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Introduction 

• My name: Qixing (Peter) Huang 

• Post-doc researcher 

• PHD from Stanford 

• Background:  

– Graphics 

– Vision 

– Machine learning 

– Geographical information systems 

 



Last lecture 

 Align two shapes/scans 

   given initial guess for 

   relative transform 

ICP  
[Besl and Mckay’92] 



Today’s lecture 

• Rigid matching --- how to generate the initial guess 



Applications 

Surface reconstruction Fragment assembly 

Protein docking Object completion 

Scan 

Template 

Reconstruction 



Looking ahead 

• Lecture 4: Pair-wise non-rigid registration (peter) 
• Lecture 5: Pair-wise intrinsic shape matching (vova) 
• Lecture 6-7: Joint shape matching (peter) 

 
• Lecture 8: Shape segmentation (peter) 
• Lecture 9: Joint shape segmentation (peter) 

 
• Lecture 10: Project proposals (peter/vova) 

 
• Lecture 11: parametric shape spaces / shape grammars 

(vova) 
• Lecture 12: data-driven modeling (vova) 



Looking ahead 

• Lecture 13: Shape classification (peter) 

 

• Lecture 14: Human-centric shape analysis (vova) 

 

• Lecture 15: Data-driven reconstruction (peter) 

• Lecture 16: City-scale scene reconstruction (guest lecture) 

• Lecture 17: Data-driven scene analysis (vova) 

 

• Lecture 18-19: Data-driven techniques in 3D vision and wrap-
up (peter) 

 

• Lecture 20:  Final project presentations (peter/vova) 



Applications 

Surface reconstruction Fragment assembly 

Protein docking Object completion 

Scan 

Template 

Reconstruction 



Rigid Matching 

S1 S2 

Rotation and translation 

T = (R; t)



Approach --- PCA 

• Use PCA to place models into a canonical coordinate 
frame 

      Covariance  
matrix computation 

Principal Axis  
   alignment 



Principal axis computation 

• Given a collection of points {pi}, form the co-variance 
matrix: 

 

 

 

 

 

• Compute eigenvectors of matrix C 

 

C = 1
N

NP
i=1

pip
T
i ¡ ccT

c= 1
N

NP
i=1

pi



Issues with PCA 

• Principal axes are not oriented 

 

 

• Axes are unstable when principal values are similar 

 

 

• Partial similarity 



Approaches --- point-based 

Spectral matching RANSAC Voting 

1 3 5 2 4 

1 1 1 1 0 0 

3 1 1 1 0 0 

5 1 1 1 0 0 

2 0 0 0 1 1 

4 0 0 0 1 1 

Partial similarity Stable 



RANSAC 
• How many point-pairs specify a rigid transform? 

– In R2? 

– In R3?  

• Additional constraints? 

– Distance preserving 

– Stability? 

2 3 



Software  

Geomagic  



RANSAC 
• Preprocessing: sample each object 

• Recursion: 

– Step I: Sample three (two) pairs, check distance constraints 

– Step II: Fit a rigid transform 

– Step III: Check how many point pairs agree. If above 
threshold, terminates; otherwise goes to Step I 



RANSAC --- facts 
• Sampling 

– Feature point detection 
    [Gelfand et al. 05, Huang et al. 06] 

 

• Correspondences 
– Use feature descriptors  

– The candidate correspondences 

– Denote the success rate 

 

• Basic analysis 
– The probability of having a valid triplet p3 

– The probability of having a valid triplet in N trials is  

m<< O(n2)

p ¼ n
m

1¡ (1¡ p3)N



RANSAC+ 
• How many surfel (position + normal) 

correspondences specify a rigid transform? 

 

c=
p0
1
+p0

2
2

¡ p1+p2
2

t=

Constraints: 

kp1¡ p2k ¼ kp01¡ p02k1. 

6 (n1;d) = 6 (n01;d
0)2. 

6 (n2;d) = 6 (n02;d
0)3. 

6 (n1;n2) = 6 (n01;n
0
2)4. 

R
[n1;n2; d] [n01;n

0
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0]
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p2 

n1 

n2 
p'1 

n'1 

p‘2 

n‘2 

(R; t)
d d’ 

Reduce the number of trials  
from O(m3) to O(m2) 

Success rate:  

1¡ (1¡ p2)N



RANSAC++ 
• How many frame correspondences specify a rigid 

transform? 

– Principal curvatures 

– Local PCA 

(R; t)

p 

n 
n1 

n2 

p' 

n' 

n’1 

n’2 

t= p0¡ p

R(n;n1;n2) ¼ (n0;n01;n
0
2)

Further reduce the number  
of trials from O(m2) to O(m) 

Success rate:  

1¡ (1¡ p)N

Principal 
directions 
are unreliable 



Implementation details 
• Use feature points 

 

 

Part of assignment 2 

3D SIFT features Patch features 

Salient Geometric Features for Partial Shape Matching and Similarity, R. Gal, D. Cohen-Or, TOG’ 06 



Implementation details 

• Parameters? 

Learn parameters from registered scans 



Approaches --- point-based 

Spectral matching RANSAC Voting 

1 3 5 2 4 

1 1 1 1 0 0 

3 1 1 1 0 0 

5 1 1 1 0 0 

2 0 0 0 1 1 

4 0 0 0 1 1 

Partial similarity Stable 



Hough transform for line fitting 
• Line detection in an image 

– what is the line? 

– How many lines? 

– Point-line associations? 

 

 

• Hough Transform is a voting technique that can be 
used to answer all of these questions 

– Record vote for each possible line on which each edge 
point lies 

–  Look for lines that get many votes. 

 



Voting 

x 

y 

m 

b 

image space Hough (parameter) space 



Clustering  



• Rigid transform detection from feature 
correspondences 

Rigid matching 



Symmetry detection 

Partial and Approximate Symmetry Detection for 3D Geometry, N. Mitra, L. Guibas, and M. Pauly, 
SIGGRAPH’ 06 



Approaches --- point-based 

Spectral matching RANSAC Voting 

1 3 5 2 4 

1 1 1 1 0 0 

3 1 1 1 0 0 

5 1 1 1 0 0 

2 0 0 0 1 1 

4 0 0 0 1 1 

Partial similarity Stable 



Distance preservation  Rigidity? 

P = fpig Q= fqig

kpi¡ pjk= kÁ(pi)¡ Á(pj)k Á(pi) = R ¢ pi+ t

det(R) = ¡1



Spectral approach 

A Spectral Technique for Correspondence Problems using Pairwise Constraints, M. Leordeanu 
and M. Hebert, ICCV 2005 

1 

2 

3 4 

5 

Correspondences Consistency matrix 

1 2 3 4 5 

1 1 0 1 0 1 

2 0 1 0 1 0 

3 1 0 1 0 1 

4 0 1 0 1 0 

5 1 0 1 0 1 

Correspondences 

C
o

rr
es

p
o

n
d

en
ce

s 

0: Inconsistent,     1: Consistent 



Clique extraction 

Consistency matrix 

1 2 3 4 5 

1 1 0 1 0 1 

2 0 1 0 1 0 

3 1 0 1 0 1 

4 0 1 0 1 0 

5 1 0 1 0 1 

permute 

Consistency matrix 

1 3 5 2 4 

1 1 1 1 0 0 

3 1 1 1 0 0 

5 1 1 1 0 0 

2 0 0 0 1 1 

4 0 0 0 1 1 



Algorithm 

• Step 1: Compute the maximum eigenvector v of C  

 

• Step 2: Sort the vertices based on magnitude of v 
and initialize the cluster 

 

• Step 3: Incrementally insert vertices while checking 
the clique constraint 

 

• Step 4: Stop if the size of the cluster is small, 
otherwise accept the cluster and go to Step 1 

 



Incorporate normals/frames 

1 

2 

3 4 

5 

Correspondences Consistency matrix 

1 3 5 2 4 

1 1 1 1 0 0 

3 1 1 1 0 0 

5 1 1 1 0 0 

2 0 0 0 1 0 

4 0 0 0 0 1 

Correspondences 

C
o

rr
es

p
o

n
d

en
ce

s 

0: Inconsistent,     1: Consistent Clustering becomes easier 



Approaches --- point-based 

Spectral matching RANSAC Voting 

1 3 5 2 4 

1 1 1 1 0 0 

3 1 1 1 0 0 

5 1 1 1 0 0 

2 0 0 0 1 1 

4 0 0 0 1 1 

Partial similarity Stable 



Post-processing 

• Refine the  match via ICP 

Input After matching After registration 



Good match versus bad match 

Automatic Three-dimensional Modeling from Reality, Daniel Huber, doctoral dissertation, Carnegie Mellon University, 
December, 2002 

Multiple measures with 
parameters learned from 
examples 
--- Positional deviation  
--- Normal deviation 
--- Overlapping ratio 
--- Visibility constraint 
--- Distribution of  
     positional deviation 



Extensions 

• Similarity/Affine transforms 

 

– RANSAC 

 

 

– Voting 

 

 

– Spectral 

 

 

 

 



What can been done! 

State-of-the-art techniques tend to be 
perfect when the optimal match is not 
“ambiguous “ 
 --- Range scans 
 --- Chairs, cars 



What cannot been done!t cannot been d 

39 



What cannot been done!t cannot been d 



What cannot been done!helps  

Lecture 7 



Further reading 
• Random Sample Consensus: A Paradigm for Model Fitting with Applications to 

Image Analysis and Automated Cartography, M. Fischler and R. Bolles, June 
1981, Comm. of the ACM 

• Linear Model Hashing and Batch RANSAC for Rapid and Accurate Object 
Recognition, Y. Shan, B. Matei, H. S. Sawhney, R. Kumar, D. Huber, and M. 
Hebert, CVPR 2004 

• A Spectral Technique for Correspondence Problems using Pairwise Constraints, 
M. Leordeanu and M. Hebert, ICCV 2005 

• Robust Global Registration, N. Gelfand, N. Mitra, L. Guibas and H. Pottmann, 
Symposium on Geometry Processing, 2005 

• Partial and Approximate Symmetry Detection for 3D Geometry, N. Mitra, L. 
Guibas, M. Pauly, SIGGRAPH 2006 

• Reassembling Fractures Objects by Geometric Matching, Q. Huang, S. Flory, N. 
Gelfand, M. Hofer and H. Pottmann, SIGGRAPH 2006 

• 4-points Congruent Sets for Robust Surface Registration, Dror Aiger, Niloy J. 
Mitra, Daniel Cohen-Or, SIGGRAPH 2008 

 

 


