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Aerodynamic Sound
Sound generated by turbulent flow in an 
unbounded fluid medium

Generated by turbulent high Reynolds 
number (Re) flows

https://en.wikipedia.org/wiki/Reynolds_number 

Usually small for isolated turbulence

Turbulence and radiation both accentuated 
by the presence of boundaries

Key idea: "Lighthill's acoustic analogy"
Rewrite fluid equations as a wave equation with 
(nonlinear) source terms that go to zero outside 
turbulent region

Extensions for boundaries, e,g., Curle's Theory

https://en.wikipedia.org/wiki/Reynolds_number


Lighthill's Acoustic Analogy
A sound source for turbulent flow



Lighthill's Acoustic Analogy
Re-deriving the wave equation and keeping neglected terms

Linearized Wave Equation
Density fluctuations satisfy (no sources)

for an ideal acoustic medium with 

  :  mean density 

  :  mean pressure

  :  speed of sound,  

Pressure fluctuation: 

ρ0

p0

c0 c0 = p0/ρ0

(p − p0) = c2
0(ρ − ρ0)

Lighthill's Acoustic Analogy
Density fluctuations satisfy 

where  is the Lighthill stress tensor:

Note: Right-hand side forcing goes to zero 
outside turbulent region, and so becomes 
the linear wave equation in the far field.

Tij
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Accounts for many acoustic and non-acoustic effects:
acoustic self-modulation caused by acoustic nonlinearity
advection of sound waves by the turbulent velocity
refraction caused by sound speed variations
attenuation due to thermal and viscous actions

Can be hard to compute using compressible flow methods: 
Very sensitive to numerical errors.

Lighthill's Stress Tensor, Tij
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Common approximation for aeroacoustics:

Motivation
Ignore viscous stress dissipation
Often need to ignore high compression 
nonlinearities for sound source estimation
In practice must be possible to derive a 
good approximation by taking the source 
flow to be effectively incompressible

Reasonable for flows with low Mach 
number, .M ∼ v/c0

Lighthill's Stress Tensor, Tij



Lighthill's Acoustic Analogy: Far-field solution
Solution to wave equation is given by a sum of quadrupoles:

then for low Mach number flows,

and using the far-field Fraunhofer approximation, the acoustic pressure is:



Lighthill's   Power Lawv8

Consider one eddy of size  with characteristic speed 
, and frequency , then the order of magnitude 

of far-field acoustic pressure is

so the order of magnitude of radiated power is

This is Lighthill's "eighth power" law ( ). 

ℓ
v f ∼ v/ℓ

v3M5 = v8/c5
0

Power



Curle's Equations
Supporting solid boundaries



What about solid boundaries?

Fluid

Solid



What about solid boundaries?
Cool trick: Use an  indicator functionH( f )

 Define the acoustic medium's domain  usingV

Introduce



Useful property
Calculus moment

One dimension

and

or just

d
dx

H(x) = δ(x)

d
dx

H( f(x)) = δ( f(x)) f′ (x)

d
dx

H( f ) = δ( f ) f′ 

Three dimensions

and

or just

∇H(x) = δ(x) x̂

∇H( f(x)) = δ( f(x)) ∇f(x)

∇H( f ) = δ( f ) ∇f



Curle's Equation
Lighthill's analogy extended to include boundaries

Sketch of derivation:
Multiply momentum equation with 

Multiply continuity equation with 

Combine "like before" 

Use definition of Lighthill's stress tensor, 

Use   and product rule

H( f ) = H( f(x))
H( f ) = H( f(x))

Tij

∇H( f ) = δ( f ) ∇f



Curle's Equation (Differential Form)
Lighthill's analogy extended to include boundaries

Quadrupole 
source

Dipole 
source

Monopole 
source



Curle's Equation (Integral Form)
Lighthill's analogy extended to include boundaries

Quadrupole 
source

Dipole 
source

Monopole 
source



Curle's Equation (Integral Form)
Lighthill's analogy extended to include boundaries

For a rigid boundary, S, the monopole (pulsation) source disappears:

Quadrupole 
source

Dipole 
source

Dominates at low Mach numbers



Curle's Equation (Integral Form)
Lighthill's analogy extended to include boundaries

For a rigid boundary, S, the dipole contribution dominates at low Mach 
numbers. The far-field solution is

where  is the unsteady force exerted on the body by the flow.

Order of magnitudes:  Far-field pressure is , whereas power is .

F

v3 v6



von Kármán vortex street
https://en.wikipedia.org/wiki/K%C3%A1rm%C3%A1n_vortex_street 

https://en.wikipedia.org/wiki/K%C3%A1rm%C3%A1n_vortex_street


Real-time Rendering of Aerodynamic Sound using Sound Textures based 
on Computational Fluid Dynamics

ACM Trans. on Graphics, Vol. 22, No. 3 (Proc. SIGGRAPH 2003), 2003-7, pp. 732-740.
Yoshinori Dobashi 1 Tsuyoshi Yamamoto 1 Tomoyuki Nishita 2

1Hokkaido University,  2The University of Tokyo
https://ime.ist.hokudai.ac.jp/~doba/projects/aerodynamic_sound/aero_sound.htm 

https://ime.ist.hokudai.ac.jp/~doba/projects/aerodynamic_sound/aero_sound.htm


Synthesizing Sound from Turbulent Field Using Sound Textures
for Interactive Fluid Simulation

Computer Graphics Forum, Vol. 23, No. 3, pp. 539-546 (Proc. EUROGRAPHICS 2004)
Yoshinori Dobashi 1 Tsuyoshi Yamamoto 1 Tomoyuki Nishita 2

1Hokkaido University,  2The University of Tokyo
https://ime.ist.hokudai.ac.jp/~doba/projects/fire_sound/fire_sound.htm  

https://ime.ist.hokudai.ac.jp/~doba/projects/fire_sound/fire_sound.htm


Wait, where does this formula come from?

Approximate solution to Lighthill's theory.
Used in [Dobashi et al. 2004; ...]

Exer
cise

!
  (vorticity)w = ∇ × v



Lighthill's Acoustic Analogy
Re-deriving the wave equation and keeping neglected terms

Lighthill's Acoustic Analogy
Density fluctuations satisfy 

where  is the Lighthill stress tensor:Tij
Recal

l...



Lighthill's Acoustic Analogy: Far-field solution
Solution to wave equation is given by a sum of quadrupoles:

then for low Mach number flows,

and using the far-field Fraunhofer approximation, the acoustic pressure is:

??



Approximate solution to 

for  (assuming finite sound region about ).

Uses two key simplifications (to leading order):

1. Amplitude: Replace  factor with 

2. Time delay: Replace  with 

|x | ≫ |y | O

1
|x − y |

1
|x |

=
1
r

|x − y |
c0

|x |
c0

−
x̂ ⋅ y
c0

Fraunhofer approximation for far-field sound
(See Howe 1.9)



Approximate solution to 

becomes

Fraunhofer approximation for far-field sound
(See Howe 1.9)



Details...

Fraunhofer approximation for far-field sound
(See Howe 1.9)



Fraunhofer approximation for far-field sound
(See Howe 1.9)

Also



Motivation: 1D plane wave far from a source

Rates of change of the function w.r.t.  and  are related (solutions to wave eq'n!):

Since  (just the one-way wave eq'n!),

we can formally swap derivatives    (in the far field) if convenient.

p(x, t) = sin(kx − ωt + ϕ)
x t

∂p(x, t)
∂x

= cos(kx − ωt + ϕ)
∂(kx − ωt + ϕ)

∂x
= k cos(kx − ωt + ϕ)

∂p(x, t)
∂t

= cos(kx − ωt + ϕ)
∂(kx − ωt + ϕ)

∂t
= − ω cos(kx − ωt + ϕ)

∂p(x, t)
∂x

= −
k
ω

∂p(x, t)
∂t

= −
1
c0

∂p(x, t)
∂t

∂
∂x

⟶
1
c0

∂
∂t

Far-field sound: Swap gradients for time derivatives
Often easier to compute in practice



Example: 3D dipole sound in the far field

Far-field sound model to leading order, :O ( 1
r )

Far-field sound: Swap gradients for time derivatives
Often easier to compute in practice (See Howe 1.9)

Ignore product-rule contribution from  since 
1
r

∇
1
r

= −
̂r

r2
= O ( 1

r2 )



Far-field sound: Swap gradients for time derivatives
Often easier to compute in practice (See Howe 1.9)



Example: 3D dipole sound in the far field

Rule for changing space and time derivatives in the acoustic far field:

Far-field sound: Swap gradients for time derivatives
Often easier to compute in practice (See Howe 1.9)

≈

∇x = −
1
c0

x̂
∂
∂t

or



Howe: Formula uses Reynold's stress,  and 

Dobashi 2004: Formula uses vorticity,  and 

ρ0vivj ∂2
t

w = ∇ × v ∂3
t

Comparing Lighthill approximations
How are they related?

Units??



Howe: Formula uses Reynold's stress,  and 

Howe [Möhring 1978]: Formula uses vorticity,  and 

ρ0vivj ∂2
t

w = ∇ × v ∂3
t

Comparing Lighthill approximations
How are they related?



Use velocity decomposition: (incompressible) + (compressible)

Use vorticity 

Use incompressible Reynold's stress: 

v = u + ∇φ =
ω = ∇ × u

Tij = ρ0 ui uj

How to convert  into  ?
Howe, Section 5 & Problem 5.4

∂2
t vivj ∂3

t yi(y × ω)j



How to convert  into  ?
Howe, Section 5 & Problem 5.4

∂2
t vivj ∂3

t yi(y × ω)j

Turns out that 



How to convert  into  ?
Howe, Section 5 & Problem 5.4

∂2
t yi(ω × u)j ∂3

t yi(y × ω)j



Problem 5.4: From vorticity equation in  and :

multiply by  and use identity

and various approximations (!) to get

Howe [Möhring 1978]: It follows that <whew> ... 

y t
∂ω
∂t

+ ∇ × (ω × v) = 0

yi

How to convert  into  ?
Howe, Section 5 & Problem 5.4

∂2
t yi(ω × u)j ∂3

t yi(y × ω)j


