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Abstract

We considerthe simulation of noncorvex rigid bodiesfocusing
on interactionssuchas collision, contact,friction (kinetic, static,
rolling and spinning)and stacking. We adwcaterepresentinghe
geometrywith both a triangulatedsurfaceand a signeddistance
function de ned on a grid, andthis dual representatiofis shovn
to have mary advantages.We proposea novel approachto time
integrationmeiging it with the collision and contactprocessingl-
gorithmsin a fashionthat obviatesthe needfor ad hoc threshold
velocities. We shaw thatthis approacthmatcheghe theoreticalso-
lution for blockssliding and stoppingon inclined planeswith fric-
tion. We also presenta new shockpropagatioralgorithmthat al-
lows for ef cient useof the propagationasopposedo the simul-
taneous)methodfor treating contact. Thesenew techniquesare
demonstratedn a variety of problemsrangingfrom simple test
casedo stackingproblemswith asmary as1000noncorvex rigid
bodieswith friction asshowvn in Figurel.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationalGe-
ometry and Object Modeling—Physicallybasedmodeling 1.3.7
[ComputerGraphics]:Three-DimensionabraphicsandRealism—
Animation;
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1 Intro duction

Dynamicvolumetricobjectsarepenasiein everydaylife, andthe
ability to numericallysimulatetheirbehavior isimportantto anum-
berof industriesandapplicationsncludingfeature Ims, computer
gamesandthe automobileindustry Onecandifferentiatebetween
highly deformablevolumetric objectsand thosewherethe defor
mationis either negligible or unimportant,andin the latter case
ef ciency concernsisuallyleadto rigid bodyapproximations.
[ChatterjeeandRuinal998]notestheweaknessf therigid body
approximationto solidsand discussesomeknown aws in state
of the art collision models. Moreover, they discusssomecom-
monmisconceptionsnentioningfor examplethatthecoefcient of
restitutioncanbe greaterthanonein frictional collisions. [Stewart
2000] emphasizeshe dif culties with nonuniquesolutionspoint-
ing out thatit is oftenimpossibleto predictwhich solutionoccurs
in practicesinceit depend®on unavailabledetailssuchasmaterial
microstructure. He statesthat one shouldrepeatthe calculations
with randomdisturbanceso characterizehe potentialsetof solu-
tions. [Barzel etal. 1996] exploited this indeterminag by adding
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Figurel: 1000nonconvexrings (with friction) settling after be-
ing droppedonto a setof 25 poles. Eachring is madeup of 320
triangles, and eachpole is made up of 880triangles.

randomtexture and structuredperturbationdo enrich and control
the motion respectiely. The goal of rigid body simulationthen
becomeghe constructiorof plausiblemotion insteadof predictive
motion. While thephysiciststrivestowardssynthesizing family of
solutionsthatare predictive in the sensehatthey statisticallyrep-
resentexperimentaldata,the interestin graphicsis morelikely to
focuson obtaininga particularlyappealingsolutionfrom the setof
plausibleoutcomesg.g.see[Chenng andForsyth 2000; Popwit
etal. 2000].

With this in mind, we focuson the plausiblesimulationof non-
corvex rigid bodiesemphasizindarge scaleproblemswith mary
frictional interactions. Although we startwith a triangulatedsur
facerepresentationf thegeometrywe alsoconstructa signeddis-
tancefunction de ned on a backgroundyrid (in the objectframe)
enablingthe useof fastinside/outsideests. The signeddistance
functionalsoconvenientlyprovidesa normaldirectionat pointson
andnearthesurfaceof theobject. We takea closerlook attheusual
sequencef simulationsteps—timentegration,collision detection
and modeling, contactresolution—andoroposea novel approach
thatmorecleanlyseparatesollision from contactby mewging both
algorithmsmoretightly with thetime integrationscheme This re-
movesthe needfor ad hoc thresholdvelocitiesusedby mary au-
thorsto alleviate errorsin the contactandcollision algorithms,and
correctlymodelddif cult frictional effectswithoutrequiringmicro-
collision approximationgMirtich and Canry 1995a; Mirtich and
Canry 1995b](which alsousean ad hoc velocity). We alsointro-
duceanovel algorithmthatincreaseshe ef ciency of thepropaga-
tion methodfor contactresolution. The ef ciency androbustness
of our approachs illustratedwith a numberof simpleandcomple
examplesincludingfrictional interactionsandlarge contactgroups
asis typicalin stacking.

2 Previous Work

[Hahn1988]consideredigid bodycollisionsby processinghecol-
lisions chronologicallybackingthe rigid bodiesup to the time of
impact. [Mirtich 2000]useda timewarp algorithmto backup just



the objectsthatareinvolvedin collisionswhile still evolving non-
colliding objectsforward in time. This methodworks well except
whenthereare a large numberof bodiesin contactgroups,which
is the casewe are concernedvith in this paper [Hahn 1988] pro-
cessectollisionswith staticfriction if the resultwasin thefriction
cone,and otherwiseusedkinetic friction. If the approachveloc-
ity wassmallerthanathresholdthe objectswereassumedo bein
contactand the sameequationswere applied approximatingcon-
tinuouscontactwith a seriesof “instantaneougontacts”. [Moore
and Wilhelms 1988] insteadproposedhe useof repulsionforces
for contactonly usingthe exactimpulse-basedreatmentor high
velocity collisions.

[Baraff 1989] proposeda methodfor analytically calculating
non-colliding contactforces betweenpolygonalobjectsobtaining
anNP-hardquadratigprogrammingproblemwhich wassolved us-
ing a heuristicapproach.He alsopointsout thattheseideascould
beusefulin collision propagatiorproblemssuchasonebilliard ball
hitting a numberof others(thatarelined up) or objectsfalling in a
stack. [Baraf 1990] extendedtheseconceptso curved surfaces.
[Baraff 1991]adwcatednding eithera valid setof contactforces
or avalid setof contactimpulsesstressinghattheusualpreference
of thelatteronly whentheformerdoesnot exist maybemisplaced.
For moredetails,see[Baraff 1993]. [Baraff 1994]proposed sim-
pler, fasterand more robust algorithmfor solving thesetypes of
problemswithout the useof numericaloptimizationsoftware.

[Bhatt and Koechling 1995] discussedhe nonlineardifferen-
tial equationsthat needto be numerically integratedto analyze
the behavior of three-dimensiondtictional rigid body impactand
pointedoutthatthe problembecomedll-conditionedatthesticking
point. Thenthey useanalysisto enumeratell the possiblepost-
sticking scenariosanddiscusghe factorsthat determinea speci ¢
result. [Mirtich andCanry 1995b]integratedthesesamenonlinear
differential equationso modelboth contactand collision propos-
ing a uni ed model (asdid [Hahn 1988]). They usethe velocity
an objectat restwill obtainby falling throughthe collision erve-
lope (or somethresholdin [Mirtich andCanry 1995a))to identify
the contactcaseandapplya microcollisionmodelthatreverseshe
relative velocity aslong asthe requiredimpulseliesin thefriction
cone. This solvesthe problemof blockserroneouslysliding down
inclined planesdueto impulsetrainsthatcausehemto spendtime
in aballistic phase.

Implicitly de ned surfacesvereusedfor collision modelingby
[Terzopoulosetal. 1987]to createrepulsveforce elds aroundob-
jectsand[PentlandandWilliams 1989;Sclarof andPentlandl991]
who exploitedfastinside/outsideests.We usea particularimplicit
surfaceapproactde ning a signeddistancefunction on anunder
lying grid. Grid-basedlistancefunctionshave beengainingpopu-
larity, seee.g.[FisherandLin 2001;Hirota et al. 2001]who used
themto treatcollision betweendeformablebodies,and [Kim and
Neumann2002]who usedthemto keephair from interpenetrating
thehead.Although [Gibson1998] pointedout potentialdif culties
with spuriousminimain concave regions,we have not noticedary
adwerseeffects,mostlikely becauseve do notuserepulsionforces.

[Milenkovic 1996] usedposition basedphysicsto simulatethe
stackingof convex objectsanddiscussedvaysof makingthesimu-
lationsappeamorephysicallyrealistic. [Milenkovic and Schmidl
2001] consideredstackingwith standardNewtonianphysicsusing
an optimizationbasedmethodto adjustthe predictedpositionsof
the bodiesto avoid overlap. Onedravbackis that the procedure
tendsto align bodiesnonphysically Quadraticprogrammingis
usedfor contact,collision andthe positionupdates They consider
up to 1000frictionlessspheresbut noncorvex objectscanonly be
consideredasunionsof corvex objectsandthey indicatethat the
computationatostscaleswith the numberof corvex pieces.Their
only noncorvex example considereds0 jacks that were eachthe
unionof 3 boxes.More recently [Schmidl2002]described freez-

ing techniquethatidenti es whenobjectscanberemovedfrom the
simulation,aswell asidentifying whento addthemback. This al-
lowsthestackingof 1000cubeswith friction in 1.5daysasopposed
to anestimated!5 daysfor simulatingall the cubes.

3 Geometric Representation

Sincerigid bodiesdo not deform, they are typically represented
with triangulatedsurfaces seeFigure 2. Startingwith eitherthe
density (or mass),algorithmssuchas[Mirtich 1996] canthenbe
usedto computethe volume, massand momentsof inertia. For
ef ciency, we storethe objectspacerepresentatiomwith the center
of massat the origin andthe axes alignedwith the principal axes
of inertia resultingin a diagonalinertia tensorsimplifying mary
calculationsge.g. nding its inverse.
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Figure2: Somenonconvexgeometryfrom our simulations: the
cranium, pelvis and femur have 3520,8680and 8160triangles
respectively

In addition to a triangulatedsurface,we also store an object
spacesigneddistancefunction for eachrigid body. This is stored
on eithera uniform grid [OsherandFedkiw2002] or anoctreegrid
[Friskenet al. 2000] dependingon whetherspeedor memory re-
spectiely, is deemedo be the bottleneckin the subsequentalcu-
lations.Discontinuitiesacrosoctredevelsaretreatedy constrain-
ing the ne grid nodesatgradatiorboundarieso takeonthevalues
dictatedby interpolatingfrom the coarselevel, seee.g.[Wester
mannet al. 1999]. We use negative valuesof f inside the rigid
bodyandpositive valuesof f outsidesothatthe normalis de ned
asN = Nf. This embeddingprovidesapproximationgo the nor
malthroughouspaceasopposedo just onthesurfaceof the object
allowing usto acceleratenary contactandcollision algorithms.A
sigheddistancefunction canbe calculatedquickly usinga march-
ing method[Tsitsiklis 1995; Sethian1996] after initializing grid
pointsnearthesurfacewith appropriatesmallnegative andpositive
values.This is a onetime costin constructinga rigid body model
andis currentlyusedin severalsystemsseee.g.[Cutleretal. 2002;
Musethetal. 2002].

Usingbothatriangulatedsurfaceanda signeddistanceunction
representatiohasmary advantagesFor example,onecanusethe
signheddistancdunctionto quickly checkif a pointis insidearigid
body, andif sointersecta ray in the N = Nf directionwith the
triangulatedsurfaceto nd the surfacenormalat the closestpoint.
This allows the treatmenif very sharpobjectswith their true sur
facenormals,althoughsigneddistancefunction normalsprovide a
smootheandlesscostlyrepresentatioif desired.For moredetails
on collisionsinvolving sharpobjects see[Pandol etal. 2002].

4 Interference Detection

[Gascuell993;DesbrunandGascuell995]foundintersectionde-
tweentwo implicitly de ned surfacesy testingthe samplepoints
of onewith theinside/outsiddunction of the other We follow the
samestrat@y usingthe verticesof the triangulatedsurfaceasour



samplepoints. This testis not sufcient to detectall collisions,as
edge-facecollisions are missedwhen both edgeverticesare out-
sidethe implicit surface. Sincethe errorsare proportionalto the
edgelength,they canbeignoredin awell resohedmeshwith small
triangles. However, when substantiale.g. whensimulatingcubes
with only 12 triangleswe intersecthetriangleedgeswith the zero
isocontourand ag the deepespoint on the edgeas an interpen-
etratingsamplepoint. Sincewe do not considertime dependent
collisions,fastmoving objectsmight passthrougheachother We
alleviate this problemby limiting the size of atime stepbasedon
thetranslationabndrotationalvelocitiesof the objectsandthe size
of theirboundingboxes,althoughmethodsexist for treatingtheen-
tire time sweptpathas a single implicit surface[Schroederet al.
1994].

A numberof accelerationgan be usedin the interferencede-
tectionprocessFor example,theinside/outsideestscanbe accel-
eratedby labelingthe voxels that are completelyinsideand com-
pletely outside(this is donefor voxels at eachlevel in the octree
representatiomswell) sothatinterpolationcanbe avoidedexcept
in cells which containpart of the interface. Labeling the mini-
mum andmaximumvaluesof f in eachvoxel canalsobe useful.
Boundingboxesandspheresreusedaroundeachobjectin orderto
prunepointsbeforedoingafull inside/outsideest.Moreover, if the
boundingvolumesare disjoint, no inside/outsideestsare needed.
For rigid bodieswith a large numberof triangles,we found anin-
ternalbox hierarchywith trianglesin leaf boxesto be usefulespe-
cially whendoing edgeintersectiortests. Also, we usea uniform
spatialpartitioningdatastructurewith localmemorystoragample-
mentedusinga hashtablein orderto quickly narrav down which
rigid bodiesmight be intersecting.Similar spatialpartitioningwas
usedin, for example,[Mirtich andCanry 1995b]. Again, we stress
our interestin noncorvex objectsandreferthereaderto [Ponamgi
etal. 1995;Kim etal. 2002]for otheralgorithmsthattreatarbitrary
noncorvex polyhedralmodels.For moredetailson collision detec-
tion methodsseee.g.[WebbandGigantel992;Lin andGottschalk
1998;Redonetal. 2002].

5 Time Integration
Theequationdor rigid bodyevolutionare

%=V, G = 3wq Q)
Vi =F=m L=t 2)

wherex and g arethe positionandorientation(a unit quaternion),
v andw arethe velocity andangularvelocity, F is the netforce,m

is the mass,L = |w is the angularmomentumwith inertiatensor
| = RDR' (Ris the orientationmatrix andD is the diagonalinertia
tensorin objectspace)andt is the nettorque. For simplicity we

will considerF = mgandthusv, = g throughoutthe text, but our
algorithmis notrestrictedo this case While therearea numberof

highly accuratetime integration methodsfor noninteractingrigid

bodiesin free ight, seee.g.[Buss2000],thesealgorithmsdo not
retainthis accurag in the presencef contactandcollision. Thus,
we takea differentapproactto time integrationinsteadoptimizing
the treatmenibf contactandcollision. Moreover, we usea simple
forward Eulertime integrationfor equationsl and?2.

The standardapproachis to integrateequationsl and2 forward
in time, andsubsequetty treatcollisionandthencontact.Generally
speakingcollisions requireimpulsesthat discontinuouslymodify
the velocity, and contactsare associatedvith forcesandaccelera-
tions. However, friction canrequirethe useof impulsive forcesin
thecontacttreatmentalthoughtheprinciple of constaintsrequires
that the use of impulsive forcesbe keptto a minimum. [Baraf
1991] suggestedhat this avoidanceof impulsive behavior is nei-
ther necessaryior justi ed andstressedhattherearealgorithmic
adwvantagedo usingimpulsesexclusively. This naturallyleadsto
someblurring betweercollisionandcontacthandling,andprovides

asenseof justi cation to thework of [Hahn1988] wherethe same
algebraicequationswere usedfor both and the work of [Mirtich
and Canry 1995b]who integratedthe samenonlineardifferential
equationsfor both. However, other authorssuchas [Moore and
Wilhelms 1988; Sims 1994; Kokkevis et al. 1996] have noteddif-
culties associatedvith this blurring andproposedhatanimpulse
basedtreatmentof collisions be separatedrom a penaltysprings
approacho contact. They usedthe magnitudeof the relative ve-
locity to differentiatebetweencontactand collision. [Mirtich and
Canry 1995b] usedthe velocity an objectat restwill obtain by
falling throughthe collision ervelope(or somethresholdin [Mir-
tich and Canry 1995a])to identify the contactcaseandapplieda
microcollisionmodelwherethe impulseneededo reversetherel-
ative velocity is appliedaslong asit lies in thefriction cone.They
shavedthat this solvesthe problemof blockserroneouslysliding
down inclinedplanesdueto impulsetrainsthatcausehemto spend
timein aballistic phase.

A novel aspectof our approachis the cleanseparatiorof col-
lision from contactwithout the needfor thresholdvelocities. We
proposehefollowing time sequencing:

Collisiondetectionandmodeling.
Advancethe velocitiesusingequation?.
Contactresolution.

Advancethe positionsusingequationl.

The advantagesf this time steppingschemeare bestrealized
throughan example. Considera block sitting still on aninclined
planewith alarge coefcient of restitution,saye = 1, andsuppose
thatfriction is large enoughthatthe block shouldsit still. In astan-
dardtime steppingschemepoth positionandvelocity areupdated

rst, followed by collision andcontactresolution. During the po-
sition andvelocity update the block startsto fall underthe effects
of gravity. Thenin the collision processingstagewe detecta low
velocity collision betweerthe block andthe plane,andsincee= 1
the block will changedirection and bounceupwardsat an angle
down theincline. Thenin the contactresolutionstage,the block
andthe planeare separatingso nothing happens.The block will
eventuallyfall backto the inclined plane,and continuebouncing
up anddown incorrectly sliding down the inclined planebecause
of the time it spenddn the ballistic phase. This is the samephe-
nomenorthatcause®bjectssittingon thegroundto vibrateasthey
areincorrectly subjectedo a numberof elasticcollisions. Thus,
mary authorausead hocthresholdvelocitiesin anattempto prune
thesecase®utof thecollisionmodelingalgorithmandinsteadreat
themwith a contactmodel.

Our new time stepping algorithm automatically treats these
casesAll objectsatresthave zerovelocities(upto round-of error),
soin thecollision processingtagewe do notgetanelasticbounce
(upto round-of error). Next, gravity is integratedinto the velocity,
andthenthecontactresolutionalgorithmcorrectlystopsheobjects
sothatthey remainstill. Thus,nothinghappensn thelast(position
update)step,andwe repeatheprocessThekey to thealgorithmis
that contactmodelingoccursdirectly after the velocity is updated
with gravity. If insteadeitherthe collision stepor a positionupdate
wereto follow thevelocity update pbjectsat restwill eitherincor-
rectlyelasticallypounceor movethroughthe oor, respectiely. On
the otherhand,contactprocessings the correctalgorithmto apply
after the velocity updatesinceit resohesforces,andthe velocity
updates wheretheforcesareincludedin the dynamics.

One mustuse carewhen updatingthe velocity in betweenthe
collision andcontactalgorithmsto ensurethatthe sameexacttech-
niqueis usedto detectcontactaswasusedto detectcollision. Oth-
erwise,an objectin free ight might not registera collision, have
its velocity updatedandthenregistera contactcausingit to incor
rectly receive aninelastic(insteadof elastic)bounce We avoid this
situationby guaranteeinghatthe contactdetectionstepregistersa
negative resultwhenever the collision detectionstepdoes. This is
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Figure3: The block and inclined plane test with standard time
integration (the block erroneouslytumbling) and our newtime
integration sequencing(the block correctly at rest).

easilyaccomplishedby ensuringhatthevelocity updatehasno ef-
fectonthe contactandcollision detectionalgorithms(discussedh
Sectionb).

We repeatedhe experimentof a block slidingdown aninclined
planefrom [Mirtich and Canry 1995b]usingthe method<or col-
lision and contactproposedthroughoutthis paperand our newly
proposedime stepsequencing.We useda coefcient of restitu-
tion e= 1in orderto accentuatelif culties with erroneouslastic
bouncing. Using our new time steppingschemethe decelerating
block slidesdown the inclined plane comingto a stop matching
theory while thestandardime steppingschemeperformssopoorly
thatthe block bounceslown theinclined planeasshawn in Figure
3. Of course thesepoor resultsare accentuatedhecauseve both
sete= 1 anddo notbackup the simulationto thetime of collision
(which would beimpracticalandimpossiblefor our large stacking
examples). Figure4 shows a comparisorbetweentheory andour
numericalresults.For boththe acceleratiormnddeceleratiorcases,
our numericalsolutionandthetheoreticakolutionlie socloselyon
top of eachotherthattwo distinctlines cannotbe seen.Moreover,
our resultsarenoticeablybetterthanthosedepictedn [Mirtich and
Canry 1995b]even thoughwe do not usea thresholdvelocity or
their microcollisionmodel.

6 Collisions

Whentherearemary interactingbodies,it canbe dif cult to treat
all the collisionsespeciallyif they mustberesohedin chronologi-
cal order Thusinsteadof rewinding the simulationto processol-
lisionsoneat a time, we proposea methodthatsimultaneouslye-
solvescollisionsasdid [Stewvartand Trinkle 2000; Milenkovic and
Schmidl2001]. While thisdoesnot give the sameresultasprocess-
ing thecollisionsin chronologicabrder, thereis enoughuncertainty
in the collision modelingthatwe arealreadyguaranteedo not get
theexactphysicallycorrectanswer Insteadwve will obtaina physi-
cally plausiblesolution,i.e.oneof mary possiblephysicallycorrect
outcomeswvhichmayvary signi cantly with slight perturbationsn
initial conditionsor theinclusionof unmodelegphenomenauchas
materialmicrostructure.

Collisionsaredetectedy predictingwheretheobjectswill move
to in thenext time step temporarilymoving themthere, andcheck-
ing for interference The sametechniquewill be usedfor detecting
contacts,and we want the objectsto be moved to the samepo-
sition for both detectionalgorithmsif thereare no collisions (as
mentionedabore). In orderto guaranteehis, we usethe new ve-
locities to predict the positionsof the rigid bodiesin both steps.
Of course,we still usethe old velocitiesto processhe collisions
andthe new velocitiesto procesghe contacts. For example, for
the collision phase,if an objects current position and velocity
arex andv, we testfor interferenceusing the predictedposition
x%= x+ Dr(v+ Dtg),andapplycollisionimpulsesto (andusing)the
currentvelocity v. During contactprocessingwe usethe predicted
positionx®= x+ DtvP andapply impulsesto this new velocity v
Sincev?= v+ Dtgwassetin thevelocity updatestep,thecandidate
positionsmatchandtheinterferencechecksareconsistent.

The overall structureof the algorithm consistsof rst moving
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Figure4: Theoretical and our numerical resultsfor two testsof
ablock sliding down an inclined planewith friction. The curves
lie ontop of eachother in the gur esdueto the accuracyof our
newtime sequencingalgorithm.

all rigid bodiesto their predictedlocations,and then identifying

and processingall intersectingpairs. Sincecollisions changethe

rigid body's velocity, v, new collisions may occur betweenpairs
of bodiesthat were not originally identi ed. Thereforewe repeat
the entire processa numberof times(e.g. ve iterations)moving

objectsto their newly predictedocationsandidentifying andpro-

cessingall intersectingpairs. Sincepairsare consideretneat a

time, the orderin which thisis doneneedso be determined.This

canbe accomplishedy initially puttingall the rigid bodiesinto a

list, andthenconsideringigid bodiesin theorderin whichthey ap-

pear To reducetheinherentbiasin this ordering,we regularly mix

up this list by randomlyswappingbodiestwo atatime. This list is

usedthroughoutour simulationwheneer analgorithmrequiresan

ordering.

For eachintersectingpair, we identify all the verticesof each
body that are inside the other (and optionally the deepesipoints
on interpenetratingedgesas well). Sincewe do not back up the
rigid bodiesto thetime of collision, we needa methodthatcandeal
with noncorvex objectswith multiple collision regions and multi-
pleinterferingpointsin eachregion. We startwith thedeepespoint
of interpenetratiorthathasa nonseparatingelative velocity asdid
[Moore andWilhelms 1988], andusethe standardalgebraiccolli-
sionlaws (below) to processhecollision. Dependingonthemagni-
tudeof thecollision, thismaycauseahe separatiomf theentirecon-
tactregion. If were-evolve thepositionusingthenew post-collision
velocity, this collision groupcouldberesohed. Whetheror notit is
resoled, we canonceagain nd the deepeshon-separatingoint
andrepeatheprocesantil all pointsareeithernon-interpenetrating
or separatingWhile this point samplingmethodis not asaccurate
asintegratingover the collision region asin [Hirota etal. 2001], it
is muchfasterandscaleswell to large numbersof objects.

We developedanaggressie optimizationfor the point sampling
thatgivessimilarly plausibleresults(seee.g.Figure5). As before,
one rst labelsall the non-separatindgntersectingpoints and ap-
pliesacollisionto thedeepespoint. But insteadof re-evolving the
objectsand repeatingthe expensve collision detectionalgorithm,
we simply keepthe objectsstationaryandusethe samelist of (ini-
tially) interferingpointsfor the entireprocedure After processing
the collision, all separatingpointsareremoved from thelist. Then
theremainingdeepeshonseparatingointis identi ed andthepro-
cesss repeatedintil thelist is empty In this mannerall pointsin
theoriginallist areprocessedntil they areseparatingt leastonce



Figure5: A billiard ball hits one end of a line of billiard balls,
and the collision responseropagatedo the ball on the far right
which then starts to roll.

during the procedure.Theideaof laggingcollision geometrywas
alsoconsideredy [Baraf 1995]in aslightly differentcontext.
Eachbodyis assigned coefcient of restitution,andwhentwo
bodiescollide we usethe minimumbetweerthetwo coefcients as
did [Moore andWilhelms 1988] to procesghe collision. Suppose
the relative velocity at the collision point wasoriginally u,, with
(scalar)normaland(vector)tangentiak:omponentsurel;n = Uy

and Uit = Urgl  UrgnN respectiely. Thenwe apply equaland

oppositeimpulses j to eachbody to obtain V= v j=m and

wO=w | Yr |) wherer pointsfrom their respectie centers
of massto thecollision location. The new velocitiesat the point of

collisionwill beu%= u KjwhereK= d=m+r Tl 1r withdthe

identity matrixandthe“ ” superscriptndicatingthe cross-product
matrix. Finally, u%,., = U+ NTKNjn whereK is the sumof
theindividualK'sandj = juN is ourfrictionlessimpulse.Sogiven
a nal relatve normal velocity u?el;n = el Wecan nd the
impulse j. Immovable staticobjectslike the groundplanecanbe
treatedby settingK = 0 andnot updatingtheir velocities.

7 Static and Kinetic Friction

The collision algorithmabove needsto be modi ed to accountfor
kinetic and staticfriction. Eachbodyis assigneda coefcient of
friction, andwe usethe maximumof the two possiblecoefcients
when processinga collision as did [Moore and Wilhelms 1988].
Like [Hahn1988;Moore andWilhelms1988],we rst assumehat
the bodiesare stuck at the point of impact due to static friction
andsolve for theimpulse. Thatis, we setu®,. = 0 sothatud, =

relt rel —

€Uyg.nN allows usto solve u%, = u + Ky j for theimpulsej by

invertingthe symmetricpositive de nite matrix K;. Thenif jisin

thefriction cone,i.e.if jj (j N)Nj mj N, thepointis sticking

dueto staticfriction and j is anacceptablémpulse.Otherwise we
applysliding friction.

DeneT= urel;t:jurel;tj sothatthekinetic friction canbe com-

putedwith theimpulsej = j,N mj,T. Thentakethedot product

of U9, = U + Ky j with N to obtainu, | = U+ NTKyj or
€U = Upgint NTKTj. Pluggingin the de nition of j we can

solweto nd jh= (e+ 1)ure|.n=(NTKT(N mT)) fromwhichthe
kineticfriction impulsej is determined.

8 Contact

After a few iterationsof the collision processingalgorithm, the
rigid bodieshave beenelasticallybouncedaroundenoughto ob-
tain a plausiblebeharior. Soevenif collisionsarestill occurring,
we updatethe velocitiesof all therigid bodiesandmove onto con-
tactresolution. Sincethe contactmodelingalgorithmis similar to
the collision modelingalgorithmexceptwith a zerocoefcient of
restitution,objectsstill undegoingcollisionwill beprocessedavith
inelasticcollisions. This behavior is plausiblesinceobjectsunder
goingmary collisionsin asingletime stepwill tendto rattlearound
andquickly loseeneny.

The goal of the contactprocessingalgorithmis to resole the
forcesbetweerobjects.Asin collisiondetectionwe detectcontacts
by predictingwherethe objectswill move to in the next time step
disrggarding the contactforces, temporarily moving them there,

andcheckingfor interference.For example,objectssitting on the
groundwill fall into thegroundunderthein uence of gravity lead-
ing to the agging of theseobjectsfor contactresolution.All inter
actingpairsare agged andprocessedn the orderdeterminedcby
our list. Onceagain,multiple iterationsare neededespeciallyfor
rigid bodiesthat sit on top of otherrigid bodies. For example,a
stackof cubeswill all fall atthesamespeedundergravity andonly
the cubeon the bottom of the stackwill intersectthe groundand
be agged for contactresolution. The othercubesexperienceno
interferencen this rst step. However, after processindhe forces
onthecubeat the bottomof the stack,it will remainstationaryand
be agged asinterpenetratingvith the cubethat sits on top of it
in thenext sweepof thealgorithm.This is a propagatiormodelfor
contactasopposedo thesimultaneousolutionproposedn [Baraf
1989].

Thedif culty with a propagatiormodelis thatit cantakemary
iterationsto corverge. For example,in the next iterationthe cube
on the groundis stationaryandthe cubeabove it is falling dueto
gravity. If we processaninelasticcollision betweerthetwo cubes,
theresulthasboth cubesfalling at half the speedhatthetop cube
wasfalling. Thatis, the cubeon top doesnot stop,but only slows
down. Evenworse thecubeonthegroundis now moving againand
we have to reprocesshe contactwith the groundto stopit. In this
sensemary iterationsareneededincethealgorithmdoesnothave
aglobalview of thesituation. Thatis, all the non-interpenetration
constraintsat contactscanbe viewed asonelarge systemof equa-
tions,andprocessinghemoneatatime is similarto a slow Gauss-
Seidelapproacho solving this system. Instead,if we simultane-
ously consideredhe entire systemof equations,one could hope
for a more ef cient solution, for exampleby using a betteritera-
tive solver. This is the themein [Milenkovic and Schmidl 2001]
whereanoptimizationbasedapproachs taken.We proposea more
light-weightmethodin Section8.2.

Similar to the collision detectionalgorithm, for eachintersect-
ing pair, we identify all the verticesof eachbody that are inside
the other(andoptionally the deepespointson edgesaswell). Al-
though[Baraff 1989] pointedout that the verticesof the contact
region (which lie on the verticesand edgesof the original model)
needto beconsideredywe have foundour pointsamplingmethodto
be satisfactory However, sincewe have a triangulatedsurfacefor
eachobject,we coulddo thisif necessaryAs in [Hahn1988;Mir-
tich andCanry 1995b]we usethe sameequationdo processach
contactimpulsethat were usedin the collision algorithm, except
thatwe sete= 0. We startwith thedeepespointof interpenetration
thathasa non-separatingelative velocity, and againusethe stan-
dard algebraiccollision laws. Thena new predictedpositioncan
be determinedand the processepeateduntil all pointsare either
non-overlappingor separating.Althoughthe aggressie optimiza-
tion algorithmthat processeall pointsuntil they are separatingt
leastoncecould be appliedhereaswell, it is not asattractie for
contactasit is for collision sincegreateraccurag is usuallydesired
for contacts.

For improved accurag, we proposethe following procedure.
Ratherthanapplyingafully inelasticimpulseof e = 0 ateachpoint
of contactwe gradually stopthe objectfrom approachingFor ex-
ample,onthe rst iterationof contactprocessingve applyimpulses
usinge= :9,onthenextiterationweusee= :8,andsoonun-
til we nally usee = 0 onthelastiteration. A negative coefcient
of restitutionsimply indicatesthat ratherthan stop or reversean
approachingbject,we only slow it down.

In the collision processinglgorithm,we usedthe predictedpo-
sitionsto determinghe geometry(e.g.normal)of thecollision. Al-
thoughit would havebeenbetterto usetherealgeometryatthetime
of collision, the collision time is not readily availableandfurther
moretheaccurag is notrequiredsinceobjectsaresimply bouncing
around.Ontheotherhand,objectsshouldbesitting still in the con-



Figure6: Although the propagation treatment of contact and
collision allows the stacking and ipping of boxesas shownin
the gur e, our shock propagation algorithm makesthis both
ef cient and visually accurate.

tactcase,andthusmoreaccurag is requiredto preventincorrect
rattling aroundof objects.Moreover, the correctcontactgeometry
is exactly the currentposition (as opposedto the predictedposi-
tion), sincethe contactforcesshouldbe appliedbeforethe object
moved. Thus,we usethe currentpositionto processcontacts.

8.1 Contact graph

At thebeginningof thecontactresolutionstagewe constructa con-
tactgraphsimilar to [Hahn 1988; Baciu andWong 2000] with the
intentionof identifyingwhich bodiesor groupsof bodiesareresting
ontop of others.We individually allow eachobjectto fall underthe
in uence of gravity (keepingthe othersstationary)for a character
istictime 4 t (ontheorderof atime step),andrecordall resulting
interferencesaddinga directededgepointing towardsthe falling
objectfrom the otherobject. Thenwe apply a simpletopological
sortalgorithmthatusegwo depth rst searche$o collapsestrongly
connecteccomponentsesultingin a directedacgyclic graph.For a
stackof cubeswe geta contactgraphthat pointsfrom the ground
up onecubeat atime to thetop of the stack.For dif cult problems
suchasa setof dominoesarrangedn a circle on the groundwith
eachonerestingon top of the onein front of it, we simply getthe
groundin onelevel of the contactgraphandall the dominoesn a
secondevel. Roughlyspeakingpbjectsaregroupednto thesame
levelif they have a cyclic dependencen eachothetr

Thepurposeof the contactgraphis to suggesanorderin which
contactsshouldbe processedand we wish to sweepup and out
from the groundand other static (non-simulatedpbjectsin order
to increasethe ef ciency of the contactpropagatiormodel. When
consideringobjectsin level i, we gatherall contactsbetweenob-
jectswithin level i aswell ascontactshetweerbjectsin this level
andonesatlowernumberedevels. With the latter type of contact
pairs,the objectin level i is, asaresultof theway we constructed
the contactgraph, necessarily‘resting on” the lower level object
andnot the otherway around. The contactpairsfound for level i
areputinto alist andtreatedin ary orderiteratingthroughthislist
a numberof times beforemoving on to the next level. Addition-
ally, we sweepalongthegraphthroughall levelsmultiple timesfor
improvedaccurag.

8.2 Shock propagation

Even with the aid of a contactgraph,the propagatiormodel for

contactmay requiremary iterationsto producevisually appealing
resultsespeciallyin simulationswith stacksof rigid bodies. For

example,in the cubestackshown in Figure6 (center),the cubes
will startsinkinginto eachotherif not enoughiterationsareused.
To alleviate this effect, we proposea shok propagationmethod
that can be appliedon the last sweepthroughthe contactgraph.
After eachlevel is processedn this last sweep,all the objectsin

thatlevel areassignedn nite mass(their K matrix is setto zero).
Here, the bene t of sortingthe objectsinto levels becomesmost
evident. If anobjectof in nite massis laterfoundto bein contact
with ahigherlevel object,its motionis notaffectedby theimpulses
appliedto resohe contact,andthe higherlevel objectwill simply
have to move out of theway! Onceassignedn nite massobjects
retainthis massuntil the shockpropagatiorphasehascompleted.

Figure7: A heavier block ontheright tips the see-sawin that di-
rection,and subsequentlyslidesoff. Thenthe smaller block tips
the see-sawback in the other dir ection. The propagationtr eat-
ment of contact allows the weight of eachblock to be felt, and
our shockpropagationmethod keepsthe blocks from interpen-
etrating without requiring alarge number of contactprocessing
iterations.

As in contactwe iteratea numberof timesover all contactpairsin
eachlevel, but unlike contactwe only completeonesweepthrough
all of thelevels. Note thatwhentwo objectsat the samelevel are
in contact,neitherhasbeensetto in nite massyet, so shockprop-
agationin this caseis no differentthanour usualcontactprocess-
ing. However, thepotentiallyslow convergenceof theusualcontact
processindnasnow beenlocalizedto the smallergroupsof strongly
connectedcomponentsn thescene.

To seehow this algorithmworks, considerthe stackof objects
in Figure6 (center). Startingat the bottomof the stack,eachob-
ject hasits velocity setto zeroandits masssubsequentlgetto be
in nite. As we work our way up the stack,the falling objectscan-
notpushthein nite massobjectsout of theway sothey simply get
their velocity setto zeroaswell. In this fashion,the contactgraph
allows usto shockthe stackto a zerovelocity in onesweep.

In orderto demonstratevhy the propagatiormodelfor contact
is usedfor a few iterationsbeforeapplying shockpropagatiorwe
drop a larger box onto the plank as showvn in Figure 6 (center).
Herethe contactgraphpointsup from the groundthroughall the
objects,and whenthe larger box rst comesin contactwith the
plank,anedgewill beaddedpointingfrom the plankto the box. If
shockpropagatiorwasappliedimmediatelythe box on theground
andthenthe plankwould have in nite mass.Thusthelarge falling
box would simply seeanin nite massplankandbe unableto ip
over the stackof boxesasshown in Figure 6 (center). However,
contactpropagatiorallows boththe plankto pushup on thefalling
box and the falling box to pushbackdown. Thatis, eventhough
“pushingdown” increaseshe numberof iterationsneededor the
contactalgorithmto corvemge, without this objectswould not feel
the weightof otherobjectssitting ontop of them. Thus,we sweep
thoughour contactgrapha numberof timesin orderto geta sense
of weight,andthenef ciently forcethealgorithmto convergewith
a nal shockpropagatiorsweep.This allows the stackof boxesto

ip overasshownin Figure6 (right).

Figure7 shavs anotherttestwherea heavy anda light block are
bothinitially atrestontopof asee-s&. Whenthe simulationstarts
the weight of the heavier block pusheglown tilting the see-sa in
thatdirection. Eventuallyit tilts enoughfor theheavy blockto slide
off, andthenthe see-sw tilts backin the otherdirectionunderthe
weightof thelighterblock. Ourcombinatiorof contactpropagation
followedby shockpropagatiorcorrectlyandef ciently handleghis
scenarioOn theotherhand,if we run shockpropagatioronly (i.e.
omittingthe contactpropagatiorphase)the see-sw eithersitsstill
or tips very slowly sinceit doesnot feel the weight of the heary
block.

9 Rolling and Spinning Friction

Even whena rigid body hasa contactpoint frozen underthe ef-
fects of staticfriction, it still hasfreedomto both roll and spin.
[Lewis andMurray 1995; Sauerand Schbmer1998] dampedhese
degreesf freedomby addingforcesto emulaterolling friction and
air drag. Instead we proposean approactthat treatstheseeffects
in the samemannemaskinetic andstaticfriction. Let mp andny des-



Figure8: 500 noncorvex bonesfalling into a pile after passing
through a funnel. Exact triangle countsaregivenin gur e2.

ignatethe coefcients of rolling andspinningfriction, andnotethat
thesecoefcients shoulddependnthelocal deformatiorof theob-
ject. This meangthatthey shouldby scaledby the local curvature
with highervaluesin areasof lower curvature. Thusfor a sphere,
thesevaluesareconstanthroughouthe object.

Both rolling and spinningfriction are basedon the relatve an-
gularvelocity w,, with normalandtangentiacomponentsy,

el;n =
w, Nand Weert = Wiel  Wegp:nN- The normalcomponengov-

ernsspinningandthe tangentialcomponengovernsrolling about
T= Wrel;t:ereI;tj' We modify theseby reducingthe magnitude
of the normalandtangentiacomponentby mj, andm j, respec-
tively. To keeptheobjectfrom reversingeitherits spinor roll direc-
tion, bothof thesereductionsarelimited to zerootherwisepreserv-
ing the sign. At this point we have a new relative angularvelocity

rel» andsincethe objectsare sticking the relative velocity at the
contactpointis u%, = 0. Next, we constructanimpulseto achieve
bothproposedrelocities.

If we apply the impulseat a point, specifyingthe relative ve-
locity determineghe impulse j andwe are unableto alsospecify
the relative angularvelocity. Thus,we assumehatthe impulseis
appliedover an areainstead. We still have V= v j=m for the
centerof massvelocity, but the angularvelocity is treateddiffer-
ently. First we explicitly write out the changein angularmomen-
tum (aboutour x edworld origin) dueto anangularimpulse j; as
x mP+ IwP= x mv+ Iw j; whichcanberearrangedo give
wO=w 1 1(j; x j). Whenj; is equalto thecrossproductof
the point of contactand j, this reduceso w®= w | 1(r |)as
above, but herewe considerthe moregeneralcasein orderto get
controlovertheangularvelocity. Thenew velocitiesatthe point of
collisionwill beu®= u (K, j+ K,j;) whereK; = d=m+r | Ix
andK, = r | 1 Thenu%, = ug + Kypj+ Kypje wherethe
Kit's arethesumof theindividualK;'s. Similar manipulatiorgives

W = W+ Kgpj+ Kupje, whereKg= 1 Ix andK, =1 L.

el

rel = Wrel
Thisis two equationsn two unknowns, j and j;, sowe cansolve

one equationfor j, plug it into the other and solve for j;. This
requiresnvertingtwo 3 3 matrices.

10 Results

Besidesthe basicteststhat we discussedhroughoutthe text, we
also explored the scalability of our algorithm addressingsimu-
lations of large numbersof noncorvex objectswith high resolu-
tion triangulatedsurfacedalling into stackswith multiple contact
points. While the CPU timesfor the simpleexampleswere negli-
gible, the simulationsdepictedin Figuresl, 8 and9 hada signi -

Figure9: The complexity of our nonconvex objects is empha-
sizedby exposingtheir underlying tessellation.

cantcomputationatost. Dropping500and1000ringsinto a stack
averagedabout3 minutesand 7 minutesper frame, respectiely.
Dropping 500 bonesthrougha funnel into a pile averagedabout
7 minutesper frame, and we note that this simulationhad about
2.8million trianglestotal. All exampleswererun using5 collision
iterations,10 contactiterations,anda single shockpropagatiorit-
eration,andall usedfriction.

11 Conclusions and Future Work

We proposed mixedrepresentationf thegeometrycombiningtri-
angulatedsurfaceswith signeddistancefunctionsde ned on grids
andillustratedthatthis approacthasa numberof advantagesWe
also proposeda novel time integration schemethat removes the
needfor ad hoc thresholdvelocities and matchestheoreticalso-
lutionsfor blockssliding andstoppingon inclined planes.Finally,
we proposedi new shockpropagatiormethodthatdramaticallyin-
creaseshe ef ciency andvisual accurag of stackingobjects. So
far, ourrolling andspinningfriction modelhasonly producedyood
resultsfor spheresandwe arecurrentlyinvestigatingnorecomplex
objects.

After the positionshave beenupdatedjnterpenetratiomay still
occurdueto round-of errorsandin-level contactbetweerpbjects.
We experimentedwith the use of rst order physics(similar to
[Baraff 1995])to computea“ rst orderimpulse”to applyto theob-
jects' positionsandorientationgo effect separatior{without mod-
ifying their velocities). As in shockpropagationwe proceeded
level by level throughthe contactgraphdoing multiple iterations
of separatioradjustmentaithin eachlevel beforeassigningin -
nite massedo eachlevel in preparationfor the next. To reduce
bias,we gradually separateabjectswithin a level, eachiteration
increasinghefractionof interpenetratiothatis corrected We plan
to investigatethis furtherin futurework.
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