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1 Intr oduction

HalfedgedatastructuregHDS) arefundamentain representingombinatoriageomet-
ric structuresusefulfor representingry planarstructuresuchasplanegraphsandpla-
narmaps polyhedrakurfacesandboundaryrepresentationdREPS) two-dimensional
views of athreedimensionakcenegtc.Many variantshave beenproposedn thelitera-
ture,startingwith thewinged-edgelatastructureof Baumgart[2]the DCEL of [15, 9],
thequad-edgelatastructurg[11], thehalfedgedatastructureg/18, 12, andrefs.therein].
They have beenproposedn variousframeworks (referencesoo mary to give here):

— Planestructuresincluding planarmapsfor GIS, 2D Booleanmodeling,2D graph-
ics, scientific computationscomputervision. The requirementon HDS are that
that someedgesmay be infinite (e.g., Voronoi diagrams),or borderedges(e.g.,
for boundedpolygonaldomains)t mayincludeholesin thefacets(planarmaps),
andthatif so, oneof the connectedboundarycycle is distinguishedasthe outer
boundary(the othersareinnerholes).

— Boundaryrepresentatiomf three-dimensionasolids: including Brep representa-
tion, solid modeling,polyhedralsurfaces3D graphicsTherequirementsierevary
slightly: holesmay still be allowed, but thereis no needto distinguishan outer
boundary infinite edgesare not alwaysusefulbut borderedgesmight needto be
allowed.

— Planarstructuresencounteredn higher dimensionalstructures:even thoughthe
datastructureitself may be higherdimensionalwe might wantto interpretsome
two-dimensionalsubstructureby usinga HDS. Examplesinclude the polygonal
facetsof a 3D model,or the local structurein a neighborhoodf a vertex in a 3D
subdvision, or thetwo-dimensionaliiew of athree-dimensionadcene.

— Specialstructuressuchastriangulationsor simplicial complees:in thesestruc-
tures,the storagds facet-basedThey areusuallyeasierto extendto higherdimen-
sions,andasystematigresentations givenin [4].

All the implementationsve are aware of, including thosesurweyed above, capturea
singlevariantof HDS, with the notableexceptionof the designof halfedgedatastruc-
turein CGAL presentedn [12] which still limits itself to facet-basedariantsanddoes
notallow holesin facetsfor instanceput providessomevariability (forward/backward,
with or without vertices facets,andtheir correspondindinks, seebelow). This design



wasdonefor visualizationof 3D polyhedralsurfacesandcanbereusedn severalsitu-
ations.

Virtually everybodywho hasprogrammeda DCEL or halfedgestructureknows
how difficult it is to delug it andgetright. Often, bugsarisewhenaddingor remaving
featuresfor reusein a differentproject. Hence,the problemwe dealwith hereis to
present designwhich canexpressasmary aspossibleof thevariantsof HDSthathave
beenproposedn theliterature,in orderto designa singlesetof genericalgorithmsthat
canoperateon anyof them.The goalsfor our halfedgedatastructuredesignaresimilar
to thosepresentedn [12] :

— genericity:our specificationgieedto adaptto mary existing structuresregardless
of theirinternalrepresentatiorthis makesdt possibleo expresgyenericalgorithms
onthem.Our goalis to captureall thefeatureamentionedabove. genericityimplies
thatif featuresare not required,but usedneverthelesgperhapshecausdhey are
requiredby anotheralgorithmto be appliedsubsequently)the algorithm should
adaptgracefullyandmaintainthosefeaturesaswell.

— power of expressionthe variousrestrictionson HDS modelsin the CGAL project
led to the existenceof threedistinct datastructurespne for polyhedralsurfaces
[12], onefor planarmaps[10], andanotheronefor triangulationg3]. By contrast,
we wantto expressall thesestructuresisinga singleframework, andhave asingle
setof algorithmsto dealwith thesestructures.

— efficiengy: we do not wantto sacrificeefficieng for flexibility . This entailsnot
maintainingor interactingwith unusedfeaturesof a HDS, and putting minimum
requirementgor the algorithmsmanipulatingan HDS. Efficiengy canbe achieved
by usingC++templategstatichinding) andcompileroptimization.Also, attention
needgo bepaidto issuef locality of referenceandmemorylayout.

— ease-of-useattachinginformationto the vertices,edgespr facetsshouldbe easy
aswell asreuseof the existing componentAlso the interfaceneedsto be uni-
form andeasilylearnablg'someavhatstandard)We reuseandextendthe C++ STL
framavork of conceptaandmodels,alsoknow asgenericprogrammingl], to the
caseof this pointerbasedlatastructure Seealsothe BoostGraphLibrary [13] for
similar treatmenof graphalgorithms.

This paperextendsthe excellentstudy presentedn [12] for the CGAL library, by pro-
viding agenericandall-purposedesignfor the entirefamily of halfedgedatastructures
andtheir variants.We validatethe approachin a C++ templatelibrary, the HDSTL,
whichis describedbelow.

Thepaperis organizedasfollows. In thenext sectionwe presentheunifiedframe-
work for working with and describingvariantsof HDS. Then we describea set of
genericalgorithmsthat apply to thesestructuresWe introducethe HDSTL, a small
templatdibrary (lessthan5000linesof code)which providesa wide rangeof models,
whichwe evaluatebothindividually andusedin a practicalalgorithm.We concludeby
evaluatinghow this designmeetsthe goalsexpressedbove.



2 Concepts

Halfedgedatastructureshave a high degree of variability. We follow the common-
ality/variability analysisframevork of Coplien[8]. Briefly speakingthey may allow

several representationgrertices,facet,or no none),aswell asholesin facets,infinite

edgeqincidentto a singlevertex), boundaryedgegincidentto a singlefacet),etc. The
representatioitself may allow variousaccesso the datastructure suchasclockwise
or counterclockwiseraversalof afacetboundaryof avertex cycle,accesso thesource
or target vertex of a halfedge.Eventhe type of containerfor the componentsnay be

anarray (linear storage) a list (linked storage)or otherkinds of containersBut the
commonalityis alsoclear:theintentis to model2-manifoldtopology, so every edgeis

incidentto atmosttwo facets andin factevery halfedgds incidentto atmostonefacet
andhasanoppositehalfedge Halfedgesareorderedcircularly alonga facetboundary
Also every edgeis incidentto two vertices,andin fact every halfedgeis incidentto a

uniguesourcevertex.

In this description,a halfedgedatastructureis simply a structuredsetof pointers
which satisfysomerequirementsThe namesf thosepointersandtherequirementgre
groupedby conceptsThis letsuseasilydescribavhatkind of aHDS s expectedby an
algorithm.The purposeof expressingconceptds to describeeasilyandsystematically
to whatkind of aHDS a genericalgorithmshouldapply: In the proces®of designingour
conceptswe try and expressinvariants,andtheir consequencesn the validity of the
HDS. (Thereadeiis referredfor instanceo [6] andmorerecentpapersdy theseauthors
for aformal approachyuaranteeingonsisteng.) We formulateour invariantssuchthat
validity canbecheckedn constantime perhalfedge vertex or facet.

2.1 HalfedgeData Structure (HDS)

The simplestconceptrequiresonly halfedgesThe HDS givesaccesdo the halfedge
type, the halfedgehandletype, andthe halfedgecontainer The only operationsgguar
anteedto be supporteds to createa pair of oppositehalfedgesto take the opposite
of a halfedge,andto accesghe halfedgegvia the interfacegiven by the conceptof
Containelin the C++ STL). We saythata pointeris valid if it pointsto a halfedgethat
belongsto the HDS halfedgecontainer The only requirements thatthe oppositeof a
halfedgeh is avalid halfedgey, andthatoppositeg) is 4 itself. Thisis ourfirst invariant
1.

I1. All theoppositepointersarevalid, oppositef)+#h, andopposite(opposité))=h,
for ary halfedgeh.

In thisandin thesequelthevariableh denotesahalfedgehandle or descriptornot
theactualhalfedgeelementwhich couldbe a muchbiggertype.In thesequel,h andg
denotehalfedgehandlesy avertex handle,and f afacethandle.

In orderto guarantednvariantll, halfedgesarecreatedn oppositepairs. Thereis
thusno new_halfedge(function,but nen_edge(xreategwo halfedges.

Remark. It usuallyrequiredin the literaturethat the handleis a pointer, which canbe
moregenerallycapturedoy the C++ STL conceptof Trivial Iterator, meaningthe fol-
lowing expressionsarevalid: *h, *h=x (assignmentior mutablehandlesonly), default
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Fig. 1. The basicpointersin aHDS.

constructorandh->m (equivalentto (*h).m). Becauseave wantto attainthe maximum
generalitywe would alsolike to allow handlego be simpledescriptorslike anindices
in atable.This precludeghe useof notationlike h->opposite()asusedin e.g. CGAL.

We thereforeassumehat the accesgo pointersis given by the HDS itself, or using
C++ notation,by hds.opposite(h)The costof generalitycomesat somevhat clumsier
notation.

2.2 Forward/Backward/Bidir ectionalHDS

In orderto encodethe orderof the halfedgeson the boundaryof a facet,we musthave
accesdo the halfedgeimmediatelyprecedingor succeedingeachhalfedgeh on the
facetcycle. In orderto encodethe orderof the halfedgesncidentto a vertex, we must
have accesgo the halfedgeimmediatelyprecedingor succeedingachhalfedgeh on
eitherthe sourceor the tamget vertex cycle. We have now describedhe pointersthat
areinvolvedin our halfedgedatastructure:in additionto the alreadydescribedoppo-
sitg), the pointersthatlink halfedgedogetherarenext_at_souce(), next_at_taget),
next_in_facef), prev_at_souce(), prev_at_taget), prev_in_facef). They areshovnon
Figurel.

Note that all this information neednot be stored.For instance next_at_souce(h)
isthesameasnext_in_facet(opposé(h)), while next_at_taget(h)is the sameasoppo-
site(next_in_facet(h))In practice,sincewe alwaysrequireaccesgo the oppositeof a
halfedgeit suficesto storeonly oneof next_at_souce next_at_taget or next_in_facet
andonehasaccessgo all three!

We call adatastructureén which onehasaccesgo all threepointersnext_at_souce
next_at taget andnext_in_facet and that satisfy the invariant12 below, a forward
HDS.

12. If aHDSisforwardandsatisfiesnvariantl1, thenall thepointersnext_at_souce,
next_at taget andnext_in_facetrevalid,andfor ary halfedgeh, we havenext_at_souce(h)
= next_in_facet(opposite(h)andnext_at_taget(h)= opposite(ngt_in_facet(h))

Similarly, if oneof thepointersprev_at_souce, prev_at_taget, or prev_in_facetis
available,thenall threeare,andif they satisfytheinvariantl3 below, theHDS is called
abackwardHDS.

13. If aHDSisforwardandsatisfiesnvariantl1, thenall thepointersprev_at_souce
prev_at taget andprev_in_facetarevalid,andfor ary halfedgen, wehave prev_at_souce(h)
= opposite(pev_in_facet(h))andprev_at_taget(h)= prev_in_facet(opposite(h))



A datastructurewhich is both forward and backwardis called bidirectional. We
requirethat any HDS must provides accesdo either forward or backwardpointers!
For a bidirectionalHDS, we requirethe invariant:

14. If aHDSis bidirectional thenprev_at_soucg next_at_souce(h))=h,prev_at_taget(
next_at_taget(h))=h, andprev_in_facet(next_in_facet(h))=hfor ary halfedgeh.

2.3 Vertex-supporting and Facet-supportingHDS

The basicpointersat a halfedgegive an axiomaticdefinition of verticesandfacets.A
sourcecycleisanon-emptyrangeof halfedges. . . . , Ax suchthath;; =hds.n&t_at_souce(:;)
for ary halfedgeh; in this rangeand 2, =hds.n&t_at_souce(,) if the HDS is for-
ward,or suchthath; =hds.pev_at_souce(:;,1) for ary halfedgeh; in this rangeand
h; =hds.pev_at_souce(r) if the HDS is backward.Likewise, a target cycle is de-
fined similarly by usingthe next_at_tagetandprev_at_taget pointersinstead,anda
(facet)boundarycycle by usingnext_in_facetandprev_in_facet Two abstractwertices
areadjacentif they containatleasta pair of oppositehalfedges.

Theimportantpropertyof HDS is that eachhalfedgeis incidentto only onefacet
andhasonly two endpointsSincethehalfedges oriented thetwo verticesaretherefore
distinguishedsthesourceandthetametof thehalfedge We saythatanHDS supports
verticesif it providesthe vertex type, the vertex handletype,accessgo the vertex con-
tainer aswell astwo pointerssource(h)andtarget(h)for ary halfedgeh. Moreover,
thesepointersmustsatisfythefollowing invariants.

I5. If a HDS satisfiesinvariantl1l and supportsvertices,thensouice(g)=tamget(h)
andtarget(g)=souce(h) for ary pair of oppositehalfedges andg.

6. If a HDS satisfies invariant 11 and supports vertices, then
source(net_in_facet(h))=taget(h)for ary halfedgeh.

Invariantl5 expresseshatoppositehalfedgehave the sameorientation andinvari-
ant16 expresseshatthe halfedgeson aboundarycycle areorientedconsistentlyNote
thatbecausef invariantl5, we needonly storea pointerto the sourceor to the target
of a halfedge We may trade storagefor runtime by storing both, but sucha decision
shouldbe madecarefully More storagemeanghe updatego the HDS takemoretime,
thereforeoneneeddo carefully evaluatewhethertheincreasegerformancen follow-
ing links is actually not offset by the loss of performancen settingandupdatingthe
pointers.

We expressnew invariantsif verticesor facetsaresupportedNote thatthesenvari-
antsarecheckablén lineartime,andwithout ary extra storage.

I7. If aHDS supportsrertices andsatisfiesnvariantd 1-14, thensouice(h)=souce(qg)
for ary halfedged, g thatbelongto the samesourcecycle, andtarget(h)=tamget(g)for
ary halfedged, g thatbelongto the sametargetcycle

! Note thatwithout this requirementpur datastructurewould consistof unrelatedpairsof op-
positeedgesThisis uselessf verticesarenot supportedlf they are,it mightbeusefulto treat
sucha structurelike a graph,without ary orderon the halfedgesadjacentto a given vertex.
Still, it would be necessaryor efficient processingo have someaccesgo all the halfedges
whosesource(or tamget) is a given vertex. This accessvould enumeratehe halfedgesin a
certainorder Soit appearghattherequirements fulfilled afterall.



Fig. 2. An illustrationof (a) facetswith holes,(b) outerboundaryand(c) singularvertices.

18. If a HDS supportdfacets,andsatisfiesinvariantsi1-14, thenfacet(h)=facet(g)
for ary halfedged, g thatbelongto the sameboundarycycle.

2.4 Vertex and FacetLinks

Even thoughour HDS may supportverticesor facets,we may or may not want to
allocatestoragefrom eachvertex of facetto rememberone (perhapsll) theincidents
halfedgesWe saythata vertex-supportingHDS is source-linkedif it providesa pointer
souice_cycle(v}o a halfedgewhosesourceis the vertex v, andthatit is target-linked
if it providesa pointertarget_cycle(v}o a halfedgewhosesourceis the vertex v. A
facet-supportingHDS is facet-linked if it providesa pointer boundary_cycle(flo a
halfedgeon the boundaryof ary facet(in which caseit mustalsoprovide the reverse
accesdacet(h)to the facetwhich is incidentto a given halfedgeh). It is possibleto
ervisionuseof bothvertex- andfacet-linkedHDS, andnon-linkedHDS. Thefollowing
invariantsguarante¢hevalidity of the HDS.

19. If aHDS supportsvertices,is source-linkedandsatisfiednvariantsl1—17, then
souice(souce_cycle(v))=vfor every vertex v.

110. If aHDS supportsvertices,is tamget-linked,andsatisfiednvariantsl1—17, then
target(talget_cycle(v))=vor every vertex v.

111. If aHDS supportdacets,s facet-linked,andsatisfiednvariantsi1—16 and|8,
thenfacet(boundary_cycle(f))=for every facetf.

2.5 HDS with Holesin Facetsand Singular Vertices

An HDS may or may not allow facetsto have holes Not having holes meansthat
eachfacet boundaryconsistsof a single cycle; it also meansthat thereis a one-to-
one correspondencbetweernfacetsandabstractfacets.In a HDS supportingholesin
facets eachfacetis requiredto give accesgo a hole containef This containemaybe
globalto the HDS, or containedn thefacetitself. Eachelemenif thatcontainemeed
only pointto a singlehalfedge.

In a facetwith holes,one of the cycles may be distinguishedand calledthe outer
boundary, theotherholesaretheinner holes Thisis only meaningfulfor planestruc-
ture (seeFigure 2(b)), wherethe outer boundaryis distinguishedby its orientation

2 Thecontainerconcepis definedin the C++ STL.



which differsfrom thatof theinnerholes.In Figure2(a),for instancetheouterbound-
ary is definedif we know thatthe facetis embeddedn a plane,but thereis no non-
geometriovay to definethe outerboundaryof the grayedfacet:atopologicalinversion
may bring the inside boundarycycle outside.(Note that whenthe incidentfacetis by
corventionto theleft of the halfedgethe outerboundaryis orientedcounterclockwise,
while theinnerhole boundariegreorientedclockwise.)

In a connectedHDS without holes,it is possibleto reconstructhe facetswithout
the facetlinks. In generalfor an HDS with holesbut which is not facetlinked, it is
impossibleto reconstructhe facetsastheinformationconcerningvhich cyclesbelong
to the samefacetis lost, let alonewhich is the outerboundary Thereforejf the HDS
supportdacetswith holes,we requirethatit befacet-linkedandthatit alsoprovide the
outerboundaryandaniteratoroverthe holesof ary facet.

An HDS mayalsoallow singularvertices.A vertex is singular if its corresponding
setof adjacenhalfedgesonsistf severalcycles;it is the exactdual notionof holein
facetandhasthe samerequirementgoncerningcycle container

In a singularvertex, one of the cycles may be distinguishedand called the outer
cycle andthe othercycles are calledinner cycles They aredepictedin Figure 2(c).
Unlike the outer facet boundary the possibility of inner cycles seemsto only make
sensefor dual structureqseesectionon duality belowv) and may not be really useful,
althoughit perhapamay be usefulin triangulating3D polyhedrae.g.the algorithmof
Chazelleand Palios keepsan outer boundaryand may have inner vertex cycleswhen
removing adome).As with holes,if anHDS supportssingularverticeswe requirethat
it bevertex-linked andthatit provide theoutercycle andaniteratorovertheinnercycles
of ary vertex.

2.6 Hole Links, Vertex Cycle Links, Infinite and Border Edges,Duality

By analogywith vertex andfacetlinks, we call the HDS source-cycle-linkdif it pro-
videsa pointersouice_cycle(h¥or eachhalfedgeh, target-cycle-linledif it provides
a pointertarget_cycle(h¥or eachhalfedgeh, andhole-linkedif it providesa pointer
boundary_cycle(hjor eachhalfedgeh.

An edgewhosefacetpointerhasa singularvalueis calleda borderhalfedge Like-
wise,a halfedgewhosesourceor targetpointerhasa singularvalueis calledaninfinite
halfedge.

For lack of spacewe cannotelaborateon thesenotions.Suffice it to notethatwith
all thesedefinitions,our setof conceptds closedunderduality transformationsvhich
transformverticesinto facetsandvice-versa.

2.7 Memory Layout

In additionto the previous variabilitieswhich have to do with the functionality of the
datastructure andthe modelit representsye offer somesupportfor memorylayouts.
The only requirementve have madeso far on the layout concernshe availability of
halfedge,vertex and facet containersaswell asvertex cycle and hole containersif
thosearesupported.



A mutablestructureallows modificationof its internalpointers via functionssuch
asset_opposite(h,getc. Thesefunctionsneedonly be supportedf the correspond-
ing pointeris accesseda forward HDS is only requiredto provide set_nat_in_facet(),
set_nat_at souce(),andset net at taget(). The reasonwe require separatdunc-
tions for reador write accessis thata pointermay be accesse@ven thoughit cannot
beset(if this pointeris non-relocatableseenext section).

Thereis considerabldreedomin theimplementatiorof anHDS. For instance pe-
causeof invariantsl2 and |3, it is desirableto have pairsof oppositehalfedgesclose
in memory so a possibleway to do this assuggestedy Kettner[12] is to storethem
contiguously In this casethe oppositepointer may be implicit andits storagemay
be reclaimed.The sametrick could be usedfor ary of the other pointers(suchas
next_in_facetetc.).

Anotherexampleis the CGAL triangulation,which canbe capturedn our frame-
work asa HDS which is normalizedby facetsthussaving the storagefor all bidirec-
tional pointers We call thislayoutatriangulatedHDS. Therearethussix pointersonly
pertriangularfacet(threeoppositeandthreesourcevertex pointers) which matcheghe
CaAL triangulationdatastructurg3]. A restrictedsetof algorithmsneeddo beapplied
(new_edgereplacedby new_triangle). This is unavoidable sincea triangulatedHDS
cannotexpressall the possiblestatesof a HDS. Note that sometriangulationalgo-
rithmscanmaintainandwork with atriangulatedHDS (iterative andsweepalgorithms)
but otherscannotbecausef their needof generaHDS asintermediataepresentation
(e.g.,divide-and-conqueseebelow).

Becaus®f thisfreedomweneedo introduceonemoreconceptanHDS s halfedge-
relocatablewith respectto a given pointerif ary two halfedgelocationscan be ex-
changedn the containerandthe pointersto thesehalfedgesipdatedwithout affecting
the validity of the HDS. An HDS which actually storesall its pointersis halfedge-
relocatable while the HDS given as example above, which store pairs of opposite
halfedgescontiguouslyis not. Similar definitionscan be madefor vertex- andfacet-
relocatableHDS. Theseconceptsareimportantin discussinghormalizationalgorithms
(seeSection3.3).

A halfedge-relocatabldDS providesa functionhalfedge_elocate(h,g}o relocate
a halfedgepointedto by h to a positionpointedto by g (whatever wasat that position
is thenlost). It alsoprovidesa memberfunctionhalfedge_swafh,g) for swappingiwo
halfedgesn the containersvithout modifying the pointersin the HDS.

3 GenericAlgorithms

The purposeof enunciatinga collectionof conceptss to describepreciselyhow the
algorithmsinteractwith a datastructure.In the C++ STL, this interactionis achiered

very elegantly throughiterators:containergrovide iterators,whosesemanticxanbe
modified by adaptersandalgorithmsoperateon a rangeof iterators.In the HDSTL,

the interactiontakesplacethrougha setof functors(suchasopposite,next_in_facet,
etc.),andwhoseamgumentsaandreturntypesarehandlesUsingthis framewvork, we can
expresoperatoraindalgorithmsonaHDS thatspecifyexactly whatthe (compile-time)
requirementsire,andwhatthe semantic®f thealgorithmare.
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Fig. 3. themeaningof theargumentshl1,h2,g1,gZor the Euleroperators.

3.1 Elementary Algorithms

In orderto write genericalgorithms,we needelementarymanipulationsof pointers.
Theseare complicatedby the fact that thesepointersmay or may not be supported,
eventhe correspondingypesmay not exist. Sowe need‘smart” functionswhich either
provide the pointeror a default-constructegtalueif the pointeris not supportedThe
elementaryfunctionscomein severalsetstheget .., set_...copy_...compae_...cre-
ate/destoy_...functions? In addition,in avalid HDS, thenext_...andprev_... pointers
maybecomputedy areversetraversalof a (vertex or boundary)cycle, stoppingbefore
thecyclerepeatsThesearethefind_...functions.For corveniencewe provide stitch_...
functionswhich setpairsof reversepointers.

In [12], thesefunctionsexist and are encapsulatedn a so-calleddecorator We
chooseto provide themin the global scopesincethey arethe primary accesgo the
HDS. Their first agumentis alwaysanobjectof type HDS.

3.2 Euler and Other Combinatorial Operators

In additionto the elementarnfunctions,mostalgorithmsusethe samesetof high-level
operationscalledEuleroperationsincethey preserethe Eulernumberof thestructure
(v—e+ f—i—2(c+g),whereuv, e, f, i, c, arethenumbersf vertices edgesfacets,
inner holes, and connectedcomponentsand g is the genusof the map). The basic
operationusedby theseoperatorss splice which breaksa vertex cycle by insertinga
rangeof edgesUsingsplice we provide animplementatiorof dualoperatofoin_facets
andjoin_verticegdeletea pair of oppositehalfedgesandmeige bothadjacenboundary
or vertex cycles),andof theirreversesplit_facetandsplit_verticesBy usingtheget ...,
set_..andstitch_...functionswe canwrite operatorghatwork seamlesslpn ary kind
of HDS (forward,backwardbidirectional,etc.).

As mentionedabore, this variability doesnot comewithout consequencesor one,
theEuleroperatorsnustbe passedfew moreparameteraviost operatordakeatleast

3 Thecompae_.. functionsareespeciallyusefulto write pre-andpost-conditiongor the high-
level operations.



fourargumentssuchassplit_facet(h1,h2,91,g2prjoin_facets(k1,k2,h1,h2,91,9&j)th
the meaningdepictedin Figure 3. For cornvenience thereare also functionssuchas
split_facet_afer (h1,gl1)if the HDS is forward (the parameter$i2 andg2 can be de-
duced),or join_facets(k1)f theHDS is bidirectional.
Somepreconditiong@reanintegral partof thespecificationstor instancejoin_facets

hasthe preconditionthat eitherfacetlinks arenot supportedpr thatthe boundarycy-
clesdiffer for bothhalfedgesFor HDS with holes this operationis providedandcalled
split_bounday andits effectis similarto join_facetsgxceptthatfor HDS with holes,it
recordsthe portion containinggl asaninnerhole of the commonadjacenfacet.(This
partis still underintegrationin theHDSTL.)

3.3 Memory Layout Reorganization

An importantpartof designinga datastructureis the memorylayout. Mostimplemen-
tationsimposetheir layout, but our designgoal flexibility implies that we give some
control to the useraswell. We differentiatewith the static design(fixed at compile
time, Section2.7) andthe dynamicmemorylayoutreomganizatiorwhichis the topic of
this paragraph.

We saythata HDS is normalizedby facetsif the halfedgebelongingto boundary
cyclesare storedcontiguouslyin their orderalongthe boundary This meanghatthe
halfedgeiteratorprovided by the HDS will enumerateeachfacetboundaryin turn. In
casefacetsaresupportedmorewer, facetnormalizationmeanshatthe corresponding
facetsarealsostoredin thesameorder A HDS is hormalizedby (source or target)ver
ticesif a similar conditionis satisfiedfor (sourceor tamget) vertex cycles,with similar
definition of vertex normalization,and normalizedby oppositeif halfedgesarestored
next to their opposite. Thesealgorithmscanonly be provided if the HDS is halfedge-
relocatableNotethatin generalthesenormalizationsaremutually exclusive. Further
more,they do not getrid of the storagefor the pointers(exceptin the casewherethe
lengthof the cycle is fixed, suchasfor oppositepointers,or in triangulationsjn which
casesomeimplicit schemesansave storageasexplainedin Section2.7).Normalization
algorithmscanbeimplementedn lineartime.

4 Experimental Evaluation

4.1 Comparisonof Various Models

Herewe comparevariousmodelsof HDS provided in the HDSTL. The modelscan
be compact(hormalizedby opposite,henceno storagefor oppositepointer),indices
(handlesareintegersinsteadf pointers;dereferencings morecostly, but copyingdoes
not necessitat@ointertranslation),or pointerbasedoy default. The functionality can
be minimal (no verticesor facets),graphic_fw(vertices,no facets,andforward-only),
graphic (verticesbut no facets),default (vertices,facets,but forward-only),and max-
imal (vertices,facets,bidirectional).Moreover, we have the possibility of storingthe
halfedgeincidencesat source(next_at_souce) or at tamget (next_at_taget) insteadof

in facet(next_in_face}, aswell aschoosingbetweerstoringthe sourceor targetvertex.



We do this in orderto measurahe differencesn run time. We measureno difference
with storingincidencesat sourceor attamget.

Thelastthreelinesillustrateaswell otherHDS for which we couldwrite adaptors.
We have notmentioneduntimeratios,becausd is notclearhow to provide afair com-
parison.The LEDA graph[14] storesvertices,edgesandhalfedgesn a doublylinked
list, andstoredfour edgepointerspernodeandperedgeaswell asdegreepernodeand
otherextrainformation.lt is thereforea very powerful, but alsovery fat structure andit
offersnoflexibility . The CGAL modelsof HDS [7] however, arecomparablen storage
andfunctionality, althoughlessflexible. They requirefor instancefacet-basegointer
storage(next and prev_in_face}. We can reasonablyestimatethat their performance
would matchthe correspondingnodelsin theHDSTL.

The resultsare shovn in Table 1. We measurehe runningtime ratios by effect-
ing a million pairssplit_facetjoin_facetsn asmall(tetrahedronHDS. Measurements
with million pairssplit_verticegoin_verticesare slightly slower, but in similar ratio.
Thereis thereforeno effect dueto the (cacheand main) memoryhierarchy The run-
ningtimescanvarybetweerarelative 0.6 (facet-basedhinimal usingvectorstorage}o
2.2(source-basemhaximalusinglist storage) Theindex-basedstructures alsoslower,
but not by much,andit hasthe doubleadwantagethat copying can be donedirectly
without handletranslation andthattext-modedeluggingis facilitatedbecausdandles
aremorereadable.

In conclusionthemodelof HDS canaffecttheperformancef aroutineby afactor
of morethan4. In particular providing lessfunctionalityis fasterbecauséewer pointers
have to be setup. Of course,if thosepointersareusedhewaily in thelater courseof a
program,it mightbe betterto storethemthanrecomputehem.We alsonoticethatthe
runtimecostof morefunctionality is not prohibitive, but carehasto be takenthatthe
storagedoesnot exceedthe mainstorageavailable,otherwisedisk swappingcanoccut
Whendealingwith largedata,it is bestto handpick theleastmemory-hungrymodelof
HDS thatfits the requirement®f the program.Also, for high-performanceomputing
applicationsijts mightbeagoodstratey to “downgrade’theHDS (allow bidirectional
storagebut declarethe HDS asforward-only)andin alaterpasssetthe extra pointers.

4.2 Delaunay Triangulation

We programmedhe divide-and-conquebDelaunaytriangulation[16, 5], with Dwyer’s
trick for efficiengy (first partitionin vertical slabsof \/n log n pointseach recursvely
procesgheseslabsby splitting with horizontallines, then mege theseslabstwo by
two). Theredoesnot seemto be a way to do with only forward HDS: whenmeiging
two triangulationswe needa clockwisetraversalfor oneanda counterclockwisefor
the other; morewver, simply storingthe corvex hull in a bidirectionallist will not do,
aswe may needto remove thoseedgesandaccesghe edgednsideduringthe meging
processWe needvertices(to containa point) andbidirectionalaccesso theHDS. This
algorithmonly usesorientationandin-circle geometrictests.We useda customvery
smallgeometrykernelwith simpletypes(arrayof two floatingpointdoublefor points).
For this reasonwe only tried the divide-and-conquealgorithmwith threevariants
of HDS: thegraphicHDS (verticesandedgesbidirectional,with vertex links) thecom-
pactgraphicHDS (graphicwithout vertex links, with oppositehalfedgesstoredcon-



| HDS | features | pointers]runtimeratio

default V+L,FWif F+L| v+4h+f 0.95
id., FWas v+4h+f 1.0
id., list storagg3v+6h+3f 2.0
indices default+indices v+4h+f 1.25
id., FWas v+h+f 1.25
compact_fw | FW,compact h 0.6
compact Bl,compact 2h 0.65
minimal FWif 2h 0.6
id. but FWas 2h 0.65
graphic_fw V+L,FWif v+3h 0.7
id., FWas v+3h 0.75
graphic V+L,Blif v+4h 0.7
id., Blas v+4h 0.75

maximal V+L, Blif, F+L|2v+5h+2f 1

| | id.,Blas |2v+5h+2f 1.1 |
| [id., list storagddv+7h+4f 215 |
| LEDA graph [ V+L, Blas [>4(v+h)] NA ]
|
|

[CGAL_minimal FWif | 2h | NA

|CGAL_maxima|V+L, Blif, F+L[2v+5h+2f  N/A
Table 1. A synoptic view of the different models of HDS : (a) name, (b) features
[V=vertex,F=facet,L=link,FW=forward,Bl=bidirectionalf=in_facet,as=at_source{¢) number
of pointersrequiredby the structure (d) runtimeratiosfor pair split_facet/join_facets.

tiguously),andthemaximalHDS (graphicwith facetsandfacetlinks aswell). Usedby
the algorithmarethe vertex information,oppositeand bidirectionalpointersin facets
and at vertices.The algorithm doesnot usebut otherwisecorrectly setsall the other
pointersof the HDS.

Theresultsof ourexperimentsaareshovnin Table2. We arenot primarily interested
in the speedof our implementationalthoughwe note that on a Pentiumlll 500Mhz
with sufficientmemory(256MB), triangulatinga million pointstakesaboutl1 seconds
for thebasetime, whichis very competitve. More interestingly however, we compare
againthe relative speedof the algorithmswith our differentmodelsof HDS, andwe
recordboth the running time and the memoryrequirementsThe resultsin Table 2
suggesthat the modelof the HDS hasanincidenceon the behaior of the algorithm,
althoughmorein the memoryrequirementhanin the running time (thereis at most
15%of variationin therunningtime). Notice how the compacidatastructureusedess
memoryandalsoprovokesfewer pagefaults (measuredy the Unix time command).
Also interestings thedifferencebetweerthecompactandnon-compacversionsof the
graphicHDS with andwithout Dwyer’s stratgyy (10%vs. only 2%). Theseaxperiments
seento encouragehe useof compactlatastructuregwhenappropriate).

Thesexxperimentsalsoshav how the functionalrequirementsf analgorithmlimit
the choicesof HDS that canbe usedin them.We could not testthe graphic-forward



| HDS [ time]ratio|memonypagefaults
graphic_cf|6.635 1.11]22.3MB| 24464
graphic |[5.95| 1 |27.9MB| 29928
maximal || 6.9 | 1.15|35.6MB| 36180

graphic_cpl 3.22| 1.03|22.3MB| 24464
graphic ([3.125 1 [27.9MB| 29928
maximal || 3.57|1.14535.6MB| 36180
Table 2. A comparisorof differentHDS usedwith divide-and-conquebelaunaytriangulation

without (first threelines) or with (lastthreelines) Dwyer’s trick (and2.10° points):(a) running
timesand(b) ratios,(c) memoryrequirements(d) pagingbehavior.

HDS with this algorithm.When provided, however, the comparisoris fundamentally
fair sinceit is the samealgorithmwhich is usedwith all the differentstructures

5 Conclusion

We have provided a framework for expressingseveral (indeed,mary) variantsof the
halfedgedatastructure(HDS), including geometricgraph,winged-edge Facet/Edge
anddual Vertex/EdgestructuresOur approacthis to specifya setof requirementgre-
fining eachother)in orderto expressthe functional power of a certainHDS. This ap-
proachis a hallmarkof genericprogrammingalreadyusedin the C++ STL, but also
notablyin the BoostGraphLibrary andin CGAL[12]. Regardingthe latter reference,
we have enrichedthe paletteof modelsthatcanbe expressedn theframevork. For in-
stancee canexpressholesin facetsor non-manifoldvertices.Also we do notrequire
ary geometrythusallowing the possibility to usethe HDSTL in representingpurely
combinatoriainformation(for instancejn representindnierarchicaimapsin GIS).

As a proof of conceptwe offer animplementatiorin the form of a C++ template
library, the HDSTL (halfedgedatastructuretemplatelibrary), which consistsof only
4,500lines of (admittedlydensexode,but canexpressa wide rangeof structuresum-
marizedon Table 1. We provide a setof genericalgorithms(includingelementaryma-
nipulations Euleroperatorsandmemorylayoutreoiganization)o supportthosestruc-
tures.

Regardingour goals flexibility is morethanachieved,tradingstoragecostfor func-
tionality: We have provided arich variety of modelsin our framework, eachwhich its
own strengthandfunctionality. We alsohave shavn thatit is possibleto provide a set
of genericalgorithmswhich canoperateon every singleoneof them.This flexibility is
importantwhentheHDS s expressedsaview from within anothestructure(e.g.solid
boundarylower-dimensionalsectionor projection,dual view) for which we may not
controltherepresentationt is of coursealwayspossiblgo setup aHDS by duplicating
thestorageput problemsarisefrom maintainingconsisteng. Insteadpur flexibility al-
lows to access view in a coherenimannerby reusingthe HDSTL algorithms,but on
the original storageviewed differently.
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Easeof usecomesrom the high-qualitydocumentatioprovidedwith theHDSTL,
t thereareissueswith error messagesvhentrying to useunsupportedeatures,or

whendelugging.This canbeimprovedusingrecentwork in conceptchecking[17].

Efficiengy is acquiredby usingC++ templategstaticbinding, which allows further

optimizations)nsteadof virtual functions(dynamicbinding,asprovidedin Java). The
algorithmswe provide are reasonablyefficient (roughly fifteen seconddor Delaunay
triangulationof a million pointson a Pentium500Mhzwith sufficient mainmemory).
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