ROBUST MONTE CARLO METHODS FOR LIGHT TRANSPORT SIMULATION

A DISSERTATION SUBMITTED TO THE DEPARTMENT OF COMPUTER SCIENCE AND THE COMMITTEE ON GRADUATE STUDIES OF STANFORD UNIVERSITY IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE OF DOCTOR OF PHILOSOPHY

by Eric Veach December 1997 ii

cfl Copyright 1998 by Eric Veach

All Rights Reserved

iv

I certify that I have read this dissertation and that in my opinion it is fully adequate, in scope and quality, as a dissertation for the degree of Doctor of Philosophy.

Leonidas J. Guibas (Principal Advisor)

I certify that I have read this dissertation and that in my opinion it is fully adequate, in scope and quality, as a dissertation for the degree of Doctor of Philosophy.

Pat Hanrahan

I certify that I have read this dissertation and that in my opinion it is fully adequate, in scope and quality, as a dissertation for the degree of Doctor of Philosophy.

James Arvo

I certify that I have read this dissertation and that in my opinion it is fully adequate, in scope and quality, as a dissertation for the degree of Doctor of Philosophy.

Art Owen

Approved for the University Committee on Graduate Studies:

vi

Abstract

Light transport algorithms generate realistic images by simulating the emission and scattering of light in an artiőcial environment. Applications include lighting design, architecture, and computer animation, while related engineering disciplines include neutron transport and radiative heat transfer. The main challenge with these algorithms is the high complexity of the geometric, scattering, and illumination models that are typically used. In this dissertation, we develop new Monte Carlo techniques that greatly extend the range of input models for which light transport simulations are practical. Our contributions include new theoretical models, statistical methods, and rendering algorithms.

We start by developing a rigorous theoretical basis for bidirectional light transport algorithms (those that combine direct and adjoint techniques). First, we propose a linear operator formulation that does not depend on any assumptions about the physical validity of the input scene. We show how to obtain mathematically correct results using a variety of bidirectional techniques. Next we derive a different formulation, such that for any physically valid input scene, the transport operators are symmetric. This symmetry is important for both theory and implementations, and is based on a new reciprocity condition that we derive for transmissive materials. Finally, we show how light transport can be formulated as an integral over a space of paths. This framework allows new sampling and integration techniques to be applied, such as the Metropolis sampling algorithm. We also use this model to investigate the limitations of unbiased Monte Carlo methods, and to show that certain kinds of paths cannot be sampled.

Our statistical contributions include a new technique called multiple importance sampling, which can greatly increase the robustness of Monte Carlo integration. It uses more than one sampling technique to evaluate an integral, and then combines these samples in a way that is provably close to optimal. This leads to estimators that have low variance for a broad class of integrands. We also describe a new variance reduction technique called efőciency-optimized Russian roulette.

Finally, we link these ideas together to obtain new Monte Carlo light transport algorithms. Bidirectional path tracing uses a family of different path sampling techniques that generate some path vertices starting from a light source, and some starting from a sensor. We show that when these techniques are combined using multiple importance sampling, a large range of difőcult lighting effects can be handled efőciently. The algorithm is unbiased, handles arbitrary geometry and materials, and is relatively simple to implement.

The second algorithm we describe is Metropolis light transport, inspired by the Metropolis sampling method from computational physics. Paths are generated by following a random walk through path space, such that the probability density of visiting each path is proportional to the contribution it makes to the ideal image. The resulting algorithm is unbiased, uses little storage, handles arbitrary geometry and materials, and can be orders of magnitude more efőcient than previous unbiased approaches. It performs especially well on problems that are usually considered difőcult, e.g. those involving bright indirect light, small geometric holes, or glossy surfaces. To our knowledge, this is the őrst application of the Metropolis method to transport problems of any kind.

Acknowledgements

I would like to thank all the people who have helped me in one way or another during my time at Stanford. First I would like to express my sincere gratitude to my advisor, Leo Guibas, who sparked my interest in computer graphics and provided support and encouragement at key times. He was always there with stimulating discussions and new suggestions, yet also willing to let things develop in unexpected ways. His ongoing conődence in me was essential to the completion of this work.

Next I would like to thank the other members of my reading committee, Pat Hanrahan, Jim Arvo, and Art Owen. Pat’s insights and differing points of view were a great help in developing new ideas, while his simultaneous enthusiasm and support were also much appreciated. Discussions with Jim Arvo were always a great pleasure, and led to signiőcant improvements in the content and exposition of this work. Jim’s own Ph.D. thesis provided a superlative body of research upon which to build. Finally I would like to express my sincere thanks to Art Owen for his interest, encouragement, and perceptive comments. Art also provided important references in the Monte Carlo and survey sampling literature, and suggested the term multiple importance sampling for the technique described in Chapter 9.

Next I would like to thank my colleagues in the Stanford graphics lab. Marc Levoy gave freely of his encouragement and enthusiasm, invited me to lab events in the early days, and provided unerring advice on how to improve my presentations. I owe a great debt to Matt Pharr, who should really be an honorary member of my reading committee: he read the whole thing twice, giving detailed comments at every stage. I can also recommend his services as a last-minute international courier. John Owens read several chapters with great enthusiasm; his feedback was very useful and much appreciated. Phil Lacroute helped with production by providing important scripts and templates. Craig Kolb answered tricky L^ATEX questions and was a great ofőcemate.

Peter Shirley has given me encouragement for the past few years; I suspect that he has also provided a great deal of useful feedback in the form of anonymous reviews. George Papanicolau served as the able chair of my orals committee. Jorge Stolő and Stephen Harrison helped to get me started in graphics at the Digital Systems Research Center. Bill Kalsow answered many questions about Modula-3 (the language used for my rendering system), and in particular the SRC compiler (as I ported it to IRIX). Special thanks go to Jutta McCormick for helping me through the maze of university bureaucracy.

This research has been supported by generous grants from the National Science Foundation (CCR-9215219 and CCR-9623851), MURI contract DAAH04-96-1-0007, the Digital Systems Research Center, and the Digital External Research Program. Parts of this work have appeared in previous publications (see [Veach & Guibas 1994, Veach & Guibas 1995, Veach 1996, Veach & Guibas 1997]).

I would like to thank my parents, Hugh and Doreen Veach, for their love, support, and guidance over the years. I would also like to thank my parents-in-law, Peter and Rose Lemmer, for their love and encouragement. Finally, my deepest gratitude goes to my wife, Luanne. She supported me in times of doubt, and has enriched my life beyond measure. I dedicate this thesis to her.

To Luanne

xii

Contents

Abstract vii

Acknowledgements ix

1 Introduction 1 1.1 The light transport problem . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.1.1 Why light transport is important . . . . . . . . . . . . . . . . . . . 3 1.1.2 Assumptions about the transport model . . . . . . . . . . . . . . . 3 1.2 Summary of original contributions . . . . . . . . . . . . . . . . . . . . . . 4 1.2.1 Bidirectional light transport theory in computer graphics . . . . . . 5 1.2.2 General-purpose Monte Carlo techniques . . . . . . . . . . . . . . 6 1.2.3 Robust light transport algorithms . . . . . . . . . . . . . . . . . . 7 1.3 Thesis organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.4 Light transport algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.4.1 A brief history . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.4.2 Monte Carlo vs. deterministic approaches . . . . . . . . . . . . . . 10 1.4.3 View-dependent vs. view-independent algorithms . . . . . . . . . . 12 1.4.4 Unbiased vs. consistent Monte Carlo algorithms . . . . . . . . . . 14 1.5 Models of light and their implications for graphics . . . . . . . . . . . . . . 15 1.5.1 Geometric optics . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 1.5.2 Wave optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.5.3 Quantum optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 1.6 Related problems from other őelds . . . . . . . . . . . . . . . . . . . . . . 22

1.6.1 Neutron transport . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 1.6.2 Heat transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.6.3 Radar and acoustics problems . . . . . . . . . . . . . . . . . . . . 26 1.6.4 Many-body problems . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 Monte Carlo Integration 29 2.1 A brief history . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.2 Quadrature rules for numerical integration . . . . . . . . . . . . . . . . . . 30 2.3 A bit of probability theory . . . . . . . . . . . . . . . . . . . . . . . . . . 33 2.3.1 Cumulative distributions and density functions . . . . . . . . . . . 33 2.3.2 Expected value and variance . . . . . . . . . . . . . . . . . . . . . 35 2.3.3 Conditional and marginal densities . . . . . . . . . . . . . . . . . . 36 2.4 Basic Monte Carlo integration . . . . . . . . . . . . . . . . . . . . . . . . 37 2.4.1 Convergence rates . . . . . . . . . . . . . . . . . . . . . . . . . . 39 2.4.2 Sampling random variables . . . . . . . . . . . . . . . . . . . . . . 41 2.4.3 Estimators and their properties . . . . . . . . . . . . . . . . . . . . 42 2.5 Variance reduction I: Analytic integration . . . . . . . . . . . . . . . . . . 45 2.5.1 The use of expected values . . . . . . . . . . . . . . . . . . . . . . 46 2.5.2 Importance sampling . . . . . . . . . . . . . . . . . . . . . . . . . 47 2.5.3 Control variates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 2.6 Variance reduction II: Uniform sample placement . . . . . . . . . . . . . . 50 2.6.1 Stratiőed sampling . . . . . . . . . . . . . . . . . . . . . . . . . . 50 2.6.2 Latin hypercube sampling . . . . . . . . . . . . . . . . . . . . . . 52 2.6.3 Orthogonal array sampling . . . . . . . . . . . . . . . . . . . . . . 54 2.6.4 Quasi-Monte Carlo methods . . . . . . . . . . . . . . . . . . . . . 58 2.7 Variance reduction III: Adaptive sample placement . . . . . . . . . . . . . 65 2.7.1 Adaptive sampling . . . . . . . . . . . . . . . . . . . . . . . . . . 66 2.7.2 Russian roulette and splitting . . . . . . . . . . . . . . . . . . . . . 67 2.8 Variance reduction IV: Correlated estimators . . . . . . . . . . . . . . . . . 69 2.8.1 Antithetic variates . . . . . . . . . . . . . . . . . . . . . . . . . . 69 2.8.2 Regression methods . . . . . . . . . . . . . . . . . . . . . . . . . 70

I Models for Bidirectional Light Transport in Computer Graphics 73

3 Radiometry and Light Transport 75 3.1 Domains and measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 3.2 The phase space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 3.3 The trajectory space and photon events . . . . . . . . . . . . . . . . . . . . 79 3.4 Radiometric quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 3.4.1 Power . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 3.4.2 Irradiance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 3.4.3 Radiance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 3.4.4 Spectral radiance . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 3.5 Incident and exitant radiance functions . . . . . . . . . . . . . . . . . . . . 83 3.6 The bidirectional scattering distribution function . . . . . . . . . . . . . . . 85 3.6.1 The scattering equation . . . . . . . . . . . . . . . . . . . . . . . . 86 3.6.2 The BRDF and BTDF . . . . . . . . . . . . . . . . . . . . . . . . 86 3.6.3 Angular parameterizations of the BSDF . . . . . . . . . . . . . . . 88 3.7 Introduction to light transport . . . . . . . . . . . . . . . . . . . . . . . . . 89 3.7.1 The measurement equation . . . . . . . . . . . . . . . . . . . . . . 89 3.7.2 The light transport equation . . . . . . . . . . . . . . . . . . . . . 90 3.7.3 Importance and adjoint methods . . . . . . . . . . . . . . . . . . . 91 3.7.4 Bidirectional methods . . . . . . . . . . . . . . . . . . . . . . . . 91 3.7.5 Sampling and evaluation of non-symmetric BSDF’s . . . . . . . . 92 3.7.6 The adjoint BSDF . . . . . . . . . . . . . . . . . . . . . . . . . . 93 3.A Field and surface radiance functions . . . . . . . . . . . . . . . . . . . . . 95 3.B Measure-theoretic radiometry . . . . . . . . . . . . . . . . . . . . . . . . . 96 3.B.1 Measure spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 3.B.2 The photon event space . . . . . . . . . . . . . . . . . . . . . . . . 97 3.B.3 The geometric measure . . . . . . . . . . . . . . . . . . . . . . . . 97 3.B.4 The energy measure . . . . . . . . . . . . . . . . . . . . . . . . . 97 3.B.5 Deőning radiometric quantities as a ratio of measures . . . . . . . . 98 3.B.6 Examples of measure-theoretic deőnitions . . . . . . . . . . . . . . 99

3.B.7 Discussion: fundamental vs. derived quantities . . . . . . . . . . . 101

4 A General Operator Formulation of Light Transport 103 4.1 Ray space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 4.2 Functions on ray space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 4.3 The scattering and propagation operators . . . . . . . . . . . . . . . . . . . 109 4.4 The light transport and solution operators . . . . . . . . . . . . . . . . . . 111 4.5 Sensors and measurements . . . . . . . . . . . . . . . . . . . . . . . . . . 114 4.6 Importance transport via adjoint operators . . . . . . . . . . . . . . . . . . 116 4.7 Summary of the operator framework . . . . . . . . . . . . . . . . . . . . . 118 4.A A new characterization of particle tracing . . . . . . . . . . . . . . . . . . 121 4.B Properties of the operators G, K, T, and S . . . . . . . . . . . . . . . . . . 126 4.B.1 Invertibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126 4.B.2 Adjoints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 4.B.3 Norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5 The Sources of Non-Symmetric Scattering 135 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136 5.1.1 The problems caused by non-symmetric scattering . . . . . . . . . 136 5.1.2 Elementary sources of non-symmetric scattering . . . . . . . . . . 138 5.2 Non-symmetry due to refraction . . . . . . . . . . . . . . . . . . . . . . . 139 5.2.1 Background material . . . . . . . . . . . . . . . . . . . . . . . . . 141 5.2.2 The BSDF for refraction . . . . . . . . . . . . . . . . . . . . . . . 145 5.2.3 The adjoint BSDF for refraction . . . . . . . . . . . . . . . . . . . 147 5.2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 5.2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 5.3 Non-symmetry due to shading normals . . . . . . . . . . . . . . . . . . . . 150 5.3.1 How shading normals modify the BSDF . . . . . . . . . . . . . . . 151 5.3.2 The adjoint BSDF for shading normals . . . . . . . . . . . . . . . 152 5.3.3 Examples of shading normal BSDF’s and their adjoints . . . . . . . 153 5.3.4 Pseudocode for the correct use of shading normals . . . . . . . . . 155 5.3.5 Shading normals violate conservation of energy . . . . . . . . . . . 158

5.3.6 Shading normals can cause brightness discontinuities . . . . . . . . 160 5.3.7 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 5.3.8 Alternatives to shading normals . . . . . . . . . . . . . . . . . . . 162 5.A Dirac distributions for general measures . . . . . . . . . . . . . . . . . . . 166 5.A.1 Linear functionals and distributions . . . . . . . . . . . . . . . . . 166 5.A.2 General Dirac distributions . . . . . . . . . . . . . . . . . . . . . . 167 5.A.3 Identities for evaluating general Dirac distributions . . . . . . . . . 168 5.B Derivation of the adjoint BSDF for refraction . . . . . . . . . . . . . . . . 171 5.C Angular forms of perfect specular BSDF’s . . . . . . . . . . . . . . . . . . 172 5.C.1 The BSDF for a mirror . . . . . . . . . . . . . . . . . . . . . . . . 172 5.C.2 The BSDF for refraction . . . . . . . . . . . . . . . . . . . . . . . 172

6 Reciprocity and Conservation Laws for General BSDF’s 175 6.1 Thermodynamics, Kirchhoff’s laws, and detailed balance . . . . . . . . . . 177 6.2 A reciprocity principle for general BSDF’s . . . . . . . . . . . . . . . . . . 180 6.3 Conservation of energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184 6.A Helmholtz reciprocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185 6.A.1 Summary of the principle . . . . . . . . . . . . . . . . . . . . . . . 185 6.A.2 Helmholtz’ original statement . . . . . . . . . . . . . . . . . . . . 186 6.A.3 Further reading on Helmholtz reciprocity . . . . . . . . . . . . . . 187 6.B Lord Rayleigh’s reciprocity principle . . . . . . . . . . . . . . . . . . . . . 189 6.C Time reversal invariance and the irreversibility of light scattering . . . . . . 190 6.D Exceptions to reciprocity . . . . . . . . . . . . . . . . . . . . . . . . . . . 193 6.D.1 Magnetic őelds and the Faraday effect . . . . . . . . . . . . . . . . 193 6.D.2 Transmission between absorbing media . . . . . . . . . . . . . . . 194

7 A Self-Adjoint Operator Formulation of Light Transport 201 7.1 Concepts of the new framework . . . . . . . . . . . . . . . . . . . . . . . 201 7.2 The self-adjoint operator formulation . . . . . . . . . . . . . . . . . . . . . 204 7.3 Consequences for implementations . . . . . . . . . . . . . . . . . . . . . . 206 7.A Classical optical invariants . . . . . . . . . . . . . . . . . . . . . . . . . . 208 7.A.1 The Smith-Helmholtz invariant . . . . . . . . . . . . . . . . . . . 208

7.A.2 The invariance of basic throughput . . . . . . . . . . . . . . . . . . 208 7.A.3 The invariance of basic radiance . . . . . . . . . . . . . . . . . . . 210 7.B Properties of the new operators . . . . . . . . . . . . . . . . . . . . . . . . 212 7.B.1 Adjoints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212 7.B.2 Norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213 7.C The basic BSDF for refraction . . . . . . . . . . . . . . . . . . . . . . . . 217

8 A Path Integral Formulation of Light Transport 219 8.1 The three-point form of the transport equations . . . . . . . . . . . . . . . 220 8.2 The path integral formulation . . . . . . . . . . . . . . . . . . . . . . . . . 222 8.2.1 Advantages of the path integral formulation . . . . . . . . . . . . . 224 8.2.2 Applying the path integral formulation . . . . . . . . . . . . . . . . 225 8.3 The limitations of path sampling . . . . . . . . . . . . . . . . . . . . . . . 230 8.3.1 Heckbert’s regular expression notation for paths . . . . . . . . . . . 231 8.3.2 Full-path regular expressions . . . . . . . . . . . . . . . . . . . . . 232 8.3.3 The limitations of local path sampling . . . . . . . . . . . . . . . . 237 8.3.4 Approaches to non-local sampling . . . . . . . . . . . . . . . . . . 240 8.A Other measures on path space . . . . . . . . . . . . . . . . . . . . . . . . . 243 8.B Subclassiőcation of specular vertices . . . . . . . . . . . . . . . . . . . . . 247

II Robust Light Transport Algorithms 249

9 Multiple Importance Sampling 251 9.1 Application: glossy highlights from area light sources . . . . . . . . . . . . 252 9.1.1 The glossy highlights problem . . . . . . . . . . . . . . . . . . . . 252 9.1.2 Two sampling strategies . . . . . . . . . . . . . . . . . . . . . . . 253 9.1.3 Comparing the two strategies . . . . . . . . . . . . . . . . . . . . . 256 9.1.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257 9.2 Multiple importance sampling . . . . . . . . . . . . . . . . . . . . . . . . 258 9.2.1 The multi-sample model . . . . . . . . . . . . . . . . . . . . . . . 259 9.2.2 The balance heuristic . . . . . . . . . . . . . . . . . . . . . . . . . 263

9.2.3 Improved combination strategies . . . . . . . . . . . . . . . . . . . 266 9.2.4 The one-sample model . . . . . . . . . . . . . . . . . . . . . . . . 275 9.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276 9.3.1 The glossy highlights problem . . . . . . . . . . . . . . . . . . . . 276 9.3.2 The őnal gather problem . . . . . . . . . . . . . . . . . . . . . . . 281 9.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283 9.4.1 Relationship to classical Monte Carlo techniques . . . . . . . . . . 284 9.4.2 Allocation of samples among the techniques . . . . . . . . . . . . . 284 9.4.3 Issues for direct lighting problems . . . . . . . . . . . . . . . . . . 285 9.5 Conclusions and recommendations . . . . . . . . . . . . . . . . . . . . . . 286 9.A Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288

10 Bidirectional Path Tracing 297 10.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 298 10.2 Mathematical formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 302 10.3 Implementation issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . 307 10.3.1 Image sampling and őltering . . . . . . . . . . . . . . . . . . . . . 307 10.3.2 Estimation of the image function . . . . . . . . . . . . . . . . . . . 308 10.3.3 Determining the subpath lengths . . . . . . . . . . . . . . . . . . . 309 10.3.4 Special cases for short subpaths . . . . . . . . . . . . . . . . . . . 310 10.3.5 Handling specular surfaces . . . . . . . . . . . . . . . . . . . . . . 314 10.3.6 Approximating the weighting functions . . . . . . . . . . . . . . . 316 10.4 Reducing the number of visibility tests . . . . . . . . . . . . . . . . . . . . 317 10.4.1 Efőciency-optimized Russian roulette . . . . . . . . . . . . . . . . 318 10.4.2 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321 10.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322 10.6 Comparison with related work . . . . . . . . . . . . . . . . . . . . . . . . 326 10.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 329

11 Metropolis Light Transport 331 11.1 Overview of the MLT algorithm . . . . . . . . . . . . . . . . . . . . . . . 332 11.2 The Metropolis sampling algorithm . . . . . . . . . . . . . . . . . . . . . 334

11.2.1 The stationary distribution . . . . . . . . . . . . . . . . . . . . . . 334 11.2.2 Detailed balance . . . . . . . . . . . . . . . . . . . . . . . . . . . 335 11.2.3 The acceptance probability . . . . . . . . . . . . . . . . . . . . . . 336 11.2.4 Comparison with genetic algorithms . . . . . . . . . . . . . . . . . 337 11.3 Theoretical formulation of Metropolis light transport . . . . . . . . . . . . 337 11.3.1 Eliminating start-up bias . . . . . . . . . . . . . . . . . . . . . . . 339 11.3.2 Initialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 340 11.3.3 Convergence tests . . . . . . . . . . . . . . . . . . . . . . . . . . 341 11.3.4 Spectral sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . 342 11.4 Good mutation strategies . . . . . . . . . . . . . . . . . . . . . . . . . . . 343 11.4.1 Desirable mutation properties . . . . . . . . . . . . . . . . . . . . 343 11.4.2 Bidirectional mutations . . . . . . . . . . . . . . . . . . . . . . . . 345 11.4.3 Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 350 11.4.4 Lens subpath mutations . . . . . . . . . . . . . . . . . . . . . . . 354 11.4.5 Selecting between mutation types . . . . . . . . . . . . . . . . . . 355 11.5 Reőnements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 356 11.6 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 359 11.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 365 11.A Proof of Unbiased Initialization . . . . . . . . . . . . . . . . . . . . . . . . 368

12 Conclusion 371 12.1 Bidirectional light transport theory . . . . . . . . . . . . . . . . . . . . . . 371 12.2 General-purpose Monte Carlo techniques . . . . . . . . . . . . . . . . . . 373 12.3 Robust light transport algorithms . . . . . . . . . . . . . . . . . . . . . . . 374

Bibliography 377

Index 395

List of Tables

8.1 Examples of regular expressions for light sources and sensors . . . . . . . . 233 8.2 Examples of path types that cannot be generated by local sampling algorithms238 8.3 Examples of light sources and sensors with zero- and one-dimensional specular components . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248

11.1 Numerical error measurements for the MLT algorithm . . . . . . . . . . . . 364 xxii

List of Figures

3.1 Geometry for deőning the BSDF . . . . . . . . . . . . . . . . . . . . . . . 85 3.2 Path tracing and particle tracing sample the BSDF in different ways . . . . 92 3.3 Comparison of the direct and adjoint BSDF’s . . . . . . . . . . . . . . . . 93

4.1 A scattering step in particle tracing . . . . . . . . . . . . . . . . . . . . . . 123

5.1 Two-pass rendering of caustics on a pool bottom . . . . . . . . . . . . . . 140 5.2 Light entering a medium with higher refractive index . . . . . . . . . . . . 142 5.3 Geometry for deriving the scaling of radiance . . . . . . . . . . . . . . . . 142 5.4 Incorrect caustics on a pool bottom, caused by assuming that refraction is modeled by a symmetric BSDF . . . . . . . . . . . . . . . . . . . . . . . . 149 5.5 Geometry for deőning the effect of shading normals . . . . . . . . . . . . . 152 5.6 Pseudocode for BSDF evaluation when the geometric and shading normals are different . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 5.7 Shading normals can result in light leaks and black surfaces . . . . . . . . . 157 5.8 Pseudocode for handling shading normals by extending the deőnitions of the BRDF and BTDF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 5.9 Shading normals cause energy to not be conserved . . . . . . . . . . . . . 159 5.10 Shading normals can lead to false discontinuities in images produced by particle tracing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 5.11 Image artifacts caused by assuming that shading normals do not affect the symmetry of BSDF’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

6.1 Derivation of the reciprocity condition for general BSDF’s . . . . . . . . . 181

6.2 The path of a light beam is not always reversible . . . . . . . . . . . . . . 195

7.1 The Smith-Helmholtz invariant . . . . . . . . . . . . . . . . . . . . . . . . 209 7.2 The invariance of basic throughput . . . . . . . . . . . . . . . . . . . . . . 209

8.1 Geometry for the light transport equation in three-point form . . . . . . . . 221 8.2 The measurement contribution function is a product of many factors . . . . 224 8.3 Geometry for converting between area and directional probabilities . . . . . 228

9.1 Geometry for the glossy highlights computation. . . . . . . . . . . . . . . . 253 9.2 A comparison of two sampling techniques for glossy highlights from area light sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255 9.3 Pseudocode for the balance heuristic estimator . . . . . . . . . . . . . . . . 267 9.4 The balance heuristic applied to the glossy highlights problem . . . . . . . 268 9.5 Close-ups of additional noise caused by the balance heuristic . . . . . . . . 269 9.6 Two density functions for sampling a simple integrand . . . . . . . . . . . 270 9.7 A subdivision of the domain into two regions A and B . . . . . . . . . . . 271 9.8 Results of multiple importance sampling applied to the glossy highlights problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277 9.9 The scene model used to measure variance of the glossy highlights calculation278 9.10 Variance measurements for the glossy highlights problem using different combination strategies combination strategies . . . . . . . . . . . . . . . . 279 9.11 Test images corresponding to the variance measurements in Figure 9.10 . . 280 9.12 Results for the őnal gather experiment . . . . . . . . . . . . . . . . . . . . 282 9.13 Variance measurements for the őnal gather experiment . . . . . . . . . . . 283

10.1 A transport path created by concatenating two subpaths . . . . . . . . . . . 299 10.2 Bidirectional sampling techniques for paths of length two . . . . . . . . . . 299 10.3 A comparison of bidirectional and standard path tracing . . . . . . . . . . . 323 10.4 A pyramid showing the contributions made by each bidirectional path sampling technique . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 325 10.5 Full-size images showing the contributions of two particular bidirectional sampling techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 326

11.1 Pseudocode for the Metropolis light transport algorithm . . . . . . . . . . . 333 11.2 Adding or deleting one path vertex at a time is not sufőcient . . . . . . . . 344 11.3 A simple example of a bidirectional mutation . . . . . . . . . . . . . . . . 348 11.4 The lens edge can be perturbed by regenerating it from either side . . . . . 351 11.5 A caustic perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353 11.6 A two-chain perturbation to sample caustics in a pool of water . . . . . . . 353 11.7 Indirect lighting of three teapots through a slightly open door . . . . . . . . 360 11.8 Comparison of MLT and bidirectional path tracing on caustics at several levels of magniőcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 362 11.9 Caustics in a pool of water, viewed indirectly through the ripples on the surface363 xxvi