areas [Slide ack:J.SoIomon]

Area-based shape difference = Area weights = Triangle areas

Given triangle areas and conformal inner

products, can solve for squared edge
lengths.

Area-based shape difference = Area weights = Triangle areas = Squared
edge lengths

77



How to Encode Extrinsic Information?

[Image: K. Crane]

/8



Extrinsic Shape Differences, Version 1

By adding intrinsic differences of an offset surface, we
capture extrinsic distortions of the original surface!

Full recovery is provably possible
In practice, challenging optimization problem,

especially when the functional basis has been
truncated

79



Extrinsic Shape Differences, Version 2

Decode 3D shapes via deep nets
directly from shape difference
operators
® Advantages:
O Compact encodings (small
matrices of size)
O Natural algebraic
manipulation
O Invariant to rigid
transformation
O Adapted to convolutional
neural networks
® Applications: shape interpolation,
style transfer, up-sampling

OperatorNet

SD
'

e e/

Encode as SDs

CONV. FC
encoder decoder

Recover via OperatorNet

80



Intrinsic and Extrinsic

Let us assume that the shapes are in vertex to vertex correspondence. Then we define (1) the intrinsic
area-based and conformal differences as before, and (2) an extrinsic shape difference, as follows:

—1
— AsourceF TAt arget F

R = (LsourceAsource) ' F TLt arget Ag arget 4

E = (MsourceAsource) ' F* My arget Atarget £

Here F is the truncated basis functional map, A is the area-weights mass
matrix, and L is the standard Laplacian, and M is an “extrinsic” Laplacian.

M; ; = —||vs — UjHQ if i # j, or Zk,k# M; it i =j.

81



Pose oblivious -- intrinsic Pose dependent - extrinsic

82



OperatorNet Reconstruction

Input shape diff. Coord. function

17 M m 7
Si= | ™

b % . / —e
| S |

60x60x3 30x30x8

1024 S
1024

|
3*1000 83
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Shape Analogies

Sa . Sp — Sc . Sx

OperatorNet PointNet

87



Interpolation

—

‘ ) ~ ‘ \ A
; < < f , r{ - {
) 3 \e N

Interpolation between a dog and a horse

88
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Additive or Multiplicative?

\/}(*/ ,/\f\’/\f\«/\{\/\f\ /\f\ ﬁf\; /\4{\ /:44\ ,:‘Q

20 OOV OO0 O 0% 0% 0% DE S

W EAAAAT AT AN R

HE M AR P LE. |
C «+— AtB'?

C+— (1-t)A+1tB

Interpolation Steps

91



Different Triangulations

Recovery of shapes in different triangulations

Output:
Mesh of 1k vts

Input:

Mesh of 800 vts — C
SDs

OperatorNet
Computed Fmap Compute SDs.
from base (1k vts) to ;

S
N

- 74 3\.
’A\‘v“"ékv{

92



Shape Differences in
Language

[P. Achlioptas, J. Fan, R. Hawkins, N. Goodman, L. Guibas; ICCV “19]




Differences in Geometry Expressed in Language

Target Object

“Gaps in the back”

94



A Reference Language Game

25



A Reference Language Game

nailed it

26



Considerations

no location
same view-point no orientation
no texture yes geometry

97



Communication Context

impossible

trivial

i

98




Shape Similarity

* Point cloud auto-encoder latent space

o Dl
* Popular chairs via max-degree — T

close context far context

99



“Chairs in Context” Corpus / Data Set

* 4,054 distinct contexts covering 4,511 chairs
e 78,789 utterances by 2,124 unique AMT participants

* “close” vs. “far” human accuracy: 94.2% vs. 97.2%
* 85% of utterances contain a part-related words
» “close” utterances rich in adjectives, comparatives

100



Utterance Examples

Target

1
.

“it has wheels”

g % g “has vertical lines on the back”
% % g—’ “rectangle back with straight legs”

101



Neural Listener w. Attention Model

distractors target

Il

image features
N NrT - FC | LSTM
IURLRIn

“five slats straight back top” ‘ five slats

image latent code

straight

word features

|- ]
| ﬁﬂ/l.P/>£(o,. u) € R

point-cloud features

back top

FC

PC - AE

o,

I

point cloud latent code

102



Attentive Neural Listening

listener scores

human utterance

listener scores

human utterance

distractors

@.29 0.02 0.69

shape back with armrest

distractors

back and seat have slats

target distractors target

0.05 0.04 0.91

the one that almost has a solid back

target distractors target

0.90 0.10 0.90

the chair has lines all up the back

low attention weight

distractors target

.21 0.02 0.77

chair has triangles on back support

distractors

]

0.31 0.02 0.67

target

has four vertical spaces in the back
and multiple pieces for the seat

high

103



Performance

Architecture

Subpopulations
Overall Close Far Sup-Comp

Together-with-Context

75.9+0.5% 674+1.0% 83.8+0.6% 74.4+1.3%

[ Separate-with-Context
Separate (proposed)

794+ 0.8% 701+1.3% 88.1+0.6% ] 75.2 + 2.1%
79.6 + 0.8% 69.9+1.3% 88.1+0.4% ) 76.0 +1.6%

“tallest”
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Listener Failures

Metaphors
distractors target distractors target
0.39 0.27 0.34 0.48 0.13 0.39
“mickey mouse ears” “if it were a man'’s suit it would have tails”
Counting Material
. 0.02 0.35 0.05 0.86 .
“six bars on back” “bold steel”
Negation

0.5 0.16 Q. 23 0.57 0.13 0.30
“the chair that is the skinnies’ “open arms, no rails on back” 105



Neural Speaker

show-and-tell w. teacher forcing

“straw” “hat” END (Pu.) (Pu.) (Pu...)
curved
the the
chair
START “straw” “hat”

% W00 e00
Whn ”!’*t

START
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Speaker Examples

distractors target distractors target distractors target
image-based |
speakers
pragmatic speaker square arms knobby legs no arm rests
literal speaker with the tall-est back and seat the one with the thick-est legs the one with high-est back

distractors target distractors target distractors target

point-cloud
based speakers

pragmatic speaker most square back thick-est legs tall-est back
literal speaker thin-est seat square rack at bottom of chair has arms
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Speaker from Images

distractor: target distractor: target
o
e ) ‘
queen ann legs gap between the back and seat

-
- T
-
- —t

™
| &
|

1

=\
C\ R

ks

-
\

e

no arms circular arm rests
the only one with a slotted back two legs connected four legs, tallest back
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Listener Examples: Shape-Based Product Retrieval

rectangular hole on back,
curved seat curved seat, hole on back rectangular hole on back connected legs

Novel - Er' %
Chair curved back top curved back top, fat legs thin legs thin legs, no arms
Collection - '\ B w ' . . !
II| ]_r/\l i\..r =g ."I’\r ‘,J:L “_" \..'. r Lr—. \ \
: ._ \
has pillows three seater no armrests circular
| iy ¢
oo et e GEm B L 2 ¢
Shape
Collections skinny legs no legs antique, old looking circular base

(-

FfrT HeemMB 2

(bottom rows includes out-of-training classes) 109



Compositional Shape
Structure: Shape Parts

[K. Mo, S. Zhu, A. Chang, L. Yi, S. Tripathi, L. Guibas, H. Su; CVPR ‘19]




PartNet: Fine-Grained Object Part Annotation

Coarse » Fine-grained

« Dataset
e Fine-grained Parts
e Hierarchical Segmentation
e [nstance-level Segmentation
e (Consistent Semantics

e Statistics
e 24 Object Categories
e 26,671 Different Shapes
e 573,585 Different Parts
e Avg 18 Part/shape, Max 230

PartNet Dataset

[K. Mo, S. Zhu, A. Chang, L. Yi, S. Tripathi, LG, H. Su, CVPR 2019] 11



Based on Curated Part Hierarchies

] ) Seat Surface
Dishwasher  Display ~ | Back Frame

Seat Support® /

N
a Back Surface

Chair
/ ~
///
& _—
0 JF’ / /
- Earphone Faucet Storage Furniture ot
N \ |I ‘ ﬁﬁ ) T
/& @ : :
Leg Base ~
2h \W
/ s

Refrigerator Cha1r Scissors Table Trash Can Vase Bottle
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Latent Representations for
Shape Structure and
Structural Differences

[K. Mo, P. Guerrero, L. Yi, H. Su, P. Wonka, N. Mitra, L. Guibas; Siggraph Asia ‘19]
[K. Mo, P. Guerrero, L. Yi, H. Su, P. Wonka, N. Mitra, L. Guibas; '20]
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Geometry and Structure

backrest




Structure: Part Hierarchy

.........
..........
WOONE T PR,

P

base seat arm arm back

//\\ LA

leg leg leg leg bar bar bar bar
O 6 0 O @ ®© 06 O



Goal: A Smooth, Explorable Shape Space

A smooth, common shape space allows for
interpolation, generation, exploration, ...

... of both geometry and structure
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Structural Consistency
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Object Representation: Part Geometry




Object Representation: Part Structure

P i o G

base seat arm arm back

//\\ /\ /\

leg leg leg leg bar bar bar bar
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Object Representation: Sibling Relationships

Reflectional Symmetry 7; \ Tr7
. -

Rotational Symmetry 7,
Translational Symmetry ¢

Adjacency T,
o NN

base seat arm arm back

//\\ /\ /N

leg leg leg leg bar bar bar bar
O 6 0 O o9 09
Ty Ty



Object Representation: Part Structure

IR ..

base seat arm arm back

//\\ Al A

leg leg leg leg bar bar bar bar
O ®© 0 O @ ®© 06 O



Object Representation: Example

2 e
/ \ surface - Ta}an{

leg <~ - leg~——runner ... bar bar
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A Hierarchy of Graphs

I R ShEN
/ L\\ (\surface = frame

N
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Architecture Overview: VAE Training

base seat arm arm back

reconstruction loss

coder<

encoder d
.

shape space p(2)

\

(variational regularization)

Reconstructed
object with structure

base seat arm arm back

structure consistency loss



Hierarchical Graph Encoder
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graph - .
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Hierarchical Graph Decoder

feature
@ vector
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Application 1: Generation

novel object

random 2z ~ p(z)
+ structure

shape space p(2)
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Application 2: Interpolation

interpolated object

. A s
4
© R
Q B R ' > encoder
@)
o decoder<
+ structure / RIDA
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e & y + structur
o) >encoder - structure
= \.
+ structure

J shape space p(z)
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Application 3: Scan Abstraction

partial scan reconstructed object

-

— point cloud
\“"/ir\) encoder d coder<

.....
.......

+ structure

shape space p(2)



Abstraction of Full Scans
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Learning Shape Variations: Geometric and Structural

Two Types of Shape Neighborhoods

source shape generated modifications w5
iy -

, i ﬂo ‘ a sourc:, shape
= v | TN

H

source edit StructEdlt transfers analogous edlts 139




Learning and Exploiting Correlations in Deformations

Transfer deformations across shapes without correspondences.

[M. Sung, Z. Jiang, P. Achlioptas, N. Mitra, L. Guibas; ‘20] 40



Path Invariance

We want to reach to the same destination, no matter which route we
choose.




Consistency

We aim to have a latent vector meaning the same thing everywhere:
eg., v =1(1,0,--,0) Indicates “elongate legs”.




Autoencoder Latent Space

The axes of autoencoder latent spaces are not typically associated with
semantically meaningful shape changes.
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A Latent Space for Deformations

An affine latent action space satisfies the following property:

Additive action:x € X, U,vVEV, (xPu) P v =
x @ (u+v).
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An action defined with an antoencoder:
x @ v:=D(E)+ V).

does not guarantee additivity and transitivity.
A vector U can act differently given the shape.
e Multiple vectors can be decoded to the same deformation.



Another Solution

We predict the deformation dictionary for each shape using another
dictionary prediction network F € R3" —» R3nXk,

The deformation d(x — y) from shape x to y is computed as:

d(x - y) = fF(x)(E(y) — E(x)) + x.




Neural Network

Source
shape

Target
shape

x € R3"

F(x) € R3M*k

—[)+]|=

Point cloud

Network

Deformed
source
shape

x d(x - y)€eR"

Dictionary

Latent code



Consistency

Consistency across the deformation dictionaries emerges during
training.
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Deformation Dictionary
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Deformation Dictionary

Translating back along the front/back direction.
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Deformation Dictionary

.,

-
7N

Scaling back along the up/down direction.




Deformation Dictionary
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Deformation Dictionary

L~ B SR

Scaling along the front/back direction.

y T
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Deformation Dictionary
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Deformation Dictionary

b q):‘! Ly

Translating top along the up/down direction.

—
<~ TN =
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Application

Assume that the given 3D models are equipped with overparametrized
deformation handles.
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Application — Projection

A user’s editing with deformation handles is projected to the latent
space.
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Application — Transfer

The projected deformation is also transferred to the other shapes
without correspondences.
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Projection & Transfer
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Projection & Transfer
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Projection & Transfer




Projection & Transfer
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Conclusion: What s a Shape Difference?

* The notion of shape differences under a map can be given a formal
meaning useful in shape collection analysis.

» Differences can be used for shape interpolation, analogies
(differences of differences), or reconstruction.

* Geometric shape differences can be mapped to/from language,
using deep neural networks.

* Generating proper variations of a shape is an important tool for
understanding its semantics

* Shape parts and compositional structure is an essential aspect of
both shape generation as well as of understanding the function of
shapes.
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That’s All
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