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Purpose: To study the phase aberrations produced by human skulls during transcranial magnetic
resonance imaging guided focused ultrasound surgery (MRgFUS), to demonstrate the potential of
Zernike polynomials (ZPs) to accelerate the adaptive focusing process, and to investigate the benefits
of using phase corrections obtained in previous studies to provide the initial guess for correction of a
new data set.
Methods: The five phase aberration data sets, analyzed here, were calculated based on preoperative
computerized tomography (CT) images of the head obtained during previous transcranial MRgFUS
treatments performed using a clinical prototype hemispherical transducer. The noniterative adaptive
focusing algorithm [Larrat et al., “MR-guided adaptive focusing of ultrasound,” IEEE Trans. Ultra-
son. Ferroelectr. Freq. Control 57(8), 1734–1747 (2010)] was modified by replacing Hadamard en-
coding with Zernike encoding. The algorithm was tested in simulations to correct the patients’ phase
aberrations. MR acoustic radiation force imaging (MR-ARFI) was used to visualize the effect of the
phase aberration correction on the focusing of a hemispherical transducer. In addition, two methods
for constructing initial phase correction estimate based on previous patient’s data were investigated.
The benefits of the initial estimates in the Zernike-based algorithm were analyzed by measuring their
effect on the ultrasound intensity at the focus and on the number of ZP modes necessary to achieve
90% of the intensity of the nonaberrated case.
Results: Covariance of the pairs of the phase aberrations data sets showed high correlation between
aberration data of several patients and suggested that subgroups can be based on level of correlation.
Simulation of the Zernike-based algorithm demonstrated the overall greater correction effectiveness
of the low modes of ZPs. The focal intensity achieves 90% of nonaberrated intensity using fewer than
170 modes of ZPs. The initial estimates based on using the average of the phase aberration data from
the individual subgroups of subjects was shown to increase the intensity at the focal spot for the five
subjects.
Conclusions: The application of ZPs to phase aberration correction was shown to be beneficial for
adaptive focusing of transcranial ultrasound. The skull-based phase aberrations were found to be
well approximated by the number of ZP modes representing only a fraction of the number of ele-
ments in the hemispherical transducer. Implementing the initial phase aberration estimate together
with Zernike-based algorithm can be used to improve the robustness and can potentially greatly
increase the viability of MR-ARFI-based focusing for a clinical transcranial MRgFUS therapy.
© 2012 American Association of Physicists in Medicine. [http://dx.doi.org/10.1118/1.4752085]
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I. INTRODUCTION

Magnetic resonance imaging guided focused ultrasound
surgery (MRgFUS) is an attractive technique for the treatment
of various pathologies, including uterine fibroids,1 breast
tumors,2–4 liver tumors,5 and a range of brain pathologies6, 7

due to its noninvasiveness and the absence of ionizing ra-
diation. In recent clinical trials, MRgFUS was used to treat
neuropathic pain,6 brain tumors,7 and essential tremors. His-
torically, delivering ultrasound energy to targets inside the
brain has been challenging because of the adverse effects
that the skull bone has on the propagation of the ultrasound
field. The inhomogeneity of the acoustic properties of the cal-
varium causes amplitude and phase aberrations of the ultra-
sound beam, which affect the position, shape, and intensity
of the acoustic focus. To overcome the detrimental effects of
the skull on transcranial ultrasound focusing, modern phased-
array transducers8–10 are designed with a large number of el-
ements, which can be individually phased to compensate for
aberrations caused by the skull.

Two general approaches to determining optimal transducer
elements’ phase settings for correcting aberration have been
explored to date. One relies on estimating local aberrations
using an acoustic model of the patient’s skull, obtained from
MR (Refs. 11 and 12 or computerized tomography (CT)
(Refs. 13–16) images of the head prior to MRgFUS treat-
ment and calculating individual transducer element’s phases
based on simulated wave propagation. Accurate aberration
estimation was demonstrated ex vivo using a 3D finite dif-
ferences numerical simulation.13, 16 The other approach uses
adaptive focusing algorithms17–19 that manipulate the relative
phase delays and sometimes the amplitudes of the individual
transducer element’s emissions until the pressure at the de-
sired location is maximized. The pressure, or rather the acous-
tic intensity, at the acoustic focus is measured indirectly and
noninvasively using a dedicated MRI technique known as MR
acoustic radiation force imaging (MR-ARFI).20–22 This imag-
ing technique is sensitive to the displacement of tissue caused
by acoustic radiation force, which is proportional to the lo-
cal acoustic intensity of ultrasound and to the square of the
local acoustic pressure. This technique uses motion-sensitive
encoding gradients to encode the displacement of tissue as
phase shifts in the MR image.

The CT-based aberration correction approach has already
been used in clinical studies of transcranial MRgFUS.6, 7

However, acquisition of the high resolution CT images ex-
poses the patient to ionizing radiation without diagnostic in-
dication. Moreover, the CT-based modeling approach can re-
quire up to several hours of computation time16 and relies on
the accuracy of the acoustic model of the skull, transducer
alignment, and intraoperative registration of CT and MR im-
ages. Since the acoustic model does not take into account
potential dephasing caused by the presence of gas bubbles
or electronic and mechanical misalignment, CT-based phase
correction method was shown to result in suboptimal correc-
tion as compared to adaptive focusing approaches in ex vivo
studies.17, 18 MR-ARFI-based adaptive focusing is of interest
as it does not require a presurgical CT scan and it can provide

superior correction.18, 19 However, current approaches require
the acquisition of as many as 4 × N MR-ARFI images,17, 19

where N is number of transducer elements, which for current
clinically used large phased-array transducers is either 512 or
1024 elements. Acquisition of such large numbers of images
is very time consuming and adds significantly to total table
time for the patient. Therefore, there is a critical need to re-
duce the total scan time for the adaptive focusing approach to
be suitable for clinical applications.

The purposes of this work were to study the phase aberra-
tions produced by human skulls during a transcranial MRg-
FUS phase I clinical study and to demonstrate the potential of
Zernike polynomials (ZPs) (Ref. 23) to accelerate the adaptive
focusing process. ZPs are commonly used in microscopy,24

astronomy,25, 26 and ophthalmology27 to describe wave front
aberrations. In the first part of this study, the skull thickness
and the corresponding phase aberration data from five patients
are examined. Similarities and differences between different
subjects are assessed qualitatively and quantitatively by look-
ing at the correlations between different data sets. In the sec-
ond part, a noniterative adaptive focusing approach based on
ZPs is introduced and tested with five patient data sets using
simulation of the clinical hemispherical phased-array trans-
ducer. The effect of the Zernike-based phase aberration cor-
rection on acoustic intensity at the focus is then visualized
experimentally ex vivo using MR-ARFI. Finally, the potential
benefit of using phase corrections obtained in previous stud-
ies to provide the initial guess for correction of a new data set
is tested.

II. BACKGROUND AND THEORY

The total pressure at the acoustic focus of a phased-array
transducer is the superposition of the spherical waves emitted
by each transducer element. In the ideal case, when there are
no aberrations, it can be written as

pideal =
N∑

i=1

ei, (1)

where ei is the emission signal of a single element consisting
of amplitude and phase. Skull aberrations perturb this rela-
tionship, so the total pressure becomes

p =
N∑

i=1

gi · ei, (2)

where gi is a complex coefficient that relates the emitted
waves of the transducer element i with its effective contri-
bution to the resulting field in the acoustic focus,17 and thus
represents the aberration experienced by this wave. The mag-
nitude of gi corresponds to acoustic attenuation, while the an-
gle of gi corresponds to phase aberration. Correcting for these
coefficients in the emissions ei will compensate for the aber-
rations. Phase aberrations are corrected by shifting the phases
of each element’s emission signals, ei, by the opposite of the
phase of gi.

Adaptive focusing with MR-ARFI has been demonstrated
using iterative18 and noniterative17 approaches ex vivo. In the
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iterative approach,18 the phase shifts of small groups of trans-
ducer elements are adjusted sequentially using an iterative
optimization algorithm until displacement, and thus pressure,
is maximal at the focal spot. In the noniterative approach,17

the optimal transducer phases are derived analytically based
on a set of reference measurements. In the original approach
presented by Larrat et al.,17 a Hadamard matrix H is used to
encode groups of transducer elements into N virtual transduc-
ers. The resulting pressure at the focus, p, is given by

p =
N∑

i=1

gi · hi, (3)

where hi are the elements of the column vectors hi of the
Hadamard matrix encoding the virtual transducers. For each
encoded emission, the pressure, p, is determined noninva-
sively using MR-ARFI.17 The complex aberration coeffi-
cients, gi, are then found by solving Eq. (3). Using the no-
tation introduced by Larrat et al.,17 the equation can be pre-
sented in matrix form

pH = g · H, (4)

where pH is a vector of focal pressures measured during the
encoded emissions hi. After visual inspection of the skull
phase aberration patterns, presented in this study, we propose
to replace the Hadamard encoding with an encoding basis po-
tentially more representative of skull phase aberrations con-
sisting of Zernike polynomials.

ZPs are an infinite set of two-dimensional, rotationally
invariant28 polynomials that form a complete, orthogonal ba-
sis over the unit disk. On a continuous unit circle, ZPs are
described by the equations

Zm
n (ρ, θ ) =






√
2(n + 1)ZRm

n (ρ) cos(mθ ) for m > 0
√

2(n + 1)ZRm
n (ρ) sin (|m|θ) for m < 0

√
(n + 1)ZRm

n (ρ) for m = 0

,

(5)

where n is the radial polynomial order and m is the azimuthal
frequency. The radial Zernike polynomial, ZRm

n , is defined as

ZRm
n (ρ) =

(n−|m|)/2∑

s=0

(−1)s(n − s)!

s!
(

n+|m|
2 − s

)
!
(

n−|m|
2 − s

)
!
ρn−2s .

(6)

The first five modes of ZPs are shown in Fig. 1. To sim-
plify notation in this work, the Malacara indexing system29

is used when referring to specific polynomials. Polynomials
are arranged into a sequence of increasing radial orders and
frequency and are given a mode number reflecting their or-
der in the sequence. For example, Z0

0, Z
−1
1 , Z1

1, Z
−2
2 , Z0

2, Z
2
2

become Z1, Z2, Z3, Z4, Z5, Z6. The dotted arrows in Fig. 1
show the order in which ZPs are sorted into a sequence of Zk

polynomials.

FIG. 1. Zernike polynomials computed for the first five radial orders, m,
and azimuthal frequencies, n. Order and frequency indices m and n are
shown in parenthesis as (m,n). Dotted lines show the sequential order of
the polynomial modes used in this work, which are labeled as Z1, Z2, and
so on.

III. MATERIALS AND METHODS

III.A. Analysis of acoustic aberrations in
the human skull

The phase correction data obtained during five transcranial
MRgFUS treatments, previously described by Martin et al.,6

was reused in this work. During these treatments, patients un-
derwent a selective central lateral thalatomy performed using
a clinical prototype FUS system (ExAblate 4000, InSightec,
Tirat Carmel, Israel) integrated into a 3 T MRI scanner (GE,
Milwaukee).6 The FUS system consisted of a hemispheric
1024-element phased-array transducer, shown schematically
in Fig. 2(a), operating at a central frequency of 650 kHz.
The phase aberrations experienced by acoustic waves emit-
ted from each transducer element were evaluated using a ray
acoustic model made of various layers of different acoustic
characteristics. The acoustic properties of the layers were ob-
tained by analyzing the preoperative CT images of patient’s
head.14 The mean and the standard deviation of phase aberra-
tion values across all elements were calculated for each sub-
ject. Fully anonymized CT data sets of the patients were used
to obtain thickness maps of the skulls, calculated as the dis-
tance between the inner and outer surfaces of the skull. The
inner and outer surfaces were segmented using a threshold
of 476 Hounsfield units. The most superior slices of CT data
set, approximately corresponding to the part of the skull ex-
pected to be inside the hemispherical trasnducer, were seg-
mented. After segmentation, the coordinates of the inner and
outer boundaries of the skull were processed using GeoMagic
(Geomagic Inc.) 3D software. The inner and outer surfaces
were constructed from the boundary coordinates, and the dis-
tance between the two surfaces was calculated based on the
nearest point approach.

Medical Physics, Vol. 39, No. 10, October 2012



6257 Kaye et al.: Zernike polynomials in adaptive focusing of transcranial HIFU 6257

FIG. 2. (a) Positions of the elements of the hemispherical phased-array transducer (ExAblate 4000, InSightec, Tirat Carmel, Israel). Experimental setup:
(b) Hemispherical transducer is filled with degassed water and closed with a transparent lid. The tissue mimicking phantom is placed in the natural focus of the
transducer, i.e., the center of the hemisphere. The imaging plane is perpendicular to the acoustic radiation force vector Fa, shown with white arrow. Displacement
encoding is performed along the direction of acoustic radiation force, (c) An acoustic absorber is placed over the phantom and the RF coil is positioned around
the absorber.

Correlation coefficients were calculated between the aber-
ration values for every pair of data sets, using a MATLAB func-
tion computing correlation coefficients based on covariance
(corrcoef.m).

III.B. Simulation of noniterative adaptive focusing
algorithm based on Zernike encoding

In this part of the work, discrete Zernike polynomi-
als were calculated using the Matlab Zernike function
(zernfun.m) (Ref. 30) which implements the analytical ex-
pressions in Eqs. (5) and (6). The polynomials were sam-
pled at the (x, y) locations of each element of the hemi-
spherical transducer. These locations are plotted in Fig. 2(a).
Since orthogonality of continuous ZPs is perturbed by dis-
crete sampling,31, 32 the Gram-Schmidt process was used to
orthonormalize the discrete polynomials. Their mutual or-
thogonality was tested by computing the Gram matrix before
and after orthonormalization.

To apply ZPs in the adaptive focusing algorithm, which
is explained in detail using Hadamard encoding by Larrat
et al.,17 a full rank N by N Zernike matrix, Z, was constructed
using the orthonormalized discrete ZPs,

Z =
[
ZT

1 ZT
2 · · · ZT

i · · ·ZT
N

]
. (7)

Here ZT
i is an orthonormalized discrete ZP of mode i, written

as a column vector with superscript T indicating vector trans-
position. Using notation introduced in Ref. 17 and Zernike
encoding, the relationship described by Eq. (4) can be rewrit-
ten as

pZ = g · Z. (8)

In order to estimate g, the phase delays of each ZT
i emis-

sion can be optimized relative to a reference emission ZT
1 .

The values of pZ are inferred by measuring the intensity
of the field produced by the superposition of each ZT

i with
the reference emission. The pressure, pZ

1 , produced by the
first virtual transducer emission, ZT

1 , is referred to in this
work as reference pressure with an amplitude of 1 and a
phase of 0. Using a method described by Larrat et al.,17

four intensity measurements I a
i , I b

i , I c
i , and I d

i are neces-
sary for each ZT

i emission combination in order to estimate
phase and amplitude of pZ. The four transmit superposi-
tions sa

i , sb
i , sc

i , s
d
i that are used to obtain the four desired

intensity measurements are

sa
i =

(
ZT

1 + ZT
i

)
, sb

i =
(
ZT

1 − ZT
i

)
,

sc
i =

√
2
(
ZT

1 + jZT
i

)
, sd

i =
√

2
(
ZT

1 − jZT
i

)
. (9)

In Hadamard encoding, half of the elements will transmit
at full power while half of the elements will be turned off for
each of the four superpositions. In Zernike encoding, trans-
mission amplitude for the elements, si, varies continuously
between zero and one, not necessarily reaching one for ev-
ery Zernike mode. It would be inefficient signal-to-noise ratio
(SNR)-wise to use maximum emission powers less than the
maximum transducer element power. Therefore, to take ad-
vantage of the full dynamic range of the transducer, scaling
coefficients ca

i , cb
i , cc

i , and cd
i are applied to sa

i , sb
i ,sc

i , and sd
i

to maximize the maximum amplitude of each transmission.
Once the measurements of I a

i , I b
i , I c

i , and I d
i are collected,

they are scaled by the inverse of (ci)2 in order to get the mea-
surement we would have obtained if no ci scaling was used.
The use of scaling coefficients relies on a linear relationship
between applied power and the displacement phase measured
with MR-ARFI.33

After making the four intensity measurements, pZ can be
calculated using

Re
(
pZ

i

)
= 1

2
ρc

(
I a
i

ca2

i

− I b
i

cb2

i

)

and

Im
(
pZ

i

)
= 1

4
ρc

(
I d
i

cd2

i

− I c
i

cc2

i

)

. (10)

Equation (10) takes into account the density, ρ, and the
speed of sound, c, of the tissue of interest. The aberrations
vector g can be calculated as

g = pZ · Z−1, (11)
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where the phase and amplitude of g represent the phase and
relative amplitude of the aberrations for each of the N ele-
ments of the array of emitting transducers.

The Zernike-encoding-based algorithm for estimation of
aberrations was tested using a simulated ExAblate 4000 hemi-
spherical transducer (Fig. 2), modeled in MATLAB using the
Rayleigh-Sommerfield method.34 The transducer was sim-
ulated in a monochromatic regime (710 kHz) and focused
on the natural focus of the hemisphere. The choice of the
central frequency 60 kHz higher than the frequency of the
transducer used in the clinical study from which the phase
aberrations were obtained was based on the frequency of
the hemispherical transducer available during this study (see
Sec. III.C). Though calculated for a transducer of 60 kHz
lower frequency, the phase aberrations were considered repre-
sentative for 710 kHz case. The speed of sound of the medium
was simulated as 1500 m/s. The pressure field at the focus,
calculated on a 5 by 5 mm grid with a spatial step of 0.1
mm, was converted to intensity by taking the square of pres-
sure. The complex values of pZ

i at the focus were calculated
for each Zernike-encoded emission, ZT

i . The influence of the
number of ZP modes used for aberration correction was stud-
ied by implementing the algorithm with the number of ZP
modes, Nzp, increasing from 1 to N, where N is 960, the num-
ber of active elements in the 1024-element transducer. For
each set of Zernike polynomials, Eq. (11) was solved using an
N by N inverse of a Zernike matrix and pZ vector, with pZ

i val-
ues set to zero for i greater than Nzp, the number of Zernike-
encoded emissions used. Then, corrections were calculated
using ZPs up to mode Nzp. Phase correction was applied to
compensate for the patient’s phase aberration. Relative inten-
sity was calculated as the ratio of intensity after correction to
intensity without aberrations.

III.C. Experimental validation of the effect of phase
correction computed using Zernike encoding

The effect of phase aberration correction values calculated
using the Zernike-based adaptive focusing algorithm on focal
point intensity was studied experimentally in a gel phantom
using MR-ARFI to measure acoustic intensity in the focus.
Phase aberration values obtained in the treatment of subject 1
were applied to the hemispherical transducer and then com-
pensated for using the phase correction values calculated in
the simulations described in Sec. III.B. Displacement mea-
surements were performed for phase corrections using the fol-
lowing increasing number of ZP modes: 4, 10, 30, 50, 70, 90,
110, 130, 200, 500, 700, and 960, where 960 is N, the number
of active elements in the transducer.

Measurements were performed using the hemispherical
transducer (ExAblate 4000, InSightec, Tirat Carmel, Israel)
placed vertically into a 1.5 T MRI scanner (GE, Milwaukee)
and filled with degassed water. This transducer operated at
710 kHz. A tissue-mimicking phantom based on 5% fat milk
(Malabi Dairy Dessert of Gad Dairies, Bat-Yam, Israel) was
positioned in the plane of the natural focus using a holder as
shown in Fig. 2(b). An acoustic absorber was placed on top of
the phantom [Fig. 2(c)] to avoid interfering reflections.

Tissue displacement phase was imaged using a 2D Fourier
transform spin-echo MR-ARFI pulse sequence with repeated
bipolar displacement encoding gradients.35 Displacement en-
coding gradients were applied along the dominant direction
of the ultrasound induced radiation force, as shown with an
arrow in Fig. 2(b). The duration of each encoding lobe was
6.1 ms, the duration of the ultrasound pulse was 19 ms. Imag-
ing was performed using a solenoid breast RF coil in a trans-
verse plane relative to the ultrasound. The following imaging
parameters were used: TE = 41 ms, TR = 500 ms, FOV = 30
× 20 cm, matrix size = 256 × 82, BW = 15.63 kHz, and
slice thickness = 6 mm. Total acquisition time was 50 s for
each phase correction. The displacement phase at the focal
spot was calculated as displacement phase signal averaged
over 3 × 2 pixels. The displacement phase signal-to-noise
ratio was computed as the ratio of the average displacement
phase at the focal spot to the displacement phase noise. The
noise was calculated as standard deviation of displacement
phase in a 50 by 30 pixels region of interest outside of the
focal spot.

III.D. Initial guess for noniterative adaptive focusing
algorithm based on existing phase aberration data

In this section, we tested whether phase aberration data ob-
tained from previous subjects can be used to construct an ini-
tial phase aberration estimate for a new subject. Two methods
were investigated. First, using aberration data from five sub-
jects, the initial phase aberration estimate for each subject was
calculated as the average of the other four subjects’ aberra-
tions. Second, the data sets were separated into groups, based
on the magnitude of the correlation coefficients between each
pair of the subjects. In each group, the initial estimate was
the average of the phase corrections of the remaining subjects
in the group. Using these methods of constructing the initial
guess phase aberration, the adaptive focusing Zernike-based
algorithm was implemented and the relative intensity values
after correction were calculated as described in Sec. III.B. The
number of ZP modes necessary to achieve relative intensity
90% of the nonaberrated case was calculated for each subject
and each initial estimate method.

IV. RESULTS

IV.A. Analysis of acoustic aberrations
in the human skull

Skull thickness maps calculated by segmentation of the
five patients’ head CT images are shown in Fig. 3(a). These
data are presented here to relate the phase aberration data
from the clinical studies [Fig. 3(b)] to individual subjects’ cra-
nium morphology. Qualitative comparison of the shapes and
variations of thickness across the five skulls shows a range
of differences in the shape, size, and bone thickness. Despite
these differences, some thickness variation patterns can be
recognized in all of the skulls. For example, there is thick-
ening in the posterior medial section of the skull in all five
subjects. Some skull thickness variation patterns observed in
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FIG. 3. Skull data of five patients: (a) skull thickness map displayed on the surface of the skull, calculated by segmenting head CT images of the patients (color
scales are different across five subjects); (b) unwrapped phase aberration data calculated for each element of the hemispherical transducer during the MRgFUS
treatments based on ray acoustic model made of various layers having different acoustic characteristics, which were obtained by analyzing the preoperative CT
images of the patients. Small rectangular tiles schematically represent the elements of the transducer. The mean and the standard deviation of phase aberration
data set are given for each patient.

Fig. 3(a) can also be observed in the phase aberration values
seen by each transducer element, shown in Fig. 3(b). The av-
erage phase aberration, computed for each subject using un-
wrapped phase aberration data, varied between 10.53 rad and
13.23 rad with standard deviations varying between 1.38 rad
and 2.3 rad.

The correlation coefficients across pairs of subjects are dis-
played graphically in Fig. 4. The correlation results suggest
that these five data sets can be divided into two groups based
on the level of correlation between the data. Correlation co-
efficients for subjects 1, 2, and 3 are greater than 0.8 and can
be grouped together. Subjects 4 and 5 have a correlation co-
efficient of 0.65, and can be grouped together as well. The
correlation between any two subjects across the two groups is
less than 0.4.

FIG. 4. Graphic representation of the correlation coefficients between phase
aberration data from the five subjects, showing that subjects 1, 2, and 3 have
phase aberration patterns more similar to each other than subjects 4 and 5.

IV.B. Simulation of noniterative adaptive focusing
algorithm based on Zernike encoding

Example Zernike polynomials Z2 and Z12 calculated for
(x,y) coordinates of the hemispherical transducer are shown
in Fig. 5(a), normalized such that the norm of each polyno-
mial was equal to 1. The Gram matrix, expected to be an iden-
tity matrix for a set of orthonormal vectors, exhibited several
nonzero entries [Fig. 5(b)] below and above the main diag-
onal, indicating compromised orthogonality of the set. This
was corrected using the Gram-Schmidt orthogonalization

FIG. 5. (a) Two examples of normalized Zernike polynomials sampled
at (x, y) coordinates of the hemispherical transducer displayed using dif-
ferent scales. (b) Gram matrix calculated for a set of normalized Zernike
polynomials indicates compromised orthogonality. (c) Zernike polynomi-
als and (d) Gram matrix after orthonormalization using Gram-Schmidt
process.

Medical Physics, Vol. 39, No. 10, October 2012
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FIG. 6. Normalized values of |pZ
i |2 calculated for each Zernike-encoded

emission up to the 960th mode for the phase aberration examples of
subjects 1–5.

process, and the new Z2 and Z12 polynomials and new Gram
matrix are shown in Figs. 5(c) and 5(d).

The squared absolute values of pZ
i , simulated at the fo-

cus for the five aberration cases, normalized by the highest
value for each data set, are shown in Fig. 6. These results in-
dicate the relative contribution of each mode of ZPs to the
overall aberration correction. These values also correspond to
the squared absolute values of expansion coefficients if phase
aberration data were expressed using Zernike polynomials as
the basis. It can be seen that for all of the five examples of
aberration, the intensities resulting from the emissions en-
coded with the lower modes of ZPs have the highest values,
thus pointing at the greater correction effectiveness of the low
modes of ZPs. The greater effect of low-mode Zernike cor-
rection on the intensity at the focal spot can be observed in
Fig. 7. The relative intensity for each of the five examples
achieves 90% of nonaberrated intensity using fewer than 170
modes of ZPs.

IV.C. Experimental validation of the effect of phase
correction computed using Zernike encoding

Figure 8(a) shows the displacement phase images obtained
after compensating for the phase aberration of subject 1 with
phase correction values computed using an increasing num-
ber of ZPs. The average displacement phase at the focal spot,
normalized such that the maximum displacement of the non-

FIG. 7. Relative acoustic intensity at the focus plotted against the number
of ZP modes used for aberration correction for ZP modes up to 960th mode.
Insert plot shows the intensity values up to 200th ZP mode.

aberrated case is 1, is shown in Fig. 8(b). The displacement
phase SNR was 21 without phase aberration and 15.5 with
phase aberration numerically applied. Similar to the intensity
calculated using simulations, the behavior of the displacement
phase at the focal spot indicates that the effect of the lower
modes of ZPs on aberration correction is much greater than
that of the higher modes. Ninety percent of the nonaberrated
displacement phase is achieved while correcting the aberra-
tions of subject 1 with aberration corrections estimated using
fewer than 200 modes of ZP.

IV.D. Initial guess for noniterative adaptive focusing
algorithm based on existing phase aberration data

The effects that each of the initial correction estimate ap-
proaches have on focal spot relative intensity are shown in
Fig. 9(a). The changes in the number of ZP modes necessary
to achieve 90% of nonaberrated intensity after applying the
different initial estimates are shown in Fig. 9(b). Using an ini-
tial correction estimate calculated with Method 1, which takes
the average of the four subjects as the initial correction for the
fifth subject, increases intensity at the focal spot compared to
no initial correction only for subjects 1, 2, and 3, and reduces
intensity for the other two subjects. For subjects 2–5, applying
Method 1 to calculate the initial estimate increases the num-
ber of ZP modes necessary to achieve 90% of nonaberrated
intensity. Using an initial estimate calculated with Method 2,
which computed the initial estimate as the average of the sub-
jects from the same subgroup only, increases the initial inten-
sity for all five subjects. However, using this initial correction
increases the number of ZP modes necessary to achieve 90%
of nonaberatted intensity for all five subjects, with more than
100 additional ZP modes needed for subjects 4 and 5.

V. DISCUSSION

This work serves as an initial exploration into the use
of Zernike polynomials to accelerate the ultrasound phase
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FIG. 8. Experimental validation of aberration correction for subject 1. (a) Displacement phase maps measured at the focal plane using MR-ARFI for aberration
correction calculated for increasing number of ZP modes used. (b) Normalized mean displacement phase measured at the acoustic focus over a region of interest
of 3 by 2 pixels. Results are displayed as mean ± standard deviation of background displacement phase noise.

aberrations correction process, potentially without the use of
ionizing radiation. Applying a Zernike-based correction algo-
rithm to compensate for the phase aberrations of five patients
showed that a majority of the correction was achieved by fit-
ting aberrations with low modes of ZP, using 170 or fewer
modes to achieve 90% of the nonaberrated intensity. With
four intensity measurements required to estimate each pZ

i , in
the context of using displacement phase images to drive this
focusing algorithm, only 4 × 170 = 680 MR-ARFI acquisi-
tions might achieve sufficient focusing. This offers substantial
time savings compared to the 4 × 960 = 3840 measurements
that would be necessary to achieve complete correction. As
Zernike-based adaptive focusing requires continuous ampli-
tude modulation, it is thus best suited for transducers with
that capability.

The improvement in acoustic intensity at the focal spot
after application of Zernike-based corrections was demon-
strated in simulations using aberration data from five sub-
jects. The intensity at the focal spot obtained during Zernike-
encoded ultrasound emission was the highest when encoding
with the lower modes, and then it decreased with the increas-
ing Zernike polynomial mode. Therefore, prior to performing
the MR-ARFI measurements of all the Zernike-encoded emis-
sions, it would be important to select the imaging parameters
that maximize the SNR of the displacement phase image of a
high mode Zernike-encoded emission.

The effect of the Zernike-based phase correction on the fo-
cal acoustic intensity was experimentally visualized by mea-
suring the displacement phase at the focal spot using MR-
ARFI. The SNR of the displacement phase at the focal spot
measured here was comparable to the displacement phase
SNR of 20.2 measured in ex vivo brain tissue in the absence of
the skull using an alternative transcranial focused ultrasound

system.19 In the presence of a skull, the SNR of displacement
phase images will be lower which may lead to inaccurate es-
timates of the pressure at the focal point pZ

i and ineffective
phase correction, as was shown by Marsac et al. Therefore,
increasing the beam intensity at the focal spot prior to making
displacement phase measurements for an adaptive focusing
algorithm would improve the SNR of MR-ARFI images and
allow for better estimation of correction values. That is the
reason why we explored the use of phase aberration data from
previous patients to provide an initial correction estimate for a
new subject, which could in one step improve the transducer
focusing and increase the intensity at the focal spot. Using
the phase aberration data from five subjects, we found that
phase aberrations amongst some subjects are much more cor-
related than with other subjects. Here, the subjects fell into
two subgroups: 1, 2, 3—into one group, and 4 and 5—into
another. Making an initial correction estimate based on the
data from other subjects within their subgroup led to an im-
proved initial intensity in each of the five cases. When using
less than a full set of Zernike polynomials, the initial guess
serves as an estimate of the unmeasured higher order coeffi-
cients, and can therefore change how many measurements are
necessary to achieve a particular level of full intensity. In this
study, to achieve 90% of the full intensity, for some of the
subjects, fewer ZP modes were needed thanks to the initial
guess. And for other subjects, there was a need for a greater
number of ZP modes. In practice, this kind of initial estimate
would result in more accurate estimation of ZP correction co-
efficients, but require a greater number of measurements to
achieve satisfactory correction. This is a tradeoff, one would
consider on a case by case basis, depending on the initial SNR
of displacement phase image for a particular subject’s skull
aberration.
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FIG. 9. Effects of the initial estimate for calculating aberration correction
using two methods. In Method 1, the initial estimate of phase correction for
each subject was constructed as the average of the other four subjects’ aber-
rations. In Method 2, the subjects were divided into two subgroups: subjects
1,2,3 and subjects 4,5. In Method 2, the initial estimate was the average of
the phase corrections of the remaining subjects in the subgroup. (a) Change
in the initial intensity at the focal spot, as the difference in acoustic inten-
sity at the focus with the initial guess of phase correction and without initial
guess relative to the aberrated case. (b) Change in the number of ZP modes
necessary to achieve 90% of intensity of the nonaberrated case relative to the
default method that uses no initial guess.

Further studies of initial phase correction estimates’ effec-
tiveness would help to transition this work into a clinical set-
ting. First, a larger population of skull measurements should
be analyzed. Two distinct groups were observed when analyz-
ing correlation between the five subjects studied here. How-
ever, once a larger population of skull measurements is ana-
lyzed, it may be determined that all skulls are unique and no
similarity patterns arise. Or it may be found that a small num-
ber of representative skulls can give appropriate initial esti-
mates for the large majority of subjects. Alternatively, it may
be found that certain low-mode Zernike-based corrections are
largely consistent across the population, which would allow
for a common low-mode correction to be used as an initial
estimate for each new subject. It would also be of interest to
explore MR images of a skull as a way to associate a new pa-
tient with an appropriate initial estimate of aberrations based
on a subgroup of similar skulls. In future work, the effects
of noise and blurring (due to shear waves and other effects)
in the displacement phase measurements on the performance

of this adaptive focusing algorithm need to be assessed. Fi-
nally, the use of spherical harmonics for characterizing aber-
rations and corrections should also be explored. It may be
the case that spherical harmonics offer even greater correction
efficiency, either in place of or in combination with Zernike
polynomials.

In this work, the application of Zernike polynomials to
phase aberration correction was shown to be beneficial for
adaptive focusing applications of transcranial ultrasound.
Simulation and experimental results showed that skull-based
phase aberrations can be well approximated by a number of
ZPs representing only a fraction (<20%) of the number of
elements in the hemispherical ultrasound transducer, which
would allow for more than a 5× speedup in aberration correc-
tion as compared to full sampling approaches proposed be-
fore. The concentration of relative contribution to phase aber-
ration correction at lower mode ZPs and the improvement
of intensity at the focal spot after correction with an initial
estimate may make the Zernike-based approach introduced
here more robust to MR-ARFI measurement noise. These im-
provements can potentially greatly increase the viability of
MR-ARFI-based adaptive focusing for a clinical transcranial
MRgFUS therapy.
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