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Point set topology is something that every analyst should know something about,
but it’s easy to get carried away and do too much – it’s like candy!

— Ron Getoor (UCSD), 1997 (quoted by Jason Lee)

1 Point Set Topology

In this lecture, we look at a major branch of topology: point set topology. This branch is devoted to the study of
continuity. Developed in the beginning of the last century, point set topology was the culmination of a movement
of theorists who wished to place mathematics on a rigorous and unified foundation. The theory is analytical and is
therefore not suitable for computational purposes. The concepts, however, are foundational. Therefore, it is important
to become familiar with them, as we will see them later, when studying combinatorial topology.

We know that topology is concerned withconnectivity, and therefore theneighborhoodsof points. We have
actually seen neighborhoods before. In studying high-school calculus, you may have dealt withepsilon-deltadefinition
of a limit (or continuity):

Definition 1.1 (Limit) Let f : D → R, D ⊆ R be a function with domainD ⊆ R. The limit limx→x0 f(x) = y0 iff
for all ε > 0, ∃δ > 0 such that ifx ∈ D and|x− x0| < δ, then|f(x)− y0| < ε.

Note that the definition requires thatx falls within an open interval of sizeδ aroundx0. The function, then, mapsx
to another open interval of sizeε around the limit valuey0. Open intervals and disks are natural neighborhoods in
a Euclidean world. We take their existence for granted because we know how to measure distances (thebars in the
definition), so we know who isnear to us. Our ability to measure distances (a metric) gives us the neighborhoods, and
therefore our topology.

But suppose we didn’t have a metric. We still need neighborhoods to talk about connectivity. Topology formalizes
this notion using set theory. If you need to brush up on sets and their operations, read Section1.4first.

1.1 Topological Spaces

We begin with a set ofX objects we callpoints. Both sets and points are primitive notions, that is, we cannot define
them. These points are not in any space yet. We endow our set with structure by using a topology to get a topological
space.

Definition 1.2 (topology) A topologyon a setX is a subsetT ⊆ 2X such that:

1. If S1, S2 ∈ T , thenS1 ∩ S2 ∈ T .

2. If {SJ | j ∈ J} ⊆ T , then∪j∈JSj ∈ T .

3. ∅, X ∈ T .

The definition states implicitly that only finite intersections, and infinite unions, of the sets inT are also inT . A
topology is simply a system of sets that describe the connectivity of the set. These sets have names:

Definition 1.3 (open, closed)LetX be a set andT be a topology.S ∈ T is anopen set. The complement of an open
set isclosed.

A set may be only closed, only open, both open and closed, or neither. For instance,∅ is both open and closed by
definition. These sets are precisely the neighborhoods that we will use to define topology. We combine a set with a
topology to get the spaces we are interested in.

Definition 1.4 (topological space)The pair(X,T ) of a setX and a topologyT is atopological space.

We often useX as notation for a topological spaceX, with T being understood.

Definition 1.5 (continuous) A function f : X → Y is continuous if for every open setA in Y, f−1(A) is open inX.
We call a continuous function amap.
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Compare this definition with Definition1.1. We next turn our attention to the individual sets.

Definition 1.6 (interior, closure, boundary) Let A ⊆ X. TheclosureA of A is the intersection of all closed sets
containingA. Theinterior Å ofA is the union of all open sets contained inA. Theboundary∂A ofA is ∂A = A− Å.

In Figure1, we see a set that is composed of a single point and a upside-down teardrop shape. We also see its closure,

(a)A ⊆ X (b) A (c) Å (d) ∂A

Figure 1. A set A ⊆ X and related sets.

interior, and boundary. There are other equivalent ways of defining these concepts. For example, we may think of the
boundary of a set as the set of points all of whose neighborhoods intersect both the set and its complement. Similarly,
the closure of a set is the minimum closed set that contains the set. Using open sets, we can now define neighborhoods.

Definition 1.7 (neighborhoods)Let X = (X,T ) be a topological space. Aneighborhoodof x ∈ X is anyA ∈
T such thatx ∈ Å. A basis of neighborhoods atx ∈ X is a collection of neighborhoods ofx such that every
neighborhood ofx contains one of the basis neighborhoods.

Given a topological spaceX = (X,T ), we may induce topology on any subsetA ⊆ X. We get therelative (or
induced) topologyTA by defining

TA = {S ∩ A | S ∈ T}. (1)

It is easy to verify thatTA is, indeed, a topology onA, upgradingA to topological spaceA.

Definition 1.8 (subspace)A subsetA ⊆ X with induced topologyTA is a (topological)subspaceof X.

The important point to keep in mind is that the same set of points may be endowed with different topologies. This is
very counter-intuitive at first, but will become clear when we learn about immersions.

1.2 Metric Spaces

As in the definition of limit earlier, we are more familiar with open sets that come from a metric. Let’s look at metric
spaces next, as they are useful places within which we shall place other spaces.

Definition 1.9 (metric) A metricor distance functiond : X ×X → R is a function satisfying the following axioms:

1. For allx, y ∈ X, d(x, y) ≥ 0 (positivity).

2. If d(x, y) = 0, thenx = y (non-degeneracy).

3. For allx, y ∈ X, d(x, y) = d(y, x) (symmetry).

4. For allx, y, z ∈ X, d(x, y) + d(y, z) ≥ d(x, z) (the triangle inequality).

Definition 1.10 (open ball) Theopen ballB(x, r) with centerx and radiusr > 0 with respect to metricd is defined
to beB(x, r) = {y | d(x, y) < r}.
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A metric space is a topological space. We can show that open balls can serve as basis neighborhoods for a topology of
a setX with a metric.

Definition 1.11 (metric space)A setX with a metric functiond is called ametric space. We give it themetric
topologyof d, where the set of open balls defined usingd serve as basis neighborhoods.

The most familiar of the metric spaces are the Euclidean spaces, where we use the Euclidean metric to measure
distances. Below, we use the Cartesian coordinate functionsui (Definition1.20in the appendix.)

Definition 1.12 (Euclidean space)The Cartesian product ofn copies ofR, the set of real numbers, along with the
Euclidean metricd(x, y) =

√∑n
i=1(ui(x)− ui(y))2 is then-dimensional Euclidean spaceRn.

We are most familiar with spaces that are subsets of Euclidean spaces. For example, if we have a circle sitting
in R2, we may measure the distance between points on the circle using the metric onR2. This is the length of the
chord connecting the two points. When we do so, we are using the topology induced byR2 to endow the circle with a
topology. We might, however, like to have the distance between the two points on the circle itself. This is a different
metric and a different neighborhood basis.

1.3 Manifolds

Manifolds are a type of topological space that we are interested in. In a sense, they are a generalization of Euclidean
spaces. Intuitively, a manifold is a topological space that is locally Euclidean. A two-dimensional manifold islocally
flat: locally, it looks like a plane. If we were living on a space like a sphere, we would think we are living on the plane.
In fact, we did.

To define manifolds, we look at maps between topological spaces.

Definition 1.13 (homeomorphism)A homeomorphismf : X → Y is a 1-1 onto function, such that bothf, f−1 are
continuous. We say thatX is homeomorphicto Y, X ≈ Y, and thatX andY have the sametopological type.

Later, we will use homeomorphisms to define a classification of spaces. For now, we use homeomorphisms to define
charts, as shown in Figure2.

p

p’

U

U’

ϕ

ϕ

X

−1

IR
d

Figure 2. A chart at p ∈ X. ϕ maps U ⊂ X containing p to U ′ ⊆ Rd. As ϕ is a homeomorphism, ϕ−1 also exists and is continuous.

Definition 1.14 (chart) A chart atp ∈ X is a functionϕ : U → Rd, whereU ⊆ X is an open set containingp andϕ
is a homeomorphism onto an open subset ofRd. Thedimensionof the chartϕ is d. Thecoordinate functionsof the
chart arexi = ui ◦ ϕ : U → R, whereui : Rn → R are the standard coordinates onRd.

We need two additional technical definitions, before we may define manifolds. These definitions rule out really strange
spaces which we will never see. I include them so that they do not get endowed with a sense of magic and mystery.

Definition 1.15 (Hausdorff) A topological spaceX is Hausdorff if for every x, y ∈ X,x 6= y, there are neighbor-
hoodsU, V of x, y, respectively, such thatU ∩ V = ∅.

The classic example of a non-Hausdorff space is the real line with the origin duplicated as a different point.All the
neighborhoods of the two origins intersect, but they are different points! A metric space, however, is always Hausdorff.
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Definition 1.16 (separable)A topological spaceX is separableif it has a countable basis of neighborhoods.

Countablemeans having the same cardinality as integers, that is, the infinity all of us are familiar with (there are bigger
ones, such as the cardinality of real numbers.) Again, metric spaces are separable (it’s relatively easy to see this in
Euclidean space, as an irrational point is always near a rational one.) Finally, we can formally define a manifold.

Definition 1.17 (manifold) A separable Hausdorff spaceX is called a(topological, abstract)d-manifold if there is
a d-dimensional chart at every pointx ∈ X, that is, if x ∈ X has a neighborhood homeomorphic toRd. It is
called ad-manifold with boundaryif x ∈ X has a neighborhood homeomorphic toRd or the Euclidean half-space
Hd = {x ∈ Rd | x1 ≥ 0}. Theboundary∂X of X is the set of points with neighborhood homeomorphic toHd. The
manifold hasdimensiond.

Figure3 displays a 2-manifold, and a 2-manifold with boundary.

Figure 3. The sphere (left) is a 2-manifold. The torus with two holes (right) is a 2-manifold with boundary. Its boundary, a 1-manifold,
is composed of the two circles.

Theorem 1.1 The boundary of ad-manifold with boundary is a(d− 1)-manifold without boundary.

The manifolds shown are compact.

Definition 1.18 (compact) A covering ofA ⊆ X is a family{Cj | j ∈ J} in 2X , such thatA ⊆
⋃
j∈J Cj . An open

coveringis a covering consisting of open sets. Asubcoveringof a covering{Cj | j ∈ J} is a covering{Ck | k ∈ K},
whereK ⊆ J . A ⊆ X is compactif every open covering ofA has a finite subcovering.

Intuitively, you might think any finite area manifold is compact. However, a manifold can have finite area and not be
compact, such as the cusp in Figure4.

. . . 

Figure 4. The cusp has finite area, but is not compact

A homeomorphism allows us to place one manifold within another.

Definition 1.19 (embedding)An embeddingg : X → Y is a homeomorphism onto its imageg(X). The image is
called anembedded submanifoldand it is given its relative topology inY.

� Most of our interaction with manifolds in our lives has been with embedded manifolds in Euclidean spaces.
Consequently, we always think of manifolds in terms of an embedding. It is important to remember that a

manifold exists independently of any embedding: a sphere does not have to sit withinR3 to be a sphere. This is, by
far, the biggest shift in the view of the world required by topology.
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Example 1.1 Figure1.1(a) shows an map ofR into R2. Note that while the map is 1-1 locally, it is not 1-1 globally.
The mapF wrapsR over the figure-eight over and over. Using the monotone functiong in Figure1.1(b), we first fit
all of R into the interval(0, 2π) and then map it usingF once again. We get the same image (figure-eight) but cover
it only once, makingF̂ 1-1. However, the graph of̂F approaches the origin in the limit, at both∞ and−∞. Any
neighborhood of the origin withinR2 will have four pieces of the graph within it and will not be homeomorphic toR.
Therefore, the map is not homeomorphic to its image and not an embedding.

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

(a) F (t) = 2 cos(t − π/2), sin(2(t −
π/2))

0

π

2π

-40 -20 0 20 40

(b) g(t) = π + 2 tan−1(t)

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

(c) F̂ (t) = F (g(t))

Figure 5. Mapping of R into R2 with topological consequences.

� The maps shown in Figure1.1are both immersions. Immersions are defined for smooth manifolds, which are
described in further detail in the second appendix (for those of you who think differential manifolds are like

candy.) If our original manifoldX is compact, nothing “nasty” can happen. animmersionF : X → Y is simply a
local embedding. In other words, for any pointp ∈ X, there exists a neighborhoodU containingp such thatF |U is an
embedding. However,F need not be an embedding within the neighborhood ofF (p) in Y. That is, immersed compact
spaces may self-intersect.
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R = {x : x 6∈ x}. Then, R ∈ R iff R 6∈ R.

— Bertrand Russell (1872–1970)

1.4 Sets and Functions (Appendix)

We cannot define a set formally, other than stating that aset is a well-defined collection of objects. We also assume
the following:

1. SetS is made up ofelementsa ∈ S.

2. There is only one empty set∅.

3. We may describe a set by characterizing it ({x | P(x)}), or by enumerating elements ({1, 2, 3}). Here P is a
predicate.

4. A setS is well-definedif for each objecta, eithera ∈ S or a 6∈ S.

Note that “well-defined” really refers to the definition of a set, rather than the set itself.|S| or cardS is the size of the
set. We may multiply sets in order to get larger sets.

Definition 1.20 (Cartesian) Cartesian product of setsS1, S2, . . . , Sn is the set of all orderedn-tuples
(a1, a2, . . . , an), whereai ∈ Si. The Cartesian product is denoted by eitherS1 × S2 × . . .× Sn or by

∏n
i=1 Si. The

i-th Cartesian coordinate functionui :
∏n
i=1 Si → Si is defined byui(a1, a2, . . . , an) = ai.

Having described sets, we define subsets.

Definition 1.21 (subsets)A setB is asubsetof a setA, denotedB ⊆ A or A ⊇ B, if every element ofB is in A.
B ⊂ A or A ⊃ B is generally used forB ⊆ A andB 6= A. If A is any set, thenA is the improper subsetof A.
Any other subset isproper. If A is a set, we denote by2A, the power set ofA, the collection of all subsets ofA,
2A = {B | B ⊆ A}.

We also have a couple of fundamental set operations.

Definition 1.22 (intersection, union) The intersectionA ∩ B of setsA andB is the set consisting of those elements
which belong to bothA andB, that is,A ∩ B = {x | x ∈ A andx ∈ B}. TheunionA ∪ B of setsA andB is the
set consisting of those elements which belong toA orB, that is,A ∪ B = {x | x ∈ A or x ∈ B}.

We indicate a collection of sets by labeling them with subscripts from an index setJ , e.g. Aj with j ∈ J . For
example, we use

⋂
j∈J Aj =

⋂
{Aj | j ∈ J} = {x | x ∈ Aj for all j ∈ J} for general intersection. The next

definition summarizes functions, maps relating sets to sets.

Definition 1.23 (relations and functions) A relationϕ between setsA andB is a collection of ordered pairs(a, b)
such thata ∈ A andb ∈ B. If (a, b) ∈ ϕ, we often denote the relationship bya ∼ b. A functionor mappingϕ from a
setA into a setB is a rule that assigns to each elementa ofA exactly one elementb ofB. We say thatϕmapsa into b,
and thatϕ mapsA intoB. We denote this byϕ(a) = b. The elementb is theimage ofa underϕ. We show the map as
ϕ : A→ B. The setA is thedomain ofϕ, the setB is thecodomain ofϕ, and the setimϕ = ϕ(A) = {ϕ(a) | a ∈ A}
is theimage ofA underϕ. If ϕ andψ are functions withϕ : A→ B andψ : B → C, then there is a natural function
mappingA into C, thecomposite function, consisting ofϕ followed byψ. We writeψ(ϕ(a)) = c and denote the
composite function byψ ◦ ϕ. A function from a setA into a setB is one to one (1-1)(injective) if each elementB
has at most one element mapped into it, and it isontoB (surjective) if each element ofB has at least one element of
A mapped into it. If it is both, it’s abijection. A bijection of a set onto itself is called apermutation.

A permutation of a finite set is usually specified by its action on the elements of the set. For example, we may
denote a permutation of the set{1, 2, 3, 4, 5, 6} by (6, 5, 2, 4, 3, 1), where the notation states that the permutation maps
1 to 6, 2 to 5, 3 to 2, and so on. We may then obtain a new permutation by a transposition: switching the order
of two neighboring elements. In our example,(5, 6, 2, 4, 3, 1) is a permutation that is one transposition away from
(6, 5, 2, 4, 3, 1). We may place all permutations of a finite set in two sets.
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Theorem 1.2 (Parity) A permutation of a finite set can be expressed as either an even or an odd number of transpo-
sitions, but not both. In the former case, the permutation iseven. In the latter, it isodd.

1.5 Smooth Manifolds (Appendix)

We will next look at smooth manifolds. We know what smooth means within the Euclidean domain. It’s easy to extend
the notion of smoothness to manifolds because we know that they are locally flat; that is, there is a local chart that
maps the neighborhood of a point to the Euclidean space.

Definition 1.24 (C∞) Let U, V ⊆ Rd be open. A functionf : U → R is smoothor C∞ (continuous of order∞)
if f has partial derivatives of all orders and types. A functionϕ : U → Re is aC∞ map if all its components
ei ◦ ϕ : U → R are smooth Two chartsϕ : U → Rd, ψ : V → Re areC∞-related if d = e and eitherU ∩ V = ∅
or ϕ ◦ ψ−1 andψ ◦ ϕ−1 areC∞ maps. AC∞ atlas is one for which every pair of charts isC∞-related. A chart is
admissibleto aC∞ atlas if it isC∞-related to every chart in the atlas.

C∞-related charts allow us to pass from one coordinate system to another smoothly in the overlapping region, so we
may extend our notions of curves, functions, and differentials easily to manifolds.

Definition 1.25 (C∞ manifold) A smooth (C∞) manifold is a topological manifold together with all the admissible
charts of someC∞ atlas.

The map used between smooth manifolds is called a diffeomorphism.

Definition 1.26 (diffeomorphism) A diffeomorphismg : X → Y is aC∞ map that is a homeomorphism and whose
inverseg−1 isC∞. We say thatX is diffeomorphicto Y.

A diffeomorphismg allows us to place a smooth manifoldX within another smooth manifoldY. We would like
to know more about the imageg(X) ⊆ Y. To do so, we take advantage of the atlas on each manifold. Suppose that
U,ϕ is a chart atp ∈ X andV, ψ is a chart atg(p) ∈ Y. This allows us to get an expression forg in terms of local
coordinates:

U ⊆ X g−−−−→ V ⊆ Y

ϕ

y ψ

y
ϕ(U) ⊆ Rd ĝ−−−−→ ψ(V ) ⊆ Re

That is,ĝ = ψ ◦ g ◦ ϕ−1.

Definition 1.27 (Jacobian) TheJacobian matrixDg of a mapg : X → Y with local chartsU,ϕ atp ∈ X andV, ψ is
a chart atg(p) ∈ Y is:

∂(g1, . . . , ge)
∂(x1, . . . , xd)

=


∂g1

∂x1 · · · ∂g1

∂xd

...
...

∂ge

∂x1 · · · ∂ge

∂xd


Dg is defined at each point ofU , its d · e entries being functions onU .

The rank of the Jacobian tells us what the diffeomorphism does to its domain space.

Definition 1.28 (rank) The rank ofg is the rank ofDg.

This rank is independent of the coordinate system we use (and can be defined independently, too, but that’s beyond
the scope of this class.)

Definition 1.29 (immersion) g : X → Y is animmersionif rank g = dim X.
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Intuitively, An immersion places a space within another one so that its dimension does not change, and it doesn’t
develop any kinks. The immersed space, however, can intersect itself or behave in otherwise unappetizing ways, as
we saw in Example1.1. What we are really after are nice immersions, or embeddings.

Definition 1.30 (embedding)An embeddingg : X → Y is a 1-1 immersion that is a homeomorphism onto its image
g(X) considered as a subspace ofY. The image is called anembedded submanifoldand is given the relative topology.

The definition of smooth manifolds also allows us to give a point-set theoretic definition of orientability. We will
see later that the following definitions also apply in non-smooth spaces, such as simplicial spaces.

Definition 1.31 (orientability) A pair of chartsxi andyi isconsistently orientedif the Jacobian determinantdet(∂xi/∂yj)
is positive whenever defined. A manifoldM is orientableif there exists an atlas such that every pair of coordinate
systems in the atlas is consistently oriented. Such an atlas isconsistently orientedand determines anorientation on
M . If a manifold is not orientable, it isunorientable.

In other words, a manifold of any dimension falls into two classes, depending on whether it is orientable or not.
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