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Abstract

We develop a framework to study probabilistic sampling algorithms that approximate general
functions of the form f : A™ — B, where A and B are arbitrary sets. Our goal is to obtain lower
bounds on the query complexity of functions, namely the number of input variables z; that any
sampling algorithm needs to query to approximate f(x1,...,2,).

We define two quantitative properties of functions — the block sensitivity and the minimum
Hellinger distance — that give us techniques to prove lower bounds on the query complexity.
These techniques are quite general, easy to use, yet powerful enough to yield tight results. Our
applications include the mean and higher statistical moments, the median and other selection
functions, and the frequency moments, where we obtain lower bounds that are close to the
corresponding upper bounds.

We also point out some connections between sampling and streaming algorithms and lossy
compression schemes.

*An extended abstract of this paper appeared in the Proceedings of the 33rd Annual ACM Symposium on the
Theory of Computing (STOC), pages 266-275, 2001.

tPart of this work was done while the author was visiting IBM Almaden Research Center. Supported by NSF
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1 Introduction

The need for computing with massive data sets has sparked off much interest in novel computational
paradigms. These include, but are not restricted to, algorithms that probe only small (random)
portions of the data; algorithms that work by making a few passes over the data [HRR99]; algo-
rithms that operate on a stream of data with limited space and stringent constraints on time per
data item [HRR99, AMS99, FKSV99]. Algorithms of this nature are typically intended to compute
sufficiently good approximate solutions to the problem at hand. Several algorithmic and complexity
questions arise in the context of these computational paradigms.

In this paper, we focus on one such paradigm: algorithms that work by randomly sampling a
few entries of a large input. We develop the first systematic complexity theory of probabilistic
sampling algorithms that approximate general functions of the form f : A — B, where A and B
are arbitrary sets. A highlight of our work is the level of generality we are able to achieve toward
our goal: we consider functions where the domain and range are not necessarily metric spaces,
which makes the issue of “approximate” computation rather subtle; even when the domain and
range have metric properties, there are many standard notions of approximation, e.g., relative vs.
additive, that need to be encompassed. Also, we include algorithms that may perform non-oblivious
(adaptive) sampling of input entries.

Main contributions.

From the standpoint of modeling, we present a single unified view of what it means to approximate
a general function on a possibly non-metric domain and range. As our computational model, we
show how the standard decision tree model may be suitably adapted. Our main results are two
techniques for obtaining lower bounds on the query complexity for approximating broad classes of
functions. A primary advantage of these techniques is that the lower bounds are stated in terms
of certain quantitative properties of functions, which make them quite general and very easy to
use. We also present (general and specific) upper bounds that establish the tightness of our lower
bounds. Finally, we point out connections between sampling algorithms, streaming algorithms, and
lossy data compression.

Lower bounds.

We present two techniques for obtaining lower bounds on the query complexity of randomized
sampling algorithms that approximately compute functions. Our first lower bound technique is
based on an adaptation of the notion of block sensitivity [Nis91]. The advantage of this technique is
that it applies to any function, even though the lower bounds may be somewhat weak. Moreover,
it applies to the expected query complexity, not just the worst case query complexity. Our second
lower bound technique is based on the notion of Hellinger distance [LL90] between probability
distributions, and yields much stronger bounds for symmetric functions. These results are described
in Sections 3 and 4.

Using the method based on the Hellinger distance, we obtain (in many cases, optimal) lower
bounds on the query complexity for several problems. These include approximate computations of
the median, minimum, maximum, and other selection functions, the mean and higher statistical



moments, and frequency moments Fj for k¥ # 1. For the case of the mean, our lower bound
matches the lower bound of Canetti, Even, and Goldreich [CEG95], and (modulo the machinery)
is substantially simpler. This lower bound has another powerful consequence: it implies the main
technical result of Radhakrishnan and Ta-Shma [RTS00], which they use to obtain lower bounds
on extractor, disperser, and superconcentrator parameters.

Our lower and upper bounds for the frequency moments have some interesting implications. (Recall
that given X € [m]", for k > 0, the k-th frequency moment Fi(X) is defined as 37, (fi(X)),
where f;(X) is the number of times ¢ appears in the sequence X.) While any oblivious sampling
algorithm that uses s samples can be simulated by a streaming algorithm that uses space (roughly)
s, we show that the converse is not true for Fy: the streaming algorithm of Alon, Matias, and
Szegedy [AMS99] uses O(logm) space for approximating F», while we prove an Q(y/m) lower
bound for sampling algorithms. (This style of “separation” of the two models is also demonstrated
in [FKSV00].) We then show that for k& > 2, the k-th frequency moment can be approximated using
O(ml_%) samples, which immediately implies the space upper bound of [AMS99] for all £ > 2.
Finally, we provide a simple proof for the sampling lower bound of Charikar et al. [CCMNO0] for
Fy. These results are described in Section 5.

We also investigate the question of how tight our lower bound methodologies are. We obtain a
general theorem, which shows that at least in some special cases (symmetric functions on bounded
domains), the lower and upper bounds are polynomially related. In addition, we point out some
limitations of our techniques. These results are described in Section 6.

Connection to Lossy compression.

The question of how to compress data so that certain interesting functions of the data may be
computed directly from the compressed data is of fundamental importance, both in theory and
practice. The question becomes much more interesting (and harder) if we allow the compression
to be lossy, that is, if we trade some qualitative degradation of the data for large compression
factors. We present a formal model to study this question, and show that if a function has an
efficient sampling algorithm or a streaming algorithm [HRR99, AMS99, FKSV99], then it admits
lossy compression (in a technically precise sense). These results are described in Section 7.

In Section 8 we discuss related prior work and in particular the relationship of our model to the areas
of Boolean decision tree complexity [Bd99], PAC and statistical learning Theory [Val84, KV94,
Vap98], statistical decision theory [Ber85], statistical estimation theory [Van68], and statistical
sequential analysis [Sie85]. Section 9 concludes with some open problems.

2 Preliminaries

In this section we introduce a notion of approximation for functions f : A" — B, where A and B
are arbitrary sets. We then generalize Boolean decision trees to decision trees that approximately
compute such functions. These decision trees will be our model for sampling algorithms.



2.1 Approximation Notions

An approximation for a function f : A" — B is a function that maps inputs of f to subsets of its
range B. This function assigns to every input z a set of values in B that are considered a good
approximation for f(z). It has two natural requirements, as specified in the following definition:

Definition 2.1 (Approximation) An approximation for a function f : A™ — B is a family of
functions {Cf e : A" — 23}620, parameterized by an error parameter ¢, which satisfies the following
two conditions:

(1) Vz € A", Cro(z) = {f(z)}
(2) Yz € A" Ve > € >0, Cpe(z) D Crelx)

One might wonder why we define Cy . as a function of the inputs rather than as a function of the
output values, i.e., why wouldn’t C . determine for each value in the range what other values in the
range are considered a good approximation for it? The rank and property testing approximations
described below show that in some cases the approximation is indeed a function of the inputs: there
can be two different inputs with the same output value but with different approximation sets.

Throughout this paper, for simplicity of notation, we implicitly assume that every function f is
associated with a single approximation C, (the “natural” approximation for f). A few examples
of popular approximation notions interpreted in light of the above definition:

(1) Additive approxzimation: (B,dp) is a metric space.

Cre(z) ={y € B | dp(y, f(z)) < €}
(2) Relative approzimation: B = R.

Cre(z)={yeB | 1-¢f(x) <y<(1+e)f(z)}
(3) Ratio approzimation: B = R.

Cre@) ={y € B | ef(s) <y < (1/f(@)}.

(4) Rank approximation: An approximation notion for selection functions, like the median. The
input for Select,, the selection function of order g (0 < g < 1), is a set of n real numbers ay, ..., a,.
If we order these numbers from smallest to largest: a;, < -+ < a;, ,, then Selecty(ai,...,a,) =

Qi g(n_1), - FOT example, the median is Select:, minimum is Selecty, and maximum is Select;. The
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approximation is Cgglect, (01, -+, an) = {ay; [ j € [|¢'(n—1)],[¢"(n—1)]],¢ = max(q—¢,0),¢" =
min(q +€,1)}.

(5) Property testing approzimation: An approximation notion for functions with a Boolean range.
We assume some distance measure D on the input domain. The approximation is: Cf(z) = {1},
if D(z,y) < €/2 for some input y with f(y) = 1; Cf(x) = {0}, if D(z,y) > € for all inputs y with
f(y) =1; and Cy(z) = {0,1} otherwise.

A special kind of approximation is one that satisfies the “sunflower property,” defined below. It
is easy to check that approximations (2)-(5) above satisfy the sunflower property. Approximation



(1) satisfies it, if B = R.

Definition 2.2 (Sunflower property) An approzimation Cjy. is said to satisfy the sunflower
property, if for every D C A™, the following condition holds:
(Vz,2' € D)[Cpe(x) N Cpe(z') # 0] = Nyep Cre(x) # 0.

A notion that will play an important role in our discussion is the following:

Definition 2.3 (Disjoint inputs) Two inputs z,y € A" are said to be e-disjoint with respect to
approzimation Cy, if Cre(z) N Cre(y) = 0.

2.2 Decision Trees for General Functions

A randomized decision tree for a function f : A™ — B is a rooted labeled tree, not necessarily
binary. Similar to Boolean decision trees, internal nodes denote either queries of input locations
or random coin tosses, and leaves denote outputs. Given an input x, we use the queries and the
random coin tosses to determine a path from the root to one of the leaves. This leaf specifies the
output on z.

Formally, for every node v we denote by deg(v) the number of children it has and by S(v) the
number of query nodes on the path from the root to ». If v is a query node, it is labeled by an
input variable i € [n] and a function N, : AS(®) — [deg(v)]. If the path reaches v, we apply N, on
the values queried so far to determine which child of v should be the next node on the path. If v
is a random coin node, it is labeled by the special character $, instructing the path to pick one of
its children uniformly at random. If v is a leaf, it is labeled by a function O, : AS(") — B, which
specifies the output of the tree, based on the values queried along the path. Note that any input
z may be associated with several possible paths leading from the root to a leaf, depending on the
random choices made in the random coin nodes. These random choices induce a distribution over
the paths corresponding to x.

We discuss two notions of complexity for decision trees: the ezpected query complexity of a tree
T on input z, denoted S¢(T,z), is the expected number of query nodes on paths corresponding
to z. The worst-case query complezity of T on z, denoted S¥(T,z), is the maximum number of
query nodes on paths corresponding to z. Here, the expectation and the maximum are over the
distribution of paths. The expected and worst-case query complexity of 7', S¢(T') and S*(T), are
the maximum of S¢(7', z) and S* (T, x), respectively, over all inputs z € A™.

Notice that this model can simulate, with the same efficiency, various models of decision trees,
including Boolean, comparison, and algebraic decision trees.

Yao’s Theorem [Yao77] gives an equivalent characterization of a randomized decision tree as a
distribution u over deterministic decision trees. The expected query complexity of the tree on
input z is the expected length (over u) of the paths corresponding to z in these trees (and similarly
for the worst-case query complexity).

Let € > 0 be an error parameter, 0 < § < 1 a confidence parameter, and f : A" — B a function with
approximation Cy.. A decision tree is said to (e, d)-approzimate f, if for every input z € A" the



probability of paths corresponding to z that output a value y € Cf(z) is at least 1 — 6. The (e, 0)

ezpected query complezity of f is: S¢ ;(f) def min{S¢(T) | T (e, d)-approximates f}. We similarly

define the worst-case query complexity of functions.

3 A General Lower Bound via Block Sensitivity

In this section we generalize the notion of block sensitivity (defined by Nisan [Nis91] for Boolean
functions) and obtain a lower bound on the expected query complexity in terms of block sensitivity.

A Boolean function f : {0,1}" — {0,1} is said to be sensitive to a subset (a “block”) I C [n] on
input z, if f flips its value when flipping all the bits in I. The block sensitivity of f on z, bs(f,z),
is the maximum number ¢ of pairwise disjoint subsets I1, ..., I; C [n], to which f is sensitive on z.
The block sensitivity of f, bs(f), is the maximum, over all inputs z, of bs(f, ).

For general domains and ranges, the basic intuition we carry over from the Boolean case is that a
function is sensitive to a block of variables if a change to the corresponding input elements results
in a significant change to the function value. In the following definition we denote by (/@) the
input obtained from z by changing the elements in I C [n] to the values in Q € Al

Definition 3.1 (Block sensitivity) f is e-sensitive to a subset of variables I C [n] on input z, if
there ezists Q € Al such that z and £7<9) are e-disjoint. bs.(f,x), the e-block sensitivity of f on
x, is the mazimum number t of pairwise disjoint subsets I1,...,I; C [n], such that f is e-sensitive
to each of them on x. bs.(f), the e-block sensitivity of f, is maxzc an bsc(f, ).

Nisan [Nis91] proved that for Boolean functions f, S5 ;(f) > (1—24)bs(f). We generalize the proof
of this theorem to our case.

Theorem 3.2 For every € >0, 0<6 <1/2, and f : A" = B, S¢5(f) > (1 — 26)bse(f).

Proof. Consider any decision tree T' that (e,d)-approximates f. We will use the view of T as a
distribution y over deterministic decision trees 71,...,7T;,,. Note that deterministic decision trees
have exactly one path from the root to a leaf corresponding to any input z. Thus a deterministic
decision tree is either always “right” on z, i.e., outputs a value in Cf(z), or always “wrong”.
Let us call a decision tree T; “bad” for z, if it is wrong on z. Note that for every input z,
Prr; e, (T is bad for z) < 6.

Let z be the input that achieves the block sensitivity of f, and let Iy,...,I; C [n] be the disjoint
variable blocks to which f is e-sensitive on z (note that ¢ = bs¢(f)). Finally, let Q1,...,Q; be the
assignments to these blocks, for which z and k@) are e-disjoint.

Consider a tree T} in which the path corresponding to x does not query any of the variables in I}, for
some k € [t]. This means that the same path will correspond to zIx@k) | Moreover, since all the
values queried in this path are the same at z and at z(x<@k) the leaf will output the same value
y for both. However, since Cjc(z) N Cy(zxQ%)) = @ either y & Cfe(z) or y & Cf(zlnW).



So T} is bad either for z or for zIe=@k)  Therefore,

Pr (T; does not query Iy on x) < Pr(T is bad for z) + Pr(T is bad for z(Ix<@k)) < 2§
Tjep

Let S(T,z) be the random variable counting the number of queries T' performs on z. Define for
every k € [t], a random variable X} which counts the number of these queries that belong to Ij.
Since Iy,...,I; are pairwise disjoint, S(T,z) > Y %_; X;. What we proved above implies that
Pr(Xy; > 1) > 1 — 24, implying that also E(Xy) > 1 — 2. Therefore, by linearity of expectation,

t
es(f) > E(S(T,z)) > E( ZXk =" B(Xy) > t(1 - 28) = (1 — 28)bs(f)
k=1 k=1
O

Let us consider an application of this lower bound for additive approximation of the mean: pu; :
[0,1]™ — [0,1]. The best upper bound is S¢s(u1) = O(%log }). Using Theorem 3.2 we prove the
following;:

Proposition 3.3 S¢;(u1) > Q(%(l —20))

Proof. Let z = 1", and consider any subset I C [n] of size 2en. Define an assignment Q) = ol1l.
Since p1(z) = 1 and p1 (2 Q) =1 — 2¢, z and 29 are e-disjoint, implying p1 is e-sensitive to
I on z. This argument works for any subset I of size 2en; thus, the maximum number of pairwise
disjoint subsets to which p; is e-sensitive on z is n/|I| = 1/2¢. Applying Theorem 3.2 completes
the proof. O

Proposition 3.3 shows that the block sensitivity lower bound does not yield tight bounds in general.
In the case of the mean, the bound produced is not tight not in terms of the error €, and not in
terms of the confidence §. In Section 5 we show how our second lower bound technique gives a
tight lower bound for the mean.

Nisan [Nis91] proved that for Boolean functions, block sensitivity and (deterministic/randomized)
decision tree complexity are polynomially related. A particular corollary of this is that for Boolean
functions, deterministic and randomized decision tree complexities are polynomially related. It is
natural to ask if block sensitivity also gives a (polynomial) characterization of randomized decision
tree complexity for approximating general functions, but it turns out not to be the case. While the
e-approximate median problem has a sampling algorithm that makes O(¢~2) probes (independent
of n), it is easy to show that any deterministic algorithm needs at least Q(n(1 — €)) probes.

4 A Lower Bound for Symmetric Functions

The query complexity lower bound via block sensitivity is very general but is also weak. Its
dependence on both the error € and the confidence § frequently turn out to be sub-optimal. In this
section we obtain stronger lower bounds that work only for symmetric functions — functions that
are invariant under permutations of the input elements:



Definition 4.1 (Symmetric functions) A function f : A®™ — B is e-symmetric if for every
input z € A" and every permutation ™ € Sp, Cye(z) = Cre(n(z)) (where w(z); = Tr-1(;)).

The basic idea for the lower bounds is to show that for symmetric functions we can reduce the
computer science sampling setting, in which different queries are not necessarily independent and do
not have the same query distribution, to the statistics setting, in which all queries are independent
and identically distributed (“the i.i.d. case”). We show that with almost no loss of efficiency, any
general sampling algorithm for a symmetric function can be simulated by one that makes queries
that are independent and uniformly distributed.

We then observe that a sampling algorithm of query complexity & that approximates f : A™ — B
and makes only independent uniform queries can be used to form a statistical test that uses k
samples to distinguish between the distributions U, and U, for any pair of e-disjoint inputs x and
y. Here, U, and Uy are the distributions on A obtained by picking i € [n] uniformly at random and
returning z; and y; respectively. Clearly, the closer U, and U, are, the harder it is to distinguish
between them. Thus, by giving a lower bound on the number of samples required to distinguish
any two such input distributions, we obtain a lower bound on the query complexity of the function.

We state the lower bounds in terms of new properties of functions. These properties use the
Hellinger distance and the variation distance between distributions:

Definition 4.2 (Distance measures) Let P and Q be two distributions on the same probability
space . The variation distance d and the Hellinger distance h between P and @ are defined as
follows:

d(P,Q) = 5¥,cqlPW) - Qw)| =maxpca|P(D) - Q(D)|

def 1 1
h(PQ) E (1-Yuen VPW)RW))? = (5 Xuea(VPW) — vVQW))?)?
We use these distance measures to define the following properties:

Definition 4.3 (Minimum Hellinger/Variation distance) For a function f : A® — B , the

e-minimum Hellinger distance of f is h¢(f) def min{h(U,,Uy) | z,y € A" are e-disjoint} and the

e-minimum variation distance of f is d¢(f) of min{d(U,,Uy) | =,y € A" are e-disjoint}.

Our main theorem gives two lower bounds on the worst-case query complexity of symmetric function
in terms of their minimum Hellinger and variation distances:

Theorem 4.4 (Main theorem) For every e > 0 and for every e-symmetric function f : A — B,

(1) if % <i< %, 2’5(]‘) < V2n, and he(f) < %, then

1 1

Sg&(f) > Wlng



(2) zf% <6< %, Z"’(s(f) <n/2—+/n/2), and d(f) < %, then

. 11
Se,d(f) > 8d€(f) lng

Our strategy for the proof of Theorem 4.4 is the following: We first consider (Section 4.1) a variant
of the decision tree model, in which all queries are made according to a fixed query distribution.
We then prove (Theorem 4.8) that, almost without any loss in efficiency, any symmetric function
can be computed by such decision trees that probe the input at uniformly chosen positions. The
consequence of this theorem is that if a decision tree makes k queries to an input x, the distribution
it “sees” is UF, the k-fold product of U,.

Lemma 4.9 shows that a decision tree that (e, §)-approximates f using k (worst-case) queries can be
used to distinguish between the distributions U¥ and U:f for any e-disjoint x,y, with advantage 24.
This immediately implies that d(UF, U;) > 1—26. Lemma 4.9 essentially reduces the problem of
statistical hypothesis testing to the problem of (e, §)-approximating f(z). In hypothesis testing, one
is given samples from a distribution D which is known to be either P or @), and is required to decide
whether D = P or D = Q). In our case the two distributions are U, and Uy, and the hypothesis
tester is the decision tree: if the tree outputs a value in Cf(z), we decide “U,”, and otherwise
we decide “U,”. Since z and y are e-disjoint, and since the tree outputs an e-approximation with
probability at least 1 — ¢, this gives a statistical test that succeeds with probability at least 1 — 24.

We then derive a lower bound (Lemma 4.11) on the number of samples needed to distinguish two
distributions (with a certain advantage) in terms of their Hellinger distance. The tightness of this
bound follows from a useful multiplicativity property of the Hellinger distance.

Some technical complications make the above argument work only for functions with query com-
plexity which is at most O(4/n). For functions with larger query complexity we can prove only a
weaker lower bound in terms of the minimum variation distance.

In Section 4.6 we show a general reduction from worst-case query complexity to expected query
complexity, which implies that for any function f, S¥;(f) < S¢;(f) - O(log %) This reduction
’3 ’

implies that Theorem 4.4 holds also for the expected query complexity except for the dependence
on the confidence §:

Theorem 4.5 For every € > 0 and for every e-symmetric function f: A™ — B,

(1) if % << %, 2"’5(]‘) < V2n, and he(f) < %, then

e 1
Ses D= gy

(2)if 2 <8 <3, S%(f) <n/2—+/n/25, and de(f) < §, then

e 1
Se1) 2 15a.p)




For simplicity of notation, we will assume throughout this section that the domain A is finite.
Everything we prove in the sequel can be generalized to arbitrary domains by replacing summation
by integration.

4.1 Decision Trees with Fixed Query Distribution

We next consider a variation to the decision tree model presented in Section 2.2. Instead of assigning
to each query node v a single query index 4, € [n], we assign it a query strategy Q, : ([n]x A)S -1 —
D, where D is a finite set of distributions on [n]. When the path from the tree’s root reaches v, we
pick a query distribution D € D by applying @), to the indices queried so far on the path and to
the outcomes of these queries. We then choose i € [n] according to D, query z;, and continue as
before. The child selection function N, and the output function O, are modified to take as input
not only the outcomes of the queries made along the path leading to v, but also the indices queried
(i.e., N, : ([n] x A)5®) — [deg(v)] and O, : ([n] x A)S®) — B). This seemingly stronger model is
in fact equivalent to the one of Section 2.2 as long as D consists only of distributions with rational
probabilities, since one can simulate these query distributions by random coin nodes.

An oblivious decision tree is one in which: (1) all nodes v with S(v) = j have the same query
strategy @;, and (2) these query strategies depend only on the indices queried so far and not on
the outcomes of these queries (that is, Q; : [n]~! — D). Oblivious decision trees choose their
query distributions independently of the input at hand and of the outcomes of the random coin
tosses; note, however, that they are not totally non-adaptive: the number of queries performed
may still depend on the given input or the random coins. One could simulate the computation of
an oblivious decision tree by first picking the k indices i1, ...,% € [n] to be queried (where k is the
maximum number of queries T' may perform), and then running the tree with these queries (i.e.,
the j-th query will be ;).

An oblivious decision tree T thus has a fized query distribution, which we denote by D*(T'). D¥(T')
is a distribution on [n]* obtained by the following iterative process: choose i; € [n] according to
Q1(); given iq,...,4;_1, choose i; € [n] according to Q;(i1,...,ij—1); return (i1,...,3;). We call
a decision tree with fixed query distribution D* a D*-decision tree. Two examples of fixed query
distributions we will use are the following;:

(1) U* — Uniform queries with replacement: each index is picked independently and uniformly at
random from [n]. In this case, Q;(é1,...,%j—1) is the uniform distribution on [n] for all j and for
all ’il, . aij—l-

(2) Wk — Uniform queries without replacement: each index is picked uniformly at random from the
indices not chosen so far. Here, Q;(i1,-..,ij—1) is the uniform distribution on [n] \ {i1,...,4;-1}.

The two-phase view of a D¥-decision tree computation on some input z (i.e., first picking the
(at most) k indices i1,...,%; to be queried, and then running the tree with these queries) im-
plies that during the second phase of its execution, the tree has sequential access to the list
((#1,%iy )y - - - » (i, i, ))- This list can be viewed as one sample from the joint query-outcome distri-

bution DE — a distribution on ([n] x A)¥ defined by picking (i1, ...,4%) € [n]* according to D, and
returning ((¢1, 24, ), - - -, (ik, i, ))-
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A special class of oblivious decision trees are ones that are indez-oblivious; that is, the child
selection function N, and the output function O, of all nodes v depend only on the outcomes of
queries made along the path leading to v and not on the indices queried (i.e., N, : AS®) — [deg(v)]
and O, : AS®) B). For such trees we can view the list T is given sequential access to as a sample
from the outcome distribution D¥ — a distribution on A* obtained by picking (iy,...,i) € [n]*
according to D, and returning (z;,,...,z;,).

4.2 Uniform Decision Trees for Symmetric Functions

The aim of this section is to show (Theorem 4.8) that for symmetric functions the restricted class of
U*-decision tree (i.e., ones that query only uniformly at random with replacement) is almost as good
as general decision trees. We initially prove (Lemma 4.6) that any decision tree for a symmetric
function can be simulated by an index-oblivious W*-decision tree with the same query complexity;
we then present (Lemma 4.7) two simulations of index-oblivious W*-decision trees by U*-decision
trees: an index-oblivious simulation that works only for £ < O(y/n), and an index-aware simulation
that works for £ < n/2 — o(n).

The results in this section are stated in terms of the worst-case query complexity, but they also
hold for the expected query complexity.

Lemma 4.6 Let f : A™ — B be an e-symmetric function with é‘,’(;(f) = k. Then, there ezists an
indez-oblivious WF-decision tree of worst-case query complezity k that (e,d)-approzimates f.

Proof. Let T be a decision tree of worst-case query complexity k that (e, §)-approximates f. We
use the standard decision tree view of T, like in Section 2.2 (i.e., each query node is associated with
a fixed query index, and not with a query distribution; the child selection functions and output
functions depend only the outcomes of queries and not on the locations queried). Without loss
of generality, we assume that T never queries the same index more than once. We will show a
construction of an index-oblivious W*-decision tree T’ that simulates T' without loss of efficiency.

For simplicity of exposition, we assume that T is k-regular; that is, it always performs exactly &
queries. This assumption is acceptable when dealing with the worst-case query complexity. Our
arguments, however, can be modified to hold also when T is not k-regular, which is needed when
dealing with the expected query complexity.

Given an input z € A", T" picks k indices i1, . .., ix € [n] uniformly at random without replacement,
and runs T with iq,...,7; as its queries. That is, when reaching the j-th query node v of T, T"
ignores the query index labelling v, queries i; instead, and applies the child selection function N,

on :Eil,...,iliij.

Clearly, T" is a Wk-decision tree of worst-case query complexity k. 7" is index-oblivious, because
it uses the same child selection and output functions as 7' (which do not take the query indices as
input parameters, since we use the the standard decision tree view of T'). We are left to prove that
T" indeed (€, d)-approximates f.

For the analysis, we use Yao’s theorem to view 7' as a distribution u over deterministic decision
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trees T1,...,T,,. Note that the output of each such T} is fully determined by the input z, and thus
T; can be viewed as a function T} : A” — B, mapping an input z to an output in B.

Using the distributional view of T, we can view the simulation of T as follows. We denote by T]-I

the decision tree obtained from 7T} by replacing all its query indices to I def (41,--.,1k). That is,
all the nodes of le at depth d have iz, as a query label. T” runs in three phases: first it picks a
decision tree Tj according to p; then, it picks k indices I = (i1, ..., %) uniformly at random without
replacement; finally, it runs TjI on the input . Note that TjI , like T, is a deterministic decision
tree, and thus can be viewed as a function TjI : A™ — B. Using this view, we can characterize the

error probability of 77 on z as:

T Pr k(T]I(J") ¢ Cf,e(x))
GEMmIeW

From now on we fix z as some input. The main point is that the execution of le on z is identical
to the execution of T; on some permutation 7(z). Formally, let vq,..., v, u be the nodes along
the path of le determined by z; v1,...,v; are the query nodes of this path and u is the output
node. Let ji,...,j; be the query indices labelling vy,...,v; in the tree T;. Let St be the set of
permutations satisfying 7(j1) = 41,...,7(jx) = ik It is easy to see that for any 7 € Sy, Tj, when
running on 7(x), produces exactly the same path vi,...,vg, u as T]-I when running on z. Moreover,
all the query outcomes are identical in both cases, implying that le () = Tj(w(x)). This yields the
following characterization of the error probability of T":

TjElLI,)IreWk (TJI(:E) 4 Cf’e(m)) - Tjeu,IEPV[r/kmesl(Tj (m(z)) ¢ Cf,e(37))

We use the above observation to characterize the execution of TJ-I on z with a random I as running
T; on a random permutation 7(z). We note that the collections of permutations {S;};cp+ is a
partitioning of the symmetric group S, into disjoint subsets; that is, (1) for all T # I', S;NSp =0
and (2) UIEW’“ S[ = Sn

To prove (1), let I # I', and let 44,1/, be the first two indices different in I and I'. Since I and I’
agree in their first d — 1 indices, then the first d nodes on the paths in TjI and TjI' determined by
z are identical. Let j4 be the index labelling the d-th node on these paths. By definition, for all
7 € S1, m(jg) = 14, and for all 7 € Sy, w(jq) = il;. Therefore, there is no = € Sy N Sp.

To prove (2), fix some permutation = € S,,. We define an index set I inductively as follows: let
J1 be the index labelling the root of T}; set i1 = m(j1). Assume that i1,...,i41 were defined;
note that for every two I,I' starting with 71,...,74_1, the first d nodes on the paths of TjI and
TjI' determined by z are the same. Thus, let j; be the index labelling the d-th node on these
paths; we set i = m(j4). Note that iq,...,17 are distinct, because ji,. .., ji are distinct and 7 is a

permutation. Therefore, T def (i1,...,ix) belongs to W* and 7 € S;.

It follows from the above that choosing a random I € W and then a random 7 € S; is equivalent
to choosing a random 7 € S,,. Therefore,

Pr (Tj(m()) & Cre(w)) = Pr_ (Tj(r(z)) ¢ Cre(w)) = Eres,(

Tjep,IeWk,reSy Tj€p,mESy

(Tj(m(x)) & Cre(2)))

Pr
Tjen
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Since f is e-symmetric, then for all 7 € S;,, Cfe(x) = Cfe(m(x)). Therefore,
Eres, (Pr (Tj(m(x)) € Cre(2))) = Eres,( Pr (Tj(n(z)) & Cre(n(z)))) <6

where the last inequality follows from the fact the T' is erroneous with probability at most § for
any given input. O

Pr Pr
Tieu T;ep

The following lemma presents two simulations of index-oblivious W*-decision trees by U*-decision
trees with almost the same query complexity. The first one works only for small enough k’s
(k < O(y/n)), but can be carried out index-obliviously; the second one works for almost any &
(k <n/2—o0(n)), but is index-aware.

Lemma 4.7 Let T be an index-oblivious W*-decision tree of worst-case query complezity k that
(€, 9)-approzimates a function f : A™ — B. Then,

1) if &= < 6 < L and k < V/26n, there exists an index-oblivious U*-decision tree T' of worst-case
2n 2

query complezity k that (e,2d)-approzimates f.

2)if2<d<iandk <% — /% there exists an indez-aware U%*-decision tree T" of worst-case
n 2 2 26

query complezity 2k that (e,2d)-approzimates f.

Proof. Without loss of generality, we assume T always performs exactly k queries. Since T is a
Wk-decision tree, we can view its computation as first picking k indices i1, ..., % € [n] uniformly at
random without replacement, and then running the tree with 41,...,7; as the query indices. The
randomness in 7" can be split into two: (1) the choice of the query indices and (2) the random coin
tosses performed later. We denote the random variable that corresponds to the index choice by I,
and the random variable that corresponds to the random coin tosses by R.

Proof of (1):

T' picks i1, ..., uniformly at random with replacement, and then simulates the second phase of T'
with 41,..., 4k as its queries. Clearly, 7" is index-oblivious (because T' is), and its query complexity
is k. We will show that if ¥ < +/2dn, T' errs with probability at most 26 on any input z.

Let E denote the event that iy,...,i; are distinct, and let E denote its complement. Note that
conditioning on F, the distribution of i1,...,4; is uniform without replacement. Thus, for any
input z,

Pr (T’ C =

Dr (@) ¢Cpl)
= Pr (T C E). Pr (E)+ Pr (T C E)- Pr (E
D (@) £Cpl@) | B)- Pr(B)+ Pr (T'a) ¢ Crole) | B)- Pr,(B)

< Pr (T C Pr (E

< Iewg,R( (@) ¢ Cre(@)) + Pr (E)

< 6+ Pr (E)

IeU*k

We next show that Pr(E) < §, completing the proof of part (1). Define (¥) indicator random
variables X;, such that X;; = 1 iff i; = 4;. 41,..., 4 are not all distinct if and only if Zj,l X > 1.

The expectation of 3}, Xj; is (’29)% < % Therefore, using Markov’s inequality, Pr(E) < % < 4.
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Proof of (2):

T" picks 2k indices 41,..., 4o uniformly at random with replacement, selects the first k& that are
all distinct, and runs the second phase of T' with these k indices as its queries. If the 2k indices
contain less than k distinct ones, T outputs an arbitrary answer and halts. Note that T" is not
index-oblivious, since after picking the indices to be queried, it chooses from them the distinct ones.
We next show that if ¥ < n/2 — \/n/2d, then T" (e,24)-approximates f.

Again, we define E to be the event that at least k of the 2k indices chosen are distinct and E to
be its complement. Note that conditioning on F, the distribution of the first k& distinct indices is
uniform without replacement. Thus, an identical argument to the one shown in part (1) proves
that for any input z,

1 nl
P (@) ¢ Crola)) <6+ Py (B)

In order to prove that Pr;cy2x (E) < 8, we define, as before (22k) indicator random variables X ;;, such
that X; = 1 iff 45 = 4;. If the list 41, ..., 49 contains at most k distinct values, then }°;; X; > k
(because the way to create the least number of collisions is to have two occurrences for each of
the k values). On the other hand, the expectation of }°,, Xj; is (22’“)% < % Using the pairwise
independence of X; and Chebyshev’s inequality we obtain:

_ 2k?
Pr(E) < Pr(}_Xj>k) < Pr(}_ Xju— B} Xp) >k———) <
Jit Jil gl
Var(Y;, X)) ()%t 2% _ 2

n < —
= k2(1 _ %)2 k2(1 _ %)2 - k2(1 _ %)2 n(l _ %)2

n

The last expression is at most § for k < n/2 — \/n/24. O

Combining Lemma 4.6 and Lemma 4.7, we obtain the main result of this section:

Theorem 4.8 Let f: A" — B be an e-symmetric function with SZs(f) = k. Then:

(1) if % << % and k < \/26n, there exists an indez-oblivious U*-decision tree of worst-case
query complezity k that (e,28)-approzimates f.

(2) zf% <d< % and k < 5 — /g5, there exists an inder-aware U?k_decision tree of worst-case
query complexity 2k that (e, 26)-approzimates f.

4.3 Approximation Implies Distinguishability

The main lemma of this section proves that any decision tree of worst-case query complexity k
with fixed query distribution D* that approximates a function f can be used to distinguish, using
k samples, the joint query-outcome distributions f)’;c and f)?’/c of any two e-disjoint inputs z,y € A™.
Moreover, if the tree happens to be index-oblivious, it can be used also to distinguish between the
outcome distributions D% and DE.
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Lemma 4.9 Let T be a DF-decision tree of worst-case query complezity k that ge, 5)~—appromimates
a function f : A™ — B. Then for any two e-disjoint inputs z,y € A", d(D’;,Dﬁ) > 1 - 26.
Furthermore, if T is indez-oblivious, also d(D’;,D;j) >1-—24.

Proof. As in [CEGY5], the basic idea underlying the proof will be to show that the distribution of
values read off the input by the random queries along the tree’s paths is very different when z is
the input from when y is the input.

Without loss of generality, we assume that T is regular, that is, it always makes exactly k queries. We
use the two-phase view of T first, it picks I = (i1,...,ix) € [n]¥ according to D* and then it runs
the computation with i1,...,%; as its query indices. Note that the output of 7" is fully determined
by the query indices i1,...,%, by the outcomes of these queries z;,,...,z; , and by the outcomes
of its random coin tosses, which we denote by R. Thus, if we denote by J, = ((41,%s,), ..., (ik, Ts,))
the random variable chosen according to the joint query-outcome distribution ]:7’;, then T' can be
viewed as function that maps (J;, R) to a value in the range B.

When T is index-oblivious, then its output is determined just by the outcomes of the query indices
Tiy,---,%;, and by the coin tosses, without an explicit dependence on the indices 71, ...,%;. Thus,
in this case T' maps (O, R) into B, where O, = (;,,...,%;,) is chosen according to the outcome
distribution DE.

In the following we show that when T is index-aware the distributions of J; and J, are far from
each other for e-disjoint x and y, and similarly for O, and O, when T' is index-oblivious. Since
the argument for both cases is the same, we generically view 7' as mapping a pair (S, R) to B,
and we will argue that the distance between the distributions of S, and S, is large. We denote the
distribution of S by Py, and its domain by S (in the first case P, = D¥ and S = ([n] x A)*¥, and
in the second case P, = D¥ and S = A*).

Let g, def Prs, r(T(S.,R) € Cj(z)) for an input z. By definition, ¢, < ¢ for every input z. We
write ¢, as ¢, = ) ;e P2 (5)Q:(s), where Q,(s) def Prr(T(s,R) € Cf.(2)).
Note that since Cf(z) N Cy(y) = 0, we have Qy(s) > Prr(T'(s,R) € Cye(x)) =1 — Qq(s).

We can rewrite the sum g; + ¢, as follows:

9z +qy = ZPx(s)Qz(s)+Py(3)Qy(3)

SES

> ZP:E(S)Qw(S) + Py(s)(l - Qw(s))

SES

3" min(Py(s), Py(5))

seS

= %ZP$(3)+Py(3) — | Py(s) — Py(s)]
SES
= 1—-d(P,, Py)

v

Since ¢y + gy < 26, then d(Py, Py) > 1 — 26. O
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4.4 Sample Complexity for Distinguishing Distributions

The main aim of this section is to obtain a lower bound on the number of samples required in
order to distinguish between two distributions. We will use two measures of distance between
distributions: the variation distance and the Hellinger distance.

Variation distance is a measure of distinguishability between distributions. In order to get a lower
bound on the number of samples required to distinguish two distributions P and ) with some
advantage o, we need to find a lower bound on the minimal integer k for which d(P*, Q%) > «.
Here, P* and QF are distributions on Q¥ obtained by picking k independent random samples from P
and @ respectively. However, variation distance does not behave well under product distributions,
and in particular there is no simple formula that describes d(P*, Q%) in terms of d(P,Q). We
therefore use the Hellinger distance, which has a nice multiplicativity property and bounds the
variation distance from both sides:

Proposition 4.10
(1) 1-1*(P*, Q) = (1 - 1K*(P,Q)"
(2) h*(P,Q) < d(P,Q) < h(P,Q)v/2 = (P, Q).

The proof appears, e.g., in [LL90]. We repeat it here for completeness:
Proof. Proof of (1):

L-R(PEQY = X P w) Qs )
W1 yeee WEEQN
= Y Pw)Plwr) - Qi) Q)
W1 yeee W €N
= (3 /PW)QW))"
weN

= (1-r(PQ)"
Proof of (2):

PPQ) = 53X (/Pw) - /ew) < %zNP@)—m(w)WP(me(w))
we2
1
2

|P(w) = Qw)] = d(P,Q)

AP,Q) = 33 IPl) - QW) = %Z‘\/P(w)—\/Q(w)‘(\/P(w)Jr\/Q(w))
wWEN
< J% > (VPw) - /QWw) 2(¢P(w)+¢@(w)>2
wEQ
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= VPQ): J (X P+ Y QW +2 Y /Pew)

wes wenN wes

= h(I1(2)' 2'_'h2(}1(2)
O

The following lemma provides the desired lower bound in terms of the distributions’ Hellinger
distance. It was pointed out to us by David Zuckerman [personal communication, September
2000].

Lemma 4.11 Let P and Q be two distributions on Q with h2(P,Q) < 1/2, let 0 < a < 1, and let
k be an integer such that d(P*, Q%) > a. Then: k > m lnrla.;

Proof. By Proposition 4.10 (part (2)), we have
h(P*,Q%)\/2 — h2(Pk, QF) > d(P*,Q%) > «,

which implies that h*(P*, Q%) — 2h%(P*, Q%) 4+ a? < 0. The solution to this quadratic inequality
gives h2(P*, Q%) > 1 — /1 — o2

By Proposition 4.10 (part (1)), we have 1 — (1 — h2(P,Q))* > 1 — /1 — o2. Using the inequality
1—z>e 2 for 0 < z < 1/2, we have:

In 1 1
1-a?
> 1
In ———5~ — 4h%(P,Q) R

4.5 The Lower Bound

We are now ready to prove our main theorem:
Proof. [of Theorem 4.4] Let k = S;(f). We prove each of the two parts separately:
Proof of part (1):

By part (1) of Theorem 4.8, if k& < v/2dn, there exists an index-oblivious U¥-decision tree T' that
(e,20)-approximates f. Let z and y be the e-disjoint inputs that achieve the function’s minimum
Hellinger distance: h(Ug,U,) = he(f). Lemma 4.9 implies that d(Uf,Uf) > 1 —46. Since Uk
and U; are the k-fold products of U, and Uy, and since h*(U,,U,) < 1/2, we can apply the
distinguishability lower bound (Lemma 4.11) to complete the proof of this part.

Proof of part (2):

By part (2) of Theorem 4.8, if k¥ < § — /3%, then there exists an index-aware U?k_decision tree

T that (e,26)-approximates f. Let z and y be the e-disjoint inputs that achieve the function’s
minimum variation distance: d(Uy,Uy,) = d¢(f). Lemma 4.9 implies that d(U2*, ng) >1—44.
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We denote by U, and Uy the distributions on [n] x A obtained by picking i € [n] uniformly at
random and returning the pairs (i, ;) and (i, y;) respectively. Clearly, U2*¥ and Uka are the 2k-fold

product distributions of U, and ﬁy. We next prove two simple facts about the distance between
Uz and Uy.

Claim 4.12 For all inputs z,y € A",
h2((~]$, Uy) = d(ﬁﬂia 03/) = Ham(z,y)

where Ham(z,y) is the relative Hamming distance between z and y (i.e., Ham(z,y) = L|{i € [n] |

T 7 yi}l)-

Proof. By definition (see Definition 4.2), we have:

. 1 ~ =
R(0,0) =5 Y (/00 - /Oylia)?
i€[n],a€A
| - .
d(UwaUy) = 5 Z ‘Uw(’l,,(],) - Uy(’baa)‘
i€[n],a€A

Every term in each of the above sums corresponds to a pair (i,a) € [n] x A. In both sums, this
term is 1/n if and only if exactly one of z;, y; equals a, and is 0 otherwise. Thus, each index i € [n]
for which z; # y; contributes 2/n to each of the two sums (1/n in the term (i,z;) and 1/n in the
term (4,;)), while each index 7 for which z; = y; contributes 0. It follows that:

i € [n] |z # yi}| = Ham(z,y)

N —
SEEN

Claim 4.13 For all inputs z,y € A",

d(Uz,Uy) = min{d(ﬁw(w),ﬁa(y)) ‘ m,0 € Sn}

Proof.
<:

Since Uy and Uy can obtained from U, and ﬁy by projecting on their second coordinate, then
d(Uy,Uy) < d(Uy, Uy). Let 7%, 0" € Sy, be the permutations in which the minimum of d(Uy (), Us(y))
is obtained. Note that d(Uyg,U,) is invariant under permutations: for all m,0 € Sy, d(Us,Uy) =
d(Ur(z); Us(y))- Thus,

AUz, Uy) = AU+ (@), U+ () < AU (), Uy () = min{d(Ur(ay, Un(y)) | 7,0 € Su}

v
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We first describe a procedure to permute z and y. We then claim that the obtained permutations
7 and o* satisfy d(Uy,Uy) > d(Upr(3), Ug» (y))-

The main idea is to move all the shared elements of = and y to their front, such that they will have
a maximal common prefix. Formally, for each a € A, denote by f;(a) and f,(a) the frequencies
of a in z and y respectively (i.e., fz(a) = |{¢ € [n] | z; = a}| and similarly for f,(a)). Let
m(a) = min(fy(a), fy(a)) and M(a) = max(fz(a), fy(a)). Fix some arbitrary order on A, and
permute x and y as follows: enumerate the elements in a € A that have at least one occurrence in
either z or y from smallest to largest according to the fixed order; for each such a, move its first
m(a) occurrences in z and in y to the front of x and y respectively. Note that after this procedure

ends, z and y have a common prefix of length m def > aca m(a); their two suffixes (of length n—m)
are different in every position.

Denote by 7* and ¢* the permutations this procedure induces on z and y respectively. By Claim
4.12, d(Upr=(z), Ug=(y)) equals the relative Hamming distance between 7*(z) and o*(y). Therefore,

~ ~ n—m

d(Un* (z)» Uy (y)) =

n

On the other hand, if we define M def Y aca M(a), then we have:

1 M(a) — m(a M—m
d(Uw*(x)aUa*(y)) Ua;,U Z |U )| — 5 Z ( ) ( ) _

aEA acA

Note that M + m = 2n (since M + m is the sum of frequencies of all a € A in x and y), implying
that (M —m)/2n = (n — m)/n. Therefore,

d(Uwa Uy) = d(ﬁw*(w)a ﬁo*(y)) > min{d(ﬁw(z)a ﬁa(y)) | m,0 € Sn}

Going back to the proof of the theorem, we pick permutations 7,0 € S,,, such that d(ﬁw(z), 0U(y)) =
d(Uy,Uy). Note that d(Ur(y), Us(y)) = d(Uyz,Uy) = de(f). Thus, without loss of generality, we can
assume that = and y themselves were chosen such that d(U,U,) = d(Uy, ﬁy)

Since U2* and ﬁgk are the 2k-fold product distributions of U, and ﬁy, and since hQ(ﬁx,ﬁy) =
d(U,, 0y) = d(Uz,Uy) < 1/2, then we can apply the distinguishability lower bound, and obtain:

k> 1 In - LR
— N — = ——— 111 —
= 812(0,,0,) 85 8d(U,,U,) 8

4.6 Expected Query Complexity vs. Worst-Case Query Complexity

In this section we show that the worst query complexity of any function is at most a factor of
O(log %) away from its expected query complexity:
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Proposition 4.14 For any function f, Ss;(f) < 25¢5(f) - [log %'|

Proof. Let T be a decision tree of expected query complexity k that (e, d)-approximates f. We
show that there exists a decision tree T' that (e,30)-approximates f, and has worst-case query
complexity of 2k[log ].

Given an input z, 7" runs at most d def [log %'| independent simulations of 7" one after the other.
Each simulation is carried out for at most 2k queries. If at any simulation T outputs a value before
the 2k + 1-st query, 7" outputs the same value and halts. Otherwise, it continues to the next
simulation. If none of the d simulations outputs a value by the 2k-th query, 7" outputs an arbitrary

value and halts.

It is clear that 7" has a worst-case query complexity of at most 2kd = 2k[log %'| We are left to
show that it (e, 30)-approximates f. Let us denote by S(7',z) the number of queries T" performs on
z. Clearly, E(S(T,xz)) < k, and therefore, by Markov’s inequality, Pr(S(T,z) > 2k) < 1/2. Let us
denote by F the event that S(T,x) > 2k for all the d simulations of 7T'. Since the simulations are
independent, Pr(F) < (3)? < 4. Therefore,

Pr(T'(z) ¢ Cpe(z)) = Pr(T'(z) & Cre(z) | F) Pr(F) + Pr(T'(z) ¢ Cre(z) | F)Pr(F)

< Pr(F) +Pr(T'(z) & Cpels) | F)
Pr(T(z) & Cre(x) NS(T,z) < 2k)

S Pr(S(T,z) < 2k)

< 0+ 2Pr(T(x) € Cpe(x)) <36

Theorem 4.4 and Proposition 4.14 immediately imply now Theorem 4.5.

5 Applications

5.1 Statistical Moments

The k-th statistical moment, pi : [0,1]" — R, is defined as pg(z1,...,2,) = L 3% 2¥. The
first moment, for example, is simply the mean. An additive approximation of uj can be easily
performed by taking a random sample of size O(ei2 log %), and computing the sample’s k-th moment.
Chernoff-Hoeffding bound [Che52, Hoe63] implies that this yields an e-additive approximation with
probability 1—4. Canetti et al. [CEG95] prove that the mean (and, implicitly, all the other moments

t00) require Q(glg log %) samples. Using Theorem 4.4 we obtain a much simpler proof for this result:
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Theorem 5.1 For all 5= < § < 3 and Q( ln\(/%f)) <e< %,
. 11
eolr) > 1671118_5

Proof. Consider the two inputs (or equivalently, distributions) z and y. z is defined to be 0 with
probability 1/2 — € and 1 otherwise; y is defined to be 0 with probability 1/2 4+ € and 1 otherwise.
Since pi(z) = 1/24 € and pk(y) = 1/2 — ¢,  and y are e-disjoint. We bound the Hellinger distance
of z and y as follows: h?(U,,Uy) =1—2/(1/2+€)(1/2 =€) = 1 — V1 —4e2 <1— (1 — 4€?) = 42
The lower bound follows from part (1) of Theorem 4.4. O

5.2 Frequency Moments

Given a sequence z = x1,...,Z, where z; € [m], the k-th frequency moment of z is defined to be
Fy(x) Wt ™ g, where ¢; = |{j | z; = i}|, the number of occurrences of i in the sequence. We

prove upper and lower bounds for a relative approximation of Fj, that are almost matching.

Theorem 5.2 Letr = min{m,n}. Then, for any k > 2, and for all% << % and Q( W) <
e<1,

(1) Qr=Vr Lol < S (Fy)
(2) Sg5(Fr) < Okr'™1/* 5=y log 3)

Proof. For simplicity, we assume m > n. For the lower bound, we will use part (2) of Theorem 4.4,
since we do not have an upper bound of O(y/n) on S¢s(F). Consider the following two inputs:
the first input is z = 1,...,n. The second input is constructed from x as follows. Divide the input
of length n into n'~1/%/(3€)'/* blocks of size (3en)/k. y is x except in the first block where it is
all 1’s. Clearly, Fy(z) = n while Fy(y) = 3en + (n — (3en)'/*) = n(1 + 3¢), implying = and y are
e-disjoint. Since d(Uy, U,) < O(e'/* /n'=1/), the lower bound follows from Theorem 4.4.

Now, we show that this lower bound is almost tight. Note that for any input z, Uy(i) = ¢;/n.
Thus, computing Fj(x) is equivalent to estimating the k-wise collision probability of U,, since
Fi(z) = XM, ¢ =nF 3" Us(i)k. So, the sampling algorithm picks £ samples 1, ...,z using U,
and counts the k-wise collisions Cy, our basic estimator. It is clear that E(Cy) = (f;) |Uz||k. The
following lemma, whose proof generalizes that of [GR00] for F5, helps us to bound the variance of
this estimator.

Lemma 5.3 Var(Cy) < O(E(Cy)'t1/¥).

Now, noting that ||U;||¥ > 1/r%~!, by Chebyshev inequality, Pr(|Cy — E(Ck)| > €E(Ck)) <
O(1/(2E(Cy) /%)) < O(kF—1r(:=1)"/k J(¢2gk=1)). For this to be a constant, say, 3/4, we get
£ > Qkr'=1/% /2/(k=1)) Now, this experiment can be repeated O(log1/d) times and the median

of these various trials is correct with probability at least 1 — 4. i
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We next give a simple new proof for (a slightly weaker version of) the sampling lower bound of
Charikar et al. [CCMNO0O] for a ratio approximation of Fj:

Theorem 5.4 For all % <d< % and \/% <e< \/72111(11/5);

1
Ses(Fo) > Q(e?>n1n 5)

Proof. Let x be the input that is all 1’s and let y be the input that has n — [(1/€2)] 1’s, followed
by 2,3,...,[(1/€%)] + 1. Note that Fy(z) counts the number of distinct elements in z, and thus
Fo(z) = 1, Fy(y) > 1/€%, implying = and y are e-disjoint. Now, d(Uy,U,) = [(1/€2)]/n < 1/(ne?).
The lower bound follows from part (2) of Theorem 4.4. O

5.3 Selection Functions

Chernoff bound implies that the median of a random sample of size O(glglog%) yields an e-

approximate median. The same result holds for Select, for any constant 0 < ¢ < 1. However,
for ¢ = 0 (minimum) and for ¢ = 1 (maximum), a sample of size O(1log }) is sufficient. We next

show that these bounds are tight:

In(1/4)

Theorem 5.5 For all 5= < § < 3 and Q( Vin ) <e< %,

(1) For e<q<1—¢, S%(Selecty) > Q452 log })

(2) For g <e€,g>1—¢€, SZ(Selecty) > Q(Llog )

Proof. Assume, initially, that e < ¢ <1 —e. We pick z,y € {0,1}" as follows: z has (¢ + ¢)n 0’s
and the rest are 1’s, and y has (¢ — €)n 0’s and the rest are 1’s. Clearly, Cselect, (z) = {0} and

CSelectq (y) = {1}, implying = and y are e-disjoint. Since h*(U,,U,) < €*/(¢q(1 — g)), the bound
follows from part (1) of Theorem 4.4.

When g < €, we pick z as before and y = 1", and when ¢ > 1 — ¢, we pick y as before and z = 0.
The fact that h?(Uy, Uy) < 2¢ implies the lower bound. O
5.4 Extractor and Disperser Lower Bounds

Using the lower bounds for the mean and the maximum, we can immediately derive the lower

bounds on the seed length of extractors and dispersers originally proved by Radhakrishnan and
Ta-Shma [RTS00]. We first recall the definitions of dispersers and extractors:

Definition 5.6 (Disperser) A function D : N x T — M, where |N| = 2", |T| = 2!,|M| = 2™, is
a (k,€)-disperser, if for all subsets K C N of size at least 2, |D(K,T)| > (1 — €)2™.
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Definition 5.7 (Extractor) A function E: N x T — M, where |N| = 2", |T| = 2!,|M| = 2™, is
a (k, €)-extractor, if for all distributions X on N with min-entropy at least k, d(E(X,Ur),Up) < e,
where Ur and Ups are the uniform distributions on T and M respectively.

Zuckerman [Zuc97] showed that any extractor implies an (oblivious) sampling algorithm for the
mean:

Lemma 5.8 (Zuckerman) If there ezxists a (k,e€)-extractor E : N x T — M, then there ezists a
sampling algorithm T of worst-case query complexity 2! that (e, 1/2”_k_1)—appr0$imates the mean
K1 s [07 1]‘M| - [Oa 1]

A similar argument can show that any disperser implies a sampling algorithm for the maximum:

Lemma 5.9 If there exists a (k, €)-disperser D : NXT — M, then there exists a sampling algorithm
T of worst-case query complexity 2 that (e,1/2"*)-approzimates the mazimum max : RM 5 R.

Using these connections and our lower bounds for the mean and the maximum, we can obtain a
simple proof for extractor and disperser seed length lower bounds:

Theorem 5.10
(1) Let D : N x T — M be a (k,€)-disperser. Then t > log(n — k) + log 2 — O(1).
(2) Let E: N x T — M be a (k,e€)-extractor. Then t > log(n — k) +2log 1 — O(1).

Proof. Using Lemma 5.9, the existence of D implies the existence of a sampling algorithm Tp
of worst-case query complexity 2¢ that (e, 1/2"*)-approximates max : R?" — R. Our sampling
lower bound for the maximum (Theorem 5.5) implies that:

2> 9 log(2" ) = (0 — )

which derives part (1) of the theorem.

Similarly, Lemma 5.8 implies that the existence of E yields a sampling algorithm T that (e,1/27*~1)-
approximates u; : [0,1]" — [0,1] with 2! queries. Our lower bound for the mean (Theorem 5.1)
implies that:
1 L 1
2> Q(51og(2" ) = Q5 (n -k - 1))
which derives part (2) of the theorem. O

6 Tightness of the Bounds

In this section, we discuss the tightness of our bounds. First, we show that for symmetric functions
the lower bound achieved in Section 4 is always at least as strong as the lower bound via block
sensitivity.
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Theorem 6.1 For all € > 0 and every e-symmetric function f: A™ — B, h2%f) > delf) > bse(f)-

Proof. The first inequality follows from Proposition 4.10. For the second inequality let z be the
input that achieves the block sensitivity of f, and let I C [n] be the largest block to which f is
e-sensitive on z. Note that bs.(f) = bsc(f,z) < n/|I|.

Let Q € Al be the assignment to I such that z and y = 2(/<9) are e-disjoint. Since z and y
differ in |I| positions, then d(U,,Uy) < |I|/n. Therefore, by definition, d¢(f) < |I|/n. The theorem
follows. a

We now show that the lower bound achieved in Section 4 is reasonably tight for functions over
small finite domains (e.g., functions over a Boolean domain). The proof is due to Luca Trevisan
[personal communication, March 2001].

Theorem 6.2 If f: A™ — B is an ¢- symmetric function with approzimation Cj . that satisfies the
sunflower property, then S&s(f) < O(|A|d2 In 6)

Proof. Given input z, the algorithm for approximating f will try to construct a distribution @,
which approximates U, in variation distance to within an additive factor of 8 = d¢(f)/18.

The algorithm constructs @), by picking k£ independent samples z1,...,z, uniformly at random
from z, and computing for all a € A: Q(a) = (1/k)|{i | =; = a}|. We choose k = |A|/2.

Define e, = \Qw( ) — Ug(a)], the error made on a; we bound E(e,) as follows: F(e,)? < E(e2) =
E(|Qz(a) — Uy(a)]?) = Var(Q(a)). Define for all i € [k], Z; = 1, if z; = a and Z; = 0, otherwise.
Then, Q(a) = %Ez [k Z;. We obtain E(e,)? < Var(%zie[k] Z;) = Elgzie[k] Var(Z;) = Elg k-
Up(a)(l — Uz(a)) < Us(a )/k Now, if Uy(a) < 1/|A|, then E(e,) < /(1/[A])(B*/A]) = B/IA].
If Ug(a) > 1/|A|, then E(e,) < \/U Y(B?/IA]) < VUr(a)?B% = BU,(a). Thus, for all a € A,
E(eq) < max{f/|A|, BUs(a)}.

Note that d(Qz,Uy) = 5 Y gca €a- Thus,

E(d(Qs,Uz)) = 5 ZE €a)

IA

> %+ Y AU

a:Uz(a)< Ta] a:Uz(a)> %I
1
< SOAl-(B/1A) +5-1) = .

Therefore, by Markov’s inequality, Pr(d(Qz,Uz) > 33) < 1/3.

The algorithm will generate £ independent approximations Q., ..., Q% for U, where £ = O(In (1/6)).
We call an approximation Q% “good”, if it is at distance of at most 33 from U,. Chernoff bound
implies that with probability at least 1 — §, more than half of the approximations are good. Note
that by the triangle inequality every two good approximations are at distance of at most 65 from
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each other. The algorithm thus picks an approximation @, that is of distance at most 64 from more
than half of the other approximations, if one exists. If indeed more than half of the approximations
are good, then (1) QJ exists (each good approximation can serve as Q%) and (2) any QJ, we pick
has at least one good approximation at distance of at most 63; therefore, QJ is at distance of at
most 98 from U,. We conclude that with probability 1 — ¢ our algorithms finds an approximation
Q@ that satisfies d(Qz,Uz) <98 = dc(f)/2.

The algorithm now looks for the set D of all inputs y for which d(Qg,Uy) < de(f)/2. What we
proved above shows that with probability 1 — §, x € D. Moreover, by the triangle inequality
for every two inputs y,y' € D, d(Uy, Py) < de(f). It follows from the definition of d.(f) that
Ct,e(y)NCre(y') # 0. Using now the sunflower property of C, we obtain that there exists a value
b€ Nyep Cr,e(y) € Cfe(x). The algorithm outputs b. O

The analysis of the technique applied in this theorem is tight in terms of its dependence on |A|, since
there is a lower bound of Q(|A|) on the number of samples required to approximate an unknown
distribution in L; distance [BFR*00]. Therefore, in order to obtain a better upper bound one
should apply a different technique.

For small domains this upper bound can be tight up to a constant factor. The tightness depends
on the difference between d¢(f) and he(f). In the Boolean median, for example, d.(median) =
he(median) = €, which means that the bound is tight. In any case, since d.(f) > h2(f), the
difference between the upper and lower bounds is at most quadratic for small domains.

Finally, we show that block sensitivity is not a good lower bound in some cases.

Proposition 6.3 There is a function f : A" — B such that SZ;(f) = Q(v/n), while bsc(f) =
O(1/e).

Proof. Let f be the Boolean function on bounded-degree d graphs with n vertices such that f(z) =1
iff x is a bipartite graph. z is represented by the graph’s edge list (a list of dn integers in [n]). We
consider the property testing approximation. If z is bipartite, to make it e-far from being bipartite,
we need to make at least edn modifications to its edge list, implying (edn)-sized blocks, which
implies only O(1/¢) block sensitivity. On the other hand, Goldreich and Ron [GR97] prove that

Ses(f) = Q(v/n). O

7 Lossy Compression

In the context of computing with massive data sets, the following question is fairly natural and
extremely important: what computations can be performed efficiently when data is available in
compressed form? Specifically, it is of much interest to find algorithms that are able to compute
interesting functions without completely decompressing the compressed data. Applications include
pattern matching on compressed text files [ABF96], operations such as scene change detection and
abrupt lighting change detection on video sequences [Cha95], and nearest neighbor computations.

This question becomes more interesting if, to gain larger compression factors, we are willing to
accept some loss in the precision of the computation. The idea of lossy compression has been
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around quite awhile, and is used in multimedia applications, where images and video sequences
are routinely stored in compressed form. The guideline in these areas is that a lossy compression
method is good if a typical human observer cannot tell the difference between an image and its
version stored using the compression technique.

To our knowledge, there is no formal treatment of the notion of approximate computation from data
stored using a lossy compression technique. The closest is the notion of computing from sketches,
described in [FKSV99, BCFM98], and our definition below may be thought of as an extension of
theirs.

Definition 7.1 (Lossy compression scheme) Fore,d > 0, a function f : A" x F — B is said
to admit a (c,€,0)-lossy compression scheme if there erists a (probabilistic) compression function
¢: A" — E and a (probabilistic) approzimating function f : E x F — B such that:

(1) log|E|/(nlog|A]) < ¢;
(2) for all inputs © € A"y € F, f(¢(z),y) € Ct.e(z,y) with probability at least 1 — 0.

It is natural to wonder why f is taken to be a bivariate function in the definition above. If not, the
trivial compression function ¢ = f and the trivial approximating function f = IDENTITY would
be a perfectly good compression scheme. That is, if we wish to be able to compute f(z) from
the compression ¢(z) of z, simply precompute f(z) and let ¢(z) = f(x). The point, in all real
applications, is to be able to compress £ without the knowledge of which y will be the argument for
the computation of f(x,y) (possibly in the future). For example, with image compression, the role
of y is played by (reasonable) human observers, and the goal is to compress an image so that for
any observer, the image and its compressed version look similar. In nearest neighbor computation,
the role of y is played by a future “query” input for which we need to find the nearest database
point from a set of database points stored in compressed form. The situation is similar for pattern
matching.

We now point out that under certain conditions, a sampling algorithm for f implies a lossy com-
pression scheme for f. The proof of the following proposition is straightforward.

Proposition 7.2 If f : A" x F — B has an (¢,6) sampling algorithm that, to compute f(z,vy),
makes oblivious, uniformly random queries to entries of x, then f admits a (c,€,d)-lossy com-
pression scheme, where ¢ depends on the mazimum space needed to store the internal state of the
sampling algorithm.

7.1 Streaming Algorithms

Consider a function f : A — B. In the basic streaming model, a stream is an ordered sequence
of pairs (i,z;) where i € [n],z; € A that is presented on a unidirectional read-once tape. Each
i € [n] occurs exactly once in the stream. The requirement of a streaming algorithm is that it
should output the correct (possibly approximate) value of f irrespective of the ordering of the
input sequence.
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Definition 7.3 An (s,t)-streaming algorithm for a function f : A™ — B is a streaming algorithm
for f that, for every €,8 > 0 uses work space s = s(n, |Al,¢,0), time t = t(n,|Al|, €, d) per data item,
and for any input x with probability at least 1 — §, outputs a y € Cf (x).

Our next observation is that every sampling algorithm (a randomized decision tree) yields a stream-
ing algorithm in a natural way.

Proposition 7.4 A non-adaptive sampling algorithm for f that works for all €,6 > 0 implies a
streaming algorithm for f that uses space at most SZ5(f) - O(log |A| +logn).

Proof. Construct a streaming algorithm in the following manner. Without loss of generality, let
the non-adaptive sampling algorithm toss coins to pick ng&( f) indices to sample. Let this index set
be I. Now, on an input stream consisting of tuples (i, x;), if 7« € I, the streaming algorithm stores
z;. After it has read all the samples, it runs the rest of the sampling algorithm. Clearly, the space
used by the streaming algorithm is S¢%(f) - O(log |A| + logn). O

Finally, we note that a streaming algorithm for a function yields a lossy compression scheme for
the function. In particular, if the function is a metric, this yields a nearest neighbor scheme as well.

Proposition 7.5 A streaming algorithm for f : A" x F — B that uses space s implies, for every
€,0 >0 a (c,€,0)-lossy compression scheme for f, where c = O(s/(nlog|A|)).

Proof. Given a streaming algorithm 7T for f that runs in space s, the compression function ¢(z) is
given by the contents of the work tape of T' (of size < s) when T is run on z, pretending that it
arrives as a stream. The approximating function 1, given ¢(z),y, resumes the streaming algorithm
T initializing the work tape to ¢(z), and supplying y in a stream (in arbitrary order), and outputs
the output of T'. O

A partial converse to the above was proved by making additional assumptions about the encoding
function of the lossy compression [FKSV99]. We omit all the parameters in the following statement.

Proposition 7.6 [FKSV99] If f has a lossy compression scheme whose compression function has
a streaming algorithm, then f has a streaming algorithm.

7.2 Nearest Neighbor Schemes

We point out one interesting application of the connection to lossy compression. We define a metric
nearest neighbor scheme and show that a lossy compression scheme for the metric yields an efficient
nearest neighbor scheme.

Definition 7.7 (Nearest neighbor scheme) For a metric space A? with metric f, an (s,t)-
nearest neighbor scheme is an algorithm that, for any €,6 > 0, preprocesses N points X =
{z1,...,zn} C A? into a storage of size s = s(N,d,€,8) such that for any query y € A%, with
probability at least 1 — 6, it outputs an x € X in time t = t(N,d,¢,0) such that for all ' € X,
flzy) < (1+e)f(,y).
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Proposition 7.8 If f : A% x A? = R is a metric and has a (c,€,6)-lossy compression scheme with
compression function ¢ and approzimating function f, then there is an (Nedlog|A|, Nt(e,6/N))-
nearest neighbor scheme for A% with f as the metric, where t(e,8) denotes the time for one appli-
cation off to succeed with error € and confidence 1 — §.

Proof. We can take each z; € X and compress under C to get a signature z; of size cdlog |A| and
store it. Upon a query y € A?_ for each stored signature z;, we use the approximating function f
to find the z; such that f(z;,y) is the minimum. The proposition follows from the properties of
lossy compression. O

The parameters of the approximate nearest neighbor algorithm from Proposition 7.8 are quite
poor in terms of NV, since the algorithm simply applies f to each database item. If f is also a
distance function in a smaller dimensional space, then one may recursively apply any of the known
approximate nearest neighbor computation techniques to improve the speed. Unfortunately, f often
involves the median operator, which is not a distance function. In an earlier version of this paper,
we had claimed that this problem could be circumvented, but this claim appears to be erroneous.
Independently, Indyk [Ind00] has shown how to handle some of the complications that arise due
to the median; he applies the streaming algorithms of [AMS99, FKSV99] for distance functions to
obtain embeddings of metric spaces into metric spaces.

8 Related Work

Most of the computer science literature on the query complexity of sampling algorithms concen-
trated on the variant of the model in which the functions are Boolean (i.e., A = B = {0,1}) and
the computation is required to be exact. This variant is captured by the famous Boolean decision
tree model (see [Bd99] for a recent survey about this area).

The query complexity of deterministic, randomized, and non-deterministic computations of Boolean
functions is well understood, and is known to be related to various function properties, like sensi-
tivity and block sensitivity, certificate complexity, and degree of representing and approximating
polynomials. The situation for the query complexity of approximation of general functions seems to
be very different. For example, it is known that the query complexity of (even randomized) compu-
tation of any non-constant Boolean symmetric function is Q(n) [Pat92, vR97]. On the other hand,
the query complexity of approximating some non-Boolean symmetric functions (like the mean and
the median) is only constant.

We are aware of only a few lower bounds in the theoretical computer science literature on the query
complexity of non-Boolean function approximations; all of these are tailored to specific functions.
Canetti et al. [CEG95] show a lower bound for additive approximation of the mean; Dagum et
al. [DKLR95] (and also, implicitly, Schulman and Vazirani [SV99]) give lower bounds for relative
approximation of the mean on any input z. Charikar et al. [CCMNO00] prove a lower bound for ratio
approximation of the frequency moment of order 0. Nayak and Wu [NW99] give a lower bound on
the quantum query complexity of the median and some other statistics.

Sampling algorithms can be viewed as a special case of the general framework studied in statistical
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decision theory [Ber85]. Classical decision theory takes a point of view, which is somewhat orthog-
onal to our goals, by seeking ways to get the best approximation from a given set of sample points.
In particular, in their setting the algorithm has no control over the samples, their number, or their
distribution.

Several sampling lower bounds from sub-areas of statistical decision theory are related to our
work. The Cramér-Rao inequality (see, e.g., [Van68], Chapter 2.4) is a classical result in statistical
estimation theory, which provides a lower bound on the variance of any unbiased estimator for an
unknown parameter (that is, an estimator whose expectation is the true value of the parameter)
in terms of the Fisher information of the sample distribution. Statistical learning theory [Val84,
KV94, Vap98| includes lower bounds on the number of samples needed to learn an unknown function
in terms of the VC dimension of the hypothesis space. The optimality of the sequential probability
ratio test is a fundamental result in statistical sequential analysis (see, e.g., [Sie85], Chapter 1),
which gives a lower bound on the expected number of samples needed to distinguish between two
distributions.

All of the above bounds hold for algorithms whose queries are independent and identically dis-
tributed. Thus, the bounds do not apply, at least directly, to our setting, where the sampling
algorithm may apply different sample distributions for each query, and may have queries that de-
pend on each other. In fact, as we mentioned already before, our work on symmetric functions can
be viewed as a reduction from the computer science setting to the statistical i.i.d. setting. We can
then apply known tools from statistics, like the Hellinger distance, to obtain the lower bounds.

9 Discussion and Open Problems

This paper concentrates on a worst-case analysis of the (expected and worst-case) query complex-
ity. Specifically, we defined the query complexity of a decision tree as its query complexity on
the “worst” input. However, sometimes the query complexity varies significantly for different in-
puts and a worst-case analysis gives too pessimistic a view. For example, the query complexity
of a relative approximation of the mean is (n), since in such an approximation the inputs 0"
and 0"~ !1 are e-disjoint, while having Hellinger distance of O(1/4/n). However, the mean of an
input z € {0,1}" with a constant number of 1’s can be approximated with only O(e~2logd~1)
queries. This motivates the definition of the query complexity of a function f : A — B on a
specific input x € A", as S¢;(f,z) = min{SE;5(T,z) | T (¢, 6)-approximates f} (and similarly for
S¢5(f, ). Our two lower bounds (Theorem 3.2 and Theorem 4.4) can be stated in terms of the
query complexity of f on z: S¢;(f,z) > (1 — 20)bsc(f,z) and Sgs(f,z) > Q(Emlog %), where
h%(f,z) = min{h?(U,,U,) | y is e-disjoint from z}. Using this formulation, one can prove, for
n

example, that a relative approximation of the mean on input z € {0,1}" requires Q(m log%)
queries, where |z| denotes the Hamming weight of z.

As mentioned above, Boolean query complexity is known to be related to several function properties,
one of which is block sensitivity. In this paper we explored only the generalization of block sensitivity
to non-Boolean functions. Similar generalizations may be possible also for some of the other
properties. However, it is not clear yet whether such generalizations would yield lower or upper
bounds for the query complexity of general function approximation.
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Our lower bound for the expected query complexity of symmetric functions (Theorem 4.5) has no
dependence on the confidence §. An interesting open problem is to improve this bound to include
the missing O(log(1/6)) factor.

The lower bound for symmetric function (Theorem 4.4) is based on the fact that an algorithm
that approximates the function has to be able to distinguish between any pair of e-disjoint inputs.
However, in some cases there are many inputs that are all mutually disjoint from each other,
and the algorithm manages to distinguish between all of them simultaneously. It seems that the
number of mutually disjoint inputs should be a parameter in the lower bound (i.e., the greater
this number is the higher the lower bound should be). One case where this comes into play is
the estimation of the empirical distribution U, of a given string z: f : A" — [0,1]/41, f(z) = Uy,
Cte(z) ={D | d(D,U;) < €}. For this function, Batu et al. [BFR"00] show a Q(]A|) lower bound
(with no dependence on € or §). Our results imply only an Q(e~!log(1/4)) lower bound (with no
dependence on |A|). It seems that our bounded misses the |A| factor, because it ignores the fact
that this function has exponentially many mutually disjoint inputs.

Finally, an important open problem is to find tight lower bounds for the query complexity of non-
symmetric functions. Currently, we have only the block sensitivity bound, which seems to be too
weak.
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