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M. C. ESCHER

I never got a pass in math. . . . And just imagine–mathematicians now use my prints
to illustrate their books.

— M. C. Escher
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OVERVIEW

• Why groups?

– Abstracting core properties

– Representation

– Classification

• What to take home: factor groups
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ABSTRACTION

1. 5 + x = 2 =⇒ Z−

2. 2x = 3 =⇒ Q

3. x2 = −1 =⇒ C

5 + x = 2 Given

−5 + (5 + x) = −5 + 2 Addition property of equality

(−5 + 5) + x = −5 + 2 Associative property of addition

0 + x = −5 + 2 Inverse property of addition

x = −5 + 2 Identity property of addition

x = −3 Addition
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BINARY OPERATION

• A binary operation∗ on a setS is a rule that assigns to each ordered

pair (a, b) of elements ofS some element inS.

• well-defined: single element

• not defined: no element

• not well-defined: multiple elements

• closed: element inS only

• associative: (a ∗ b) ∗ c = a ∗ (b ∗ c) for all a, b, c ∈ S.

• commutative: a ∗ b = b ∗ a for all a, b ∈ S.

Afra Zomorodian – CS 468 Lecture 4 - Page 5



BINARY OPERATION EXAMPLE

a b c

a a c c

b a c b

c b d c

• S = {a, b, c}
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GROUPS

• A setG

• A binary operation∗ onG such that:

(a) ∗ is associative.

(b) G has anidentitye element for∗:
e ∗ x = x ∗ e = x for all x ∈ G.

(c) any elementa has aninversea′ wrto ∗:
∀a ∈ G,∃a′ ∈ G, such thata′ ∗ a = a ∗ a′ = e.

• A group〈G, ∗〉. Often, justG.

• If G is finite, theorderof G is |G|.

• A groupG is abelianif its binary operation∗ is commutative.
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EXAMPLE GROUPS

• 〈Z,+〉?

• 〈Z, ·〉?

• 〈R,+〉?

• 〈R, ·〉?
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EXAMPLE GROUPS

• 〈Z,+〉? Yes!

• 〈Z, ·〉? No!

• 〈R,+〉? Yes!

• 〈R, ·〉? No (zero has no inverse)

Afra Zomorodian – CS 468 Lecture 4 - Page 9



Zn

• Let n be a fixed positive integer

• Let h andk be any integers.

• The remainderr whenh + k is divided byn is h +n k, thesum ofh

andk modulon.

• Let Zn = {0, 1, 2, . . . , n− 1}

• 〈Zn,+n〉 is a group
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SMALL GROUPS

e a

e e a

a a e

e a b

e e a b

a a b e

b b e a

0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

V4 e a b c

e e a b c

a a e c b

b b c e a

c c b a e
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SYMMETRIES

• Metric space with metricd

• ϕ is anisometryif d(x, y) = d(ϕ(x), ϕ(y))

• A symmetryis any isometry that leaves the object as a whole

unchanged

• Symmetries form groups!

Afra Zomorodian – CS 468 Lecture 4 - Page 12



SYMMETRY GROUPS

a

a
c

b
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SYMMETRY GROUPS
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SUBGROUPS

• 〈G, ∗〉, a group

• H ⊆ G

• ∗ is theinduced operation onH from G if S is closed under it

• H is asubgroup ofG if H is a group with the induced operation

• {e} is thetrivial subgroupof G.

• All other subgroups arenontrivial.
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CHARACTERIZING SUBGROUPS

• (Theorem)H ⊆ G of a group〈G, ∗〉 is a subgroup ofG iff:

1. H is closed under∗,
2. the identitye of G is in H,

3. for all a ∈ H, a−1 ∈ H.

• Example: subgroups ofZ4

Z4 0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2
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STORYTIME
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COSETS

• H, a subgroup ofG.

• Let the relation∼L be defined onG by:

a ∼L b iff a−1b ∈ H.

• Let∼R be defined by:

a ∼R b iff ab−1 ∈ H.

Then∼L and∼R are both equivalence relations onG.

• Let H be a subgroup of groupG. Fora ∈ G, the subset

aH = {ah | h ∈ H} of G is theleft cosetof H containinga, and

Ha = {ha | h ∈ H} is theright cosetof H containinga.
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NORMAL SUBGROUPS

• If left and right cosets match, the subgroup isnormal.

• All subgroupsH of an abelian groupG are normal, as

ah = ha,∀a ∈ G, h ∈ H

• {0, 2} is a subgroup ofZ4. It is normal. The coset of 1 is

1 + {0, 2} = {1, 3}.

• Plan:

– Treat elements in a subgroup as equal

– Breaks group into cosets

– Treat cosets aselementsof a smaller group!

Afra Zomorodian – CS 468 Lecture 4 - Page 19



FACTOR GROUPS

• Let H be a normal subgroup of groupG.

• Let {aH | a ∈ G} be the set of cosets.

• Left coset multiplication is well-defined by the equation

(aH)(bH) = (ab)H

• The cosets ofH form a groupG/H under left multiplication

• G/H is thefactor group(or quotient group) of G moduloH.

• The elements in the same coset ofH arecongruent moduloH.
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FACTOR GROUPS
(EXAMPLE)

0 3

3 0

0 3

3 0

0 3

3 0

1 4 2 5

25

1 4

1 4

4 1

2 5

2 5

254 1

4 1

25

ZZ6 524130

0

3

4

2

5

1

*

• {0, 3} is a normal subgroup

• Cosets{0, 3}, {1, 4}, and{2, 5}

• Z6/{0, 3} looks likeZ3
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FACTOR GROUPS
(EXAMPLE)

ZZ6 0

0

5

2 4

2

4

0 2 4

1 3 5

2 4 0

4 0 2

1

3

531

3 5 1

5 1 3

531

3 5 1

5 1 3

42 0

4

0 2 4

0 2

*

• {0, 2, 4} is a normal subgroup

• Cosets{0, 2, 4}, {1, 3, 5}

• Z6/{0, 2, 4} looks likeZ2
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HOMOMORPHISMS

• Given groupsG, G′

• ϕ : G → G′

• ϕ is ahomomorphismif it is linear: for all a, b ∈ G,

ϕ(ab) = ϕ(a)ϕ(b)

• Trivial homomorphismdefined byϕ(g) = e′ for all g ∈ G

• A 1-1 homomorphism is anmonomorphism.

• A homomorphism that is onto is anepimorphism.

• A homomorphism that is 1-1 and onto is anisomorphism∼=.

• (Theorem) LetG be any collection of groups. Then∼= is an
equivalence relation onG.
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PROPERTIES OFHOMOMORPHISMS

• If e is the identity inG, thenϕ(e) is the identitye′ in G′.

• If a ∈ G, thenϕ(a−1) = ϕ(a)−1.

• If H is a subgroup ofG, thenϕ(H) is a subgroup ofG′.

• If K ′ is a subgroup ofG′, thenϕ−1(K ′) is a subgroup ofG.

• The normal subgroupker ϕ = ϕ−1({e′}) ⊆ G, is thekernel ofϕ.

e’

G
ϕ

ker ϕ

G’
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CYCLIC GROUPS

• Let G be a group and leta ∈ G

• H = {an | n ∈ Z} is a subgroup ofG

• It is the smallest subgroup ofG that containsa

• H is thecyclic subgroup ofG generated bya denoted〈a〉

• If 〈a〉 is finite, theorder ofa is |〈a〉|

• a ∈ G generatesG and is agenerator forG if 〈a〉 = G

• A groupG is cyclic if it has a generator
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CLASSIFICATION OF CYCLIC GROUPS

• 〈Z,+〉 = 〈1〉

• 〈Zn,+n〉 = 〈1〉

• (Theorem) Any infinite cyclic group is isomorphic to〈Z,+〉. Any

finite cyclic group of ordern is isomorphic to〈Zn,+n〉.
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SMALL GROUPS(REVISITED)

e a

e e a

a a e

e a b

e e a b

a a b e

b b e a

0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

V4 e a b c

e e a b c

a a e c b

b b c e a

c c b a e
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FINITELY GENERATED GROUPS

• (Theorem) The intersection of subgroups is a subgroup.

• Let G be a group and letai ∈ G for i ∈ I

• We can take the intersection of all subgroups containing allai to

obtain a subgroupH

• H is the smallest subgroup containing allai

• H is thesubgroup generated by{ai | i ∈ I}

• If H is G, then{ai | i ∈ I} generatesG and theai are thegenerators

of G

• If there is a finite set{ai | i ∈ I} that generatesG, thenG is finitely

generated
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DIRECT PRODUCTS

• Let G1, G2, . . . , Gn be groups.

• The set is
∏n

i=1 Gi (Cartesian product)

• Binary operation:

(a1, a2, . . . , an)× (b1, b2, . . . , bn) = (a1b1, a2b2, . . . , anbn).

• Then〈
∏n

i=1 Gi,×〉 is a group.

• We call it thedirect product ofthe groupsGi.

• Sometimes calleddirect sumwith ⊕.

• Example:Z2 × Z, Z× Z
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FUNDAMENTAL THEOREM

• (Theorem) Every finitely generated abelian group is isomorphic to
product of cyclic groups of the form

Zm1 × Zm2 × . . .× Zmr × Z× Z× . . .× Z,

wheremi dividesmi+1 for i = 1, . . . , r − 1.

• The direct product is unique: the number of factors ofZ is unique
and the cyclic group ordersmi are unique.

• Free: vector space, basis, rank

• Torsion: module

• The number of factors ofZ is theBetti numberβ(G) of G.

• The orders of the finite cyclic groups are thetorsion coefficients ofG.
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GROUPPRESENTATIONS

• For each generator, we have aletterin analphabet

• Any symbol of the forman = aaaa · · · a (a string ofn ∈ Z a’s) is a

syllable

• A finite string of syllables is aword

• Theempty word1 does not have any syllables

• We may replaceaman by am+n usingelementary contractions

• Relationsare equations of formr = 1 (torsion)

• Notation: (letters : relations)

• Example:Z6 =?
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SYMMETRY WORK 70
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