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Abstract

A new stationarysubdvision schemes presentedvhich performs
slowertopologicalre nementthantheusualdyadicsplit operation.
The numberof trianglesincreasesn every stepby a factorof 3
insteadof 4. Applying the subdvision operatortwice causes uni-
form re nementwith tri-sectionof every original edge(hencethe
name 3-subdvision) while two dyadicsplitswould quadsectev-
ery original edge.Besideghe ner gradationof the hierarchylev-
els,the new schemehasseveralimportantproperties.The stencils
for thesubdvision ruleshave minimumsizeandmaximumsymme-
try. Thesmoothnessf thelimit surfaceis C2 everywhereexceptfor
the extraordinarypointswhereit is C1. The corvergenceanalysis
of theschemas presentedbasednanewn generatechniquewhich
alsoappliesto the analysisof othersubdvision schemesThe nex
splitting operationenabledocally adaptve re nementunderbuilt-
in preseration of the meshconsisteng without temporarycrack-
xing betweemeighboringfacesfrom differentre nementlevels.
The sizeof the surroundingmeshareawhich is affectedby selec-
tive re nementis smallerthanfor the dyadic split operation. We
further presenta simple extensionof the newv subdvision scheme
which malesit applicableto mesheaith boundaryandallows us
to generatesharpfeaturelines.

1 Introduction

The use of subdvision schemesfor the efcient generationof
freefrom surfaceshasbecomecommonplacen a variety of geo-
metric modeling applications. Insteadof de ning a parameteric
surfaceby a functional expressionF u v to be evaluatedover a
planarparametedomainW IRZ we simply sketchthe surfaceby
acoarsecontrolmeshM g thatmayhave arbitraryconnectiity and
(manifold)topology By applyingasetof re nementrules,we gen-
eratea sequencef ner and ner meshedM ; My,  which
eventuallycornvergeto asmoothlimit surfaceM y.

In the literature there have been proposedmary subdvision
schemesvhichareeithergeneralizedrom tensorproductsof curve
generatiorscheme§DS78,CC78 Kob9q or from 2-scalerelations
in more generalfunctional spacesbeing de ned over the three-
directionalgrid [Loo87, DGL90, ZSS9§. Dueto the natureof the
re nementoperatorsthe generalizedensorproductschemesatu-
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Figurel: Subdivisiorscheme®ntriangle meshesre usuallybased
on the 1-to-4 split opemtion which insertsa new vertex for every
edee of thegivenmeshandthenconnectghe new vertices.

rally leadto quadrilateramesheswhile the othersleadto triangle
meshes.

A subdvision operatorfor polygonalmeshesanbe considered
ashbeingcomposedy a (topological)split operationfollowed by
a (geometric)smoothingoperation. The split operationperforms
the actualre nementby introducingnew verticesandthe smooth-
ing operationchangeghe vertex positionsby computingaverages
of neighboringvertices(generalizeccorvolution operatorsrelax-
ation). In orderto guaranteehat the subdvision processwill al-
waysgenerat@asequencef meshedM | thatconvergesto asmooth
limit, the smoothingoperatorhasto satisfyspeci ¢ necessarand
sufcient conditions[CDM91, Dyn91, Rei95 Zor97, Pra98. This
iswhy speciakttentionrhasbeenpaidby mary authorgo thedesign
of optimalsmoothingrulesandtheir analysis.

While in the context of quad-mesheseveral differenttopolog-
ical split operationge.g. primal [CC78,Kob9§ or dual [DS78])
have beeninvestigatedall currently proposedstationaryschemes
for triangle meshesare basedon the uniform 1-to-4 split [Loo87,
DGL90, ZSS9§ which is depictedin Fig 1. This split operation
introducesa new vertex for eachedge of thegivenmesh.

Recently the conceptof uniform re nementhasbeengeneral-
izedto irregular re nement[GSS99,KCVS98,VG99 wherenew
verticescan be insertedat arbitrary locationswithout necessarily
generatingsemi-uniformmesheswith so-calledsubdivisioncon-
nectivity However, the corvergenceanalysisof suchschemess
still anopenquestion.

In this papemwe will presentnew subdvision schemeor trian-
gle mesheavhich is basedon an alternatie uniform split operator
thatintroducesa new vertex for every triangle of the given mesh
(Section2).

As we will seein the following sectionsthe new split operator

enablesusto de ne anaturalstationarysubdvision schemewhich
hasstencilsof minimumsizeandmaximumsymmetry(Section3).
The smoothingrules of the subdvision operatorare derived from
well-knowvn necessanconditionsfor the corvergenceto smooth
limit surfaces. Sincethe standardsubdvision analysismachinery
cannotbe applieddirectly to the new schemewe derive a modi-
ed techniqueandprove thatthe schemegenerate€? surfacesfor
regular control meshes.For arbitrary control meshesve nd the
limit surfaceto be C2 almosteverywhereexceptfor the extraordi-
naryvertices(valence 6)wherethesmoothnesis atleastC! (see
the Appendix).
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Figure2: The 3-subdivisionsthemeis basedon a split opemation which r stinsertsa new vertex for everyfaceof the givenmesh.Flipping
theoriginal edgesthenyieldsthe nal resultwhich is a 30 degreerotatedregular mesh.Applyingthe 3-subdivisionschemetwice leadsto
a 1-to-9 re nementof the original mesh.Asthis correspondgo a tri-adic split (two new verticesare introducedfor every original edge) we

call our scheme 3-subdivision.

Insertinga new vertex into atriangularfacedoesonly affectthat
singlefacewhich makeslocally adaptve re nementvery effective.
The global consisteng of the meshis presered automaticallyif

3-subdvision is performedselectvely. In Section4 we compare
adaptvely re ned meshegeneratedy dyadicsubdvisionwith our

3-subdvision meshesand nd that 3-subdvision usuallyneeds
fewer trianglesand lesseffort to achieve the sameapproximation
tolerance.The reasorfor this effect is the betterlocalization i.e.,
only arelatively smallregionof themeshis affectedif morevertices
areinsertedocally.

For thegeneratiorof surfaceswith smoothboundarycurves,we
needspecialsmoothingrules at the boundaryfacesof the given
mesh.In Section5 we proposea boundaryrule which reproduces
cubic B-splines. The boundaryrules canalsobe usedto generate
sharpfeaturelinesin theinterior of the surface.

2  3-Subdivision

The most wide-spreadway to uniformly re ne a given triangle
meshM g is the dyadic split which bi-sectsall the edgesby in-
sertinga new vertex betweerevery adjacenpair of old ones.Each
triangularfaceis thensplit into four smallertrianglesby mutually
connectingthe new verticessitting on a faces edges(cf. Fig. 1).
This type of splitting hasthe positive effect thatall newly inserted
verticeshave valencesix andthe valencef the old verticesdoes
not change. After applyingthe dyadic split several times, the re-
ned meshedM \ have a semi-rgular structuresincethe repeated
1-to-4re nementreplacesvery triangleof the original meshby a
regular patchwith 4K triangles.

A straightforvard generalizatiorof the dyadicsplit is the n-adic
split where every edgeis subdvided into n sggmentsand conse-
quentlyevery original faceis split into n? sub-triangles However,
in the contet of stationarysubdvision schemesthe n-adic split
operationrequiresa speci ¢ smoothingrule for every new vertex
(modulopermutationf the barycentriccoordinates) This is why
subdvision schemesremostly basedon the dyadicsplit thatonly
requirestwo smoothingrules: onefor the old verticesandonefor
thenew ones(plusrotations).

In this paperwe consideithefollowing re nementoperatiorfor
triangle meshes:Given a meshM o we performa 1-to-3 split for
everytriangleby insertinganew vertex atits center Thisintroduces
threenew edgesconnectinghe new vertex to the surroundingold
ones.In ordertore-balancehevalenceof themeshverticesve then

ip every original edgethatconnectdwo old vertices(cf. Fig 2).

This split operationis uniformin the sensehatif it is appliedto
a uniform (three-directionalprid, a (rotatedandre ned) uniform
gridis generatedcf. Fig. 2). If we applythesamere nementoper
atortwice, the combinedoperatorsplitsevery original triangleinto

nine subtrianglegtri-adic split). Henceonesinglere nementstep
canbeconsideredsthe”squareroot” of thetri-adic split. In a dif-
ferentcontet, thistypeof re nementoperatomhasbeenconsidered
independentlyn [Sab87 and[Gus9].

Analyzingtheactionof the 3-subdvision operatoron arbitrary
trianglemesheswe nd thatall nenly insertedverticeshave ex-
actly valencesix. Thevalencesf the old verticesarenot changed
suchthat after a sufcient nhumberof re nement steps,the mesh
M ¢ haslarge regions with regular meshstructurewhich are dis-
turbedonly by a small numberof isolatedextraordinaryvertices.
Thesecorrespondo theverticesin M o which hadvalence 6 (cf.
Fig. 3).

Thereare several agumentswhy it is interestingto investigate
this particularre nementoperator First, it is very natural to sub-
divide triangularfacesat their centerratherthansplitting all three
edgessincethe coefcients of the subsequensmoothingoperator
canre ect thethreefoldsymmetryof thethree-directionagrid.

Secondthe 3-re nementis in somesenseslowerthanthe stan-
dardre nementsincethe numberof vertices(andfaces)increases
by the factorof 3 insteadof 4. As a consequenceye have more
levels of uniform resolutionif a prescribedtarget compleity of
the meshmustnot be exceeded. This is why similar uniform re-
nement operatorsfor quad-meshebave beenusedin numerical
applicationssuchas multi-grid solversfor nite elementanalysis
[Hac85 GZZ93].

From the computergraphicspoint of view the 3-re nement
hasthe nice propertythatit enablesa very simpleimplementation
of adaptve re nementstratgieswith no inconsistenintermediate
statesaswe will seein Section4.

In thecontet of polygonalmeshbasednultiresolutionrepresen-
tations[ZSS96 KCVS98,GSS99]the 3-hierarchiesanprovide
anintuitive androbust way to encodethe detail informationsince
the detail coefcients areassignedo faces( tangentplanes)in-
steadof vertices.

3 Stationar y smoothing rules

To completethede nition of our new subdvision schemeye have
to nd thetwo smoothingules,onefor the placemenbf the newly

insertedverticesandonefor the relaxationof the old ones.For the
sale of ef ciency, our goalis to usethe smallestpossiblestencils
while still generatinghigh quality meshes.

There are well-knowvn necessanand sufcient criteria which
tell whethera subdvision schemeS is convergentor not andwhat
smoothnesgpropertieghe limit surfacehas. Suchcriteria checkif
theeigevaluesof thesubdivisiormatrix have a certaindistribution
andif alocalregularparameterizatiorxistsin thevicinity of every
vertex onthelimit surface[CDM91, Dyn91, Rei95,Z0r97, Pra98].
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Figure3: The 3-subdivisiongeneatessemi-egular meshesinceall new verticeshavevalencesix. After an evennumber2k of re nement
stepsead original triangle is replacedby a regular patch with 9¥ triangles.

By de nition, the subdvision matrix is a squarematrix S which
mapsacertainsub-mestV/ My to atopologicallyequivalentsub-
meshSV My 1 of there ned mesh.Everyrow of this matrixis
aruleto computethepositionof anew vertex. Every columnof this
matrix tells how oneold vertex contritutesto the vertex positions
in there ned mesh.Usually, V is choserto betheneighborhooaf
aparticularvertex, e.g.,a vertex p andits neighborsup to the k-th
order(k-ring neighborhooil

To derivetheweightcoefcients for thenew subdvisionscheme,
we usethesecriteriafor somekind of reverseengineeringorocess,
i.e., insteadof analyzinga given schemewe derive onewhich by
constructionsatisi es the known necessaryriteria. Thejusti ca-
tion for doingthisis thatif thenecessargonditionsuniquelydeter
mine a smoothingrule thentheresultingsubdvision schemas the
only schemgwith thegivenstencil)thatis worth beingconsidered.
In the Appendixwe will give thedetailsof thesufcient partof the
corvergenceanalysis.

Sincethe 3-subdvision operatorinsertsa new vertex for every
triangleof thegivenmesh theminimumstencilfor thecorrespond-
ing smoothingrule hasto include at leastthe three (old) corner
verticesof thattriangle. For symmetryreasonstheonly reasonable
choicefor thatsmoothingrule is hence

1
q9: 3 Pi P Pk 1)

i.e.,thenew vertex q is simply insertedat the centerof thetriangle

Pi Pj Pk -

The smalleston-trivial stencilfor therelaxationof the old ver
ticesis the 1-ring neighborhoodtontainingthe vertex itself andits
directneighborsTo establislsymmetrywe assigrthesameweight
to eachneighbor Let p beavertex with valencen andpg Pn 1
its directly adjacenteighborsn theunre nedmeshthenwe de ne

1n1

Sp : 1 anp an- A Ppi )
Nio

The remainingquestionis whatthe optimal choicefor the param-
etera, would be. Usually, the coefcient dependn thevalence
of p in orderto make the subdvision schemeapplicableto control
meshedM o with arbitraryconnectiity.

The rules (1) and (2) imply that the 1-ring neighborhoodof

avertex Sp My 1 only dependson the 1-ring neighborhood
of the correspondingvertex p M. Hence,we can set-upa
n 1 n 1 matrix which mapsp and its n neighborsto

the next re nementlevel. Arrangingall the verticesin a vector

Figure4: Theapplicationof the subdivisionmatrix S causesa ro-
tation aroundp sincethe neighboringverticesare replacedby the
centes of theadjacenttriangles.

P po pn 1 wederie the subdvision matrix
uv v v v
111 0 0
1 10 :
e 3
3 T | )
10 R |
110 01
withu 31 ap andv 3ap n. However, whenanalysingthe

eigenstructuref this matrix, we nd thatit is not suitablefor the
constructionof a corvergent subdvision scheme. The reasonfor
this defectis the rotationaroundp which is causedby the appli-
cationof Sandwhich makesall eigevaluesof Scomple. Fig. 4
depictsthe situation.

Fromthe lastsectionwe know thatapplyingthe 3-subdvision
operatortwo times correspondgo a tri-adic split. So insteadof
analysingonesinglesubdvision step,we cancombinetwo succes-
sive stepssinceafterthe secondapplicationof S the neighborhood
of & p is againalignedto the original con guration aroundp.
Hence,the back-rotationcan be written as a simple permutation
matrix

10 00
00 01
R 01 . 0
0 010

TheresultingmatrixS RS? now hasthecorrecteigenstructuréor



theanalysis.Its eigevaluesare:

1g5 3an 22 2c032p%

n 1
2 2 2p—— 4
5 cos2p™= ()

From [Rei95, Zor97] it is known thatfor the leadingeigervalues,
sortedby decreasingnodulus,the following necessargonditions
have to hold

|]_ 1 |2 |3 |i i 4 n 1 (5)

Additionally, accordingto [Pra98,Zor97], a naturalchoicefor the
eigewvaluel 4isl 4 | %sincetheeigenstructurf thesubdvision
matrix canbe interpretedasa generalizedraylor-expansionof the
limit surfaceat the point p. The eigervaluel 4 thencorresponds
to aquadratictermin thatexpansion.Consequentlywe de ne the
valuefor ap, by solving

2
2 2 2 2cos2pi
3 " 9
which leadsto )
4 2cos <R
an fn (6)

wherewe picked that solutionof the quadraticequationfor which
thecoefcient a, alwaysstaysin theintenal 0 1 and(2) isacon-
vex combination. The explanationfor the existenceof a second
solutionis thatwe actuallyanalyseadoublestepS RS2, Thereal
eigervalue % an 2 of Scorrespondso theeigewalue% an of
Sbothwith thesameeigevector 3ap 1 1 whichisinvariant
underR. Obviously we have to choosea,, suchthat negative real
eigevaluesof Sareavoided[Rei95|.

Equationg1), (2) and(6) togetheicompletelyde ne thesmooth-
ing operatorfor our stationarysubdvision schemesincethey pro-
vide all thenecessarinformationto implementheschemeNotice

thatthespectrapropertieof thematricesSandSarenot sufcient
for theactualconvergenceanalysisof the subdvision schemelt is
only usedhereto derive thesmoothingule from thenecessargon-
ditions! Thesufcient partof theconvergenceanalysids presented
in the Appendix.

4 Adaptive re nement strategies

Although the compleity of the re ned meshedM . grows slower
under 3-subdvision thanunderdyadicsubdvision (cf. Fig. 13),
the numberof trianglesstill increasesxponentially Hence,only
relatively few re nement stepscan be performedif the resulting
meshesreto be processean a standardPC. The commontech-
niquesto curb the meshcompleity underre nement are based
on adaptve re nement stratgjies which insert new verticesonly
in thoseregionsof the surfacewheremore geometricdetail is ex-
pected. Flat regions of the surface are sufciently well approxi-
matedby largetriangles.

The major dif culties thatemege from adaptve re nementare
causedby the fact that trianglesfrom different re nement lev-
els have to be joinedin a consistenmanner(conformingmesheps
which oftenrequiresadditionalredundang in theunderlyingmesh
datastructure. To reducethe numberof topologicalspecialcases
and to guaranteea minimum quality of the resulting triangular
faces, the adaptve re nement is usually restrictedto balanced
meshesvherethe re nementlevel of adjacenttrianglesmustnot
differ by morethanonegenerationHowever, to maintainthe mesh
balanceatary time,alocalre nementstepcantriggerseveraladdi-
tionalsplit operationsn its vicinity. Thisis thereasorwhy adaptve
re nementtechniquesareratedby their localizationproperty i.e.,

g P

Figure5: Thegapbetweertrianglesfromdifferentre nementlievels
canbe xed by tempoarily replacingthe larger faceby a triangle
fan.
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Figure6: Thegap xing by triangle fanstendsto producedegen-
erate trianglesif the re nementis not balanced(left). Balancing
the re nement,however, causesa larger region of the meshto be
affectedby local re nement(right).

by the extendto which the side-efects of a local re nementstep
spreacdverthemesh.

For re nementschemedasedon the dyadicsplit operation the
local splitting of one triangular face causesgapsif neighboring
facesarenotre ned (cf. Fig.5). Thesegapshave to be remaved
by replacingthe adjacentunre ned) faceswith atrianglefan. As
shavn in Fig. 6 this simple strat@y tendsto generatevery badly
shapedrianglesif no balanceof there nementis enforced.

If furthersplit operationsareappliedto analreadyadaptvely re-
ned mesh thetrianglefanshave to beremoved rst sincethe cor
respondingrianglesarenot partof the actualre nementhierarchy
Thecombinatiorof dyadicre nement,meshbalancingandgap x-
ing by temporarytrianglefansis well-knovn underthe namered-
greentriangulationin the nite elementommunity[VT92, Ver96].

Thereareseveralreasorwhy 3-subdvision seemsettersuited
for adaptve re nement. First,thesloverre nementreducegheex-
pectedaverageover-tesselationvhichoccurswhenacoarseriangle
slightly fails the stoppingcriterion for the adaptve re nementbut
theresultof there nementfalls signi cantly below thethreshold.

Thesecondeasorns thatthelocalizationis betterthanfor dyadic
re nementandnotemporantrianglefansarenecessarjo keepthe
meshconsistent. In fact, the consisteng preservingadaptve re-
nement canbeimplementedy a simplerecursve procedure No
re nementhistory hasto be storedin the underlyingdatastructure
sinceno temporarytrianglesare generateavhich do not belongto
theactualre nementhierarchy

To implementthe adaptie re nement,we have to assigna gen-
erationindex to eachtrianglein the mesh.Initially all trianglesof
thegivenmeshM g aregeneratiorD. If atrianglewith evengener
ationindex is split into threeby insertinga new vertex atits center
thegeneratiorindex increasedy 1 (giving anoddindex to thenew
triangles).Splitting atrianglewith oddgeneratiorindex requireso
nd its "mate”, performanedge ip, andassigrevenindicesto the
resultingtriangles.

For an alreadyadaptvely re ned mesh,further splits are per
formedby thefollowing recursve procedure



Figure 7: Adaptivere nementbasedon 3-subdivisionachieves
an improved localizationwhile automaticallypreventingdegener
atetrianglessinceall occuringtrianglesare a subsebf the under
lying hierarchy of uniformlyre ned meshesLetusassumehehor-
izontalcoarsescalegrid linesin theimageshaveconstanintegery
coominatesthenthe two imagesresultfromadaptivelyre ning all
trianglesthat intersecta certainy  const.line. In theleft image
y waschosenfrom 1 2 andin theright imagey 1 e which
explainsthe differentlocalization.

split(T)
if (T.ndex is even) then

compute midpoint P
split  T(AB,C) into T[1](P,A,B),T[2](P,B,C)T[3](P,C.A)

for i =1,23 do
T[i].index = T.index + 1
if  (T[i].mate[1].index == T[i].index) then

swap(T[i], T[i]. mate[1])
else

if  (T.mate[1].index == T.ndex - 2)
split(T.mate[1])

split(T.mate[1]) I* triggers edge swap */

which automaticallypreseresthe meshconsisteng andimplic-
itly maintainssomemild balancingconditionfor there nementlev-
els of adjacenttriangles. Notice that the orderingof the vertices
in the 1-to-3 split is chosensuchthatreferenceamate[l] always
pointsto the correctneighboringtriangle (outsidethe parenttrian-
gleT). Theedge ipping procedurés implementedas

swap(T1,T2)

change T1(A,B,C), T2(D,B,C)
Tl.index++

T2.index++

T2(BAD) into Ti(CAD),

All the trianglesthat are generatedduring the adaptve 3-
re nement form a proper subsetof the uniform re nement hier-
archy This implies that the shapeof the trianglesdoesnever de-
generateTheworsttrianglesarethosegeneratedby an1-to-3split.
Edge ipping thenmostlyre-improsesthe shape Fig. 7 shavs two
adaptiely re ned examplemeshes. Anotherapproacho adaptve
meshre nementwith built-in consisteng is suggestedh [V GO0Q].

Whenadaptve re nementis performedn thecontet of station-
ary subdvision, anotherdif culty arisesfrom the factthat for the
applicationof the smoothingrulesa certainneighborhoodf ver
ticesfrom the samere nementlevel hasto be present. This puts
someadditionalconstraintonthe meshbalanceln [ZSS97]thisis
explainedfor Loop subdvision with dyadicre nement.

For 3-subdvision it is sufcient to slightly modify the recur
sive splitting proceduresuchthat befoe splitting an even-indexed
triangle by vertex insertion,all older odd-indeed neighborshave
to be split (even-indexed neighborgemainuntouched).This guar
anteeghatenoughinformationis availablefor laterapplicationsof
the smoothingrule (2). Therule (1) is alwaysapplicablesinceit
only usesthe threeverticesof the currenttriangle. Notice thatthe

1-to-3splitis the only way new verticesenterthemesh.Moreover,
every new vertex eventuallyhasvalencesix — althoughsomeof its
neighboranightnotyetbepresent.

Themodi cation of therecursve procedurémpliesthatwhena
new vertex p is inserted,its neighboringverticespy pe either
exist already or at leastthe trianglesexist at whosecentersthese
verticesaregoingto beinserted.In ary caseit is straightforvardto
computetheaveragt% & pi whichis all weneedfor theapplication
of (2).

Theremainingtechnicalproblemis thatin anadaptvely re ned
mesh,the geometriclocationof a meshvertex is not alwayswell-
de ned. Ambiguitiesoccurif trianglesfrom differentre nement
levels sharea commonvertex sincethe smoothingrule (2) is non-
interpolatory We solwed this problemby implementinga multi-
stepsmoothingrule which enableddirect accesgo the vertex po-
sitions at ary re nementlevel. Accessinga Vertex -objectby
Vertex::pos(k) returnsthe vertex coordinatesorresponding
to thekth re nementlevel. Vertex::pos(inf) returnsthecor
respondingpoint on the limit surfacewhich is the locationthatis
eventuallyusedfor display

Multi-step rulesare generalization®f the rule (2) which allow
directevaluationof arbitrarypowersof S. As we alreadydiscussed
in Section3, the 1-ring neighborhoodp po pn 1 of avertex
p is mappedo (a scaledversionof) itself underapplicationof the
subdvision scheme This is re ected by the matrix Sin (3). If we
computethe mth power of the subdvision matrixin (3), we nd in
the rst row alinearcombinatiornof p po pn 1 whichdirectly
yieldsS™ p . For symmetryreasorthis multi-steprule can,again,
be written asa linear combinationof the original vertex p andthe
averageof its neighborst &; p;.

By eigenanalysi®f the matrix Sit is fairly straightforvard to
derive a closedform solutionfor the multi-steprule [Sta98]:

1n°1
S 1 1 bpm p bam— Qg pi @)
i 0
with )
3an 3anp § ap ™
b
n M 1 3an
especially
3an
bn ¥ 1 3ap

Sincethepointp ¥ S¥ p onthelimit surfaceis particularlyim-
portant,we rewrite (7) by eliminatingthe averageof p's neighbors

S"p: ggmp 1 gm p¥ (8)

with

2 m

m - a
Gh 3 n

In ourimplementationevery Vertex -objectstorests original po-
sition p (at the time it was insertedinto the mesh)and its limit
positionp ¥ . The vertex positionat arbitrary levels canthenbe
computedoy (8).

5 Boundaries

In practicalandindustrialapplicationst is usuallynecessaryo be
ableto processcontrol mesheswith well-de ned boundarypoly-
gonswhich shouldresultin surfaceswith smoothboundarycures.
As theneighborhooaf boundaryverticesis notcompletewe have
to gure outspecialre nementandsmoothingules.
Whentopologicallyre ning a given opencontrol meshM g by
the 3-operatomwe split all triangularfacesl-to-3but ip only the
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Figure8: Theboundaryis subdividednly in everyotherstepsud
thata uniform1-to-9 re nementof thetriangular facesis achieved.

Figure9: Theuseof univariatesmoothingrules at the boundaries
enablesthe geneation of sharp featue lines whee two sepaate
contol mesheshake anidenticalboundarypolygon.
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interior edgesEdge ipping attheboundariess notpossiblesince
theoppositetriangle-matés missing.Hence theboundarypolygon
is notmodi ed in the rst  3-subdvision step.

As we alreadydiscussedh Section2, theapplicationof asecond

3-stephasthe overall effect of atri-adic split whereeachoriginal
triangleis replacedoy 9 new ones.Consequentlywe have to apply
aunivariatetri-sectionruleto theboundanpolygonandconnecthe
new verticesto the correspondingnterior onessuchthata uniform
1-to-9splitis establishedor eachboundarytriangle(cf. Fig. 8).

Thesmoothingulesattheboundarieshouldonly useboundary
verticesand no interior ones. This is the simplestway to enable
the generatiorof CO creasesn the interior of the surface(featue
lineg) sinceit guaranteethatcontrolmeshewwith identicalbound-
ary polygonswill resultin smoothsurfaceswith identicalboundary
cunes[HDD+94] (cf. Fig. 9). More sophisticatedechniquesor
the designof optimal boundarysmoothingruleswith normalcon-
trol canbefoundin [BLZ99].

For our 3-subdvision schemewe choose,for simplicity, a
univariate boundarysubdvision schemewhich reproducescubic
splines(maximumsmoothnessninimumstencil). Fromthetrivial
tri-sectionmaskfor linear splineswe can easily obtainthe corre-
spondingtri-sectionmaskfor cubicsplinesby corvolution

112321 31112
1 1

$1367631 3111
% 1410161916104 1

Hencetheresultingsmoothingrulesare
1

P3i 1 55 10pi 1 16pi pi 1
P % 4pi 1 19p; 4p; 1 ©9)
1

P31 57 Pi 1 16p; 10p; 1

~

Figure10: A decimatedStanfod bunnywasusedas a subdivision
contol meshM . We appliedthe 3-subdivisionsctheme4 times
(left). Theright image showsthe meancurvatue distribution.

Figure11: Thisplot showsthetriangle count(Y : in K ) vs. ap-
proximationerror (X : in  log e ). Theredcurveis thecompleity
oftheLoop-mesheshebluecurvethecompleity ofthe 3-meshes.
Theratio lies betweerb% and 25%

6 Examples

To demonstrat¢éhe quality of the 3-subdvision surfaceswe shav
ameshgeneratedby uniformly re ning a decimatedversionof the
Stanfordbunry (cf. Fig 10). TheC2 smoothnessf thelimit surface
guaranteesunature continuity andthe relaxing propertiesof the
smoothinguleswith only positive weightsleadto afair distribution
of thecunature.

We madeseveral numericalexperimentsto checkthe relative
compleity of the adaptvely re ned meshedM ¢ generateckither
by 3-subdvision or by Loop-subdiision. For the stoppingcri-
terionin the adaptve re nementwe usedthe local approximation
error of the currentmesh(with all verticesprojectedontothe limit
surface)to thelimit surface. A reliableestimationof the exactap-
proximationerrorcanbe computedby constructingight bounding
ernvelopesasdescribedn [KDS98].

After testingvariousmodelswith differentgeometriccomplexi-
tiesovertherange 10 2 10 7 for theapproximatiortolerancewe
foundthatadaptve 3-subdvision meshesusually needfewer tri-
anglesthanadaptve Loop-subdiision surfacesto obtainthe same
approximationtolerance. The improvementis typically between
5% and 25% with an averageat 10%. Fig. 11 shaws the typical
relationbetweerapproximatiortoleranceandmeshcompleity.

Fig. 12 shavs anotherexamplemeshgeneratedy the adaptve
3-subdvision schemein comparisorto the corresponding.oop
subdvision surfacede ned by the samecontrol mesh. This time
we usea curvatue dependentdaptve re nement stratgy: The
subdvision level is determinedcby a discretelocal cunatureesti-
mation.
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Figure 12: Adaptivere nementbasedon red-geentriangulation
with Loop subdivision(top row) and basedon the 3-re nement
(bottomrow). While the samestoppingcriterion is used(left and
right respectively)the Loop meshe$avel0072and 28654trian-
gleswhilethe 3-meshe®nly have7174and20772triangles.

7 Conclusion

We presenteda new stationarysubdvision schemewhich itera-
tively generatesigh quality C2 surfaceswith minimum compu-
tational effort. It sharesthe adwantagesof the well-known stan-
dard schemedut hasimportantadditionalproperties. Especially
the slower increaseof the meshcompleity andthe suitability for
adaptve re nementwith automaticconsisteng preserationmales
it apromisingapproactor practicalandindustrialapplications.

The analysistechniquewe presentin the Appendix providesa
simpletool to analysea very generalclassof subdvision schemes
which arenot necessariljpasedn someknown polynomialspline
basisfunction and not generateddy taking the tensorproduct of
someunivariatescheme.

Future modi cations and extensions of the 3-subdvision
schemeshouldaim at incorporatingmore sophisticatecoundary
rules[BLZ99] andinterpolationconstraint§Lev99]. Modi cations
of thesmoothinguleswith differentstencilscouldleadto new sub-
division schemesvith interestingoroperties.
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Figure 13: Sequencesf meshegieneated by the 3-subdivisionscheme(top row) and by the Loop subdivisionscheme(bottom row).
Althoughthe quality of the limit surfacess thesame(C?), 3-subdivisionusesan alternativere nementopemtor thatincreaseghe number
oftrianglesslowerthanLoop's. Therelativecompleity of thecorrespondingneshegrombothrowsis (fromleftto right) % 075 2% 056

and 2771 0 42. Hencethe new subdivisionrschemeyieldsa mudh ner gradationof uniformhierarchy levels.

Appendix: Convergence analysis

Thecorvergenceanalysisof stationarysubdvision schemess gen-
erally donein two steps. In the rst step,the smoothnes®sf the
limit surfaceis shawn for regular meshesi.e. for trianglemeshes
with all verticeshaving valence6. Due to the natureof the topo-
logical re nementoperatoy subdivided meshedM  areregularal-
mosteverywhere.Oncetheregularcaseis shovn, the convergence
in thevicinity of extraordinaryvertices(with valence 6) canbe
proven. For mary existing subdvision schemesthe rst partof the
proofis trivial sincea closedform representationf the limit sur
facein theregularcaseis known, e.g. B-splinesfor Catmull/Clark
or Doo/Sabinsurfaces Box-splinesfor Loop-surfaces.

For the two stepsin the proof differenttechniqueshave to be
used. The smoothnesf the limit surface for regular control
meshedollows from thecontractivity of certaindifferenceschemes
Sh. Theseare generalizedsubdvision schemesvhich mapdirec-
tional forward differencesof control pointsdirectly to directional
forward differenceg(insteadof the original subdvision schemeS
mappingcontrol pointsto controlpoints).

In the vicinity of the extraordinaryvertices, the corvergence
analysids basedn the eigenstructuref thelocal subdvision ma-
trix. It is importantto noticethatthe criteriafor the eigenstructure
of the subdvision matrix do only apply if the convergencein the
regularregionsof the meshis guarantee@Rei95,Z0r97].

* 16

In the following we presenta generaltechniquefor the analy-
sisof subdvision scheme®n regularmeshesvhich we will useto
prove the smoothnessf the 3-subdvision limit surface. Never
thelessthetechniquealsoappliesto alarger classof non-standard
subdvision schemesAnotheranalysisechniquethatis alsobased
onamatrix formulationis usedin [WarQQ].

Regular meshes

Insteadof usingthe standardgeneratingunction notationfor the
handlingof subdvision scheme§Dyn91], we proposeanen matrix
formulationwhichis mucheasietto handledueto theanalogywith
thetreatmenof theirregularcase.In fact,rotationalsymmetrieof
thesubdvision rulesarere ectedby ablockwisecirculantstructure
of the respectie matricesjust like in the vicinity of extraordinary
vertices.Ourmatrixbasedanalysigequiresonly afew matrixcom-
putationswhich caneasilybeperformedwith thehelpof Maple or
MatLab . In contrastthe manipulationof the correspondinggen-
eratingfunctionswould bequiteinvolvedif thesubdvisionscheme
doesnot have asimplefactorization(cf. [CDM91, Dyn91)).

To prove the contractvity of somedifferenceschemeit is suf-
cient to considera local portion of a (virtually) in nite regular
triangulation. This is dueto the shift invarianceof the subdvision
schemg(stationarysubdvision). Hence similarly to thetreatment
of extraordinaryvertices,we canpick an arbitraryvertex p anda



Figure 14: The supportof a directional differenceincludesthe
verticesthat contribute to it. Here we showthe supportsof D3,

Do1D%,, D§;D10, andD3,.

Figure 15: The two re ned neighborhoodsS™ V, and S™ Vq
(grey areas)of the (formerly) adjacentverticesp and g haveto
overlap (dark area) sud that every possibledirectionaldifference
canbecomputedromeitherone

sufciently largeneighborhood/ aroundit. Thesizeof this neigh-

borhoodis determinedby the order n of the differencesthat we

wantto considerandby thenumbem of subdvision stepsve want

to combine(the analysisof onesingle subdvision stepoften does
notyield a sufcient estimateto prove contractvity). For a given

subdvision schemeS the neighborhood$ave to be chosensuch

that for two adjacentverticesp and g in M the corresponding
setsS" V, andS™ Vg in there ned meshM , have enough
overlapto guaranteghatthe supportof eachnth orderdirectional

differenceis containedn eitherone(cf. Fig 14).

In our casewe want to prove C2 continuity and hencehave
to shav contractvity of the 3rd directional difference scheme.
For technicalreasonsave always combinean even numberof 3-
subdvision stepssincethis removesthe 30 degreerotation of the
grid directions(just like we did in Section3). To guaranteeghere-
quiredoverlap,we hencehave to usea 3-ring neighborhoodf we
analyseonedouble 3-stepanda 6-ring neighborhoodf we anal-
ysetwo double 3-steps.The correspondingubdvision matrices
are37 37and127 127respectrely (cf. Fig 15).

We startby introducingsomenotation: A regular triangulation
is equivalentto the threedirectionalgrid which is spannedy the
directions

Vo1 0 V10 1 Vi1 1

in inc_ie< spaceHencethetwo typesof triangularfacesin themesh

aregivenby  pijpi 1jPi 1j 1 and PP 1j 1Pij 1-

Accordingly we de ne thethreedirectionaldifferenceoperators
Duw: pij Piuj v Pij

with uv 10 01 11 .If weapplythesedifferenceop-

eratorsDyy to a nite neighborhood/ we obtainall possiblediffer-

Figurel6: Directionaldifferencesna nite neighborhood/. Left:
the applicationof D1q yieldsfour different vectos. Right: the ap-
plication of J, yieldsfour vectos, onefor D%,, onefor D3, andtwo
"twist” vectos for themixedderivativeD19Do1.

enceswherebothpj j andp; yj v areelementsof V. Fora x ed
neighborhoodv the operatorD,y canbe representedby a matrix
thathastwo non-zercentriesin everyrow, e.g.,

0 1 1 0 1 1 0

v o o0 1 1 0 1 1
implies
110 0 O 00O
D 001 1 0 0O
10 100 0 1 00O
0 00 0O O 11

SeeFig. 16 for ageometridnterpretation.Basedon the difference
operatorsyve canbuild the Jet-opeators

D10D10D10
D10D1o
D1o D10D10Do1
N1 Doy N/} DioDo1 I D10Do1Do1 (10)
Do1Do D01Do1Do1

which mapthecontrolverticesin V to thecompletesetof indepen-
dentdirectionaldifferences), V of agivenordern.

Let S be the subdvision schemewhich mapscontrol vertices
p X from thekth re nementlevel tothe k 1 stre nementlevel
pk1 spk . Again,if we considerthe actionof Son alocal
neighborhoodv only, we canrepresentS by a matrix with each
row containingan afne combinationthat de nes the position of
onenew controlvertex.

For the cornvemgence analysis we need a so-called differ-
enceschemeS, which mapsthe differencesl, V k directly to
vkl g svk S Jo VX . From[Dyn91] it is well-
known that the subdvision schemeS generate€" limit surfaces
(for regular control meshes)f the schemeh"S, ; is contractve,
ie,if S 1 g h " with respectto an appropriatematrix
norm. Here,the factorh" takesthe implicit parameterizatiomnto
account. For subdvision schemesvhich are basedon the dyadic
split operation,edgesarebi-sectedn every stepandhenceh 2.
This is true for all standardschemes.However, for our nev  3-
subdvision schemeve haveto choosen 3 sincewe areanalysing
the doubleapplicationof the 3-operatomwhich corresponds$o an
edgetri-section.

In the univariate casethesedifferenceschemess, can be ob-
tained by simple factorization of the correspondinggenerating
functionrepresentationsn the bivariatecasethe situationis much
more dif cult sincejets are mappedto jetd In generalwe can-
not nd asimpleschemeavhich maps,e.g.,thedifferenceD1g V
to D1g SV becausehe directionaldifferencesare not indepen-
dentfrom eachother Hencewe haveto nd amoregeneramatrix
scheme

Do SV

Dyo V
Doz SV S

Do1 V

whichmapsJ; V toJ; SV by allowing D;g SV  to depend
onbothD1g V andDg; V . As this constructionrequiresquite



Figurel7: Thelocal regularity of the subdivisiorsurfaceat extraordinary verticesrequirestheinjectivity of the characterisitcmap. We show
theisoparmameterlinesfor thesemapsin thevicinity of irregular verticeswith valencen 3 4 5 7, and8 (formleft to right).

involved factorizationsand other polynomial transformationswe
now suggesta simpler approachwhere most of the computation
canbe doneautomatically

Let Jy by the nth jet-operatomestrictedto V andJ, ! its SVD
pseudo-imerse.Becausel, hasa non-trivial kernel(containingall
con gurationswherethe pointsin V areuniformly sampledfrom
adegreen 1 polynomial)its inversecannotbe well-de ned. At
leastwe know that

It

which meanghatif J, ! is appliedto a setof nth orderdifferences
Jn V it reconstructshe original dataup to anerrore whichliesin
thekernelof Jy,i.e.,J, 1 Jh V.V ewithdye O.

If the subdvision schemeS haspolynomialprecisionof order
n 1thisimpliesthatS mapsthekernelof J, into itself:

SkerJ, kerJ (11)

As aconsequencé, Se 0 aswell, andtherefore

InSIth  AS

Sincethe operatoron theright handside of this equationmapsthe

verticesof the controlmeshV K to the nth differenceson the next
re nementlevel J, V kK 1 , the operator

S St (12)

doesmapthenth differences), V ¥ directlyto thenth differences

onthenext level J, V K 1 . Thisis exactly the differencescheme
thatwe have beenlookingfor! In orderto prove the cornvergenceof

the subdvision schemewe have to shav thatthe maximumnorm

of h" 15, is belav 1. Alternatively, it is sufcient to shav that
themaximumsingularvalueof thematrixh” 1S, is smallerthan1

sincethis providesa monotonicallydecreasingipperboundfor the

maximumnth difference.

To verify the polynomial precision(11) for a given subdvision
matrix Swe rst generateanothermatrix K whosecolumnsspan
the kernel of J,. Notice that the dimensionof ker J, is the di-
mensionof the spaceof bivariatedegreen 1 polynomialswhich
isdimP2 ;3 n 1 n ThematrixK canbereadoff from the
SVD decompositiorof J, [GvL96]. The polynomialreproduction
is thenguaranteed theequation

SK KX (13)

hasa matrix solutonX  KTK 1KTSK. If thisis satis ed, we
nd thenth differenceschemes, by (12).

For the analysisof our 3-subdvision schemewe let V be the
6-ring neighborhoof avertex which consistof 127 vertices.Let
Shethesingle-step 3-subdvision matrix, R be the back-rotation-
by-permutationmatrix and D1g the directional differencematrix.
Although thesematricesare quite large, they are very sparseand

canbe constructedjuite easily (by a few lines of MatLab -code)
dueto their block-circulantstructure.

From thesematriceswe computeS RS? and a seconddi-
rectional differenceoperatorDg;  R2D1gR 2. The two direc-
tional differencesare combinedto build the 3rd orderjet-operator
Js (cf. (10)). Herewe usethe 3rd differencessince we want to
prove C< continuity Fromthe singularvaluedecompositiorof J3
we obtainthe matrix K whosecolumnsspanthe kernel of J3 and

the pseudo-imerseJ; 1. The matrix K is then usedto prove the
quadraticprecisionof S (cf. (13)) andthe pseudo-imerseyields

the differenceschemeS;  J3SJ; 1 The contractvity of the 3rd
order differenceschemenally follows from the numericalesti-

maton £ BFPLY 078 3 4 which proves that the

3-subdvision schemeS generate€? surfacesfor regular control
meshes.

Extraor dinar y vertices

In the vicinity of the extraordinaryverticeswith valence 6 we

have to applyadifferentanalysisechnique After the corvergence
in the regular meshregions (which for subdvision mesheaneans
"almosteverywhere”)hasbeenshavn, it is sufcient to analysethe

behaior of thelimit surfaceattheremainingisolatedextraordinary
points

The intuition behind the sufcient cornvergence criteria by
[Rei95,Z0r97,Pragg is thatthe representationf the local neigh-
borhoodV with respecto theeigervectorbasisof thelocal subdvi-
sionmatrix Scorrespondso atypeof Taylorexpansiorof thelimit
surfaceatthatextraordinarypoint. Hence theeigervectors("eigen-
functions”) have to satisfysomeregularity criteriaandthe leading
eigevalueshave to guarante@nappropriatescalingof thetangen-
tial andhigherordercomponent®f the expansion.Especiallythe
conditions(5) have to be satis edfor all valencesn 3 Nmax-

Whencheckingtheeigenstructuref the subdvision matrix Swe
have to useasufciently larger-ring neighborhood/ of the center
vertex p. In factthe neighborhoodhasto be largeenoughsuchthat
the regular part of it de nes a completesurfacering aroundp by
itself [Rei9q. In thecaseof 3-subdvision we hencehave to use
r 4ringsaroundp (since4 is thediameteof thesubdvision basis
function's support). This meanswe have to analysea 10n 1

10n 1 matrixwherenis p'svalence.

Luckily the subdvision matrix S hasa block circulantstructure
andit turns out that the leadingeigervaluesof S are exactly the
eigevalueswe foundin (4). Sincethoseeigemwvaluessatisfy (5)
we concludethat the matrix S hasthe appropriatestructurefor C1
corvergence.

The exact condition on the eigervectorsand the injectivity of
the correspondingcharacteristic map are quite dif cult to check
strictly. Wethereforerestrictoursehesto thenumericalveri cation
by sketchingthe iso-parametetines of the characterisitanapin
Fig. 17.



