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OVERVIEW

e Point set topology
— Manifolds: locally Euclidean
— Homeomorphisms: bijective bi-continuous maps
— Classification Theorem for 2-Manifolds

— How to compute?

e Combinatorial topology
— Simplicial Complexes
— Triangulations

— 2-Manifold Homeomorphism problem (revisited)
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GEOMETRIC DEFINITION:

COMBINATIONS

e S={po,p1,....pr} C R~

e linear combinationz = 32 \;p;, for some\; € R.

e affine combinationlinear combination witfyF_, \; = 1.

e convex combinationan affine combination with; > 0, for all 3.
e The set of all convex combinations is thenvex hull

e Sislinearly (affinely) independentno pointin S is a linear (affine)
combination of the other points i\.
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GEOMETRIC DEFINITION:

SIMPLEX

e A k-simplexis the convex hull ok + 1 affinely independent points

S = {vo,vl,...,vk}.

e The points inS are theverticesof the simplex.

o A k-simplex is ak-dimensional subspace Bf, dim o = k.

vertex
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edge
[a, b]

C

triangle
[a, b, c]

Ca

d

tetrahedron
[a, b, c, d]
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e o: ak-simplex defined bys' = {vg, v1,...,vx}.

GEOMETRIC DEFINITION:

FACES

e 7 defined byl' C S'is afaceof o

e o IS itscoface

e 0> 71andr <o.

e 0 <cgandoc > o.

vertex
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edge
[a, b]

C

triangle
[a, b, c]

Ca

d

tetrahedron
[a, b, c, d]
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GEOMETRIC DEFINITION:

SIMPLICIAL COMPLEX

e A simplicial complexK is a finite set of simplices such that
l.oe K,7T<o=71¢€ekK,
2. 0,00 e K=0No <o’ orcndg =0.

e Thedimensiornof K isdim K = max{dimo | 0 € K}.

e Theverticesof K are the zero-simplices IA .

e A simplex isprincipalif it has no proper coface I« .

v A
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SIZE OF A SIMPLEX:

LOow DIMENSIONS

b b
C
° L — a
a a b a
¢ d
vertex edge triangle tetrahedron
a [a, b] [a, b, c] [a, b, ¢, d]

kL]0 1 2 3
01 00 0
112 10 0
2 13 3 1 0
314 6 4 1
417 7 7 7
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SIZE OF A SIMPLEX:
ANOTHER VIEW

b b

C

° L — ) (‘ a

a a b a

¢ d

vertex edge triangle tetrahedron

a [a, b] [a, b, c] [a, b, ¢, d]

1
2 1
3 3 1
4 6 4 1
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[ ]
a

vertex
a
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SIZE OF A SIMPLEX

PASCAL'S TRIANGLE

JAN

C

: b
s
1
1
1 3
4
5 10

o
1
1
2 1
3
§ 1
10

£

tetrahedron
[a, b, c, d]
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SIZE OF A SIMPLEX:

BINOMIAL COEFFICIENTS

e ()isthe(—1)-simplex

k+1

e A k-simplex hag

) faces of dimensioh
e Total size is:

i (k N 1) — okt
= [+ 1

e Large, simple, uniform
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ABSTRACTDEFINITION:

SIMPLICIAL COMPLEX

e Given a setik
e Collection of subset§ of K ((abstract) simplicgs

e (K,8)is anabstract simplicial complegrovided that:
1. Forallv € K,{v} € 8. We call the set$v} theverticesof K.
2. If - C o € 8§, thenr € 5.

e o is ak-simplexof dimensionk if |o| = k + 1.
e face cofaceas before.

e We call§ the complex.
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ABSTRACT DEFINITION:

VERTEX SCHEME

e Geometric— Abstract
e Let K be a simplicial complex with verticég

e Defines to be all subset$vg, vy, ..., v} of V such that the vertices
Vo, V1, - . ., U SPaN a simplex ok’.

e SIS thevertex schemef K.

e (V,8)is an abstract simplicial complex.
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ABSTRACT DEFINITION:

GEOMETRIC REALIZATION

e Abstract— Geometric

e Two abstract simplicial complexes asmmorphicif we can go from
one to the other by renaming vertices.

e (Theorem) Every abstract compl8xs isomorphic to the vertex
scheme of some simplicial compléx.

e We call K ageometric realizatioof 3.

e In practice, a map of vertices
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WAVEFRONT S OBJ FORMAT

-0.269616 0.228466 0.077226
-0.358878 0.240631 0.044214
-0.657287 0.527813 0.497524
0.186944 0.256855 0.318011
-0.074047 0.212217 0.111664

< < < < <

f 19670 20463 20464
f 8936 8846 14300

f 4985 12950 15447
f 4985 15447 15448
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SUBCOMPLEXES

EXAMPLE

d
C
e
a

b
abc R

ab cd de

a c e

? y
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SUBCOMPLEXES

POSETS

e Let S be afinite set. Aartial ordens a binary relation ord such
thatallz,y,z € S,

1. (Reflexive)r < z,
2. (Antisymmetric)z < y andy < x impliesz = y,
3. (Transitive)xr < y andy < z impliesz < z.

e A set with a partial order is partially ordered sabr posetfor short.
e Partial vs. full orders

e Acha!
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SUBCOMPLEXES

CLOSURE

e A subcomplexs a simplicial complex. C K.

e The smallest subcomplex containing a suldsét K is its closure,
CIL={reK|7<oel}.

e Everything “below” is included.

abc

ab cd de
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SUBCOMPLEXES

STAR

e Thestar of L contains all of the cofaces d@f,
StL={ce K |o>1¢€ L}

e Everything “above” is included.

e Stars are analogs of neighborhoods (open).

abc

ab cd de
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SUBCOMPLEXES

LINK

e Thelink of L is the boundary of its star,
Lk L = CIStL — St(CIL — {0}).

abc

ab cd de
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TRIANGULATIONS

e Theunderlying spac¢K | of a simplicial complex is
|K| — UJEKJ-

e |K|is atopological space.

e A triangulationof a topological spac is a simplicial complexx
such that K| ~ X.

N
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ORIENTABILITY

e An orientationof ak-simplexc € K, o = {vg,v1,..., 0k },v; € K
IS an equivalence class of orderings of the vertices,afhere

(00, V1, -+, V) ~ (Vr(0)s Vr(1)> - - - » Ur (k)
are equivalent orderings if the parity of the permutatias even.

e We denote amriented simplexa simplex with an equivalence class
of orderings, byo].

b b
C
[ J o—>—0 a
a a b a
¢ d
vertex edge triangle tetrahedron
a [a, b] [a, b, c] [a, b, c, d]
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YTIJ19ATIIA0

e Two k-simplices sharing & — 1)-facec areconsistently orientetf
they induce different orientations a@n

e A triangulabled-manifold isorientablaf all d-simplices can be

oriented consistently.

e Otherwise, thel-manifold isnon-orientable

[ J o—>—0

a a b
vertex edge

a [a, b]
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C

triangle
[a, b, c]

Ca

d

tetrahedron
[a, b, ¢, d]

Lecture 3 - Page 22



INVARIANTS

e A (topological) invariants a mapf that assigns the same object to
spaces of the same topological type.

o XrY = f(X)=f(Y)
o f(X)# f(Y) = X%Y  (contrapositive)
o f(X)=f(Y) = nothing

e “coarser”’ differentiation
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EULER CHARACTERISTIC;

DEFINITION

e K asimplicial complex withs;, k-simplices.

e TheEuler characteristig (/) is

dim K
)= 3 (—lisi= 3 (~1)dme
1=0 ceK—{0}

e v —ec+ f=1(Graph Theory)
e Invariant for| K|
e Any triangulation gives the same answer!

e Intrinsic property
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EULER CHARACTERISTIC;

BASIC 2-MANIFOLDS

2-Manifold X

A Spheres? 2
TorusT? 0

Klein bottle K* 0

1

Projective plan&kP?
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EULER CHARACTERISTIC;

CONNECTED SUMS

e (Theorem) For compact surfacks; , Mo,
X(My # My) = x(My) + x(Mz) — 2.

o x(¢gT%) =2—2g
o X(gRP’) =2—yg

e The connected sum gftori is called a surface withenusg.
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EULER CHARACTERISTIC;

HOMEOMORPHISMPROBLEM

e (Theorem) Closed compact surfadds andM; are homeomorphic,
Ml ~ MQ Iff

1. X(Ml) = X(Mg) and

2. either both surfaces are orientable or both are non-orientable.
e “Iff” so full answer. We're done!

¢ Higher dimensions?
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