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Clustering and stirring in a plankton model

An “equation-free” demo

Young, Roberts and Stuhne, Nature 2001



namics of System with convection
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Equation-Free (2000)  Coarse Projective Integration
solve the equation without writing it down

through judicious bursts of particle level simulation
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Variable-Free (2007)  Where do good coarse variables
(good descriptors) come from?

e Systematic hierarchy (and mathematics)
* Fourier modes, moments.....

» Experience/expertise/knowledge/brilliance
 Human learning (“brain” data mining, observation, phase fields...)

e Machine Learning
e Data mining, manifold learning (here: mainly diffusion maps)



QOur Approach: Data Reduction Techniques

Common linear technique: Principal Component Analysis ( FCA)

FProject onoo hyparplans wwhich capiures maximom variancs

Data reduction | iz
High dimenskocnal data on Faduced dimenstonality

lowe-dimensional soructurs



e Train network to reconstruct state vectors x (or delay vectors)
(output = input).

e Use a bottleneck layer of an arbitrarily selected small number of
neurons.

e  Output of bottleneck layer gives NLPC features.

* Input section can be used to restrict data to NLPCs; output section
can be used to lift data back to full x space.

e Do ODE network training with time series data viewed NLPC
space.
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Rico-Martinez, Krischer, & Kevrekidis. (1992). Discrete- vs continuous-time nonlinear signal processing of Cu Electrodissolution Data. Chem. Eng. Comm.



Diffusion Maps

Datasetin x, y, z Dataset Diffusion Map
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Ancient History (1992)
Runge-Kutta Resnets

Embed network in an explicit time-
stepping scheme, such as Runge-
Kutta. Only one set of weights and
biases is used; shared across the
Runge-Kutta stages.

Train to reconstruct next state
Y.+1 given both current state Y,
and parameter vector X.

Chem. Eng. Comm. 1992, Vol. 118, pp. 25-48
Reprints available directly from the publisher.
Photocopying permitted by license only

(@) 1992 Gordon and Breach Science Publishers S.A.
Printed in the United States of America

DISCRETE- vs. CONTINUOUS-TIME NONLINEAR
SIGNAL PROCESSING OF Cu
ELECTRODISSOLUTION DATA
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Artificial newral networks (ANNs) are often used for shori term discreie time predicions of
experimental data. In this paper we focus on the capability of such nets to correctly identify long term
behavior and, in particular, observed bifurcations. As we show, the usual discrete time mapping
approach is (precisely because of its discrete nature) often incapable of reproducing observed
bifurcation sequences. If the imterest is only in periodic or temporally more complicated behavior, a
Poincaré map extracted from the expenmental time series can be used to arcumvent this problem. A
complete dynamic picture including bifurcations of steady states can, however, only be captured by a
continuous-time model. We present an ANN configuration which couples a “nonlinear principal
component™ network for data processing (Kramer, 1991, Usui e al., 1990) wath a composite ANN
based on a simple integrator scheme. This ANN is able 1o correctly reconstruct the bifurcation
diagram of our experimental data. All time senes we process stem from the potentiostatic
electrodissolution of Cu in phosphonc scid solution. As the applied potential i vaned, the
electrodissolution rate changes from sicady behavior to periodic oscillations, followed by a scquence
of period doublings 1o apparently chaotic motion, and then returns to simple oscillations via a reverse
cascade of period doublings.

KEYWORDS Neural networks Time-series  Elecrodissolution  Bifurcation.

Rico-Martinez, Krischer, & Kevrekidis. (1992). Discrete- vs continuous-time nonlinear signal processing of Cu Electrodissolution Data.



Neural Networks for Identification of
Dynamical Systems Depending on Parameters

1D state vs time
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Explicit Runge-Kutta / Runge-Kutta ResNet

We can realize such a scheme with a NN
with parameter sharing for f.
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X
Rico-Martinez, Krischer, Kevrekidis, Kube, & Hudson. (1992). Discrete- vs continuous-time nonlinear signal processing of Cu Electrodissolution Data.
Chemical Engineering Communications.



Using an Euler Template R —r—
I .
| of a single ResNet module. See e.g.
K. He et al., 2015 (CVPR 2016)
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e Train network to reconstruct state vectors x (or
delay vectors) (output = input). x,l

* Use a bottleneck layer of an arbitrarily selected o ® o Output

small number of neurons. /\/\/ \/

e Output of bottleneck layer gives NLPC features.

* Input section can be used to restrict data to \)< ></
NLPCs; output section can be used to lift data Bottleneck “Hidden
back to full x space. Layer — — — — —-- ~ Layers

* Do ODE network training with time series data
viewed NLPC space.

ll n

Rico-Martinez, Krischer, & Kevrekidis. (1992). Discrete- vs continuous-time nonlinear signal processing of Cu Electrodissolution Data. Chem. Eng. Comm.



ODE net reconstructs attractors and transitions

e Bifurcation diagram can also be
constructed.

e Attractor is observed in
“nonlinear principal
components” (NLPC)—which
are constructed via another
autoencoder network...

NLPC,
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Rico-Martinez, Krischer, & Kevrekidis. (1992). Discrete- vs continuous-time nonlinear signal processing of Cu Electrodissolution Data. Chem. Eng. Comm.
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e CO oxidation on Pt, as before, or oscillatory
electrode potential during electrochemical
oxidation of H, on a Pt wire in HCIO, solution.

L L] 1] ...
POkt 3 ocyen b l':s[t—!.]i Cyft=c)

* For CO oxidation, four KL modes and their four &l
time-t delayed values are further reduced by a
3-neuron bottleneck layer.

Gl Calt} Cyit)

(©)

dt dt g a

. dy .
e Train a network to produce % given y and Iy g Wy Y

parameters p.
* Fortraining embed the network in an integrator.

* Implicit integrators require recurrent
connections, whereas explicit integrators are
feed-forward, as before.

(a) (b)

Network (a) embedded (b) in an implicit
trapezoidal-rule integrator.
Reduction of 8 KL+delay coordinates to 3 NLPC
coordinates (c).

Rico-Martinez, Kevrekidis, & Krischer (1995). Nonlinear system identification using neural networks: dynamics and instabilities. In A. B. Bulsari (Ed.),
Neural Networks for Chemical Eng.



Gray-box identification of a surface-catalyzed

reaction ODE

Rather than learning a whole model from scratch, we
replace only one term with a function to be learned.
do _1
— =K, JI(1—-60) — f(0,y) — Krfe =
dr \

_a0+p

dI
—=1-T+[Kze” 7 —KI(1~0)]

0 is surface coverage, Il is gas-phase partial pressure, and
f(8,v) is a learned neural surrogate for the desorption

rate term K,;0e (@ 0+B)/y.
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Dimension reduction allows ANN
prediction of time series

e Source time series are 2D spatial concentration
profiles for CO oxidation on a 300 X 300 um?
platinum catalyst, imaged by photoemission
electron microscope.

e Datais first projected onto Karhunen-Loéve (KL)
modes, a.k.a. Proper Orthogonal Decomposition
(POD) or Empirical Orthogonal Eigenfunctions
(EOF).

* In principle any dimension reduction could be
used—such as a bottleneck network.

Concentration profiles
over time

First four coherent Reconstruction in
structures first four modes

Krischer, Rico-Martinez, Kevrekidis, Rotermund, & Hudson (1993). Model identification of a spatiotemporally varying catalytic reaction. AIChE J.



ANN is trained to predict first four KL modes from
their current and time-7 delayed values.

Output
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Experiment (points) vs reconstruction (curves)
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Krischer, Rico-Martinez, Kevrekidis, Rotermund, & Hudson (1993). Model identification of a spatiotemporally varying catalytic reaction. AIChE J.



Learned flow map reproduces attractor, but with
wrinkles characteristic of learning a finite-time map

Attractor is plotted in various KL-pair projections.

Experiment

Reconstruction
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Rayleigh-Bénard convection experiments: 1.46%
solution of 3He in superfluid “He, with heated
top plate and constant-temperature bottom
plate.

Bifurcation parameter is R, the Rayleigh number

(proportional to temperature difference across
the fluid layer).

Single temperature probe near center of top
plate.

ANN trained to reproduce Poincaré sections:
Given point (x,,, V. ), its time-t delayed
preimage, and R, predict (X,41, Yn+1)

Qutput
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Input

Sample Poincaré section
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Kevrekidis, Rico-Martinez, Ecke, Farber, and Lapedes (1994) .Global bifurcations in Rayleigh-Bénard convection. Experiments, empirical maps and
numerical bifurcation analysis. Physica D.



Rayleigh-Bénard ANN can be used to make a '\

detailed bifurcation diagram. ....-""/‘:":;’:T
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Kevrekidis, Rico-Martinez, Ecke, Farber, and Lapedes (1994) .Global bifurcations in Rayleigh-Bénard convection. Experiments, empirical maps and
numerical bifurcation analysis. Physica D.



ldentification of PDEs from data

[dentification of distributed parameter
systems: A neural net based approach

R. Gonzélez-Garcia®, R. Rico-Martinez® * and 1. G. Kevrekidis®
* Depto. de Ingenieria Quimica, Instituto Tecnoldgico de Celaya, Celaya, Gto. 38010 México
& Department of Chemical Engineering, Princeton University, Princeton, N. J. 08544 U8 A

Abstract

Advances in scientific computation and developments in spatially resolved sensor technology have, in recent
years, critically enhanced our ability to develop modeling strategies and experimental techniques for the
study of the spatiotemporal response of distributed nonlinear systems. The usual alternatives for the mod-
eling of these systems, simplifying techniques that seek to capture the distributed system dynamics through
lumped parameter models, can be drastically underresolved, and miss important features of the true system
response.  Robust implementations of distributed system identification algorithms based on detailed spa-
tiotemporal experimental data have, therefore, an important role to play. In this contribution we present
a methodology for the identification of distributed parameter systems, based on artificial neural network
architectures, motivated by standard numerical discretization techniques used for the solution of partial
differential equations. © 1998 Elsevier Science Ltd. All rights reserved.

Gonzalez-Garcia, Rico-Martinez, & Kevrekidis. (1998). Identification of distributed parameter systems: A neural net based approach.
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Assumption: “particle-based” trajectory data available with low dimensional dynamics
- fine-scale simulations

- Sensors
but no effective/macroscopic description of the dynamics
Here: Data-driven discovery of effective descriptions for agent-based systems

@—f ov O0%v %
ot T\ oz 0x2 gt

. . R. Gonzélez-Garcia et al., Computers & Chemical Engineering, 22 (1998)
Hassan Arbabi et al, ACC21 arXiv:2011.08138 5. Brunton et al, SINDy, PNAS (2016)

Seungjoon Lee et al., Chaos 30, 013141 (2020) Zichao Long et al, PDE-Net, arXiv:1710.09668 (2017) 25



ldentification of PDEs from data

. dUi
Train a network that produces at L
time-derivatives l wﬁ'
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Evaluation of ODE discretizations of PDEs

Gonzalez-Garcia, Rico-Martinez, & Kevrekidis. (1998). Identification of distributed parameter systems: A neural net based approach.
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Figure 2: Evaluation of the right-hand-side (RHS) of the set of ODEs: On the left, at a point 1 in the grid,
and on the right, for all points of the grid to form the vector of RHS F.
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Figure 3: Network template for the identification of 1-D PDEs using the Runge-Kutta integrator.



ldentification of PDEs from data

The result is a reasonable approximation of the Burgers’ equation RHS

True PDE integrated with odeint ANN PDE integrated with Euler




Narrow down to a fine-scale reaction-diffusion system

We collect fine-scale data from a Lattice Boltzmann model (LBM) for a reaction-diffusion system.

1) On a given lattice, LBM provides particle distribution functions (f;).

. . . . . . . . Space-scale
2) Using the zeroth moment of particle distribution functions on every grid, we find the
concentration of particles.
mn
. — g . . Macroscale (PDEs)
u(ajj ) tk) — fl (x.77 tk)' A S (N | du(r,t)
=0 | cé-, C? rcs | at _,;g(”r“r'-ur'r)
3) Usually, the three particle distribution functions (n=3) for 1D and the nine particle L
dIStrIbUtlon funCtlons (n=9) for 2D' = Mesoscale (Lattice-Boltzmann)
. . [ & L% filr + it tisn) = fir 6) + 2,(r, 6) + R, )
4) We can calculate higher moments but we expect these moments become quickly . L .
° i gicﬂl]sicm
> ff.:-,,_‘.a @
slaved to few lower moments — we can understand how many coarse-scale o e
. ere scale (particles il = vy =
observables we need. WMaucaspude % s h Time-scale

5) Through manifold learning, we also check this tendency effectively.

Theodoropoulos, C., Qian, Y.H. and Kevrekidis, I.G., 2000. “Coarse” stability and bifurcation analysis using time-

i - |
SUCCESSfUI extraction Of coarse Scale Observables' steppers: A reaction-diffusion example. Proceedings of the National Academy of Sciences, 97(18), pp.9840-9843.
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Chemotactic Migration of Bacteria

Swimming in a straight line + Tumbling in space = Random Walk
» Counter-clockwise rotation aligns the flagella into a single rotating bundle.
* Clockwise rotation breaks the flagella bundle apart such that each flagellum points in a different direction.
* No memory for the direction due to tumbling.
* Random walk: relatively straight swims interrupted by random tumbles that reorient the bacterium - We can

construct a mathematical model as a Diffusion equation.

Y

L
)
Tumbling — U

random reorientation CW rotation

a Peritrichous flagella '
g _ 6 S~

< CCW rotation Helical
Movement bundle

Butler, S.M. and Camilli, A., 2005.
Going against the grain: chemotaxis and infection in Vibrio cholerae.
Nature reviews Microbiology, 3(8), pp.611-620.



Results

1 (_(x—6.5)2>

Green: fixed profile of the chemo-nutrient. () = =,

T
Blue: Data-driven PDEs (the entire black box right hand side)
Red: Probability density function from the agent-based model
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1

Green: fixed profile of the chemo-nutrient. ;) = _e<_(x_g5) )
T

Blue: Data-driven PDEs with approximated closure of chemotactic term.

Red: Probability density function from the agent-based model
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New twist: estimating SDEs
using SDE solvers as templates (Dietrich, Reich)

e Data: snapshots (x;, x;4a¢) all over the state space, possibly with different At for
each snapshot.

Goal: approximate drift f and diffusivity o.

Improvement: compared to other current approaches, we do not need (a) long
time series or (b) constant time steps.

e Current assumptions:
e (a) diffusivity is an SPD matrix everywhere;
e (b) drift and diffusivity are continuous w.r.t. the input;
* (c) our dataset samples the state space well.

Network architecture to learn drift and
(diagonal) diffusivity.



Our approach to estimate SDE

Main idea: We assume the data is generated by the SDE:

This SODE can be approximated with the Euler-Maruyama scheme:
X(t+2a0)—-X@) = f(X@)At+ o(X ()¢, & ~ NM(0,At L).

Given this scheme, we can assume that
X(t+46) ~ Vv (X(©) + F(X ()AL o(X (1)) o(X()At ).

Setting pg as the probability density of this normal distribution, and fy, gg our neural networks, then
, N
6 = argmax E|log py (X (t + At) 1X(t))] ~arg maxﬁz:[log 2 xix)]
U] n
i=1

If we use the Euler-Maruyama template, the logarithm of p,, can be computed easily.

What about other numerical integration schemes? (Milstein, Heun, stochastic Runge-Kutta, ...)



Coarse-graining results

4 (@) 10 N ='400 ) 10 ‘ ' o) Histogram of the time steps used in the training
e ' Yo . data set (a). Three sample paths of y0 and y1 (b);
10° ggA _ Average of 200 paths (c). Blue (red) lines
g . correspond to NN (SSA) results. Parameters: N =
S - 400; Ntr = 10000, tmax = 0.1, h =0.01.
i Y,
0005 0010 0015 | ] > 3 4

time steps, /1

[llustration of the kMC lattice (top row),
physically relevant values y0,yl measured
over time resp. simulated with the identified
SDE from the network (a), averaged paths over
200 simulations (b), and propagated densities
from the initial condition until t = 2 (c,d). Lattice
snapshots show S, | and R-type species as
grey, yellow and blue squares, respectively.
Parameters: 32 x32 lattice, d = 50; Ntr = 4000,
tmax = 0.05, h = 0.01.




Emergent Space, Emergent Time
(no space, no time)



DARPA Shredder Challenge problem 1
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Finding the right space from data

1111 R ——
(5

Simulate the 1D model (GL) PDE.




Finding the right space from data

Shuffle time series.




Finding the right space from data

700 700

Use metric between time
series to create diffusion
embedding.




Finding the right space from data
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Finding the right space from data

700

0

Recover original space, modulo reflection.
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Emergent Spaces

: Uniform distribution in [-0.75,0.75]
(K =0.8; N = 800)
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Other phase-amplitude oscillators exhibit

multiple regimes
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Matthews and Strogatz. (1990). Phase diagram for the collective behavior of limit-cycle oscillators.
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Aoy Globally coupled heterogeneous Stuart-Landau
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o ENGINEERING oscillators

Time series in the original parametrization i Time series in the new (emergent) coordinate
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JOHNS HOPKINS

WHITING SCHOOL
of ENGINEERING

Find a partial differential equation in the emergent space

oW oW O*W o"W
-V VVa ’ Y Y A
I\ 361 967 agn

ot

by learning f based on data.
Represent f through a neural network, parametrized by weights 01
Optimize f by minimizing the mean-squared error between the time derivative and the output of f

1 oW ?
L=y 2| 10
Derivative approximations are obtained using finite differences
OW W (t+ At) — W(t)
ot At

K. Krischer et al., Model identificationof a spatiotemporally varying catalytic reaction. AIChE Journal, 39(1):89-98, 1993.
R. Rico-Martinez et al. Discrete- vs. continuous-timenonlinear signal processing of cu electrodissolution data.Chemical Engineering Communications, 118(1):25-48,1992.
R. Gonzalez-Garcia et al., Identification of distributed parameter systems: a neural net based approach.Computers & Chemical Engineering, 22(nil):5965-5968, 1998. 49
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Mean amplitude
after integrating
with the true model
and the learned PDE

for different y values 2120 ] o

WHITING SCHOOL
of ENGINEERING

Parameter dependent PDE description
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Globally coupled heterogeneous Stuart-Landau
Aoy oscillators with two heterogeneous
WHITH}I(; SCHOQL
of ENGINEERING pa ram ete rs

JOHNS HOPKINS

In addition to the intrinsic frequencies w, take a second parameter A, as a second heterogeneous parameter:

. K
Wi = (>\k + zwk) Wy — |Wk’2 Wi + N Z (Wj — Wk)

J
- Using manifold learning (diffusion maps), one finds two independent components parametrizing the oscillators
1 o
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Finding a space for a PDE

We simulate a Chung-Lu network of 1024 synchronized
Hodgkin Huxley neurons.

This looks like a two-parameter family of dynamic
behaviors, i.e., like a PDE in two dimensions

But we pretend these “space” dimensions need to be
discovered from the data.
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Coupled oscillators can also be treated as a PDE

b1

Single-ion-channel HH neurons with network degrees k and applied currents I,,.

Use metric between timeseries to create embedding.

“Spatial” parameterization by heterogeneities is recovered.
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Finding the right Time
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Finding the right Space and Time




Finding the right Space and Time
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UNIVERSITY

“Shredded” data

* Each element in the grid
represents a measurement

e We don’t get measurements
everywhere (faded)

* We don’t know the ordering of
rows or columns, but we know
who stays together
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Different observables.
Same data mining
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Combining data from different observations

What | see What you see

Intrinsic Behavior



Distorted Data bursts ( ) are observed and encoded as disks (little circles) to be
decoded as the original points.

Had we observed the
surface through some
distorted lense we would
have obtained the same
central natural coordinates.

Yi

Neighbors(i)
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Diamond transformation:
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b)

C;\ """- Observers
,> w rv r)FMDMAP Embed

Matching Networks by ‘V N
A

Mahalanobis

orthogonal
Embedd|ng y . transform
Two cameras observe a rotating horse. 3 @ ) Obser\iéTS)-.t,MpMAP Embéd
-g?rzkesnaszte)rfo encode the images in six ;ea rest neighbor rec.(')-nstruction

using two convolutional autoencoders
N; and N,.

MDMAP applied to selected
activations yields embeddings
invariant up to an orthogonal
transformation (here, equality).

w from Network 2

Inputs to N; and corresponding cross-
reconstructions of decodings
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TRS Yannis Kevrekidis, February 8, 2022
The Right Space

Since we cannot change reality, let us change the eyes with which we see reality

N. Kazantzakis

It's the wrong time and the wrong place; though your space is charming, it's the wrong space...
(with apologies to Cole Porter)

On ne voit bien qu’avec le cceur. L’essentiel est invisible pour les yeux

A. de Saint-Exupery



Rectifying ABC flow streamlines




Dora Maar (Picasso, Man Ray)




Isaac Newton Institute, Cambridge, June 2016 ROTHSCHILD LECTURE

Mathematics for Data Driven Modeling
The Science of Crystal Balls

Yannis Kevrekidis

Departments of Chemical and Biomolecular Engineering &
Applied Mathematics and Statistics & Urology

This year: EinsteinVisitor, ZIB/FU & Fischer Fellow, IAS-TUMuenchen
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The Music of Gauge
Invariance

BWYV 1065 Concerto for Four Vivaldi — Concerto for Four Violins in B Minor
Harpsichords and Strings RV 580 — Il Giardino Armonico




Gauge Invariance in Literature (in Princeton)
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one type of vision, even a particular creative identity, for
another. I thought of my writing in Italian: a similarly
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