
Size-Estimation Framework withApplicationsto Transitive Closure and Reachability�Edith CohenAT&T Bell LaboratoriesMurray Hill, NJ 07974edith@research.att.comRevised: July 8, 1996AbstractComputing the transitive closure in directed graphs is a fundamental graph prob-lem. We consider the more restricted problem of computing the number of nodesreachable from every node and the size of the transitive closure. The fastest knowntransitive closure algorithms run in O(minfmn; n2:38g) time, where n is the numberof nodes and m the number of edges in the graph. We present an O(m) time ran-domized (Monte Carlo) algorithm that estimates, with small relative error, the sizes ofall reachability sets and the transitive closure. Another rami�cation of our estimationscheme is a ~O(m) time algorithm for estimating sizes of neighborhoods in directedgraphs with nonnegative edge lengths. Our size-estimation algorithms are much fasterthan performing the respective explicit computations.1. IntroductionComputing the transitive closure and reachability information in directed graphs is a funda-mental graph problem that has many applications, in particular in database systems (see,e.g., Dar [9] and Yannakakis [24]). Consider directed graphs G = (V;E) where n = jV j andm = jEj. In the all-pairs problem, the goal is to �nd all pairs of nodes (u; v) 2 V � V ,such that u can reach v via a directed path between them. In the single-source problem,the goal is to compute all nodes reachable from a speci�ed source node. In the (symmetric)single-sink problem, the goal is to compute all nodes that can reach the sink. The single-source (or single-sink) problems can be solved using linear-time O(m + n) graph searchingtechniques such as depth-�rst search or breadth-�rst search. The best known bounds for the�Preliminary version appeared in the proceedings of FOCS '941



all-pairs problem is O(mn), by solving a single-source problem for each node, or alternativelyO(n2:38) [7] using fast binary matrix multiplication. (see e.g. [8] for background).The objective, for many applications, is to solve the more restricted descendant countingproblem, that is, to compute (or estimate) for each node the number of nodes reaching orreachable from it and the total size of the transitive closure. Descendant counting is a funda-mental problem and hence, there is interest in designing dedicated algorithms that are fasterthan performing the explicit computations. For example, in query optimization in databases,estimates of query result size are useful both when the size itself is the desired answer oras a way to determine the feasibility of a query. (Papers by Lipton and Naughton [21], andby Lipton et al. [22] provide results and a survey of other work.) Size estimation may alsobe useful in applications involving multiplications of large matrices with real-valued entries([R. Lipton, personal communication]). In [5] the author applied (and experimentally evalu-ated) the use of size estimation for computing sparse matrix products. Sparse matrices canbe multiplied using much fewer operations than dense ones. Hence, prior knowledge of thenumber of non-zero entries in a product of matrices can be used to speed up the multiplica-tion. The problems of estimating the number of nonzero entries in each column, each row,or the whole matrix product of (two or more) matrices reduces naturally to estimating sizesof reachability sets.For each v 2 V , denote by S(v) the reachability set of v (set of nodes reachable from v)and denote by T = Pv2V jS(v)j the size of the transitive closure. We present a Monte Carlolinear time algorithm that produces ŝ(v) (v 2 V ) and T̂ , high con�dence estimates withsmall relative error on S(v) (v 2 V ) and T , respectively. By reversing edge directions, theresults carry over to the symmetric problem of estimating the number of nodes that can reacheach node. Our method introduces a general size-estimation technique. Another importantapplication is estimating sizes of neighborhoods in directed graphs with nonnegative edgelengths. For a node v 2 V and d > 0, the d-neighborhood of v, denoted N(v; d) = fu 2V jdist(v; u) � dg, is the set of nodes within distance of at most d from v. We present aO(m log n+n log2 n) timeMonte Carlo algorithm that for each pair (v; d) 2 V �R+ producesn̂(v; d), a high con�dence, small relative error estimate on the size of the neighborhoodN(v; d). (The algorithm outputs a compact representation of all neighborhood sizes suchthat for a given pair (v; d), an estimate can be obtained in O(log log n) time.) Previously,it was not known that sizes of reachability sets can be estimated faster than a transitiveclosure computation and that neighborhood sizes can be estimated faster than explicit allpairs shortest paths computation ( ~O(mn) time by applying Dijkstra's algorithm for eachv 2 V as a source [8]). Our algorithms are also simple to implement and we expect them tobe useful in practice. Further applications of our scheme are a new approach for computingthe transitive closure, fast estimations of sizes of unions of reachability sets, and an onlinemethod for counting events in a distributed setting.For any �xed � > 0 and � 2 (0; 1], our estimates for neighborhoods, reachability sets, andtransitive closure sizes (the quantities n̂(v; d), ŝ(v) , and T̂ ) are such that with probabilityat least 1 � �, the respective relative error ( jjN(v;d)j�n̂(v;d)jjN(v;d)j , jjS(v)j�ŝ(v)jjS(v)j , or jT�T̂ jT ) is at most�. Furthermore, the expected relative error and the variance can be made smaller than any�xed �. More precise tradeo�s between running time and accuracy are presented later on.2



We sketch our algorithm and provide some intuition. Our approach utilizes a lineartime procedure that for each node v 2 V , returns a random sample from a distributionwith parameter jS(v)j. We apply the procedure several times and for each v 2 V , deduce(estimate) the value of jS(v)j from the samples. The problem of estimating the parameter ofa distribution from samples, knowing the family (e.g., Poisson or Exponential distributions),arises frequently in many contexts (see, e.g. [3]). Karger [16] used a similar approach toestimate the size of the min-cut in weighted graphs. To produce the samples, we employa subroutine for the least-descendent mapping: For a directed graph and a ranking of itsnodes (a bijection of V onto f1; : : : ; ng), compute a mapping of every node v 2 V to theleast-ranked node in S(v). The least-descendent mapping can be computed in O(m) timeusing any standard linear-time graph searching method (e.g., Depth-First or Breadth-Firstsearch). Consider the least-descendent mapping when the ranking is a random permutation.For each v 2 V , the lowest rank of a node in the set S(v) is highly correlated with the size ofS(v). For example, if S(v) contains at least half the nodes, it is very likely that the lowestrank of a node in S(v) is very small, and if S(v) contains only one node, we would expectthe lowest rank to be around n=2. The estimation algorithm computes the least-descendentmapping for random rankings and uses these lowest-ranks to produce, for each v 2 V , anestimate of jS(v)j. The con�dence level and the accuracy of the estimates can be increasedby considering least-descendent mappings produced by several such iterations (each utilizinga di�erent random permutation). In e�ect, in each iteration random keys for the nodes areselected independently from some distribution. The least-descendent mapping is computedwith respect to the ranking induced by sorting the keys. For each v 2 V , an estimate ŝ(v) isobtained by applying an estimator to the keys of the least-descendants of v in the di�erentiterations. We analyze several distributions and estimators.We provide a parallel version of our reachability sets size estimation algorithm. We reducethe problem to O(log n) single-source reachability computations on subgraphs of our inputgraph. Descendant counting plays an important role in parallel depth-�rst search algorithmsfor planar and general graphs [1, 15]. Kao and Klein provided a polylog time linear processoralgorithm for descendant counting on rooted planar graphs [15]. Their algorithm is basedon a fairly complicated reduction to the single-source reachability problem and an e�cientparallel algorithm for planar single-source reachability. By combining our results with Kaoand Klein's (or the improved Guattery and Miller [12]) planar reachability algorithm, weobtain a parallel algorithm for approximate descendant counting on general planar graphs.The previous best known algorithm for estimating the size of the transitive closurewas given by Lipton and Naughton [20, 21]. For any �xed � > 0 and � 2 (0; 1], in timeO(npm) their algorithm computes an estimate T̂ such that with probability at least 1� �,jT � T̂ j � �T + n(1 + �). When T = !(n), their estimate has small relative error (withprobability at least 1 � �, jT � T̂ j � �T ). They also showed that for almost-regular graphs,where the out-degrees of all nodes are within a constant factor of each other, the algorithmruns in linear O(m) time. Lipton and Naughton posed as an open question the existence ofa linear time estimation algorithm for general graphs. Previous algorithms for estimatingthe size of the transitive closure were based on randomly sampling source-nodes, solving thesingle-source reachability problem for the sampled nodes, and using this information to esti-mate the size of the transitive closure. Lipton and Naughton introduced adaptive sampling3



of source-nodes, that is, instead of initially �xing the number of sampled nodes, according tothe speci�ed con�dence and accuracy levels, it initially allocates time bounds and samplessource-nodes adaptively until the allocated time is used. Our estimation algorithm answersa�rmatively the open question posed by Lipton and Naughton. Furthermore, it overcomesother drawbacks of previous algorithms. The source-node-sampling based approaches inher-ently can not estimate sizes of reachability sets of nodes other than the sampled source-nodes.Our algorithm estimates sizes of all reachability sets, runs in linear time, and has small ex-pected relative error for all input graphs.In Section 2 we present our estimation framework. In Section 3 we apply the estima-tion method to sizes of reachability sets and transitive closure. Section 4 is concerned withestimating reachability in parallel. In Section 5 we apply our framework to estimate neighbor-hood sizes in directed graphs with nonnegative edge lengths. Section 6 contains a discussionof estimators. We consider estimators based on averaging or on the bk(1� 1=e)cth smallestof the keys of least-descendants obtained in k iterations. Section 7 contains the performanceanalysis for selection-based estimators and Section 8 considers averaging-based estimators.In particular, we provide exact tradeo�s between the estimate quality and the number ofiterations. Section 9 is concerned with some implementation issues. In Section 10 we discussfurther applications.2. The estimation frameworkWe present our size estimation framework. An analysis is provided later on.Let X and Y be sets and let S : Y ! 2X be a mapping from the elements of Y to subsetsof X. Let w : X ! R+ be nonnegative weights associated with the elements of X. Ourobjective is to compute estimates on w(S(y)) = Px2S(y)w(x) for all y 2 Y . We assume thatthe elements of X and Y and the weights are given, but it is costly to compute w(S(y)) forall y 2 Y . The following Least-Element Subroutine (LE) is provided as an oracle. When LEis presented with a ranking r : X ! f1; : : : ; jXjg of the elements of X, it returns a mappingle : Y ! X, such that for all y 2 Y , le(y) 2 S(y) and r(le(y)) = minx2S(y) r(x). That is, foreach element y 2 Y , LE computes the least element in S(y) with respect to the ranking r.See Figure 1 for an example of such sets X and Y , some ranking r on the elements of X, andthe corresponding mapping le. The applications in this paper utilize only a non-weightedversion, where all the elements of X have unit weights and our goal is to compute estimateson jS(y)j for all y 2 Y . With unit weights, LE is applied with rankings that are randompermutations.The estimation algorithm performs n iterations, where n is determined by the desired ac-curacy of the estimate. After the iterations, estimates are produced by applying an estimatorto the values obtained. The ith iteration (1 � i � n) is as follows:i. Select keys Ri : X ! R+, independently for each x 2 X. The distribution from whichRi(x) is selected is determined by w(x). We analyze the Exponential family of dis-tributions, with parameter w(x): The exponential distribution has probability density4
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r: Figure 1: Example of sets X and Y , a ranking r, and le : Y ! X.function w(x) exp(�w(x)t) and distribution function 1 � exp(�w(x)t) (t � 0). (Oneway to obtain samples is to sample z from Uniform [0; 1] and output �(ln z)=w(x)).ii. Apply LE with the ranking onX induced by sorting the keysRi. Denote by lei : Y ! Xthe mapping returned by LE.The following claims are immediate.Proposition 2.1 For all y 2 Y , the distribution of the minimum key R(le(y)) depends onlyon w(S(y)).Proof: The minimum of k r.v.'s with distributions with parameters w1; : : : ; wk has distri-bution with parameter Pkj=1 wj.Proposition 2.2 For all y 2 Y and x 2 S(y), Probfx = le(y)g = w(x)w(S(y)) . In unweightedsettings, le(y) has a uniform distribution over S(y).For each element y 2 Y , we estimate w(S(y)) by applying an estimator to the valuesRi(lei(y)) (1 � i � n). We consider estimators based on:i. averaging the n samples.ŝ(y) � nP1�i�nRi(lei(y)) ; n � 1P1�i�n Ri(lei(y))ii. selection from the samples. Let ~le(y) be the bn(1�1=e)c-smallest value in the sequenceRi(lei(y)) (1 � i � n). ŝ(y) � 1~le(y)5



Using the Uniform distribution. An alternate family of distributions that providesthe same asymptotic convergence is Minimum of Uniform distributions: The key of x 2 Xis sampled from a distribution U (w(x)) with probability density function w(x)(1 � t)w(x)�1and distribution function 1 � (1 � t)w(x) (0 � t � 1). For unit weights, U (1) is the uniformdistribution on the interval [0; 1]. (One way to sample from U (w) is to sample z from Uniform[0; 1] and output 1�z1=w.) For our estimation framework to be e�ective, we requirew(S(y)) �1 for all y 2 Y . With this family of distribution we consider the averaging estimatorŝ(y) � nP1�i�nRi(lei(y)) � 1and selection estimator ŝ(y) � 1~le(y) � 1 :Complexity. Computing the estimates ŝ(y) for all y 2 Y amounts to producing n (sorted)random key assignments and performing n calls to LE. For simplicity of presentation andanalysis we assume that the selected keys are real numbers. Simple considerations show, how-ever, that it is su�cient to use O(log ��1) signi�cant bits, where � is the tolerated relativeerror. The expected number of other bits is constant, hence O(log ��1) random bits per keyare su�cient. Furthermore, randomized-rounding type analysis establishes that for n� ��1,a constant number of signi�cant bits su�ces. Standard arguments show that a list of indepen-dent identically distributed numbers can be sorted in expected linear time (e.g., using hash-ing). Hence, for unit weights, the sorted key assignment is selected in O(jXj log ��1) time.Keys can also be sorted in linear time when, for example, log (maxx2X w(x)=minx2X w(x))is small or when the weights w(x) (x 2 X) are provided sorted.Convergence. In later sections we establish that the estimates ŝ(y) have the followingcon�dence and accuracy levels. These asymptotic bounds are applicable to other variants ofthe estimators listed above.Theorem 2.3 For all y 2 Y ,for 0 < � < 1 ; Probfjw(S(y))� ŝ(y)j � �w(S(y))g = exp(�
((�2n))) :for � � 1 ; Probfjw(S(y))� ŝ(y)j � �w(S(y))g = exp(�
((�n))) :Theorem 2.4 For all y 2 Y ,E(jw(S(y))� ŝ(y)j=w(S(y))) = O(1=pn) :In Section 7 we establish the correctness for the selection based estimators (using Cherno�bounds). In Section 8 we provide exact analytic expressions for the dependence of thecon�dence on the accuracy, the bias, the variance, and the relative error for the averagingbased estimators with exponentially distributed keys.6
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Example: 

Reachability sets: S(a)={a,b,d,f,h}  S(b)={b,d,f,h}  S(c)={b,c,d,e,f,h}

S(d)={d,f,h}  S(e)={e}  S(f)={f}  S(h)={f,h}

For ranks such that r(e)<r(b)<r(d)<r(a)<r(c)<r(f)<r(h)

we have le(a)=b,le(b)=b,le(c)=e,le(d)=d,le(e)=e,le(f)=f,le(h)=fFigure 2: Example of a graph, a ranking of the nodes, and a corresponding mapping3. Estimating reachabilityWe apply the framework of Section 2 to estimate sizes of reachability sets and the transitiveclosure. The objective is to compute for each v 2 V an estimate ŝ(v) for jS(v)j (the number ofdescendants of v) and an estimate T̂ for T = Pv2V jS(v)j (the size of the transitive closure).The sets X and Y correspond to the vertex set V . The elements of X have unit weights. Themapping S maps each node v to the set of nodes reachable from v. The mapping le mapseach v 2 V to the least ranked descendent of v. See Figure 2 for an example of a graph, thecorresponding reachability sets, and the mapping le with respect to some ranking.The following algorithm inputs an arbitrary ranking of the nodes and computes the map-ping le in O(m) time. The algorithm may employ any linear-time graph search (e.g., depth-�rst-search or breadth-�rst search). Suppose the nodes v1; : : : ; vn are sorted in increasingorder according to their key.Algorithm 3.1 (Least-Descendant Subroutine)i. Reverse the edge directions of the graph.Iterate Step ii until V = ;.ii. Let i minfjjvj 2 V g.Perform a search to �nd all nodes Vi � V reachable from vi.For every v 2 Vi, let le(v) vi.Let V  V n Vi.Remove from E all edges incident to nodes in Vi.Each iteration of the estimation algorithm amounts to selecting a sorted key assignment(can be performed in O(n) time) and applying Algorithm 3.1. Therefore, each iterationtakes O(m) time.Suppose that we utilize k iterations. It follows from Theorems 2.3 and 2.4 that theestimation algorithm runs in time O(km) and produces estimates such that7



i. For any v 2 V , for 0 < � � 1,ProbfjjS(v)j � ŝ(v)j � �jS(v)jg = exp(�
((�2k))) :ii. For any v 2 V , E  jjS(v)j � ŝ(v)jjS(v)j ! = O(1=pk) :Note that if we choose k = O(��2 log n) then with probability 1�O(1=poly(n)) our estimatesare such that for all v 2 V , jjS(v)j � ŝ(v)jjS(v)j � � :We use the estimator T̂ �Pv2V ŝ(v) for T , the size of the transitive closure.Corollary 3.2 E � jT̂�T jT � = O( 1pk )Proof: Note that T = Pv2V jS(v)j. We haveE(jT̂ � T j) � E(Xv2V jŝ� jS(v)jj) = Xv2V E(jŝ� jS(v)j) = O(1=pk)Xv2V jS(v)j = O(T=pk) :Standard considerations establish the following:Proposition 3.3 ProbfjT̂ � T j � �Tg = exp(�
((�2k))) :Remark 3.4 The estimate T̂ on the size of the closure has the same worst-case performanceas estimates on sizes of individual reachability sets. This is indeed tight if there is a largecorrelation between reachability sets (for example, when all (a large fraction of) the nodeshave (almost) identical reachability sets). In practice, however, it is reasonable to expect theestimate on the size of the closure to converge much faster than the estimates ŝ(v).4. Estimating reachability in parallelWe present a linear-processor polylog-time reduction of the reachability estimation problemto the single-source reachability problem. Hence, a parallel estimation algorithm is advanta-geous on networks and running time bounds where single-source reachability can be solvedmore e�ciently than transitive closure. E�cient polylog-time single-source reachability al-gorithms are known for some restricted families of graphs, for example planar graphs [15]or layered graphs when the number of layers is small. For general graphs, Ullman andYannakakis [23] presented a reachability algorithm with tradeo�s between the time and thework and Klein and Sairam [18] gave a ~O(m2) work polylog time single-source reachabilityalgorithm (for sparse graphs it outperforms the O(n2:38) [7] transitive closure algorithm).8



Remark 4.1 Our parallel estimation algorithm utilizes the multi-source reachability prob-lem, where for U � V , the goal is to compute Su2U S(u), the set of nodes reachable fromU . This problem can be reduced to single source reachability by adding a \super source"with outgoing edges to all nodes in U . However, adding a super source may alter a desirablestructure of the graph such as planarity, that allows for e�cient parallel single source reach-ability computations. We show that the multi-source problem reduces to the single sourceproblems on subgraphs of the input graph. We sketch the reduction. Perform O(log jU j)phases sequentially. In phase i: select O(2i) random nodes from U , compute single sourcereachability from each of the selected nodes, and remove all nodes and edges traversed fromthe graph. Standard arguments establish that each edge of the graph participates in a con-stant expected number of single-source computations. Hence the multi-source problem hasthe same work bound and is O(log U) times slower than the single-source problem.The k iterations of the sequential estimation algorithm are independent, and therefore canbe performed in parallel. Each iteration amounts to computing a sorted key assignment andthe respective least-descendant mapping le. The sequential algorithm of Section 3 computesle by performing a sequence of n dependent partial graph searches. Below we present aparallel least-descendant algorithm. The parallel algorithm performs O(log n) phases. Ineach phase we have a collection of disjoint subgraphs of the original graph. Each phaseamounts to performing a multi-source reachability computation on each of the subgraphs.These computations result in further partitioning of the subgraphs. Hence, the time andwork bounds of the parallel least-descendant computation are O(log n) times the time andwork bounds of a multi-source reachability computation, and O(log2 n) times the time andO(log n) times the work of a single-source computation on the input graph. The algorithmpartitions the graph recursively. For each subgraph H = (VH ; EH) in the partition wemaintain a list `H of nodes (`H � VH) that contains, for every v 2 VH , the lowest-rankednode in S(v). Initially the partition includes only the input graph and its associated listcontains all nodes, sorted by key in decreasing order. In each phase, the algorithm considersevery subgraph H in the partition. If j`H j = 1 (the list of H contains a single node), wemap each node in VH to v 2 `H (for all u 2 VH , le(u)  v) and remove H. Otherwise, ifj`H j > 1, we apply a divide-and-conquer subroutine that partitions H into two subgraphsH1, H2 with associated lists `H1 , `H2 as follows:i. j`H1 j � dj`H j=2e and j`H2j � bj`H j=2cii. for i = 1; 2, for each v 2 VHi, the lowest-ranked node in S(v) is contained in `Hi.We sketch the subroutine that partitionsH: Perform a multi-source reachability computationfrom the set comprising the dj`H j=2e lowest-ranked nodes in the list `H . The �rst subgraphH1 consists of all reachable nodes and the edges incident to these nodes. Its associated list`H1 contains the �rst dj`H j=2e nodes in `H . The second subgraph H2 contains all the nodesthat were not reachable and their incident edges. The list `H2  `H nH1 is contained in thehighest ranked bj`H j=2c nodes of `H . It is easy to verify that if `H contained le(v) for allv 2 VH , then the two subgraphs H1, H2 possess the desired properties. Since the claim holdsin the �rst phase, by induction it holds when the partitioning is halted and the lists contain9
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Some neighborhoods: N(c,4)={b,c,d,e,f,h}  N(d,1)={d,h}  N(h,3)={h}
N(a,1)={a}  N(a,5)={a,b,d,f,h}  N(c,2)={b,c,d,e} 

Example: For ranks such that r(e)<r(b)<r(d)<r(a)<r(c)<r(f)<r(h)
the associated lists are:
a:  (2,b) (0,a)
e:  (0,e) f:  (0,f)

b:  (0,b)
h:  (4,f) (0,h)
c:  (2,e) (1,b) (0,c) d:  (0,d)

2

1

1

4

2

2

3

1

Figure 3: Example of a weighted graph, a ranking, and the associated listsa single node. Hence, at termination, each subgraph H = (VH ; EH) is such that the singlenode `H is the least ranked node in S(v) for all v 2 VH . It is easy to see that the algorithmterminates after at most dlog ne phases.5. Estimating neighborhood sizesThe computation of all neighborhoods amounts to an all-pairs shortest paths computation.We present an algorithm for estimating the sizes of all neighborhoods in directed graphswith nonnegative edge-lengths. The algorithm outputs for each node v 2 V , an estimatelist that captures the estimated sizes of all neighborhoods. The estimate list of v is a list ofpairs (D(v)i; S(v)i) (i = 0; : : : ; n(v)) such that:� D(v)i and S(v)i are increasing, 0 = D(v)0 < D(v)1 < � � � < D(v)n(v)+1 � 1 and1 � S(v)0 < S(v)1 < � � � ; S(v)n(v) � n.� For all pairs (v; d) 2 V �R+, we use n̂(v; d) = S(v)j, where D(V )j � d < D(V )j+1.Therefore, when the estimate lists are provided, an estimate on the neighborhood size of aquery pair (v; d), is obtained in time O(log n(v)), using a binary search.We apply the estimation framework of Section 2 where the set X corresponds to thevertex set V and has unit weights, the set Y is the collection of all pairs (v; d) 2 V �R+,and S maps each pair (v; d) to N(v; d) � V . For a given ranking of the nodes, le maps eachpair (v; d) to the least ranked node in N(v; d). For every key assignment R and v 2 V , thevalue R(le(v; d)) is a piecewise constant nonincreasing function of d. We represent le for allvalues d 2 R+ as a least-element list of labeled intervals. The least-element list of a nodev 2 V is a list of pairs (av(i); uv(i)) 2 R+ � V (1 � i � `v) such that:� av(1) > � � � > av(`v) = 0 (av(0) � 1), and10



� for all 1 � i � `v and av(i � 1) > d � av(i), le(v; d) = uv(i) (uv(i) is the least ranknode in N(v; d)).See Figure 3 for an example of a weighted graph, some neighborhoods, a ranking of the nodes,and the corresponding least-element lists. In Subsection 5.1 we present a least-element listsalgorithm and establish the following:Proposition 5.1 If the ranking r : V of the nodes is a random permutation theni. the algorithm runs in O(m log n + n log2 n) expected time (for unit edge lengths inO(m log n) expected time), andii. the expected size of each least-element list is O(log n).We perform k iterations of selecting keys and computing least-element lists. Let lei be theleast-element mapping, Ri the key assignment, and (aiv(j); uiv(j)) (1 � j � `iv) be the least-element lists of the ith iteration. The value of the averaging-based estimators for N(v; d) isdetermined by the sum sv(d) = Pki=1Ri(lei(v; d)). Similarly, the value of the selection basedestimators is determined by mv(d), the bk(1 � 1=e)c smallest of le1(v; d); : : : ; lek(v; d). It iseasy to verify that the functions sv(d) and mv(d)i. are piecewise constant functions of d,ii. are nonincreasing (since for all i and v, the least key Ri(lei(v; d)) is nonincreasing withd),iii. and have Pi `iv breakpoints faiv(j)j1 � i � k; 1 � j � `ivg.It is easy to see that an interval representation of sv(d) and mv(d) (and hence, the estimatelist of v) can be computed in O(Pi `iv log k) time by �rst merging the k sorted lists aiv(j)1 � i � k and performing O(1) operations per breakpoint of the merged list.The expected size of the least-element lists is O(log n). Hence, the estimate lists havean expected number of O(k log n) breakpoints. Note that for accuracy �, the estimate listscan be reduced to size O(��1 log n). For each query pair (v; d), the estimate n̂(v; d) can becomputed in O(log k + log log n) time, using a binary search on the estimate list of v.The theorem follows from Proposition 5.1 and Theorems 2.3 and 2.4.Theorem 5.2 The k-iteration algorithm produces the estimate lists in O(k(m log n+n log2 n))expected time (O(km log n) for unit lengths). For a query pair (v; d) 2 V �R+, an estimaten̂(v; r) can be computed in O(log k + log log n) expected time. The estimates are such that:i. For � > 0, ProbfjjN(v; d)j � n̂(v; d)j � �jN(v; d)jg = exp ��
(�2k)� :11



ii. E(jjN(v; d)j � n̂(v; d)j=jN(v; d)j) = O(1=pk) :Choosing k = O(��2 log n) guarantees that with probability 1 �O(1=poly(n)),for all (v; d) 2 V �R+, jjN(v; d)j � n̂(v; d)jjN(v; d)j � � :5.1. Computing least-element listsWe present the least-element-lists algorithm and prove Proposition 5.1. The algorithm isbased on a modi�ed Dijkstra's algorithm (see, e.g. [8]). We assume that the nodes v1; : : : ; vnare sorted by key in increasing order. We denote by eij the edge from vi to vj. Let D : E !R+ be the lengths of the edges.Algorithm 5.3 (Compute least-element lists)i. Reverse the edge directions of the graph.For i = 1; : : : ; n: di  1For i = 1; : : : ; n: initialize the list of vi to the empty list.ii. For i = 1; : : : ; n: (modi�ed Dijkstra's algorithm):(1) Start with an empty heap. Place vi on the heap with label 0.(2) Iterate the following until the heap is empty:Remove the node vk of minimum label from the heap. Let d be the label of vk.Place the pair (d; vi) on vk's list.Let dk  d.For each out-neighbor vj of vk do as follows:� If vj is in the heap, update its label to the smaller of the current label andd +D(ekj).� If vj is not in the heap, then if d + D(ekj) < dj place vj on the heap withlabel d +D(ekj).The following Proposition establishes the correctness of the algorithm.Proposition 5.4 i. A node vk is placed on the heap in iteration i if and only ifdist(vi; vk) < dist(vj; vk) for all j < i.ii. If vk is placed on the heap during iteration i, then the pair (dist(vi; vk); vi) is placed onvk's list and the value of dk is updated to be dist(vi; vk).12



Proof: We �rst establish that the proposition holds if at the beginning of iteration i, forevery 1 � k � n, dk = minj<i dist(vj; vk). Consider vk such that dist(vi; vk) < dist(vj; vk)for all j < i. We show that vk is placed on the heap and before the end of the iteration haslabel dist(vi; vk). The proof is by induction on the number of edges in the shortest path fromvi to dist(vj; vp), then dist(vi; vk) � dist(vj; vk), and we get a contradiction. Let vq be thenext-to-last node on the path. The induction hypothesis asserts that vq was placed on theheap, and was removed when it had label dist(vi; vq). Therefore, when the neighbors of qare scanned, k is placed on the heap with label dist(vi; vk) or if already in the heap, gets itslabel updated to dist(vi; vk). It remains to prove the assumption that at the end of iterationi, for every 1 � k � n, dk = minj�i dist(vj; vk). The proof is straightforward by inductionon the iterations, using the claim proved above.We analyze the running time of the algorithm when implemented with Fibonacci heaps(see, e.g. [8]). In each iteration, for each placement of a node v in the heap, the algorithmexamines each of v's out-neighbors and performs at most one label update for each neighbor.When v is removed from the heap, the algorithm performs one operation of �nding theminimum labeled element in the heap. Fibonacci heaps use O(log n) time to �nd a minimumelement and O(1) time for an insertion or an update. Let `i denote the number of iterationsin which the node vi was placed on the heap (1 � i � n). It follows that the running timeof the algorithm is O �P1�i�n `i(log n+ outdeg(vi))�. Note that `i is also the size of vi's list,since a new pair is added in each iteration that places vi on the heap.Proposition 5.5 If the ranking is a random permutation, the expected size of `i is O(log n)(for all 1 � i � n). Furthermore, the `i's are all O(log n) with probability 1� 1=poly(n).Proof: Consider a ranking vi1; : : : ; vin of the nodes according to their distance from vi. Itfollows from Proposition 5.4 that the node vi is placed on the heap at iteration ij if andonly if for all k < j, ik > ij. A standard well-studied Quicksort-type analysis (see, e.g. [19])concludes the proof. (The permutation order can be viewed as the order of elements chosento partition the sequence, and all elements larger than the current one constitute a sublistin the partitioning process.)Therefore, if the ranking is a random permutation, the expected running time of Algo-rithm 5.3 is O(m log n+ n log2 n). When the graph has unit edge length, modi�ed breadth-�rst searches can replace the modi�ed Dijkstra's algorithm in Step ii of Algorithm 5.3. Thelatter yields O(m log n) expected time.6. Estimating the least-key distributionWe analyze the performance of the estimation framework when keys of elements x 2 X areselected according to the exponential or uniform distributions. For all y 2 Y , the minimumkey of an element in S(y) has distribution M (w(S(y))) that depends only on w(S(y)). Wediscuss the form of M (k) for both families of distributions. Each iteration of the estimationframework supplies us with a random sample from M (w(S(y))). The estimation algorithm13



estimates k = w(S(y)) by applying an estimator k̂ : Rn ! R to n independent samplesfrom M (k) (obtained in n iterations). We discuss criteria for measuring the performance ofdi�erent estimators. In Section 7 we establish the asymptotic bounds for the selection-basedestimators and in Section 8 we analyze the averaging-based estimators.6.1. Exponentially distributed keysThe exponential distribution with parameter w has density function we�wx (x � 0), distri-bution function 1 � e�wx (x � 0), expected value 1=w, and variance 1=w2. Consider ther.v. that is the minimum of ` independent exponential r.v.'s with weights w1; : : : ; w`, wherek = Pì=1 wi. This r.v. is exponentially distributed with parameter k (see,e.g, Feller [10]).Hence, when keys are selected according to the exponential distribution, M (k) is exponen-tially distributed with parameter k, has density ke�kx, distribution 1�e�kx (x � 0), expectedvalue � = 1=k and variance 1=k2.6.2. Uniformly distributed keysFor a parameter k > 1, consider the distribution U (k) such that for 0 � t � 1 ProbfM (k) �tg = (1�t)k. For integral values of k, U (k) is the distribution of the minimumof k independentr.v.'s uniformly sampled from the interval [0; 1]. U (k) has distribution function 1� (1 � t)k,probability density function k(1� t)k�1 (0 � t � 1), expectationE(U (k)) = Z 10 kx(1� x)k�1dx = 1=(1 + k) ;second moment E(U (k)2) = Z 10 kx2(1� x)k�1dx = 2=((2 + k)(1 + k)) ;and hence, varianceVar(U (k)) = E(U (k)2)� E(U (k))2 = k=((2 + k)(1 + k)2) :Consider a r.v. that is the minimum of ` elements independently sampled from distributionsU (wi) (wi > 0, i = 1; : : : ; `). For 0 � t � 1 we haveProbfx � tg = Ỳi=1(1 � t)wi = (1 � t)Pì=1 wi :Hence, this r.v. has distribution U (Pì=1 wi). Therefore, when keys are sampled from U (w(x)),M (k) has distribution U (k). 14



6.3. Criteria for choosing estimatorsWe review some basic notions from the theory of statistical inference (see, e.g., Kiefer [17]or Bickel and Doksum [2]) in the context of our framework. Consider the following problem.We are given n independent values M (k)i (1 � i � n) from a distribution M (k), for someunknown k. We would like to estimate k, knowing only that k > 0. The estimator k̂ is amapping of the form k̂ : Rn+ ! R+. Our objective is to �nd an estimator that minimizesthe maximum, over k > 0 (k � 1 for the uniform distribution), of the expected value ofW (k; k̂), where W is the \loss" when the real answer is k, but the estimate is k̂. In otherwords, we would like an optimal minimax estimator according to the loss function W (k; k̂).An optimal estimator k̂ would minimizemaxk>0 Z 10 � � � Z 10 W (k; k̂(x1; : : : ; xn))( nYi=1 f (k)(xi))dx1 � � � dxn ;where f (k)(x) is the probability density function of M (k).To tie us back to the framework of Section 2, note that for each y 2 Y , the minimum keyR(le(y)) has distribution M (w(S(y))). Hence, our estimation problem is: given values fromthe distribution M (w(S(y))), estimate w(S(y)).One loss function that we consider isW (k; k̂) = ( 0 when k(1� �) � k̂ � k(1 + �)1 otherwise (1)This loss function means that we are equally happy with all estimates such that jk̂�kj � k�and unhappy, and equally so, with all other estimates. It measures the con�dence level in ourestimate having a relative error of at most �. (Corresponds to the bound in Theorem 2.3.)We also consider the loss functionW (k; k̂(x1; : : : ; xn)) = jk̂(x1; : : : ; xn)� kj=k (2)that measures the average relative error (corresponds to the bound in Theorem 2.4), and theloss function W (k; k̂) =  k̂ � kk !2 (3)that measures the variance of the estimator. For some applications we would like the es-timator to be unbiased (have expectation equal to the value estimated). The estimator isunbiased if 8k > 0; Z 10 � � � Z 10 (k � k̂(x1; : : : ; xn))( nYi=1 f (k)(xi))dx1 � � � dxn = 0 :15



7. Selection-based estimatorsWe provide an asymptotic analysis of the performance of selection-based estimators andestablish that Theorems 2.3 and 2.4 hold. The estimation algorithm performs n iterationsand we select the bn(1�1=e)c-smallest value as an estimator of the expected value. We pro-vide the analysis for the exponential distribution. A very similar argument establishes thatthe same asymptotic bounds hold when sampling from the uniform distribution, providedthat the weight of the estimated quantities is larger than some constant (e.g., k � 1).) Foran integer n � 1 and k > 0, denote by E(n;k) the bn(1 � 1=e)c-smallest value amongst nindependent random variables distributed according to M (k).Proposition 7.1 ProbfE(n;k) � (1 + �)�g = ( if � < 1, exp(�
(�2n))if � > 1, exp(�
(ne�))Proof: Let p = ProbfM (k) � (1 + �)�g. Note that p = exp(�(1 + �)). Let the r.v. Xn bethe number of successful trials among n Bernoulli trials with probability of success p. Wehave ProbfE(n;k) � (1 + �)�g = ProbfXn � dn=eeg = nXi=dn=ee b(i;n; p) :Applying Cherno�'s bound [4] we obtainProbfXn � n=eg � ProbfjXn � npj � np(1 � 1=(pe))g� exp(�(1� 1=(pe))2np=2)= exp(�(1� e�)2ne�1��=2) :The proof follows.Proposition 7.2ProbfE(n;k) � (1 � �)�g = 8><>: if � � 1=2, exp(�
(�2n))if 1 > � � 1=2, exp(�
(n=(1 � �)))if � = 1, 0Proof: Let p = ProbfM (k) � (1� �)�g. We have p = 1� exp(�(1� �)). Let the r.v. Xn bethe number of successful trials among n Bernoulli trials with probability of success p. Notethat ProbfE(n;k) � (1 � �)�g = ProbfXn � bn(1 � 1=e)cg = nXi=bn(1�1=e)c b(i;n; p) :16



Applying Cherno�'s bound we obtainProbfXn � n(1 � 1=e)� 1g � Prob(jXn � npj � np 1� e� 1pe � 1np!)� exp0@� 1� e� 1pe � 1np!2 np=21A= exp �(1� e� � e=n)2n2e(e� e�) ! :The proof follows.Consider the estimator k̂ = 1=E(n;k). We bound the relative error of k̂:Corollary 7.3 For � < 1, Probf jk�k̂jk � �g = exp(�
(�2n))For � � 1, Probf jk̂�kjk � �g = exp(�
(�n))The bound on the expected relative error of the estimator follows from Corollary 7.3using elementary calculus:Proposition 7.4 E(jk � k̂j=k) = O(1=pn)8. Averaging-based estimatorsLet x1; : : : ; xn be independent samples from the distributionM (k) (for some unknown k > 0).For an integer n � 1 and k � 1, denote by S(n;k) the r.v. Pni=1 xi (the sum of n independentrandom variables distributed according to M (k)). We estimate k by applying an estimatorto s = Pni=1 xi. When the Exponential distribution is used to set the keys we consider theestimators k̂(s) = ns ; (n� 1)sWe bound the maximum, over k > 0, of the expected loss and the variance incurred bythe estimator k̂ when the true value is k. (The expected loss and variance turns out to beindependent of k.) We consider the loss functions stated in Subsection 6.3 and provide exactanalytic expressions for the bias, variance, relative error, and the interdependence of thecon�dence, accuracy, and the number of rounds. We establish that Theorems 2.3 and 2.4hold when the Exponential distribution is used to set the keys. Similar arguments applywhen the keys are sampled according to the uniform distribution, when k � 1 with theestimator k̂(s) = maxf1; n=s � 1g.We now consider the probability density and distribution functions of S(n;k) and deducethe bias, the relative error, and the variance of the estimators. S(n;k) has density and17



distribution functions gn;k(s) = k (ks)n�1(n� 1)!e�ksGn;k(s) = 1 � e�ks  1 + n�1Xi=1 (ks)ii! ! :where s � 0 (see, e.g. [11]).Consider the estimator k̂ = (n�1)=s and the random variable y = k̂=k. The density anddistribution functions of y are independent of k and are given byfn(y) = � (n� 1)n(n� 1)!yn+1 e� (n�1)yFn(y) = e� (n�1)y  1 + n�1Xi=1 (n� 1)ii!yi !for y � 0. The following expressions follow for the relative errorProbfk̂ � k(1 + �)g = Probfy � 1 + �g= 1 � e�n�11+�  1 + n�1Xi=1 (n� 1)i(1 + �)ii!!Probfk̂ � k(1 � �)g = Probfy � 1� �)g= e�n�11��  1 + n�1Xi=1 (n� 1)i(1� �)ii!!Hence,Prob( jk̂ � kjk � �) = 1 � e�n�11+�  1 + n�1Xi=1 (n� 1)i(1 + �)ii!!+ e� n1��  1 + n�1Xi=1 ni(1� �)ii!! :By integrating we obtain the following. The bias of the estimator isE  k̂ � kk ! = E(y)� 1 = Z 10 yfn(y)dy � 1 = 0 :(the estimator is unbiased). The expected relative error isE  jk̂ � kjk ! = E(j1 � yj) = Z 10 j1� yjfn(y)dy = 2(n� 1)(n�2)(n� 2)!en�1 � s 2�(n� 2) :(using Stirling's formula.) The variance of the estimator isE  (k̂ � k)2k ! = E((1� y)2) = Z 10 (1 � y)2fn(y)dy = 1n� 2 :18



Consider the estimator k̂0 = n=s and the random variable y = k̂0=k. Similarly, the densityand distribution functions of y arefn(y) = � nn(n� 1)!yn+1 e�nyFn(y) = e�ny  1 + n�1Xi=1 niyii!!for y � 0. It follows thatProb( jk̂ � kjk � �) = 1� e� n1+�  1 + n�1Xi=1 ni(1 + �)ii!!+ e� n1��  1 + n�1Xi=1 ni(1 � �)ii!! ;the bias is 1n , and the variance is n+2(n�2)(n�1) .We sketch the proof of Theorem 2.3 for the estimators k̂; k̂0. Note that Probfk̂ � k(1+�)gequals the probability that a Poisson distribution with expectation � = n1+� has n or moresuccesses. Probfk̂ � k(1 � �)g equals the probability that a Poisson distribution with� = n1�� has n or fewer successes. The asymptotic bounds can be derived by approximatingthe Poisson distribution as a limit of Binomial distributions, and applying the Cherno�bounds in a similar manner to Section 7.Remark 8.1 Billingsley ([3], pp. 368) considers as an example in his book our exact problemof estimating the unknown parameter k of an exponential distribution, given n independentsamples from that distribution. As a consequence of the Central Limit theorem and ofSkorohod's theorem he obtains that the distribution of the r.v. pnk (n=S(n;k) � k) convergesto the Normal distribution with zero mean and unit variance. That is, for every �,limn!1 Probfpnk (n=S(n;k) � k) � �g = �(�) ;where �(t) = 1p2� R t�1 exp(�x2=2)dx is the distribution function of the normal distribution.Probfjk̂ � kjk � �g = Probfpn jk̂ � kjk � pn�g) 2�(��pn) � 2 exp(n�2=2)�p2�n= e�
(�2n)The last inequality follows from bounds on the tail of the Normal distribution (see, e.g.,Feller [10] pp. 175). The expected relative error converges toE( jn=S(n;k) � kjk ) = 1pnE(pn jk̂ � kjk )) 2p2�n Z 10 x exp(�x2=2)dx = s 2�nThe convergence in probability to the Normal distribution demonstrates that the asymptoticbounds we obtained for our estimators are essentially optimal.19
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10. Further applicationsWe discuss additional applications and extensions of this work.Consider our estimation algorithm. In each iteration, for each node v 2 V , the algorithmcomputes a node in S(v), selected uniformly at random (see Proposition 2.2). After kiterations we have for each v 2 V , a list of k nodes in S(v).Computing the transitive closure. After k linear time iterations, we obtain for eachnode v, k independent random samples from the set S(v). It follows that for each v 2 V , afterk = O(jS(v)j log jS(v)j) iterations, with probability 1�O(1=poly n), we computed all of S(v).Hence, we obtain a new algorithm to compute the transitive closure, partially or in whole.If P = maxv2V jS(v)j, the transitive closure is computed with probability 1 � O(1=poly n)after k = P logP iterations (that is, in O(Pm log n) time). In the worst case, P = O(n)and like previous methods, our algorithm has a ~O(mn) bound. In some cases, however, itis faster than other transitive closure algorithms. This is of interest since conceivably smallrandom sample of elements from each reachability set may be useful for some applications.and furthermore, an abundance of papers in the database literature are concerned withfaster transitive closure algorithms for some families of graphs (e.g., Jakobsson gave fasteralgorithms for graphs with certain connectivity properties [13, 14], also see Dar [9] for anexperimental comparison of the performance of di�erent transitive-closure algorithms).Estimating similarities between reachability sets. The lists of di�erent nodes arecorrelated and can be used to estimate \similarities" between the reachability sets of thesenodes. That is, we can determine with high con�dence whether two nodes fv; ug are suchthat jS(v) \ S(u)j � �jS(v) [ S(u)j ;for some �xed constant � > 0. In each iteration, the probability that le(v) = le(u) isjS(v) \ S(u)j=jS(v) [ S(u)j :This probability can be estimated by counting the number of equal components in v's andu's lists and dividing it by k.Estimating sizes of unions of neighborhoods. The lists can be used to estimate for anygiven subset of nodes U � V , the number of nodes reachable from U , jSu2U S(u)j. For eachnode u, we consider the k-vector of least-keys. The estimate on jSu2U S(u)j is producedin O(jU jk) time by applying the estimator to the k-vector obtained by a coordinate-wiseminima of the k-vectors of the nodes in U . It is easy to see that the con�dence and accuracylevels of the estimate are the same as for single nodes. Similarly, for directed graphs withedge lengths we can estimate sizes of unions of neighborhoods.21



On-line estimation of weights of growing sets. Our estimation framework is admis-sible in on-line settings where the goal is to produce estimates on-line of the weights ofdynamically growing sets. Consider the following scenario. Let X be a set of elements withpositive weights w : X ! R+. Let Y be a collection of subsets of X. The admissibleoperations on the subsets are:i. Create a new subset (initialized to ; or a copy of another subset).ii. Add a new weighted element x to one or more subsets.iii. Merge two subsets fy; y0g � Y (replace y by y [ y0).iv. Weight-query: For a subset y 2 Y , produce an estimate of w(y).A straightforward way to support these operations is by explicitly maintaining the contentsof each subset. The estimation framework allows us to support this data structure andoperations e�ciently while providing high con�dence and accuracy estimates for the weights.We outline the method. We maintain a small size vector for each subset. The entries of avector that corresponds to the empty subset are initialized to +1. A merge of two subsetsamounts to performing coordinate-wise minima of the two vectors. Adding a new element xto some subsets amounts to drawing a random keys vector for x and replacing the vector ofeach subset x is added to by the coordinate-wise minima of the vector of x and the vectorof the subset. A weight estimate for a subset y is obtained by applying an estimator to theentries of the vector of y. This application was conceived with Yi-Min Wang and GauravSuri, in the context of counting preceding events in a distributed system of communicatingprocesses [6].Considering ith least-ranked elements. In some situations it is worthwhile to applyan estimator to the keys of the nth least-ranked elements of a set in a single iteration insteadof considering the least-ranked element in n di�erent iterations. A more general statementis to perform n=i iterations where in each iteration we consider the key of the ith-least-ranked element. Typically we would like to choose i to be as large as possible under thecondition that it is quite unlikely that for the estimated sets we obtain repetitions of theleast-ranked element when using i di�erent iterations. For the reachability and neighborhoodsizes estimation algorithms, the computation involved in obtaining the ith-least elements iscomparable to performing i iterations, and therefore, the only bene�t of using ith least-ranked element is to save random bits. In some other applications, however, the use of ithleast-ranked elements reduces the amount of computation as well. For example, in on-lineapplications (as sketched above) when the number of sets is much smaller than the numberof elements. For each new element, we draw a single random number instead of a vector ofrandom numbers. For each subset, we maintain a list of the n smallest keys of elements inthe subset. Merging two subsets amounts to taking the n smallest keys in the union of thetwo lists. 22
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