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Abstract

Large sensor networks are being widely deployed
for measurement, detection, and monitoring applications.
Many of these applications involve database systems to
store and process data from the physical world. This data
has inherent measurement uncertainties that are properly
represented by continuous probability distribution functions
(pdf’s). We introduce a new object-relational data type, the
Gaussian ADT GADT, that models physical data as gaus-
sian pdf’s, and we show that existing index structures can
be used as fast access methods for GADT data. We also
present a measure-theoretic model of probabilistic data and
evaluate GADT initslight.

1 Introduction

Networks of radar, sonar, seismic, and thermal sensors
are being deployed widely for measurement, detection, and
monitoring applications. These sensor networks will cre-
ate a ood of observational data of unprecedented scale
[EGHK99]. Similarly, enormous quantities of physical data
are, and will continue to be, generated by astronomical sky
surveys[SKTT00]. A large class of these applications rely
on database systems to store, Iter, compare and aggregate
large volumes of physical data [BS00].

Inherent to data that result from a physical measure-
ment is uncertainty regarding the true val ue of the measured
quantity. This uncertainty can properly be described by
a continuous probability distribution function (p.d.f.) over
the possible measurement values. For example, consider a
temperature sensor in your of cethat reportsan estimate T
of the current temperature T'; let this estimate be T' = 68°
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Fahrenheit (F). Given this measurement, do we believe that
the temperature in your of ce is exactly 68° F? Assuming
that the error introduced by the sensor has a gaussian dis-
tribution with a known standard deviation of ¢°F, we can
compute the probability that the true temperature T' lies in
therange[T,T5]. Inthecontext of adatabase application, a
user should be able to submit a query that retrieves all tem-
peratures whose true valuesliein therange [T'1, T'2] with a
given probability p.

Note that we need to manage such uncertainties using
probability theory, and not using fuzzy theory. Thereis no
guestion here about fuzzy set membership or the de nition
of vague terms such as tall or hot. Since the nature of
our problem is fundamentally probabilistic, fuzzy relational
models do not apply in our setting. [AR84, KF88, RM88].

In order to manage the uncertainty associated with phys-
ical data but at the same time take advantage of features of
amodern database system, we need a data model for repre-
senting continuousp.d.f.’s such as gaussians. Surprisingly,
none of the numerous probabilistic data model sdescribedin
the literature handles continuous p.d.f.’s al models deal
with discrete p.d.f.’s [CP87, BGM P92, DS96].

In this paper, we develop a data model for continuous
p-d.f.’s. Our rst contribution is GADT, a concrete abstract
datatype (ADT) for representing one-dimensional gaussian
distributions. GADT issimple and expressive. We show that
GADT is easy to implement as an extension to an existing
object-relational DBM S, and we outline how we can access
GADT data ef ciently using indexing by linear constraint
(QBLC) [GRSY97]. As a proof of concept, we have car-
ried out a prototype implementation of GADT in the Cornell
Predator ORDBM S [ Ses98].

Our second contribution is a study of the theoretical as-
pects of probability space ADT’s. Having started with the
datatype GADT, welift our level of abstraction to ameasure-
theoretic framework to reason about properties of datatypes
that represent continuous as well as discrete probability dis-
tribution functions. We introduce probability spaces and
events as the basic elements of any probabilistic data type.



We show that equality raises an interesting challenge for
continuous distributions, and we introduce operations that
overcome this challenge. This conceptual study does not
only provide a framework for the future development of
probabilistic ADT’s, but also sheds light on several aspects
of our one-dimensional gaussian model. Thus our measure-
theoretic framework is not only an abstraction of given in-
stantiations of probabilistic ADTSs, it allows us to gain in-
sights into the general functionality and methods that in-
stantiations of probabilistic ADTs should encompass and
what their semantics should be. The reader should therefore
understand this paper asatrail that startswith aconcretein-
stantiation, climbs to the abstract level, and then returns to
the concrete instantiation with some insights from the ab-
stract level.

The milestones along our trail are as follows. Section 2
introduces the gaussian ADT GADT and its methods. Sec-
tion 3 outlines techniquesfor query processing using GADT
data and queries. Section 4 studies the theoretical aspects
of probability space ADTS, and Section 5 discusses the in-
sights that our theoretical framework provides with respect
to GADT. We discuss related work in Section 6 and con-
cludein Section 7.

2 GADT: The Gaussian ADT

In this section, we introduce GADT, the gaussian ADT
with which we can represent physical measurements as
continuous gaussian p.d.f.’s. We rst introduce gaussian
p.d.f.’s formally in Section 2.1. Section 2.2 introduces
GADT, and Section 2.3 introduces the methods that GADT
supports.

2.1 Preliminaries

A gaussian p.d.f. hastheform

( def e—(@—p)?/20°
o\&r) =
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The parameters i, and o are the mean and standard devia-
tion of the p.d.f., respectively. Thede niteintegral of g, »
isdenoted G, , and gives the probability that the true value
of z liesin theinterval of integration:

oy
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For z > 0, weusee(z) to denote G 1 ([—z, 2]). Itisrelated
to the well-known error function Erf (z) [Fel66, Vol. 1, Ch.

7]
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Thefunction e hasan inverse, ¢, de nedon [0, 1] by:

P(e(2)) = = (4)

Both ¢ and ¢ are monotonically increasing.
2.2 TheGADT Model

A measurement that is subject to many small and ran-
dom errors is normally distributed and characterized by a
gaussianp.d.f. A nite number of repetitions of ameasure-
ment also results in a normal distribution [Tay82]. We de-
sireadatamodel that treats gaussiansas rst-class dataval-
ues. GADT accomplishesthis by de ning a gaussian ADT:
an instance of the ADT corresponds to a gaussian p.d.f.,
and, in terms of physical data representation, consists sim-
ply of the two real numbers p and o. GADT instances
areby de nition probabilistically independent of each other
so that the joint p.d.f. of two gaussian instances is sim-
ply the product of their p.d.f.’s. Statistical dependence be-
tween measured gquantities can be represented using higher-
dimensional gaussians; higher-dimensional gaussians are a
topic for future research.

In order to evaluate the probability that a true physical
valueliesin agiveninterval, we need an interval ADT. The
interval ADT represents intervals on the real ling; it is an-
cillary to GADT. Due to space constraints, and for ease of
explanation, we do not de ne the interval ADT formally,
and we focus our attention on the case of singleintervals, as
opposed to unions of disconnected intervals.

We now use a simple denotational semantics to de ne
GADT methods. The semantics make use of the following
basic value mappings, which are generalized in Section 4.
Given a GADT instance i having mean p and standard devi-
ation o, we de nethe gaussian mapping Z[:] by

1] ¥ G- ®)

Similarly, givenaninstancewv of theinterval ADT represent-
ing the real interval [a, b], we de ne the interval mapping
V[v] by

VIl ¥ [a,0). (6)

Finally, given areal instance « representing the real number
X, wede nethereal mapping R[z] by

R[] ¥ x. 7)

We use these three instance mappings to de ne the GADT
methods Prob, Diff, and Conf, and we show how these
methods can be used to pose queries involving data with
continuousp.d.f.’s.



2.3 GADT Methods

2.3.1 Selectionswith Prob

Computing the probability that avalueliesinsidean interval
is the most fundamental GADT operation. The Prob ADT
method providesthis feature: It takes as argument an inter-
val instance v and returns the probability that the true value
of the measurement represented by a GADT instance i lies
inV[v]:

R[i.Prob(v)] & T[](V[W]). 8)

Prob is useful for obtaining the likelihood of events. As
an example, let R; be arelation having the GADT-valued
attribute Temp, which stores a temperature measurement
obtained from a temperature sensor. Using Prob, we can
pose queries such as. Retrieve from R; al tuples whose
Temp iswithin 0.5 degrees of 68 degreeswith at least 60%
probability:

SELECT *
FROM R,
WHERE R, . Temp.Prob([67.5,68.5]) > 0.6

Another exampleis asfollows: Retrieve from R, all tuples
whose Temp is at least 75 degrees with probability at most
90%:

SELECT *
FROM R,
WHERE R; . Temp.Prob([75,00]) < 0.9

2.3.2 Comparisonswith Diff

Another important operation is to compute the difference
between two gaussians [Tay82]. Let i,i» be two GADT
instances representing uncertain scalar quantities z; and
xo, respectively, and let Z[i1] = gu, 0, (1) and I[iz] =
Gus,0» (T2). Because iy and i, are probabilistically inde-
pendent, thep.d.f. of x; — 2, isagaussiang,, ., , where

M- = M1 — 2, and (9)
o = 4Joi+ol (20)

We use DIFF to denote the difference between two gaus-
sians:

def
DIFF(GILLJNGM%@) = Gu o

Note that DIFF is not symmetric in its arguments. The Diff
method computes DIFF:

I[ir.Diff (iz)] < oIFr(Z[i], Z:D)- (12

When used with Prob, Diff allows usto comparei; and i,
by computing the probability that a < 21 — 25 < b:

P{a < x1 —x9 < b} = (i1.Diff (i2)).Prob([a, b]). (12)

Asan example, let R; and R, be two relations each having
the GADT-valued attribute Temp, which stores a tempera-
ture. Consider the following query: Join R; and R, onthe
condition that Ry . Temp iswithin 0.1 degrees of R,. Temp
with probability at least 75%:

SELECT *

FROM Ry, R,

WHERE (R;. Temp.Diff (Ry. Temp)).
Prob([-0.1,0.1]) > 0.75

2.3.3 Comparisonswith Conf

In the context of astronomical data, C. Page showsthat it is
useful to compare gaussians by testing whether their con-

dence intervals overlap [Pag96]. Page calls this kind of
joina fuzzyjoin ! and recommendsthat it beimplemented
in all astronomical DBMS's. GADT provides the method
Conf todothis. Given aGADT instance i and a probability
p € [0,1], i.Conf (p) evauates to the 100p % con dence
interval. Speci cally, if Z[i] = g, then

VIi-Conf()] < [p—0-0), u+o-6(p)] (13)

(recall the de nition of ¢ from Equation 4). Let S;,.5; be
two relations each having the GADT-valued attribute Pos,
which stores the positions of stars along a certain dimen-
sion. Then we can ask the following query: Join Sy, .S, on
the condition that the 30% con dence interval of S;.Pos
intersects the 35% con denceinterval of S,.Pos:?

SELECT *

FROM S1, S

WHERE S;.Pos.Conf (0.3) N
Sy.Pos.Conf (0.35) £ (

2.4 Implementation

As a proof of concept, we performed a prototype im-
plemention of GADT as an extension to the Cornell Preda
tor object-relational DBMS [SP97]. We de ned new ab-
stract data types (ADTSs) for gaussians and for intervals.
We implemented the Prob and Conf methods of GADT.
The computation of probabilities in Prob relies on an ap-
proximation of ¢ [FGB01]. An alternative is to rely on a
pre-packaged implementation of ¢, such as those found in
Mathematica, Matlab, or the GNU C Compiler. The inter-
val ADT isused to expressranges and the results of callsto
the Conf method. In order to implement the Page join (in
Section 2.3.3) we implemented a ssimple Intersect method
that computes the intersection of two intervals. The gaus-
sian and interval ADTs extend Predator’s type subsystem;

LArguably amisnomer, since it involves no fuzzy set theory.
2The interval ADT is assumed to provide a method to compute inter-
sections of intervals. We use N as informal notation for that method.



they do not rely on any features particular to this system
and thus can be implemented in any ORDBMS.

3 Indexing GADT Relations

When dealing with large volumes of GADT data, queries
cannot be ef ciently processed by naively scanning rela
tions, we need ef cient access methods. Fast access to
GADT data can be achieved by trandating GADT queries
into queries by linear congtraints (QBLC). Goldstein et
al. [GRSY97] and Agarwal et al. [AAE98] have recently
shown that QBLC can be processed ef ciently using stan-
dard indexing structures such as the R-tree.

Let i be a GADT instance with Z[i] = G, . Theni
islogically equivalent to the pair (u, o), and any condition
imposed on i is equivalent to a constraint on (i, o). If the
condition is given by a boolean predicate b then we can vi-
sualize al instances satisfying b asaregion Binthey — o
plane (asubset of R x RT). We call B the valid region of
b. We call any superset of B a safe region for b. A sim-
ple procedure for GADT query processing is the following
two-stage process:

1. Compute a safe region that is expressible as a set of
linear constraints; then

2. Use the congtraints as input to a QBLC indexing
engine such as the R-tree variant of Goldstein et
al. [GRSY97].

Examples of safe region computation follow in the remain-
der of this section. More genera questions of query pro-
cessing and optimization for GADT are beyond the scope of
this paper and await future research.

3.1 Saferegionsfor Prob

Here we show how to process ef ciently a selection on
the predicate
R.a.Prob(I) > p, (14)

where I istheinterval I = [L, R]. The adaptation of the
procedure to other kinds of predicates is straightforward.
Recall from Section 2 that € and ¢ are related to the well-
known error function.

3.1.1 Semi-in niteintervals

Suppose rst that 7 isasemi-in nite interval. Without loss
of generality, say L = 0 and R = oo. We distinguish two
cases: p > 0.5and p < 0.5.

Case 1: p > 0.5. By the symmetry of gaussians, we
must have i > 0. Then

G ([0, 0]) = 51+ e(11/o))

Figure 2. Valid region for I = [0, c0],p > 0.7.

so Inequality 14 is equivalent to
2p <1+ e(u/o).

Since ¢(z) isamonotonically increasing function of z, this
last inequality is equivalent to

p>o-¢(2p—1). (15)

Case 2. p < 0.5. Reasoning similarly to Case 1, we
obtain

p>—o- (1 —2p). (16)

Inequalities 15 and 16 are linear constraints that de ne ex-
actly the valid region for the atomic predicate of Inequality
14 for thecasesp > 0.5 and p < 0.5, respectively. Exam-
plesare shown in Figures 1 and 2.



3.1.2 Finiteintervals

Suppose, without loss of generality, that I = [—w, w] for
some w > 0. We can again distinguish the two cases
p > 0.5andp < 0.5. It turns out that they too give rise
to qualitatively different valid regions. But for nite inter-
vals, the valid regions are not given by linear constraints.
Consider, for example, the case p > 0.5. In order for G,
to lie in the valid region, x must lie in the open interval
(—w,w). Inequality 14 is then equivalent to

6(@) +€<M> > 2.
g g

Because ¢(z) isanonlinear function of z, we cannot obtain
alinear constraint involving p and o by applying ¢ to both
sides of the last inequality, as we did above. Figures 3 and
4, which show plots of valid regionsfor p = 0.1 andp =
0.7, illustrate that the valid regions are indeed nonlinear.
Observe, however, that for any p thevalid regionisenclosed
by a bounding box given by the four linear constraints

2 Z _/1’*7 H S /L*; o Z 07 and o S o*. (17)
The parameters p* and o* are functions of p. We obtain
o* by noting that, for xed o, G, » ([—w, w]) iS maximum
a p = 0. Thisfollows from the symmetry of ¢, ,, and is
illustrated in Figures 3 and 4. The parameter o* istherefore
de ned by the equation

G070*([—w,w]) = 6(11)/0*) =p, pPE [0; ]-];

which isequivalent to

W
7T o) (18)

As for p*, we distinguish the two cases p > 0.5 and
p < 0.5. When p > 0.5, p* is easily seen to be w itself.
When p < 0.5, however, the situation becomes more in-
teresting. Consider, without loss of generality, a gaussian
G0 With p > w. In the limit both of very large and of
very small o, wehave G, , ([—w, w]) = 0. Thereis there-
fore auniquevalue of o, whichwe denote .., and which
is a function of x and w, that maximizes G, , ([—w, w]).
Formally, o,,.,isde ned by

0
peCusllcwnd] =0, >,
whose solution is
2pw

(19)

amaav - - /7 N\ -
i (222)

p—w

0 i
-25 -2 18

e
bounding box m

Figure 3. Valid region for I = [-0.5,0.5],p >
0.1.

The maximum of G, » ([—w, w]), afunction of  and w, is
denoted G¥, .. (1):

Gl (1) G ((—w,w))
= 5 r) (5]
)
-o(var-f5)]
where

def | AN B+1
= o = 571 )

There are in nitely many vaues of ;. which are so large
that no value of ¢ can satisfy Inequality 14. Such p sat-
isfy G¥ .. (1) < p. But, in the upper hafplane U, there
is clearly a unique p that gives G, ... (1) = p. Thisis u*.
Formally,

Glfrlr]wz’ (N*) =D (20)

Tothe best of our knowledge, Equation 20 doesnot admit an
analytical (closed-form) solution for p*. The problem can
be recast as that of nding the root (zero) of the function

B ¥ Gu,. (u*) - p. Thefunction ¢ isvery shallow for
large 3, however, which suggests that a root- nding algo-
rithm (such as a variant of Newton’s method) will struggle
to nd a good solution if p is small. In other words, the
problem isill-conditioned in that regime. A better solution
is simply to tabulate a few values of G, (1) and to use



bounding box

Figure 4. Valid region for

theresultingtableto look up a conserative estimateof
The conseratismintroduceddecreasewith mcreasmga—
ble size, but the table neednot be very large; a few extra

falsepositveswould only negligibly impair performance.

Toimprove onthis schemewe caninterpolatehetatbulated
valuesusing,for example amulti-dimensionatubicspline.

3.2 Joinsusing

Thefollowing querycanbeprocessedsingindex nested
loops(INL) wheretheindex is usedto probetheinnerrela-
tion

SELECT*
FROM
WHERE

Let and betuplesof and suchthat isthegaus-
sian and thegaussian , respectiely. Then
corresponddo the gaussian
from Equations9 and10. Theresultsof Section3.1. 20an
thusbeusedwith  asthe gaussiarin question. Thatis,

Equationsl7,18,and20, applywith the substitutions

whichimplies

Since  belongsto the outertuple, it is a constantwith
respectto the innerindex probe,andthe last constraintis
therefordinearin

3.3 Saferegionsfor

The test for con dence overlap also reducesto lin-
ear constraintson and . Let
betwo gaussiansSupposeave wish to testwhether
the  con dence-intenal of  overlapswith the
condence-interal  of . For corvenience put
and . Thenit is easyto show that:

The conditionfor overlapis , which
is equivalentto
(21)
(22)

If weview as x ed, Equation21 and Equation22 are
linearconstraintsnvolving and , andthevalid region
is acurtailedcone.

4 Probability SpaceADTs

Having presente@nADT for gaussiamata,we now be-
gin to explore a more generaltheory of probabilisticdata
in the ADT contet. The goal is to de ne a framework
(conceptsoperations ADT methods)that is independent
of ary particular , so that we would not needto un-
dertale a separatstudyfor datawhoseuncertaintyis given
by otherdistributions,for example,a Gammadistribution.
The modelwe presents not only -agnostic,but also
subsume®oth continuousand discrete ‘sunderone
generalframewvork. To accomplishthis goal, our model
usesthe languageof measuretheory® In what follows,
we usethe term probability spaceADT (PSADT)to refer
to ary datatypethataimsto modelprobabilisticdatausing
the ADT approachthegaussiatADT GADT is anexample
of suchaPSADT

4.1 Spacesand Events

Let be a databaseelationwith an attribute . Be-
fore attribute canbetypedasprobabilisticandpopulated
with PSADT instanceswe mustdeclarethe sampleset
in which may lie the true valuesof the quantitiesrepre-
sentedby thoseinstances.This is analogoudo specifying
the domainof a regular attribute. Once is specied, a
PSADT instance canthenbe modeledas a probability
measue on the measurablepace , where isa

3We assumehe readeris alreadyfamiliar with the basicsof measure
theory Seethebooksby Bartle[Bar95 or Billingsley [Bil95] for anintro-
duction.



