Constrained Dynamics

Andrew:Witkin




BeyendPﬂmsandspHﬂgs

“e

OI JOOpPY SU

— Waysto make inter esting contraptions.
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A bead on awire

L } . | ] .
e Desired benavia

—Thebead can slide freely
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Penalty Constraints
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bead on the wire?
e Problem:
— Weak springs = goopy

constraints

— Strong springs = neptune
express!
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[he basictrick (f = mv version)

C|rcle (N V= O)
e Project applleo forcef onto

forcef.: constraint force.
* No tug-of-war, no stiffness.

fr=f +f,
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Same idea, but...
Curvature (K) hasto match.
K depends on both a and v:

—the faster you're going, the
faster you have to turn.

Calculatef_ toyield a legal
combination of a and v.

Blechh!
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Now for the Algebra ...

« Fortunately, there’s a general recipe
for calculating the constraint force.
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Representing Constraints

|. Implicit:
C(x)=|x|-r =0




Maintaining Constraints Differentially

C art with legal positior
and velocity.

Use constraint forcesto
ensure legal curvature.

egal position
egal velocity
egal curvature




Constraint Gradient

Implicit:

Differentiating C gives
a normal vector.
Thisisthedirection

our constraint force
will point in.
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Constraint Forces

Constraint force: gradient
vector timesa scalar, A.

Just one unknown to solve
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C(x(1))

Constraint forceis AN.
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Example: Point-on-circle

Write down the constraint

Takethederivatives.

Substitute into generic
template, smplify.

HINSNERE
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Drift and Feedback

* |In principle, clamping C at zero is enough.
e Two problems:

o A feedback term handlesboth problems:
=_- 0 N P. .

C=0

a and [ are magic constants.
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Tinkertoys

ow we know how to ssmulate a bead on a

e Same idea, but...
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Constrained particle systems

o Particlesystem: a point in state space.
e Multiple constraints:

N

— Legal state: C=0, V1.
— Simultaneous pr 0] ect

— COHSU all O Ce.

constraint gradients.
e Matrix equation.
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Compact Particle System Notation

q=WQ =X Xz - X0]

q _
long state vector. Q =lful2 il
long forcevector. 1

matrix.

W: M-inver se (element-

wisereciprocal)




Particle System Constraint Equations

Matrix equation for A

IWJITIL = -3¢ - [IW]Q

More Notation

Derivation: just like bead-on-wire.

C = [Cl,Cz,- : -,Cm}
A= [)\11)\21' ' ';)\m}
_oc
J= e
_ 0°C
dgot




How do you implement all this?

« We havea global matrix equation.

« Wewant to bui_Id modelson thefly, just like

AW —W_N
A\ I Uc .

— Each constraint addsits own pieceto
the equation.




atrix Block ach constrair

- contributes one or more
ructure blocksto the matrix.
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Constraint Structure

Each constraint
st know how

0C 0C

0°C 9°C

to compute these

|_‘E aX]_’ 0X2

OX 10t OX -0t

A

-2l C=|Xxy-Xg| -1

Distance Constraint




Constrained Particle Systems

Fl

\ 4

Added Stuff




Modified Deriv Eval |_oop

— > [FIF[F]| ...

Clear Force Apply forces

Accumulatot
Added Step

X
R clc[C]|...

Compute and apply
Constraint Forces

1

X [ X
V|V
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X
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Constraint Force Eval

o After computing ordinary for ces.

— Loop over constraints, assemble

— Add constraint forceto particle
force accumulators.
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lmpressyour Friends

 Therequirement that constraints not

add or remove energy iscalled the

» a a|Fa¥Wa - N/
\J \J \J LA U TRAW

« TheA'sarecalled Lagrange Multipli
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A whole other way to doit.

Point-on-circle




Parametric Constraints

Point-on-circle

Parametric:
X =r|cos0,sin 0]

SIGGRAPH 2001 COURSE NOTES

PHYSICALLY BASED M ODELING




Parametric bead-on-wire (f = mv)

N ¢ X Isnot an independent
variable.

X = T+ T f = mv (constrained)

chain rule

combine




or our As before, assumef; pol
ext trick. . thenormal direction, so

TH.=0

from last dide

blam!

rearrange.




Parametric Constraints; Summary

e Generalizations. f = ma, particle systems

e Big advantages:.
—Fewer DOF's.
—Constraints ar e always met.
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Thingstotry at home:

A
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e A double pendulum.

* A triple pendulum
iuauilulll.

« Simpleinteractivetin
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