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Two Lectures Ago: Functional 
Map Networks
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Consistency in Map Networks for Related Data

Networks of “samenesses”
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Fixing Maps

Intermediate
object

[Q. Huang, G. Zhang, L. Gao, S. Hu, A. Bustcher, and L. Guibas, 2012]
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Cycle-Consistency ≡ Low-Rank 

• In a functional map network, commutativity, path-invariance, 
or cycle-consistency are equivalent to a low rank or 
semidefiniteness condition on a big mapping matrix

• Conversely, such a low-rank condition can be used to
• regularize and clean up functional maps
• extract shared structure
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Map Synchronization by Matrix Factorization



Image Co-Segmentstion
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Plato’s cow



Joint Estimation of Functional Maps, III

• Plato’s allegory of the cave: a 
latent space

8X 30x30, Y 30x20



• Two objectives for segmentation functions
• consistent under functional map transportation

• and agreement with normalized cut scores:

• Joint optimization: 

Generating Consistent Segmentations
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Easy to incorporate labeled 
images with ground truth 
segmentation

Eigen-decomposition problem

consistent

We look for network 
fixed points!



PASCAL: 10 images per class are shown
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PASCAL: 10 images per class are shown
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Apple + picking

Baseball + kids

Butterfly + blossom
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Apple + picking (red: apple bucket; magenta: girl in red; yellow: girl in blue; green: baby; cyan: pumpkin.)

Baseball + kids (green: boy in black; blue: boy in grey; yellow: coach.)

Butterfly + blossom (green: butterfly in orange; yellow: butterfly in yellow; cyan: red flower.)
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Consistent Shape Segmentation



Start From Noisy Shape Descriptor Correspondences
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Lift to
functional form

Ci Di



• Step 1: Convex low-rank recovery using robust PCA – we minimize 
over all X

• Step 2: Perturb the above X to force the factorization

Joint Map Optimization
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trace norm

The Yi give us the desired latent spaces

Dual ADMM

Non-linear least squares
Gauss-Newton descent

convex!
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Consistent Shape Segmentation

Via 2nd order MRF on each shape independently 



Today: Shape Differences 
and Variability
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Object Shape, Material and Appearance Differences
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What Exactly is a Shape Difference?

20

vs.

vs.

Making 3D shape differences first class citizens
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Search Engines Based on Differences?



Latent Spaces in ML, Supervised or Not

22

Feature extraction Output generation
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Latent representation

A latent code acts as a low-d proxy for input data w.r.t. a learning task

Encoder Decoder
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Point Cloud Auto-Encoders



What Exactly is a Latent Space Representation?
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Input Latent code

P



Is a Shape Difference Just a 
Vector in a Latent Space?
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Continuous Shape Variability

A chair manifold?
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Combinatorial or Discrete Variability



What Exactly is a Shape Difference?
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vs.

vs.

Where and how are the shapes different?
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A Challenge: Multiple 3D Representations

Projected ViewPoint Cloud Mesh Volumetric

…

RGB(D)

Irregular representations such as point clouds or meshes are
a challenge for machine learning algorithms
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Underlying Shape Surface Discretizations

Point cloud Mesh

Must distinguish differences of the representations from differences of the shapes



Continuous Shape 
Differences Under a Map
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• Shape correspondences
• Often computed by minimizing some measure of local distortion
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Surface Maps and Distortions

Yet the distortion estimates 
are forgotten as soon as the 
correspondences are 
computed



Subtlety 1: Correspondences at Multiple Scales
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Subtlety 2: Intrinsic or Extrinsic Distances

34Measure on the surface or in the ambient space?



Shape Differences from 
Intrinsic Distortions

35

[R. Rustamov, M. Ovsjanikov, O. Azercot, M. Ben-Chen, F. Chazal, L. Guibas; Siggraph ’13]



Intrinsic Changes to a Metric

36Area distortion Conformal distortion

Ignore
extrinsic

Intrinsic distortions: Length …



To measure distortions induced by a map, we track how inner products 
of vectors change after transporting

Classical Approach to Relating Intrinsic Metrics
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Challenges:
• point-wise information only, hard to 

aggregate 
• noisy

Riemann



To measure distortions induced by a map, track how inner products of 
vectors change after transporting.

To measure distortions induced by a map, track how inner products of  
functions change after transporting.

A Functional View of Distortions
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Riemann



• A metric is defined by a functional inner product

• So we can compare M and N by comparing

The Art of Measurement
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Riemann

M

FN

The functional map F transports 
these functions to N, where we 
repeat this measurement with 
the inner product hN(F(f),F(g))
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Inner Products of Functions

Area weights matrix



Starting from a Functional Map F
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Functions on cat are transferred to lion using F

F is a linear operator (matrix)

from cat to lion



Measurement Discrepancies

42
after before



Measurement Discrepancies
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after before

Both can be considered as
inner products on the cat 



There exists a linear operator

such that

The Universal Compensator
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1907 1909

Comptes Rendus Hebdomadaires des 
Séances de l'Académie des Sciences de Paris

Frigyes Riesz

Riesz Representation Theorem



Riesz Representation Theorem
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Sanity Check
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Area-Based Shape Difference: 

47

V maps functions on the cat
to functions on the cat -- is
a self-map of the domain



A Small Example of V
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Note that V maps functions on M
to functions on M



Consider a different inner-product of functions ...
get information about conformal distortion

Conformal Shape Difference R
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The choice of inner product should be driven by 
the application at hand.



Conformal Shape Difference R
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Input: Functional Map F

Functions on cat are transferred to lion using F

F is a linear operator (matrix)

from cat to lion



Shape Difference Operators
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linear operator (matrix) linear operator (matrix)
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V – area-based shape difference R – conformal shape difference 



Shape Differences in Collections
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Comparing Differences
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…



Intrinsic Shape Space

55…

Area Conformal1 8

6457

28 29

36 37

Deformation localization



Area Conformal

13

4

16

1

21 24

Intrinsic Shape Space
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Deformation localization



Localized Comparisons
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supported in RoI

…

ROI



Interpolation Between Poses Along a RoI

58
SCAPE Human Shapes



Exaggeration of Difference in a RoI
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Comparing Differences II
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Analogies: D relates to C as B relates to A
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A B

C D

output

D = C + (B – A)
hands raised up

D = C B A-1
or



Analogies: D relates to C as B relates to A
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Entire SCAPE

D

output

…

A B

C

Input

F
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Shape Analogies

A B A

C D

B

output

C D

output



Comparing Differences III
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Complete graph

… …

Complete graph

Aligning Disconnected Collections

65



Aligning, Without “Crossing the River”
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Comparing the differences is sometimes easier than comparing the originals
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[E. Corman, J. Solomon, M. Ben-Chen, L.Guibas, M. Ovsjanikov; ACM ToG ‘17]
[R. Huang, P. Achlioptas, M.J. Rakotosaona, M. Ovsjanikov, L. Guibas; ICCV ‘19]

Shape from Differences



Shape Reconstruction from Differences (Full Basis)
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Area-based shape difference  Area weights  Triangle areas

Given the area weights, can solve 
for triangle areas.

Given triangle areas and conformal inner 
products, can solve for squared edge 

lengths.

Area-based shape difference  Area weights  Triangle areas  Squared 
edge lengths

[Slide ack: J. Solomon]



How to Encode Extrinsic Information?

69[Image: K. Crane]

[Image: J. Solomon]
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Extrinsic Shape Differences, Version 1

By adding intrinsic differences of an offset surface, we
capture extrinsic distortions of the original surface!

Full recovery is provably possible

In practice, challenging optimization problem,
especially when the functional basis has been
truncated
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Extrinsic Shape Differences, Version 2

Decode 3D shapes via deep nets 
directly from shape difference 
operators
● Advantages: 

○ Compact encodings (small 
matrices of size)

○ Natural algebraic
manipulation 

○ Invariant to rigid 
transformation

○ Adapted to convolutional
neural networks

● Applications: shape interpolation, 
style transfer, up-sampling

OperatorNet



Let us assume that the shapes are in vertex to vertex correspondence. Then we define (1) the intrinsic 
area-based and conformal differences as before, and (2) an extrinsic shape difference, as follows: 

72

Intrinsic and Extrinsic

Here F is the truncated basis functional map, A is the area-weights mass 
matrix, and L is the standard Laplacian, and M is an “extrinsic” Laplacian.
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Example

Pose oblivious -- intrinsic Pose dependent - extrinsic
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OperatorNet Reconstruction
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Shape Analogies

OperatorNet PointNet



Interpolation
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Interpolation between a dog and a horse
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Shape
Interpolation



Interpolation Detail

81
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Additive or Multiplicative?
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Different Triangulations
Recovery of shapes in different 
triangulations

SDs

Input: 
Mesh of 800 vts C

Computed Fmap 
from base (1k vts) to 
input.

Compute SDs.

Output: 
Mesh of 1k vts 

OperatorNet



Compositional Shape 
Structure: Shape Parts

84

[K. Mo, S. Zhu, A. Chang, L. Yi, S. Tripathi, L. Guibas, H. Su; CVPR ‘19]



PartNet: Fine-Grained Object Part Annotation

85

• Dataset
• Fine-grained Parts
• Hierarchical Segmentation
• Instance-level Segmentation
• Consistent Semantics

• Statistics
• 24 Object Categories
• 26,671 Different Shapes
• 573,585 Different Parts
• Avg 18 Part/shape, Max 230

[K. Mo, S. Zhu, A. Chang, L. Yi, S. Tripathi, LG, H. Su, CVPR 2019]
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Based on Curated Part Hierarchies



Latent Representations for 
Shape Structure and 

Structural Differences
[K. Mo, P. Guerrero, L. Yi, H. Su, P. Wonka, N. Mitra, L. Guibas; Siggraph Asia ‘19]

[K. Mo, P. Guerrero, L. Yi, H. Su, P. Wonka, N. Mitra, L. Guibas; ’20]
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Geometry and Structure



Geometry and Structure

backrest

seat

leg

armrest



Structure: Part Hierarchy



Goal: A Smooth, Explorable Shape Space

A smooth, common shape space allows for
interpolation, generation, exploration, …

… of both geometry and structure



Structural Consistency

…



With vs. Without Structure
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Object Representation: Part Geometry



Object Representation: Part Structure



Object Representation: Sibling Relationships

Reflectional Symmetry
Rotational Symmetry
Translational Symmetry
Adjacency



Object Representation: Part Structure



Object Representation: Example



A Hierarchy of Graphs



Architecture Overview: VAE Training

encoder decoder

shape space

object with structure
Reconstructed

object with structure
reconstruction loss

structure consistency loss
(variational regularization)



Hierarchical Graph Encoder

feature
vector

feature
vector



Hierarchical Graph Decoder

feature
vector

v

feature
vector



Application 1: Generation

decoder

novel object

random

shape space

+ structure



Generation



Generation



Novelty
generated closest training samples



Application 2: Interpolation

encoder
decoderob
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 1

interpolated object
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encoder

shape space

+ structure

+ structure

+ structure



Interpolation



Interpolation



Application 3: Scan Abstraction

decoder

shape space

partial scan reconstructed object

+ structure

point cloud
encoder



Abstraction of Full Scans



Abstraction of Partial Scans
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Learning Shape Variations: Geometric and Structural
Two Types of Shape Neighborhoods



Shape Variation Generation

114



Generative Model for Deformation

Learn possible variations of an input shape, meeting semantic 
constraints.

latent space

115



Transfer deformations across shapes without correspondences.

Learning and Exploiting Correlations in Deformations

[M. Sung, Z. Jiang, P. Achlioptas, N. Mitra, L. Guibas; ‘20] 116



We aim to have a latent vector meaning the same thing everywhere: 
e.g., 𝑣⃑𝑣 = 1, 0,⋯ , 0 Indicates “elongate legs”.

Consistency

𝑣⃑𝑣

𝑣⃑𝑣

𝑣⃑𝑣

𝑣⃑𝑣



The axes of autoencoder latent spaces are not typically associated with 
semantically meaningful shape changes.

Autoencoder Latent Space

𝑣⃑𝑣

𝑣⃑𝑣

OursAE



An affine latent action space satisfies the following property:

Additive action: x ∈ 𝑋𝑋, 𝑢𝑢, 𝑣⃗𝑣 ∈ 𝑉𝑉, 𝑥𝑥 ⊕ 𝑢𝑢 ⊕ 𝑣⃗𝑣 =
𝑥𝑥 ⊕ 𝑢𝑢 + 𝑣⃗𝑣 .

A Latent Space for Deformations

𝑣⃑𝑣
𝑢𝑢 + 𝑣⃑𝑣

𝑢𝑢

120



An action defined with an antoencoder:

𝑥𝑥 ⊕ 𝑣⃗𝑣 ≔ 𝒟𝒟(ℰ 𝑥𝑥 + 𝑣⃗𝑣).

does not guarantee additivity and transitivity.
• A vector 𝑣⃗𝑣 can act differently given the shape.
• Multiple vectors can be decoded to the same deformation.

Autoencoder



We predict the deformation dictionary for each shape using another 
dictionary prediction network ℱ ∈ ℝ3𝑛𝑛 → ℝ3𝑛𝑛×𝑘𝑘.

The deformation d(𝑥𝑥 → 𝑦𝑦) from shape 𝑥𝑥 to 𝑦𝑦 is computed as:

d 𝑥𝑥 → 𝑦𝑦 = ℱ(𝑥𝑥) 𝐸𝐸 𝑦𝑦 − 𝐸𝐸 𝑥𝑥 + 𝑥𝑥.

Another Solution



Neural Network

𝑥𝑥 ∈ ℝ3𝑛𝑛

ℱ

− +

ℰ

ℰ

=

𝑦𝑦 ∈ ℝ3𝑛𝑛

ℱ(𝑥𝑥) ∈ ℝ3𝑛𝑛×𝑘𝑘 ℰ(𝑥𝑥) ∈ ℝ𝑘𝑘

ℰ(𝑦𝑦) ∈ ℝ𝑘𝑘

𝑑𝑑(𝑥𝑥 → 𝑦𝑦) ∈ ℝ3𝑛𝑛𝑥𝑥

Source
shape

Target
shape

Deformed
source
shape

Point cloud

Network

Dictionary

Latent code



Consistency across the deformation dictionaries emerges during 
training.

Consistency

124



Deformation Dictionary

Translating seat along the up/down direction.
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Deformation Dictionary

Translating back along the front/back direction.
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Deformation Dictionary

Scaling back along the up/down direction.
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Deformation Dictionary

Scaling swivel leg.

128



Deformation Dictionary

Scaling along the front/back direction.
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Deformation Dictionary

Translating shelf along the up/down direction.
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Deformation Dictionary

Translating top along the up/down direction.
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Assume that the given 3D models are equipped with overparametrized
deformation handles.

Application

Lipman et al., 2008. Yumer et al., 2014.
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A user’s editing with deformation handles is projected to the latent 
space.

Application – Projection
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The projected deformation is also transferred to the other shapes 
without correspondences.

Application – Transfer

𝑣⃑𝑣

𝑣⃑𝑣

𝑣⃑𝑣

𝑣⃑𝑣
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Projection & Transfer

135



Projection & Transfer

136



Projection & Transfer

137



Projection & Transfer

138



• The notion of shape differences under a map can be given a formal 
meaning useful in shape collection analysis. 

• Differences can be used for shape interpolation, analogies 
(differences of differences), or reconstruction.

• Geometric shape differences can be mapped to/from language, 
using deep neural networks.

• Generating proper variations of a shape is an important tool for 
understanding its semantics

• Shape parts and compositional structure is an essential aspect of 
both shape generation as well as of understanding the function of 
shapes.

Conclusion: What s a Shape Difference?
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The Course



Data Analysis

• (Geometric and Topological Data) (Analysis)
• (Geometric and Topological) (Data Analysis)

141



• Visual data sets
• PCA

• CCA
• Spectral graph methods
• MDS; NLDR

• Intro to computational topology
• Homology and persistent homology
• Mapper

• 3D geometry representations
• Shape descriptors (shape context, spin images, 

HKS, WKS)

142

Topics Covered

• Rigid alignments (ICP, RANSAC, 
geometric hashing)

• Non-rigid alignments (isometric, 
conformal)

• Shape correspondences
• Volumetric and Multiview CNNs
• Deep learning on point clouds

• Graph and mesh CNNs
• Functional Maps
• Shape differences

• Map networks and cycle 
consistency
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• Factor analysis
• Independent components analysis
• Nearest neighbor search
• Locality sensitive hashing
• Clustering
• Topic modeling (LDA, etc)
• Tensor decompositions
• Dictionary learning

144

Topics Not Covered

• Sparse recovery / compressive 
sensing

• Mixture models
• Non-negative matrix factorization
• Matrix completion
• Zig-zag persistence
• Reeb graphs
• Random graphs and network 

models

Please send e-mail about topics you’d like to see covered in future CS233 offerings
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If you would like to pursue projects or  
research related to the topics of this 

class, please get in touch:

guibas@cs.stanford.edu

The End
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That’s All
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