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ABSTRACTGiven a set S of n points in IRd, a (t; �)-approximate Voronoidiagram (AVD) is a partition of space into constant complex-ity cells, where each cell c is associated with t representativepoints of S, such that for any point in c, one of the asso-ciated representatives approximates the nearest neighbor towithin a factor of (1 + �). Like the Voronoi diagram, thisstructure de�nes a spatial subdivision. It also has the de-sirable properties of being easy to construct and providinga simple and practical data structure for answering approx-imate nearest neighbor queries. The goal is to minimize thenumber and complexity of the cells in the AVD.We assume that the dimension d is �xed. Given a realparameter 
, where 2 � 
 � 1=�, we show that it is possibleto construct a (t; �)-AVD consisting ofO(n� d�12 
 3(d�1)2 log 
)cells for t = O(1=(�
)(d�1)=2). This yields a data structureof O(n
d�1 log 
) space (including the space for representa-tives) that can answer �-NN queries in time O(log(n
) +1=(�
)(d�1)=2). (Hidden constants may depend exponen-tially on d, but do not depend on � or 
).In the case 
 = 1=�, we show that the additional log 
factor in space can be avoided, and so we have a data struc-ture that answers �-approximate nearest neighbor queries intime O(log(n=�)) with space O(n=�d�1), improving upon thebest known space bounds for this query time. In the case
 = 2, we have a data structure that can answer approxi-mate nearest neighbor queries in O(log n+ 1=�(d�1)=2) timeusing optimal O(n) space. This dramatically improves the�The work of the �rst two authors was supported by theResearch Grants Council of Hong Kong, China under projectnumber HKUST 6158/98E.yThis author's work was supported in part by the NationalScience Foundation under grant CCR-0098151.
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previous best space bound for this query time by a factor ofO(1=�(d�1)=2).We also provide lower bounds on the worst-case num-ber of cells assuming that cells are axis-aligned rectanglesof bounded aspect ratio. In the important extreme cases
 2 f2; 1=�g, our lower bounds match our upper boundsasymptotically. For intermediate values of 
 we show thatour upper bounds are within a factor of O((1=�)(d�1)=2 log 
)of the lower bound.
1. INTRODUCTIONGiven a set S of n points in IRd, called sites, the Voronoidiagram of S is a partition of space into cells, such thateach cell is the region of space consisting of all points thatare closer to a particular site than to any other. Voronoidiagrams are among the most fundamental and well-studiedobjects in computational geometry.Voronoi diagrams have numerous applications in areassuch as pattern recognition and classi�cation, machine learn-ing, robotics, and graphics. Many of these applications arein high dimensions but, unfortunately, the complexity ofVoronoi diagrams can be as high as ndd=2e in dimensiond. Constructing Voronoi diagrams can be complicated dueeither to numerical inaccuracies or degeneracies, which re-sult when points are cocircular or nearly so. Also, althoughVoronoi diagrams implicitly encode the information of whatsite is closest to a given point, by themselves they are notsuitable for use as a data structure for nearest neighborsearching. These shortcomings have led to consideration ofsimpler structures that can be used in place of the Voronoidiagram.We begin with some de�nitions. For a real parameter� > 0, we say that a point p 2 S is an �-nearest neighbor(�-NN ) of a point q 2 IRd, if the distance between q and p isat most (1+ �) times the distance between q and its nearestneighbor in S. We assume that distances are measured in theEuclidean metric. An approximate Voronoi diagram (AVD)of S is de�ned to be a partition of space into cells, where eachcell c is associated with a representative rc 2 S, such that rcis an �-NN for all the points in c [9]. More generally we mayallow up to some given t � 1 representatives to be storedwith each cell, and require that for any point in the cell,one of these t representatives is an �-NN. We refer to such adecomposition as a (t; �)-approximate Voronoi diagram.Vleugels and Overmars [13] considered approximating theVoronoi diagram of a disjoint set of convex sites in IRd for the



purpose of motion planning. Har-Peled [9] showed how toconstruct a (1; �)-AVD of O((n=�d)(log n) log(n=�)) size. Acell in this subdivision is the di�erence of two axis-alignedcubes (the inner cube is optional). Moreover, these cellsare stored in a compressed quadtree data structure, whichprovides a simple and e�cient method for answering �-NNqueries in O(log(n=�)) time. This approach is very appealingbecause, like the Voronoi diagram, it de�nes a subdivisionof space, but there are no problems with geometric degen-eracies, and a point-location structure is provided. The con-struction and search structure are very simple and practical.The principal shortcoming of Har-Peled's data structureis its size. Sabharwal et al. [12] reduced the size by a log-arithmic factor. Arya and Malamatos [1] showed that itis possible to construct a (1; �)-AVD of O(n=�d) size, andthey provided a lower bound of 
(n=�d�1) on the size ofa (1; �)-AVD. As with Har-Peled their cells are di�erencesof two axis-aligned hyperrectangles. Further, they intro-duced the notion of allowing multiple representatives percell and showed that given a real parameter 2 � 
 � 1=�, itis possible to construct a (t; �)-AVD of O(n
d) size, wheret = O(1=(�
)(d�1)=2). By varying 
 it is possible to achievea tradeo� in space and query time.To understand the signi�cance of this line of work, it isuseful to brie
y review the evolution of results in the �eld ofapproximate nearest neighbor searching in Euclidean space.There have been two principal approaches. One directionhas focused on eliminating exponential dependencies on di-mension, as characterized by the work of Indyk and Mot-wani [10] and Kushilevitz et al. [11]. Although these meth-ods provide space and query times without exponential de-pendence on dimension, their space requirements grow asnO(1), which may be too high for many applications.The second direction, which has been developed in com-putational geometry, is to assume that d is a small con-stant and n is large. The resulting data structures havesizes that are nearly linear in n but may have factors inspace and query time that grow as (1=�)O(d). Arya et al. [3]and, later, Duncan et al. [8] provided data structures thatachieve O((1=�)d log n) query time and use O(n) space (in-dependent of �). These structures were optimal with re-spect to space, but the � factors in the query times werefar from optimal. The cells of the Voronoi diagram are con-vex polytopes, and results on approximating convex poly-topes by Dudley [7] suggest that (1=�)(d�1)=2 should be theproper bound. Indeed, Clarkson [6] showed that queriescould be answered in O((1=�)d=2 log n) time. However Clark-son's space bounds were larger by a factor of at least (1=�)d=2and involved a parameter that depended on the geometricarrangement of the sites. Through an impressive combi-nation of structures, Chan [5] showed that the query timecould be reduced to O((1=�)(d�1)=2 log n) time using a datastructure with space O((1=�)(d�1)=2n log n). The recent re-sults of Arya and Malamatos [1] further tightened thesebounds by showing that the query time could be improvedto O(log n+1=�(d�1)=2) and removed the log factor from thespace bound.Finally, it seems that the constant factors are coming ex-actly in line with bounds suggested by Dudley's results.The one remaining de�ciency is the signi�cant factor ofO((1=�)(d�1)=2) in the space bound. In this paper we showthat this factor can be eliminated altogether. In particular

we provide a data structure of size O(n) that can answer ap-proximate nearest neighbor queries in O(log n+ 1=�(d�1)=2)time. Thus we simultaneously provide optimal space boundswhile matching the query time suggested by Dudley's re-sults. Our approach is based on a more space-e�cient ver-sion of approximate Voronoi diagrams. Our approach di�ersfrom those of Har-Peled and Arya and Malamatos princi-pally in how cells are generated and how representatives arechosen. Otherwise, it produces an AVD data structure withthe same desirable characteristics.More speci�cally, our main result is that, given a setof n sites S in IRd, 0 < � � 1=2, and a parameter 2 �
 � 1=�, we show how to construct a (t; �)-AVD, wheret = O(1=(�
)(d�1)=2), consisting ofO(n� d�12 
 3(d�1)2 log 
)cells. This yields a data structure of O(n
d�1 log 
) space(including the space for representatives) that can answer �-NN queries in time O(log(n
)+1=(�
)(d�1)=2). The boundsdescribed above on approximate nearest neighbor searchingarise with 
 = 2. In the case 
 = 1=�, the additional log 
factor in space can be avoided, and we have a data struc-ture that answers queries in time O(log(n=�)) with spaceO(n=�d�1). These results are presented in Theorem 1 andCorollary 1.1 in Section 3. Note that our bounds are supe-rior to those of [9] and [1] for all values of 
.We believe that the factor of log 
 in the number of cellsis an artifact of our proof technique. As evidence of thiswe provide a signi�cantly di�erent construction and a dif-ferent analysis based on a charging argument in which thislog 
 factor in the number of cells is replaced by factor oflog 2=(�
). We feel that this alternative construction may beof independent interest. For 
 >p1=� this provides a supe-rior space bound. These results are presented in Theorem 2in Section 4.We also present the �rst lower bounds on the worst-casenumber of cells in a (t; �)-AVD for multiple representatives.We assume that cells are based on axis-aligned rectanglesof bounded aspect ratio. These results show that our spacebounds are tight in the two extremes, 
 = 2 and 
 = 1=�.For all intermediate values of 
 our upper bounds on spaceare tight to within a factor of O((1=�)(d�1)=2 log 
). Theseresults are presented in Section 5.Our results come about from a few innovations. The prin-cipal reduction in space arises from a form of deterministicsampling based on the BBD-tree. By applying the construc-tion of Arya and Malamatos on an appropriately sampledsubset of points, we can decrease the number of cells sig-ni�cantly while increasing the number of representatives byonly a constant factor. The main di�culty is avoiding an ad-ditional factor of O(log n) in the number of representatives,as would be expected from well known results on �-nets. Ourother innovation is to create cells more economically by con-sidering a well-separated pair decomposition of the points,and concentrating the generation of cells along the bisectorbetween well-separated pairs. Our alternative approach isbased on a charging argument which shows that, after cer-tain modi�cations to Arya and Malamatos's construction,the number of representatives for most of the cells is signi�-cantly smaller than the maximum possible. This enables usto reduce the number of cells drastically by combining cellswith fewer representatives into larger cells.



2. PRELIMINARIESThroughout we assume that the dimension d is a �xed con-stant, and the constants hidden in the asymptotic boundsmay depend on d (but not on � or 
). We assume that theset S of points has been scaled and translated to lie within aball of radius �=8 placed at the center of the unit hypercube[0; 1]d.Let x and y denote any two points in IRd. We use jxyj todenote the Euclidean distance between x and y and xy todenote the segment joining x and y.We denote by b(x; r) a ball of radius r centered at x, i.e,b(x; r) = fy : jxyj � rg. For a ball b and any positive real
, we use 
b to denote the ball with the same center as b andwhose radius is 
 times the radius of b, and b to denote theset of points that are not in b. Given a set X of points and apoint q, let NN q(X) be the distance to the nearest neighborof q in X. If there are no points in X, then NN q(X) isde�ned to be in�nity.We brie
y review the notions of well-separated pair de-composition and balanced box-decomposition trees, as theyplay an important role in our constructions.
2.1 The Well-Separated Pair DecompositionLet S be a set of n points in IRd. We say that two sets ofpoints X and Y are well-separated if they can be enclosedwithin two disjoint d-dimensional balls of radius r, such thatthe distance between the centers of these balls is at least �r,where � � 2 is a real parameter called the separation factor.If we consider joining the centers of these two balls by aline segment, the resulting shape resembles a dumbbell. Theballs are the heads of the dumbbell. De�ne the length of adumbbell to be the distance between the centers of the balls.A dumbbell separates two points x and y if x is containedin one head and y in the other.A well-separated pair decomposition (WSPD) of S is a setPS;� = f(X1; Y1); � � � ; (Xm; Ym)g of pairs of subsets of Ssuch that (i) for 1 � i � m, Xi and Yi are well-separatedand (ii) for any distinct points x; y 2 S, there exists a uniquepair (Xi; Yi) such that either x 2 Xi and y 2 Yi or x 2 Yiand y 2 Xi. (We say that the pair (Xi; Yi) separates xand y.) Callahan and Kosaraju [4] have shown that we canconstruct a WSPD containing O(�dn) pairs in O(n log n +�dn) time. For each pair, their construction also providesthe corresponding dumbbell. Throughout we will assumethat the length of the dumbbell is exactly � times the radiusof the dumbbell heads.
2.2 The BBD TreeLet U = [0; 1]d denote a unit hypercube in IRd. We de�nea quadtree box recursively as follows: (i) U is a quadtree box,and (ii) any hypercube obtained by splitting a quadtree boxinto 2d equal parts is a quadtree box. The size of a quadtreebox is its side length. A nice property of quadtree boxes isthat any two quadtree boxes are either disjoint or one iscontained inside the other.The balanced box-decomposition (BBD) tree is a balanced2d-ary tree that compactly represents a hierarchical decom-position of space [3]. Each node of the tree is associatedwith a region of space called a cell, which is the di�erenceof two quadtree boxes, an outer box and an (optional) innerbox. The root of the tree is associated with U . The cell asso-ciated with any node is partitioned into disjoint cells, whichare associated with the children of the node. (For details

see [3].) We de�ne the size of a cell to be same as the sizeof its outer box.The properties of the BBD tree, relevant to this paper,are given below.(i) A set S of n points can be stored in a BBD tree havingO(n) nodes and O(log n) depth.(ii) A collection C of n quadtree boxes can be stored in aBBD tree having O(n) nodes and O(log n) depth. Thesubdivision induced by its leaves is a re�nement of thesubdivision induced by the quadtree boxes in C and,for any point q, we can determine the leaf containingq in O(log n) time.(iii) The number of cells of the BBD tree with pairwisedisjoint interiors, each of size at least s, that intersecta ball of radius r is at most O((1 + r=s)d).(iv) Let 1 � t � n. Consider the set of nodes of the BBDtree that have at most t points but whose parents havemore than t points. The size of such a set is at mostO(n=t).(v) Suppose that we assign weights to a subdivision in-duced by an (unweighted) BBD tree. Let w be themaximum weight of a cell and let W denote the totalweight of all the cells. Then it is possible to build aweighted BBD tree for exactly the same set of cellssuch that the following holds. Given w � t � W ,consider a set of nodes of weight at most t but whoseparents have weight more than t. The size of such aset is O(W=t).Properties (i) and (iii) are proved in [3]. Properties (ii)and (v) follow from a generalization of (i). Property (iv)follows from the balancing aspect of the BBD tree.Throughout we use the following notation. Given a cell c,let sc denote the size of c, and bc be the ball of radius scd=2whose center coincides with the center of c's outer box (notethat c � bc).
3. SPACE REDUCTION BY SAMPLINGLet S be a set of n points in IRd, and let 0 < � � 1=2and 2 � 
 � 1=� be two real parameters. In this sec-tion we show how to construct a (t; �)-AVD, consisting ofO(n�(d�1)=2
3(d�1)=2 log 
) cells, where t = O(1=(�
)(d�1)=2).The construction of AVDs described by Arya and Malam-atos [1] is based on two fundamental constructions. The�rst is that given two concentric balls it is possible to con-struct a small set of nearest-neighbor representatives so thatgiven a query point in the inner ball its approximate nearestneighbor outside the outer ball will be one of these repre-sentatives, and vice versa. A similar result holds for twodisjoint balls. Lemmas 1 and 2 below indicate the sizes ofthese representative sets as a function of the separation ofthe two balls. The second construction is a subdivision ofspace into a collection of cells, such that for each cell, thepoints of S lying outside this cell satisfy certain separationproperties. This is given in Lemma 3 below. In all threelemmas (adapted slightly for convenience), S is a set of npoints in IRd, and 0 < � � 1=2 and 
 � 2 are two realparameters.



Lemma 1. Let b1 and b2 denote two concentric balls ofradius r and 
r, respectively. There exists a set R � Sconsisting of �1 +O� 1p�
��d�1points such that(i) for any point q 2 b1, NN q(R) � (1 + �)NN q(S \ b2),and(ii) for any point q 2 b2, NN q(R) � (1 + �)NN q(S \ b1).Lemma 2. Let b1 and b2 be two disjoint balls of radius r1and r2, respectively, whose minimum distance of separationis at least `0. Further, suppose that `0 � max(r1; r2)=2. Thenthere exists a set R � S consisting of�1 +O�pr1r2`0p� ��d�1points such that for any point q 2 b1, NN q(R) � (1 + �) �NN q(S \ b2).Lemma 3. It is possible to construct a subdivision con-sisting of O(n
d) cells, where each cell c is the di�erenceof two cubes and satis�es at least one of the following threeproperties:(i) jS \ 
bcj � 1.(ii) There exists a ball b0c such that S \ 
bc � b0c and theball 
b0c does not overlap c.(iii) There exists a ball b0c such that S \ 
bc � b0c. Let-ting r1 and r2 denote the radius of balls bc and b0c,respectively, and `0 denote the minimum distance ofseparation between bc and b0c, then `0 � 2max(r1; r2)and `0=pr1r2 � 5p
.The three lemmas given above imply that, for a cell c inthe subdivision of Lemma 3, we can choose a set of repre-sentatives of size O((1=�
)(d�1)=2) each from 
bc and fromb0c. This forms the basis of the approach given by Arya andMalamatos. We can signi�cantly reduce the number of cellsby weakening the separation property in Lemma 3, allowingfor O((1=�
)(d�1)=2) points in the region 
bc�b0c, and choos-ing all these points as additional representatives. A naturalmethod for trying to achieve this goal is to construct the sub-division of Lemma 3 for a set of randomly sampled pointsof suitable size. Unfortunately, standard results in randomsampling and �-net theory imply that this would lead to anincrease in the number of representatives by a factor thatis logarithmic in n. We overcome this di�culty by devisinga novel but simple sampling procedure based on the BBD-tree, which has the following property. Let nf denote thenumber of points of S that are sampled, where 0 < f � 1is a parameter. Then for any fat region (e.g., an Euclideanball) that is free of sampled points, we can contract the re-gion by a constant factor (say, 2), and the shrunken regionis guaranteed to have at most O(1=f) points of the originalset. As we will see, this sampling procedure su�ces for ourapplication and leads to a large space improvement.In Lemma 4, we present a simple version of this idea,intended to illustrate the basic space-reduction mechanismand, later, in Section 3.1, we apply this technique in fullforce.

Lemma 4. Let S be a set of n points in IRd, and let 
 � 2and 0 < f � 1 be two real parameters. It is possible toconstruct a subdivision consisting of O(nf
d) cells, whereeach cell c is the di�erence of two cubes and satis�es at leastone of the following three properties:(i) jS \ 
bcj = O(1=f).(ii) There exists a ball b0c such that jS\(
bc�b0c)j = O(1=f)and the ball 
b0c does not overlap c.(iii) There exists a ball b0c such that jS \ (
bc � b0c)j =O(1=f). Letting r1 and r2 denote the radius of ballsbc and b0c, respectively, and `0 denote the minimumdistance of separation between bc and b0c, then `0 �max(r1; r2)=2 and `0=pr1r2 � p
,Proof. Let T denote the BBD tree for the set S of points.Let N be the set of nodes of T that contain at most 1=fpoints (of S), but whose parents contain more than 1=fpoints. Let X be the cells corresponding to these nodes. ByBBD property (iv), jX j is O(nf). Let S0 � S be the setof points obtained by sampling one point arbitrarily fromeach (non-empty) cell in X . We construct the subdivisiondescribed in Lemma 3 for S0 but using the value 2
 in placeof 
 in the lemma. Observe that since jS0j = O(nf), byLemma 3, the number of cells in this subdivision is O(nf
d).We claim that any cell c in this subdivision satis�es thedesired property.If Case (i) of Lemma 3 holds, then jS0 \ 2
bcj � 1. LetX 0 � X be the cells that overlap the ball 
bc, and containat least one point of S. Since S0 contains one point fromeach cell in X 0, all but at most one cell in X 0 must intersectthe boundary of 2
bc. By BBD property (iii), the numberof cells that overlap 
bc and intersect the boundary of 2
bcis bounded by a constant. Thus jX 0j = O(1). Since a cell inX 0 has at most 1=f points, the total number of points of Sin 
bc is O(1=f).If Case (ii) of Lemma 3 holds, then there exists a ball b00csuch that S0 \ 2
bc � b00c and the ball 2
b00c does not overlapc. De�ne b0c = 2b00c . It follows that 
b0c does not overlap c.Next we show that jS \ (
bc � b0c)j = O(1=f). Let X 0 � Xbe the cells that overlap the region 
bc � b0c, and contain atleast one point of S. Since S0 contains one point from eachcell in X 0, and 2
bc� b0c=2 contains no point of S0, it followsthat each cell in X 0 intersects the boundary of both 2
bcand 
bc, or intersects the boundary of both b0c and b0c=2. ByBBD property (iii), the number of such cells is bounded bya constant. Since a cell in X 0 has at most 1=f points, thetotal number of points of S in the region 
bc� b0c is O(1=f).A similar argument shows that if Case (iii) of Lemma 3holds, then the corresponding case holds here. The detailsare omitted. This completes the proof.We construct the subdivision described in Lemma 4 forf = (�
)(d�1)=2. We assign representatives to the cellsas follows. Let q be a point inside a cell c. Let bc andb0c be the balls de�ned in Lemma 4. Since c is containedwithin the ball bc, applying Lemma 1(i), it follows that wecan �nd a set R0c consisting of O(1=(�
)(d�1)=2) points suchthat NN q(R0c) � (1 + �)NN q(S \ 
bc). We next considerthe case when the nearest neighbor of q lies within 
bc.Note that one of the three cases given in the statementof Lemma 4 must hold. If Case (i) holds, then we de�ne



R00c = S\
bc, and if Case (ii) or Case (iii) holds, then we de-�ne R00c = S\(
bc�b0c). Note that jR00c j = O(1=(�
)(d�1)=2).It is clear that a point in R0c [ R00c is an �-NN of q unlessCase (ii) or (iii) holds and the nearest neighbor of q lieswithin b0c. If Case (ii) (Case (iii), resp.) holds then, byLemma 1(ii) (Lemma 2, resp.), it follows that we can �nda set R000c consisting of O(1=(�
)(d�1)=2) points such thatNN q(R000c ) � (1 + �)NN q(S \ b0c). Finally we assign the setof representatives Rc for c to be R0c [ R00c in Case (i) andR0c [ R00c [ R000c in Cases (ii) and (iii). Clearly, Rc has sizeO(1=(�
)(d�1)=2) and satis�es the desired property, namely,NN q(Rc) � (1 + �)NN q(S). Thus, we have thus shown howto construct a (t; �)-AVD with O(n�(d�1)=2
(3d�1)=2) cellsfor t = O(1=(�
)(d�1)=2).
3.1 Bisector-Sensitive ConstructionIn this section, we present a more sophisticated construc-tion that reduces the space by nearly a factor of 
. Theconstruction used in the previous section simply applied theexisting construction of Arya and Malamatos to a suitablesample of the points. In this section we combine the sam-pling process with a new construction, which generates cellsalong the Voronoi bisectors of the well-separated pairs.Let T denote the BBD tree for the set S of points. Let Nbe the set of nodes of T that contain at most 1=f points (ofS), but whose parents contain more than 1=f points. Here fis a parameter between 0 and 1, which will later be assigneda suitable value depending on � and 
. Let X be the cellscorresponding to these nodes. By BBD property (iv), jX j isO(nf). Let S0 � S be the set of points obtained by samplingone point arbitrarily from each (non-empty) cell in X .We construct a WSPD PS0;� for S0, using separation fac-tor � = 16. Note that the number of pairs in PS0;16 isO(nf). Let D0 denote the set of dumbbells correspondingto this WSPD. We expand both the heads of each dumbbellby a factor of two. Let D denote the new set of dumbbells.Note that the dumbbells in D have a separation factor of8. For each dumbbell P 2 D, we compute a set of quadtreeboxes CP as follows.Let X � S and Y � S denote the set of points that areenclosed within the two heads of P . Let x and y denote thecenters of the heads enclosing X and Y , respectively. Let ` =jxyj, let z denote the center of the segment xy, and let BPdenote the set of balls of radius 2i`, for 4 � i � dlog 
 + 4e,centered at z. Let VP denote the set of points whose nearestneighbor in X and in Y are equidistant (i.e., the Voronoibisector of X and Y ). For a ball b 2 BP , let Cb be the set ofquadtree boxes overlapping b\VP that have the largest sizenot exceeding r2b=(2048
d`), where rb denotes the radius of b.Let C0P be the set of quadtree boxes overlapping b(z; 16
`)that have the largest size not exceeding 
`=d. Let CP =([b2BP Cb) [ C0P and C = [P2DCP . Finally we store all thequadtree boxes in C in a BBD tree T 0. We will show that thesubdivision induced by the leaves of T 0, along with suitablychosen representatives, is the desired approximate Voronoidiagram.We �rst bound the number of cells in the subdivision.The following lemma essentially shows that the Voronoi bi-sector of a well-separated pair (X;Y ) behaves as a (d� 1)-dimensional hyperplane for the purpose of packing argu-ments. The proof is omitted, but is similar to one givenin [2].

Lemma 5. Let X and Y be two sets of points enclosedwithin two disjoint d-balls of radius r, such that the distancebetween the centers of these balls is at least �r, where � � 4.Let V denote the Voronoi bisector of X and Y , and let b beany d-ball of radius R. Then the number of quadtree boxesof size s that overlap b \ V is at most O((1 +R=s)d�1).By Lemma 5, it follows that for any ball b 2 BP , jCbj isO((1+
`=rb)d�1). Also, by BBD property (iii), jC0P j = O(1).It is now easy to see that jCP j is O(
d�1). Since the numberof dumbbells in D is O(nf), the total number of quadtreeboxes, jCj, is O(nf
d�1). Since the number of leaves in theBBD tree T 0 is O(jCj), this bound applies to the number ofcells in the subdivision.Lemma 7 describes an important property of the subdivi-sion, which will enable us to choose representatives for thecells. We need the following technical lemma. The proof isomitted due to space limitations, but is proved by methodssimilar to those used in [1].Lemma 6. Let c be a cell corresponding to a leaf of T 0.Let x be a point in S \ 2
bc. Let Sc � S \ 2
bc be the set ofpoints p such that there is a dumbbell P 2 D that separates xand p, and VP intersects cell c. Then either jScj = 0 or thereexists a ball b0c such that Sc [ fxg � b0c and which satis�esat least one of the following two properties:(i) The ball 8
b0c does not overlap c.(ii) `0 � 4max(r1; r2) and `0=pr1r2 � 19p
, where `0 de-notes the minimum distance of separation between bcand b0c, r1 denotes the radius of bc, and r2 denotes theradius of ball b0c.The proof is based on the fact that a dumbbell separatingx from a point in Sc is either \far away" from c or it impliesan upper bound on the size of c (because it generates cor a cell enclosing c). By considering the dumbbell thatseparates x from the point in Sc that is farthest from it, wecan show that these two cases yield properties (i) and (ii),respectively.Lemma 7. Let S be a set of n points in IRd, and let 
 � 2and 0 < f � 1 be two real parameters. It is possible toconstruct a subdivision consisting of O(nf
d�1) cells, whereeach cell c is the di�erence of two cubes and satis�es at leastone of the following three properties. Let Sc � S be the setof points that are the nearest neighbor of some point in c.(i) jSc \ 
bcj = O((1=f) log 
).(ii) There exists a ball b0c such that jSc \ (
bc � b0c)j =O((1=f) log 
) and the ball 
b0c does not overlap c.(iii) There exists a ball b0c such that jSc \ (
bc � b0c)j =O((1=f) log 
). Letting `0 denote the minimum dis-tance of separation between bc and b0c, r1 denote theradius of bc, and r2 denote the radius of ball b0c, then`0 � max(r1; r2) and `0=pr1r2 � 9p
.Proof. If jSc \ 
bcj = 0, then (i) trivially holds. Sosuppose that jSc \ 
bcj � 1. First we show that if jS0 \2
bcj = 0 then (i) holds. Let X 0 � X be the set of cellsthat overlap the ball 
bc, and contain at least one pointof S. Since S0 contains one point from each cell in X 0, all



the cells in X 0 must intersect the boundary of 2
bc. ByBBD property (iii), the number of cells that overlap 
bcand intersect the boundary of 2
bc is bounded by a constant.Thus jX 0j = O(1). Since a cell in X 0 has at most 1=f points,the total number of points of S in 
bc is O(1=f), and soclearly (i) holds.In the remainder of the proof, we assume that jS0\2
bcj �1 and jSc \ 
bcj � 1. Let (x;w) be the closest pair of pointssuch that x 2 S0 \ 2
bc and w 2 Sc \ 2
bc. (In case ofties, choose any such pair.) Let � = jxwj. (Note that ifS0 \ Sc \ 2
bc 6= ;, then x = w, and � = 0.)Let S0c � S \ 2
bc be the set of points p such that there isa dumbbell P 2 D that separates x and p, and VP intersectscell c. If jS0cj = 0, then let b00c be the ball of zero radiuscentered at x. Otherwise, by Lemma 6, there exists a ballb00c such that S0c[fxg � b00c and which satis�es either property(i) or (ii) listed therein. Let r002 be the radius of b00c and letz denote its center. We distinguish two cases based on theclosest distance L between z and cell c: (1) L � sc=16 and(2) L < sc=16.Case 1: L � sc=16.Let r2 = max(2r002 ; sc=(16
)), and let b0c = b(z; r2). Notethat x is at a distance of at most r2=2 from the center zof b0c. We consider two subcases: (a) � < r2=64 and (b)� � r2=64.Subcase (a): � < r2=64.It is easy to verify that b0c satis�es either property (ii) or(iii). It remains to show that jSc\(
bc�b0c)j = O((1=f) log 
).To this end, we �rst show that the cell c0 2 X that containsa point u 2 Sc\(
bc�b0c) has size at least jzuj=(64d). For thesake of contradiction, suppose that the size of c0 is less thanjzuj=(64d). Recall that S0 contains one point from each cellin X . Let u0 be the point in c0 that belongs to S0 (note thatu and u0 may be the same point). By the triangle inequality,we get jxu0j � jzuj � juu0j � jxzj. Since juu0j � jzuj=64 andjxzj � jzuj=2 (because jzuj � r2 and jxzj � r2=2), it followsthat jxu0j � 31jzuj=64.Consider the dumbbell P 0 2 D0 that separates x and u0.Let P be the dumbbell corresponding to P 0 in D. Let Aand B denote the heads of dumbbell P containing x and u0,respectively. Since the separation factor for the dumbbellsin D is 8, it follows that the radius r0 of A and B is atleast jxu0j=10 � 31jzuj=640. Recall that the heads of thedumbbells in D0 are enlarged by a factor of 2 to obtain thedumbbells in D. Hence any point within distance r0=2 of xand u0 will lie within A and B, respectively. Since jwxj =� � r2=64 � jzuj=64, it follows that w 2 A and, since juu0j �jzuj=64, it follows that u 2 B. Since both w and u belongto Sc (i.e., they are the nearest neighbor of some point incell c), it is not di�cult to see that the Voronoi bisector VPmust intersect c. But then b00c should have contained u, acontradiction.Partition the points in Sc \ (
bc � b0c) into groups, wherethe ith group has all the points whose distance from z liesin the interval [2ir2; 2i+1r2]. Since r2 � sc=(16
), and themaximum distance of a point in 
bc from z is some constanttimes 
sc, it is clear that the number of non-empty groupsis O(log 
). Let Xi � X be the set of cells that overlap somepoint in the ith group. By the above observation, the cellsin Xi have size at least 2ir2=(64d), and so by BBD property(iii), jXij is O(1). Since each cell in Xi has 1=f points, thenumber of points in the ith group is O(1=f), which impliesthe desired bound on jSc \ (
bc � b0c)j.

Subcase (b): � � r2=64.Consider a ball ~b of radius 32� centered at x. It is easyto show that for any dumbbell separating x and any pointu outside this ball, the dumbbell head containing x alsocontains w. As in Subcase (a), we can now show that jSc \(
bc � ~b)j = O((1=f) log 
).Next we claim that jSc \ 
bc \ ~bj = O(1=f). To see this,let X 0 � X be the set of cells that contain a point in Sc \
bc \ ~b. Note that a cell in X 0 must either overlap 2
bcor it must have size exceeding �=d (otherwise the distancebetween any pair of points in this cell that belong to Sc andS0, respectively, would be less than �, a contradiction). Itfollows from BBD property (iii) that jX 0j = O(1), whichimplies the desired claim.Thus we get jSc\
bcj = O((1=f) log 
), which implies (i).Case 2: L < sc=16.It is obvious that property (ii) given in Lemma 6 cannotapply to b00c , so either b00c satis�es property (i) given thereor its radius must be zero. It follows that r002 � L=(8
).We consider two subcases: (a) � < sc=(256
) and (b) � �sc=(256
).Subcase (a): � < sc=(256
).We set b0c = b(z; L=
). Note that b0c satis�es property (ii),or it is a ball of zero radius centered at a point inside cell c.We now show that jSc \ (
bc � b0c)j = O((1=f) log 
).Similar to Subcase (a) of Case 1, we can show that jSc \(
bc�b(z; sc=(8
)))j = O((1=f) log 
). We omit the straight-forward details.We next claim that jS \ (b(z; sc=(8
)) � b0c)j = O(1=f),which would imply (ii). Towards this end, we show thatthere are no points of S0 in the region b(z; sc=(4
)) � b0c=2.For contradiction, assume that there is a point u 2 S0 inthis region. Consider a dumbbell P 2 D that separates xand u. Let ` be the length of P . By de�nition of well-separatedness, we get 4jxuj=5 � ` � 4jxuj=3. Applying thetriangle inequality, it is easy to see that 3L=(8
) � jxuj �sc=(2
), which implies that 3L=(10
) � ` � 2sc=(3
). Itcan be easily checked from the construction that all cellswhose closest distance from x is less than 15
` can have sizeat most 
`=d. Note that the closest distance from x to cellc is at most L + L=(8
) � 17L=16 � 4
`. Thus the size ofcell c cannot exceed 2sc=(3d), a contradiction.Let X 0 � X be the set of cells that overlap the regionb(z; sc=(8
))� b0c, and contain at least one point of S. SinceS0 contains one point from each cell in X 0, and there are nopoints of S0 in the region b(z; sc=(4
))� b0c=2, it follows thateach cell in X 0 intersects the boundary of both b(z; sc=(4
))and b(z; sc=(8
)) or the boundary of both b0c and b0c=2. ByBBD property (iii), the number of such cells is bounded bya constant. Noting that a cell in X 0 has at most 1=f points,the desired result follows.Subcase (b): � � sc=(256
).Using an argument similar to Subcase (b) of Case 1, wecan show that (i) holds. We omit the straightforward details.This completes the proof.In view of the similarity of Lemma 7 with Lemma 4, itshould be clear that the same method for assigning rep-resentatives works for this subdivision too. We mentionthat the only di�erence is the value of f , which we set to(�
)(d�1)=2 log 
.Given a query point q, we can determine the leaf of theBBD tree T 0 that contains q in O(log(n
)) time. By com-



puting the distance from q for each of the stored represen-tatives, we can answer queries in O(log(n
)+1=(�
)(d�1)=2)time. We summarize the main result of this section.Theorem 1. Let S be a set of n points in IRd, and let0 < � � 1=2 and 2 � 
 � 1=� be two real parameters. We canconstruct an (O(1=(�
)(d�1)=2); �)-approximate Voronoi dia-gram for S that consists of O(n�(d�1)=2
3(d�1)=2 log 
) cells,where each cell is the di�erence of two cubes. Moreover,for any query point, we can return its �-NN in O(log(n
) +1=(�
)(d�1)=2) time. Here the constants in the O-notationare independent of � and 
.We obtain a family of data structures that can answer �-NN queries in O(log(n
) + 1=(�
)(d�1)=2) time using spaceO(n
d�1 log 
). Setting 
 = 2 we obtain the most space-e�cient solution in this family, which we present in the fol-lowing corollary.Corollary 1.1. Given a set S of n points in IRd, we cananswer �-NN queries in O(log n + 1=�(d�1)=2) time using adata structure of space O(n).Remark: For the case of 
 = 1=�, we can omit the sam-pling process altogether in Lemma 7, which allows us to savea log 
 factor in space. By a straightforward extension of theapproach given in this section, we can construct a (1; �)-AVDof size O(n=�d�1). Arya and Malamatos [1] have shown alower bound of 
(n=�d�1) on the size of a (1; �)-AVD, assum-ing that the cells are di�erences of two axis-aligned hyper-rectangles, which implies that our construction has optimalsize.
4. LOWER SPACE BOUNDS BY BETTER

CHARGINGLet S be a set of n points in IRd, and let 0 < � � 1=2 and2 � 
 � 1=� be two real parameters. In this section we showhow to construct a (t; �)-AVD, consisting ofO�n� d�12 
 3(d�1)2 log 2�
�cells, where t = O(1=(�
)(d�1)=2).The construction proceeds as follows. First, we constructa (t; �)-AVD consisting of O(n
d�1) cells, such that thetotal number of representatives summed over all cells isO(n
d�1 log(2=(�
))). Note that for this AVD, there is ahuge gap between the number of representatives for a cellin the worst case, which is O(1=(�
)(d�1)=2), and their num-ber averaged over all cells, which is only O(log(2=(�
))). Inthe second step of the construction, we take advantage ofthis fact by combining cells that have fewer representativesinto larger cells. This enables us to signi�cantly reduce thenumber of cells and leads to the desired AVD.Let D be the set of dumbbells corresponding to the WSPDfor S, using separation factor 8. For each dumbbell P 2 D,de�ne the Voronoi bisector VP , the set of balls BP , and thesets C0P and CP of quadtree boxes, exactly as in Section 3.1.We store all the quadtree boxes in C = [P2DCP in a BBDtree T . Using the same approach as in Section 3.1, we canshow that the number of leaves in T is O(n
d�1).We now describe a crucial property satis�ed by the sub-division induced by the leaves of T , which enables us to se-lect representatives for the cells economically. The proof is

omitted due to space limitations, but is proved by methodssimilar to those used in [1].Lemma 8. Let S be a set of n points in IRd, and let 
 � 2be a real parameter. It is possible to construct a subdivisionconsisting of O(n
d�1) cells, where each cell is the di�erenceof two cubes, that satis�es the following properties. In thefollowing, c is any cell in the subdivision and Sc � S\
bc isthe set of points that are the nearest neighbor of some pointin c.(a) The number of cells, each of size at least s, that inter-sect a ball of radius r is at most O((1 + r=s)d).(b) There is a constant k > 1 such that the ball k
bc con-tains at least one point of S.(c) The cell c satis�es at least one of the following threeproperties.(i) jScj � 1.(ii) There exists a ball b0c such that Sc � b0c and theball 
b0c does not overlap c.(iii) There exists a ball b0c such that Sc � b0c. Letting r1and r2 denote the radius of balls bc and b0c, respec-tively, and `0 denote the minimum distance of sep-aration between bc and b0c, then `0 � max(r1; r2)and `0=pr1r2 � 19p
.Let X be any subdivision satisfying Lemma 8. Using Lem-mas 1 and 2, we can easily show that O(1=(�
)(d�1)=2) repre-sentatives su�ce for each cell. The following lemma gives amore complicated method for choosing cell representativeswhich, however, has the advantage that we can obtain amuch better bound on the total number of representatives.Lemma 9. Let S be a set of n points in IRd, and let 0 <� � 1=2 and 2 � 
 � 1=� be two real parameters. Let t =O(1=(�
)(d�1)=2). Any subdivision X satisfying Lemma 8 isa (t; �)-AVD such that the total number of representativessummed over all cells of X is O(n
d�1 log(2=(�
))).Proof. (Sketch) Let c be any cell in X and let S0c � Sbe the set of points that are the nearest neighbor of somepoint in c. Let q be any point in c. We will identify two setsof points R0c � S (outer representatives) and R00c � S (in-ner representatives) each consisting of t = O(1=(�
)(d�1)=2)points, such that NN q(R0c) � (1 + �)NN q(S0c \ 
bc) andNN q(R00c ) � (1 + �)NN q(S0c \ 
bc). Finally, we will storethe set of representatives Rc = R0c [ R00c with c. ClearlyNN q(Rc) � (1 + �)NN q(S).In this version of the paper, we only present our methodfor computing R0c, the set of outer representatives, and showthatPc2X jR0cj = O(n
d�1 log(2=(�
))). Using similar ideas,we can compute the inner representatives and show that thisbound also applies to their total number. Details will appearin the full version.Letting k0 = k + 1, we have S0c � k0
bc because, byLemma 8, the ball k
bc contains at least one point of Sand 
 is at least 2. Let S00c = S0c \ (k0
bc � 
bc). LetUc denote the set of quadtree boxes that have the largestsize not exceeding �
2sc=8 and that contain at least onepoint of S00c . Clearly jUcj = O(1=(�
)d). Note that any



quadtree box u 2 Uc can be enclosed within a ball bu ofradius ru � �
2scd=16 � 
scd=16, which implies that theminimum distance of separation between the balls bc andbu, `0u, is at least 
scd=8. It is now easy to verify thatpr1ru=(`0up�) = O(1) and `0u � max(r1; ru)=2, where r1 =scd=2 is the radius of ball bc. Therefore, by Lemma 2, wecan �nd a set Rc;u � S00c \ u consisting of O(1) points suchthat NN q(Rc;u) � (1 + �=2)NN q(S00c \ u). It follows thatthe set ~R0c = [u2UcRc;u has at most O(1=(�
)d) points andsatis�es NN q( ~R0c) � (1 + �=2)NN q(S0c \ 
bc).The main di�culty with using ~R0c as the outer representa-tives for c is that their number can be too large. To remedythis, observe that c � bc and all the points in ~R0c lie out-side 
bc. Thus, we can apply Lemma 1 to obtain a setR0c � ~R0c consisting of O(1=(�
)(d�1)=2) points such thatNN q(R0c) � (1 + �=4)NN q( ~R0c). ThusNN q(R0c) � (1 + �=4)(1 + �=2)NN q(S0c \ 
bc)� (1 + �)NN q(S0c \ 
bc);as desired.We next present a charging argument to show thatXc2X jR0cj = O�n
d�1 log 2�
� :Let D be the set of dumbbells corresponding to the WSPDfor S, using separation factor 8. Each dumbbell P 2 Dallocates a unit charge to each cell in a set ~CP � X de-�ned as follows. Let X � S and Y � S denote the set ofpoints that are enclosed within the two heads of P . Letx and y denote the centers of the heads enclosing X andY , respectively. Let ` = jxyj, let z denote the center ofthe segment xy, and let ~BP denote the set of balls of ra-dius 2i`, for 0 � i � dlog((40k0d)=(�
))e, centered at z. LetVP denote the Voronoi bisector of X and Y . For a ballb 2 ~BP , let ~Cb � X be the set of cells overlapping b \ VPthat have size at least rb=(8k0
d), where rb denotes the ra-dius of b. Finally, we let ~CP = [b2 ~BP ~Cb. We claim that: (i)the total charges allocated to all the cells in X by the aboveprocedure is O(n
d�1 log(2=(�
))) and, (ii) each cell c 2 Xreceives enough charge to pay for the representatives storedwith c.To prove (i), note that Lemma 5 implies that for any ballb 2 ~BP , j ~Cbj is O(
d�1). Since the number of balls in ~BP isO(log(2=(�
))), it follows that each dumbbell allocates a unitcharge to at most O(
d�1 log(2=(�
))) cells in X . Recallingthat the number of dumbbells in D is O(n), (i) follows.To prove (ii), we will show that cell c receives charge fromat least 
(j ~R0cj) dumbbells. In light of (i) and the fact thatR0c � ~R0c, this would clearly imply the desired bound onPc2X jR0cj. We �rst identify a set of points R̂0c � ~R0c suchthat jR̂0cj = 
(j ~R0cj) and the distance between any pair ofpoints in R̂0c is at least �
2sc=16. We can obtain the setR̂0c using the following procedure. We start with R̂0c beingempty and consider the quadtree boxes in Uc one by one. Foreach quadtree box u examined, we add any one point of Rc;uto R̂0c, and eliminate the at most 3d quadtree boxes in Uc thatshare a common boundary with u from future consideration.We continue in this manner until all the quadtree boxes areeliminated. It is clear that this process yields a set R̂0c withthe properties mentioned above. We next show that thereare at least jR̂0cj � 1 distinct dumbbells that separate pairs

of points in jR̂0cj, and that each of these dumbbells allocatesa unit charge to cell c. Clearly this would imply (ii).Consider the following process for identifying a set ofdumbbells. At each step, we �nd the dumbbell in D thatseparates the closest pair of points among the remainingpoints in R̂0c. We then eliminate one of these two points andcontinue this process with the remaining points. We stopwhen only one point in jR̂0cj remains. Obviously this pro-cess �nds a set of jR̂0cj � 1 dumbbells. Noting that, at eachstep, each head of the dumbbell identi�ed contains exactlyone point, among the points in R̂0c that have not yet beeneliminated, it is clear that all the dumbbells obtained aredistinct.It remains to show that each of these jR̂0cj � 1 dumbbellsallocates a charge to cell c. In fact, we will show that anydumbbell P that separates two points x; y 2 R̂0c allocatesa charge to c. Observe �rst that VP must intersect c sincex and y are both the nearest neighbor of some point inc. Let x0 and y0 denote the centers of the heads of P , letz denote the center of the line segment x0y0, and let ` =jx0y0j. Using the de�nition of well-separatedness and thetriangle inequality, it follows that jxx0j � `=8; jyy0j � `=8,and 4jxyj=5 � ` � 4jxyj=3. Since x and y are both containedin k0
bc, it is easy to show that both `, and the distancebetween z and any point in c, are less than 2k0
scd. Also,since the distance between x and y is at least �
2sc=16, itfollows that ` � �
2sc=20. This implies that the radius ofthe largest ball in ~BP is at least 2k0
scd, and so there mustbe a ball in ~BP that overlaps c \ VP . Let rb denote theradius of the smallest ball b 2 ~BP that overlaps c \ VP . Ifb is the smallest ball in ~BP , then its radius rb is `, whichis less than 2k0
scd. Otherwise, rb cannot exceed twice theclosest distance between z and c\VP , which implies that rbis less than 4k0
scd. Recalling that P allocates a charge toall cells overlapping b\Vp that have size at least rb=(8k0
d),it is clear that c receives a charge from P . This completesthe proof.To complete the construction, we weight each cell of thisAVD with the associated number of representatives. Wethen build a weighted BBD tree for these cells. Lettingt = 1=(�
)(d�1)=2, we apply property (v) of BBD trees toproduce a truncated tree havingO�n� d�12 
 3(d�1)2 log 2�
�cells. For each cell in the resulting tree, the number ofrepresentatives is no greater than the sum of its associatedweights. From this we have the following result.Theorem 2. Let S be a set of n points in IRd, and let0 < � � 1=2 and 2 � 
 � 1=� be two real parameters. Wecan construct an (O(1=(�
)(d�1)=2); �)-approximate Voronoidiagram for S that consists ofO�n� d�12 
 3(d�1)2 log 2�
�cells, where each cell is the di�erence of two cubes. More-over, for any query point, we can return its �-NN in timeO(log(n
) + 1=(�
)(d�1)=2). Here the constants in the O-notation are independent of � and 
.



5. LOWER BOUNDSOur lower bound construction is parameterized by thenumber of points n, the dimension d, the approximationfactor � and the desired number of representatives per cellt. Intuitively, to make the number of cells large we mustcreate a situation in which many cells are small. To makecells as small as possible, we distribute t+ 1 sites evenly ona (k� 1)-dimensional sphere centered at the origin. The setof points in IRd that are equidistant from these points lieon a linear subspace J of dimension d � k. Any cells thathas a signi�cant overlap with J has t+1 contenders for thenearest neighbor for each point in the cell. If this cell isrelatively close to the origin we can derive an upper boundon the size of such a cell. We will see that as k increases thissize bound decreases. However, as k increases, the dimen-sion of J decreases, and hence the number of overlappingcells decreases. Thus we face a tradeo�. Our constructiontakes the dimension k as a parameter, and then derives thevalue of k that produces the best lower bound. We makebn=(t+ 1)c widely distributed copies of this con�gurationto produce the �nal lower bound.The main results of this section are provided below. Theaspect ratio of a rectangle is de�ned to be the ratio betweenits longest and shortest side lengths.Theorem 3. Consider AVDs in which each cell is anaxis-aligned box of bounded aspect ratio or the di�erence oftwo such boxes.(i) Given t and �, there exists a set of n sites in IRd suchthat the number of cells in any (t; �)-AVD for this setis 
0@n�1��(d�1)+c�2p2c(d�1)1A ;where c = � ln tln � and c � d�12 :(ii) The ratio between the upper bound provided in Theo-rem 1 and this lower bound isO0@�1��2p2c(d�1)�4c log 
1A � O �1��d�12 log 
! :Remark: Recalling the observation that the log 
 factor inthe upper bound can be avoided if 
 = 1=�, it follows that inthe extreme case t = 1 (c = 0) the upper and lower boundsmatch asymptotically. Also, when 
 is a constant, the factorlog 
 can be ignored, and hence it follows that in the otherextreme case t = 1=�(d�1)=2 (c = (d � 1)=2) the upper andlower bounds match.The remainder of this section is devoted to proving Theo-rem 3. De�neH to be the linear subspace that is orthogonalto the diagonal vector whose coordinates are all 1, that is,~w = (w1; : : : ; wd) 2 H if Pi wi = 0. Let k, 1 � k � d� 1,be an integer parameter to be �xed later, and let J be somed � k dimensional linear subspace of H. Let K be the kdimensional orthogonal linear subspace of J . Let U be theintersection of a unit sphere with K. The principal proper-ties of J , K and U are the following.(i) The angle between any coordinate vector and a nonzerovector of H is bounded below by a constant (depend-ing on dimension). Because J � H, this applies to Jas well.

(ii) Given any set of points on U , every point on J isequidistant from all of these points.(iii) A set of points is �-sparse if for each point in the setits nearest neighbor in the set is at distance at least �.From standard results it follows that the unit sphereU has a �-sparse set of cardinality 
(1=�k�1).Recalling that t is the number of representatives, de�ne �to be maximum such that there is a �-sparse set on U of sizeat least t + 1. Let Sk denote this set. By the observationabove � is 
(1=t1=(k�1)). Let � = 18�=�2. We show that nocell of an AVD of S can contain a large ball centered on Jand close to the origin. Let BJ be the intersection of a ballof unit radius centered at the origin and J .Lemma 10. Consider a (t; �)-AVD for the set S, whosecells are the di�erences of axis-aligned rectangles of boundedaspect ratio. Consider a ball b of radius � centered at somepoint of BJ . Then no cell of the AVD can contain b.To sketch the proof we observe that if such a cell existed,then by property (ii) every point of S is a nearest neighborto some point in the cell. Since S has t + 1 points, onepoint p 2 S is not a representative for this cell. Considerthe point q on the boundary of the ball that is closest to p.Because S is �-sparse, and the cell is relatively close to S, itcan be shown that the distance of every other point in S toq exceeds the length jqpj by �, providing a contradiction.Let C denote the set of cells of the (t; �)-AVD that intersectBJ . For each c 2 C, de�ne c� to be the set of points of theinterior of c that are at distance at least � from c's boundary.Clearly, if c� intersects BJ , then c contains a ball of radius� that is centered at a point in BJ , and by the previouslemma, no such cell can be in the AVD. Otherwise, by thefact that AVD cells are fat and axis-aligned and by property(i) above, it follows that the diameter of the intersection ofany cell and BJ is O(�). By applying a simple packingargument to BJ it follows that the number of cells of theAVD that intersect BJ is at least
� 1��d�k = 
��2� �d�k = 
� 1t2=(k�1)��d�k ;for t � (1=�)(k�1)=2. To complete the construction, we repli-cate this con�guration of points bn=(t+ 1)c times at a suf-�ciently large distance from each other. Up to a constantfactor depending on d, the total number of cells is at leastL = nt (t2=(k�1)�)k�d.To simplify this expression, let us express t as (1=�)c forsome constant c. Our constraint on t implies that c � (k �1)=2. Thus we have the following lower bound.L = n�1��(d�k)(1� 2ck�1 )�c = n�1��(d�1)+c�(k�1)�2c d�1k�1 :Since k is under our control, to get the best lower boundwe maximize the exponent, by setting k � 1 =p2c(d� 1).It is easy to verify that if c � (d � 1)=2 then this satis�esour prior constraint on t. As a result we have the followinglower bound, which establishes Theorem 3(i).L = n�1��(d�1)+c�2p2c(d�1) :



From Theorem 1 it follows that, ignoring constant factorsand the log 
 term, there exists a (t; �)-AVD for our point setwith the following number of cells. U = n�(d�1)=2
3(d�1)=2.To achieve t representatives we set 
 = (1=�)(1=t)2=(d�1) andset t = (1=�)c to getU = n�1��(d�1)�3c :To compare the upper and lower bound, we compute theirratio �(c) = UL = �1��2p2c(d�1)�4c :To determine the worst-case ratio as a function of t, wemaximize this expression over c yielding c = (d� 1)=8 (andhence t = (1=�)(d�1)=8). Note that this satis�es our earlierrequirement that c � (d�1)=2. This yields the following up-per bound on the ratio between the upper and lower bounds.�(c) � �1��(d�1)=2 :This establishes Theorem 3(ii).
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