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1 Vectors, Dual Vectors and Tensors

1.1 Inner Product Spaces

Definition: Let V be an abstract vector space of dimension n. We define an inner product on V as
a bilinear, symmetric, and positive definite function:

〈·, ·〉 : V × V → R

(1) Bilinear : The inner product is linear in each vector “slot”. This means that:

〈au+ w, v〉 = a〈u, v〉+ 〈w, v〉

〈u, av + w〉 = a〈u, v〉+ 〈u,w〉
(2) Symmetric: 〈u, v〉 = 〈v, u〉

(3) Positive Definite: 〈v, v〉 ≥ 0, and 〈v, v〉 = 0 ⇐⇒ v = ~0

Later on, we’ll consider a more concrete vector space (namely, the tangent space of a surface),
but for now we’ll discuss in general terms. Once we have an abstract vector space with an in-
ner product, then all the usual constructions follow, which we are familiar with from basic vector
geometry:

• The norm of a vector is ‖v‖ :=
√
〈v, v〉.

• Vectors v, w are orthogonal if 〈v, w〉 = 0.

• If S is a subspace of V then every vector v ∈ V can be uniquely decomposed as v := v‖ + v⊥

where v‖ ∈ S and v⊥ ⊥ S.

• The mapping v 7→ v‖ is the orthogonal projection onto S.

1.2 Dual Vectors

Definition: Let V be an abstract vector space of dimension n. The dual space of the vector space
V consists of all linear functions on V:

V∗ := {ξ : V → R : ξ is linear}

This newly defined dual space V∗ is itself a vector space of dimension n. We know V∗ is a vector
space simply because if we take ξ and ζ to be two functionals in V∗, then:

ξ + ζ

aξ
∈ V∗

Furthermore, we can show that V∗ is of dimension n. To show this, we construct a basis for V∗.
Since V∗ is built upon the vector space V, it stands to reason that we will build the basis of V∗
from the basis of V. If {Ei} is a basis for V, then let’s define {ωi} as a basis for V∗ where:

ωi(Es) =

{
1 i = s

0 otherwise



1.3 The Dual Space of an Inner Product Space

Let V be a vector space with inner product 〈·, ·〉, and dual space V∗. There are three useful con-
structions available to us in an inner product space.

(1) Flat Operator: Given a vector v ∈ V, we have v[ ∈ V∗, where we define v[(w) := 〈v, w〉 ∀w ∈ V.
In other words, the flat operator takes a vector v from V to an element v[ in the dual space V∗, by
means of taking an inner product.

(2) Sharp Operator: Given an element ξ ∈ V∗, there exists some vector ξ] ∈ V, such that
ξ(w) = 〈ξ], w〉 ∀w ∈ V. In other words, the sharp operator takes an element ξ from the dual
space V∗ to a vector ξ] in V, so that taking the inner product against this new vector ξ] yields the
original dual element ξ.

(3) Induced Inner Product: If the vector space V carries an inner product, then V∗ inherits the
inner product 〈ξ, ζ〉V∗ := 〈ξ], ζ]〉 ∀ ξ, ζ ∈ V∗. What this means is we can take the inner product of
two functionals ξ and ζ in the dual space, by first applying the sharp operator on each to get their
counterparts in V, then taking the inner product.

Note: Sharp and Flat are inverse operations, i.e. (v[)] = v and (ξ])[ = ξ. Intuitively, this makes
sense. The Flat operator says: give me a vector v in the vector space V, and I’ll take the inner
product; the Sharp operator says: give me an element ξ in the dual space V∗, and I’ll give you the
vector whose inner product would yield that dual element ξ.

1.4 Basis Representations

All the definitions up until now are perfectly fine basis-free. And practically speaking, there are
many cases where you would not want to work in a basis. For example, if working with a very
large (possible infinite) dimensional vector space, we don’t want to construct a basis, but instead
want to work with concepts that exist independent of the basis. Secondly, in differential geometry,
in order to prove a geometric concept is independent of parameterization (which we have learned
is crucial to nearly every proof of concept), it is very useful to work independent of a basis.

Upper vs. Lower Indices: When we have a basis constructed, we represent a vector as a linear
combination of the basis vectors, and therefore need a way to encode the indices. The indices
and their position convey a certain meaning depending on context. Let’s define a vector in an
n-dimensional space with basis {Ei}:

v =
n∑
i=1

viEi

Here, the upper index on v indicates the ith vector component, and similarly the lower index on E
indicates the ith basis of our vector space. Now, let’s define an element of the n-dimensional dual
space with dual basis {wi}:

ξ =

n∑
i=1

ξiw
i

Notice that in the dual space, the upper index on w now indicates the ith basis of the dual space,
and the lower index on ξ indicates the ith dual vector component.

Definition: Let {Ei} denote a basis for a vector space V, and define gij := 〈Ei, Ej〉. Note that {Ei}
is arbitrary and not necessarily an orthonormal basis, which is why we have these gij coefficients.
Now let gij be the components of the inverse of the matrix [gij ]. With this, we have the following:



(1) The dual basis is ωi :=
∑

j g
ijE[j .

Proof:

wi(Es) =
∑
j

gijE[j(Es) =
∑
j

gij〈Ej , Es〉 =
∑
j

gijgjs = δij =

{
1 i = j

0 otherwise

(2) If v =
∑

i v
iEi then v[ =

∑
i viω

i where vi :=
∑

j gijv
j . This statement gives some intuition

behind the flat operator, and why its name makes sense. Given the vector v, as a linear combination
of the basis vectors, we know that v[ is the dual space counterpart of v, which can be written as
simply a linear combination of the dual basis vectors. Now, what are the components vi for the
linear combination? As the formula shows, we take the original vector components (upper indices),
and sum them against the matrix coefficients gij , to get the dual space components (lower indices).
By lowering the indices, we ”flatted” the original vector, in the same way we can flat a note in
music by lowering the pitch one half step! Yes, it’s cute.

(3) If ξ =
∑

i ξiω
i then ξ] =

∑
i ξ
iEi where ξi :=

∑
j g

ijξj . A similar intuition follows from
this statement, regarding the sharp operator’s purpose and name. Instead, here we sum the dual
space vector components against the inverse matrix coefficients gij to raise the indices and recover
the original vector components. Hence, sharp!

(4) If ξ =
∑

i ξiω
i and ζ =

∑
i ζiω

i then 〈ξ, ζ〉 =
∑

ij g
ijξiζj . This is similar to the previous

sharp operator case, only now we take two different functionals ξ and ζ in the dual space, and
take a bilinear combination against the inverse matrix coefficients gij to recover the induced inner
product carried by the dual space. Recall that the induced inner product first required applying
the sharp operator to each functional to recover the original vectors that produced them. This is
where the last equation comes from.

Note: If {Ei} is orthonormal, then gij = δij =

{
1 i = j

0 otherwise
, and vi = vi, and ξi = ξi.

These second and third claims are trivial to see, given the first. Plugging in gij = I leaves the
vector components unchanged under the sharp and flat operators.

1.5 Tensors

The subject of tensors is very large, with many applications. We’ll do a discussion of the basic
facts about tensors, then focus on a couple of key tensors that will be important for our purposes.

Definition: Let V be a vector space of dimension n. The space of k-covariant and `-contravariant
tensors is

V∗
k times︷ ︸︸ ︷
⊗ · · ·⊗V∗ ⊗ V

` times︷ ︸︸ ︷
⊗ · · ·⊗V :=

 f : V
k times︷ ︸︸ ︷
× · · ·×V → V

` times︷ ︸︸ ︷
× · · ·×V

such that f is multilinear


Tensors are multilinear functions on V with multi-vector output. This means they are linear in
each of the (k + `) input vector “slots”:

f(· · · , vi + awi︸ ︷︷ ︸
ith slot

, · · · ) = f(· · · , vi, · · · ) + af(· · · , wi, · · · ), ∀i ≤ (k + `)

Example: The metric of a surface is an example of a bilinear (k, 0)-tensor, where k = 2.



Basic facts:
(1) Tensors yield a vector space of dimension nk+`. A basis can be written in terms of the vector
space basis components Ei and the dual space basis components ωi.

(2) If there is an inner product in the vector space V, then the tensor inherits an inner prod-
uct from V, and also has its own flat and sharp operators. In particular, it has ` flat operators for
each vector slot, and k sharp operators for each dual vector slot.

(3) There are operations on tensors called “contractions”, where a V factor is combined with a
V∗ factor. This takes a (k, `)-tensor to a (k − 1, `− 1)-tensor. We’ll see an example later.

2 Symmetric and Alternating Tensors

2.1 Symmetric Bilinear Tensors

Definition: A symmetric (2,0)-tensor is an element A ∈ V∗ ⊗ V∗ such that A(v, w) = A(w, v) for
all v, w ∈ V.

We’ve already seen an example of this kind of tensor – the metric. Another example we’ve seen
before is the second fundamental form at a point, which takes two vectors as input, and outputs a
scalar.

Properties:
(1) In a basis we have A =

∑
ij Aij ω

i ⊗ ωj with Aij = Aji. Since we are working in the space
of V∗ ⊗ V∗, the basis representation is now a linear combination of the tensor product of the two
bases, where the tensor product is defined as:

ωi ⊗ ωj(v, w) = ωi(v)ωj(w)

(2) We define an associated self-adjoint (1,1)-tensor S ∈ V∗ ⊗ V with the formula A(v, w) :=
〈S(v), w〉. This is the shape operator we associated with the second fundamental form in previous
lectures. More formally speaking, we applied a sharp operator to one of the dual vector slots of the
second fundamental form to recover its counterpart in the original vector space, leaving us with
one dual space “slot” and one vector space slot.

(3) In a basis we have S =
∑

ij S
j
i ω

i ⊗ Ej where Sji =
∑

k g
kjAik. Now that we’re in the space

of V∗ ⊗ V, the basis representation uses the tensor product of one vector space basis and one dual
space basis (notice the upper vs. lower indices).

(4) If v and w are defined on a basis, meaning v =
∑

s v
sEs and w =

∑
tw

tEt, then 〈v, w〉 =
[v]>[g][w] – recall we defined gij := 〈Ei, Ej〉. Also, we can expand the formula for A from (1) to
get the following forms for the second fundamental form and the shape operator:

A(v, w) =
∑
ij

Aijω
i(v)ωj(w) =

∑
ij

Aij ω
i(Es)v

s︸ ︷︷ ︸
δis

ωj(Et)w
t︸ ︷︷ ︸

δjt

=
∑
st

vswtAst = [v]>[A][w]

S = [g]−1[A]

(5) As mentioned in the previous section, a contraction takes one upper index (dual space) com-
ponent, and sums with one lower index (vector space) component to take a (k, `)-tensor to a
(k − 1, `− 1)-tensor. The contraction of A = the trace of S =

∑
ij g

ijAij = the mean curvature!



2.2 Alternating Tensors

Definition: A k-form is an element σ ∈ V∗ ⊗ · · · ⊗ V∗ that is antisymmetric in every pair of vector
slots. So, for all v, w ∈ V and pairs of slots in σ we have:

σ(. . . v . . . w . . .) = −σ(. . . w . . . v . . .) “Alternating (k, 0)-tensor”

Note: If dimV = 2 then only k = 0, 1, 2 are non-trivial tensors. Also:

Alt0(V) = R and Alt1(V) = V∗ and Alt2(V) ∼= R

To prove this, let’s consider σ(u, v, w) to be an alternating 3-form (k = 3) in 2-space, i.e. V ∈ R2.
Since we are in 2-space, we know that u, v, and w are not linearly independent vectors. Without
loss of generality, let’s consider w to be a linear combination of u and v, then:

σ(u, v, w) = σ(u, v, au+ bv) = aσ(u, v, u) + bσ(u, v, v)

The last step comes from the fact that tensors are multilinear functions. Since alternating tensors
are antisymmetric in every pair of slots, we know that:

σ(u, v, u′) = −σ(u′, v, u)

∴ σ(u, v, u) = 0

Where u = u′, and are only different to illustrate the switch made between the 1st and 3rd slots.
The same can be shown for the 2nd and 3rd slots, yielding σ(u, v, v) = 0. This gives us a trivial
equation for the 3-form:

σ(u, v, w) = aσ(u, v, u) + bσ(u, v, v) = a(0) + b(0) = 0

Note: The wedge product of two dual vectors, ωi ∧ ωj is the basis of the alternating 2-tensor in
2-space. Let v =

∑
i v
iEi and w =

∑
iw

iEi. Then we define the wedge product via:

ω1 ∧ ω2(v, w) := det([v w])

Duality: If V is an inner product space:

(1) We get a unique alternating 2-form that relates to the metric. The area form dA ∈ Alt2(V) :

dA(v, w) :=

[
Signed area of
parallelogon

spanned by v ∧ w

]

(2) There is a special operator called the Hodge-star operator ∗:

ω ∧ ∗τ := 〈ω, τ〉 dA

This will be covered in more depth with practical applications in the next lecture. For now, just
know that it exists in the space of alternating 2-tensors, when dealing with an inner product space.
Additionally, know these helpful formulas:

∗dA = 1

∗1 = dA

and ifω ∈ Alt1(V), then ∗ ω(v) = ω(Rπ/2(v))



3 Tensor Bundles on a Surface

Up until now, we’ve been dealing with an abstract vector space and linear algebra, with no explicit
connection to a surface or constructions applied to some geometric object. Now we will be a little
more concrete and consider more than one vector space, and more specifically, the many vector
spaces that are the tangent planes to a surface.

Definition: Let S be a surface and let Vp := TpS. The bundle of (k, `)-tensors over S attaches the

vector space V(k,`)p at each p ∈ S, where:

V (k,`)
p := V∗p ⊗ · · · ⊗ V∗p ⊗ Vp ⊗ · · · ⊗ Vp

Definition: A section of this bundle is the assignment p 7→ σp ∈ V(k,`)p . In other words, to get a
section of a bundle, you make a specific choice of a tensor at every point p.

Examples:
(1) k = 0, ` = 0 — sections are functions on S, because for each point on the surface, we output a
scalar.

(2) k = 0, ` = 1 — sections are vector fields on S, because for each point on the surface, we
output a vector.

(3) k = 1, ` = 0 — sections are one-forms on S, which means we output a dual vector (or func-
tional), at every point.

(4) k = 2, ` = 0 and symmetric — sections are symmetric bilinear forms at each point, such
as the metric and the second fundamental form.

(5) k = 2, ` = 0 and antisymmetric — sections are two-forms on S, such as the area form.

4 Covariant Differentiation in a Tensor Bundle

We are familiar with the covariant derivative on vector fields, and it extends naturally to tensor
bundles, which are built upon vector fields.

A formula: Choose a basis and suppose

σ :=
∑
ijkl

σk`ij ω
i ⊗ ωj ⊗ Ek ⊗ E`

is a (k, `)-tensor. Then:

∇σ :=
∑
ijkls

∇sσk`ij [ωi ⊗ ωj ⊗ Ek ⊗ E`]⊗ ωs

is also a tensor, where

∇sσk`ij :=
∂σk`ij
∂xs

− Γtisσ
k`
tj − Γtjsσ

k`
it + Γitsσ

t`
ij + Γ`tsσ

kt
ij

and the Γijk terms are the Christoffel symbols, or “correction factors” which account for the metric
changing along the surface.



This new tensor formed by the covariant derivative is a (k + 1, `)-tensor. The additional input
vector comes from the choice of direction of differentiation when performing the covariant deriva-
tive. This direction also gives us the extra ωs term in the basis representation.

5 Exterior Calculus

5.1 Exterior Differentiation

Definition: The exterior derivative is the operator d : Altk(S)→ Altk+1(S) defined as follows:

(1) Choose a basis.

(2) If f ∈ Alt0(S) we define df geometrically by df(V ) := V (f) or

df =
∑
i

∂f

∂xi
ωi Thus (df)] = ∇f

(3) If ω =
∑

i aiω
i ∈ Alt1(S), then dω =

(
∂a1

∂x2
− ∂a2

∂x1

)
ω1 ∧ ω2.

(4) If ω = aω1 ∧ ω2 ∈ Alt2(S), then dω = 0.

Basic Facts:
(1) ddω = 0 for all ω ∈ Altk(S) and all k.

(2) dω = Antisym(∇ω), and as such it does not involve the Christoffel symbols like the covari-
ant derivative. It can be thought of as the metric-independent part of the covariant derivative.

5.2 The Co-differential Operator

Definition: The co-differential is the L2-adjoint of d. It is therefore an operator δ : Altk+1(S) →
Altk(S) that satisfies: ˆ

S
〈dω, τ〉 dA =

ˆ
S
〈ω, δτ〉 dA

It is given by δ := − ∗ d ∗, where ∗ signifies the Hodge star operator defined previously.

Some concepts:
(1) If f is a function, then (df)] = ∇f .

(2) If X is a vector field, then δX[ = div(X).

(3) If X is a vector field, then dX[ = curl(X) dA.

(4) If f is a function, then
(
δ(f dA)

)[
= Rπ/2

(
∇f
)
.



6 Stokes’ Theorem

Intuition: Generalization of the Fundamental Theorem of Calculus.

Suppose that c is a (k + 1)-dimensional submanifold of S with k-dimensional boundary ∂c.
Let ω be a k-form on S. Then:

ˆ
c
dω =

ˆ
∂c
ω

This says that if you integrate the differential of a form over an entire surface, it is the same
as integrating the form over just the boundary of the surface.

Interpretation: The divergence theorem:

ˆ
S

div(X)dA =

ˆ
∂S
〈N∂S , X〉 d`

Where X is the vector field on the surface, and N∂S is the vector field along the boundary of the
surface, which is both tangent to the surface and normal to the boundary.

7 The Hodge Theorem

Theorem: Alt1(S) = dAlt0(S)⊕ δAlt2(S)⊕H1 where H1 is the set of harmonic one-forms:

h ∈ H1 ⇔ dh = 0 and δh = 0

⇔ (dδ + δd)︸ ︷︷ ︸
“Hodge Laplacian”

h = 0

Corollary: Every vector field X on S can be decomposed into a “gradient” part, a “divergence-free”
part, and a “harmonic part.”

X = ∇φ+ curl
(
∇ψ
)

+ h] with h ∈ H1

Another deep mathematical result:

Theorem: dim(H1) = 2g(S). This is a topological invariant. This also implies that harmonic
one-forms only exist on a surface when its genus g 6= 0, otherwise the dimension of the vector space
would be 0.
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