Index

Abbe’s law, 210 absorbing media

apparent lack of energy conservation, 197ś198 exceptions to reciprocity, 194ś199 non-reversibility of optical paths, 196ś197 reciprocity principle for, 198ś199 absorbing medium, 193, 194 absorption coefőcient, 195 absorption estimator, 47 acceptance probability, 336ś337

evaluation, 347ś350 acoustics problems, 26ś27 adaptive sampling, 66 additive function, 52 adjoint BSDF, 93 adjoint methods, 91 adjoint operator, 116 adjoint scattering kernel, 155 adjoints of transport operators, 129ś133, 212ś213 analysis of variance decomposition, see anova decomposition angular magniőcation, 208 angular parameterizations of BSDF’s, 88ś 89 anova decomposition, 55ś57

grand mean, 56 main effects, 56 sources of variation, 56 two-factor interactions, 56 antithetic variates, 69ś70 area-product measure, 222, 246 associated norm, 109 attenuation index, 195

Bakhvalov’s theorem, 32 balance heuristic, 263ś266 Banach space, 108 basic BSDF, 204

for refraction, 217 basic inner product, 203 basic local scattering operator, 205 basic projected solid angle measure, 203 basic radiance, 203, 210

invariance of, 210ś211 basic solid angle measure, 202 basic spectral radiance, 203 basic throughput, 203, 208

invariance of, 208ś210 basic throughput measure, 203 BDF, 86 bias, 14, 43

start-up, 338 bidirectional distribution function, 86 bidirectional light transport algorithm, 91ś92 handling non-symmetric BSDF’s, 92ś93 bidirectional mutations, 345ś350

acceptance probability, 347ś350 bidirectional path tracing, 297ś330 determining subpath lengths, 309ś 310 efőcient sample generation, 300 395 handling short subpaths, 310ś314 handling specular surfaces, 314ś316 image sampling and őltering, 307ś 308 limitations, 329ś330 mathematical formulation, 302ś307 overview, 298ś302 reducing visibility tests, 317ś322 related work, 326ś328 unweighted contribution, 302 bidirectional reŕectance distribution function, see BRDF bidirectional scattering distribution function, see BSDF bidirectional transmittance distribution function, see BTDF birefringence, 20 black body, 179 Boltzmann equation, 23 boundary distance function, 110, 127 boundary element methods, 25 BRDF, 86

energy conservation, 87 properties of, 87 symmetry of, 87 BSDF, 85ś89

adjoint, 93 angular parameterizations, 88ś89 basic, 204 energy conservation, 184 for mirror, 144ś145

angular form, 172 for perfect specular reŕection, 144ś 145 angular form, 172 for refraction, 145ś146

adjoint, 147ś148 angular form, 172 modiőed, 152 reciprocity principle for, 180ś182 symmetry of, 180ś182 BTDF, 86 bump mapping, 150

Cauchy sequence, 108 caustic perturbations, 352 central limit theorem, 40 chain, 240

connecting, 241 chain separator, 240 Chebychev’s inequality, 40 coherence, 18 collision estimator, 47 combined sample density, 266 complete vector space, 108 composition measure, 168 conditional density function, 36 conditional expectation, 36 conduction, 24 connecting chain, 241 connecting edge, 301 connecting vertices, 301 connector, 241 consistent estimator, 14, 43 continuously varying refractive index, 16 control variates, 48ś49 convection, 24 convergence rate

of Monte Carlo integration, 39ś40 of quadrature rules, 31ś33 cumulative distribution function, 33 joint, 33 curse of dimensionality, 32 cutoff heuristic, 273

delta function, see Dirac distribution density estimation, 10 density function, 33

conditional, 36 joint, 34 marginal, 36 desirable mutation properties, 343ś345 detailed balance, 179, 335ś336

principle of, 178 diffraction, 18 Dirac distribution, 144

for general measures, 166ś170 identities for evaluating, 168ś170 discrepancy, 58ś60

star, 58 dispersion, 17 distribution, 34, 166

Dirac, 144 probability, 34 stationary, 335 double refraction, 20 downward hemisphere, 77

efőciency, 45, 318 efőciency-optimized Russian roulette, 317ś320 eiconal equation, 16 elastic scattering, 23 elementary interval, 62 emitted importance function, 91 emitted radiance, 90 emitted radiance function, 90 empty path, 301 energy conservation

for BRDF’s, 87 for BSDF’s, 184 energy content function, 97 energy measure, 98 entropy, 178, 191 equilibrium importance function, 91, 117 equilibrium radiance function, 90 ergodic random walk, 344 ergodicity, 344 error, 14, 43 essential supremum, 108 estimand, 42 estimate, 43 estimator, 43

absorption, 47 bias, 14, 43 collision, 47 consistent, 14, 43 efőciency, 45 error, 14, 43 Horvitz-Thompson, 37 mean squared error, 44 multi-sample, 260ś261 properties of, 42ś45 robust, 252 unbiased, 14, 43 etendue, 208 exceptions to reciprocity principles, 193ś 199 exitant equilibrium importance function, 132 exitant importance function, 115 exitant radiance function, 84 expectation, 35

conditional, 36 expected value, 35 expected values, the use of, 46ś47 exponential smoothing, 322 extinction coefőcient, 195 eye image, 312 eye subpath, 298

Faraday effect, 193 Fermat path, 241 őeld radiance function, 95 őlter function, 308 őnal gather pass, 281 ŕuence rate, 27 ŕuorescence, 20 ŕux responsivity, 115 frequency doubling, 21 full-path regular expression

formal deőnition of, 247 full-path regular expressions, see regular expressions for paths function space, 107, 108 functional

linear, 166

Gauss-Legendre rules quadrature rule, 31 general operator formulation, 103ś125 generalized function, see distribution geometric measure, 97 geometric normal, 150 geometric operator, 110 geometric optics, 15ś18 geometric throughput measure, 245 global reŕectance distribution function, 327 glossy highlights problem, 252ś258 sampling strategies, 253ś256 grand mean, 56 GRDF, 327

Halton sequence, 61 Hammersley point set, 62 Hardy and Krause

variation in the sense of, 59 heat equation, 25 Heckbert’s regular expression notation, see regular expressions for paths Helmholtz equation, 26 Helmholtz reciprocity principle, 185ś188 further reading, 187ś188 original statement, 186ś187 summary, 185ś186 hemisphere

downward, 77 incident, 87 reŕected, 87 upward, 77 heuristic

balance, 264 cutoff, 273 maximum, 274 power, 273 Hilbert space, 109 homogeneous wave, 196 Horvitz-Thompson estimator, 37

ideal diffuse reŕection, 17 ideal specular scattering, 17 image contribution function, 332 image contribution measure, 349 image function, 307 image plane, 307 image space methods, 12 image space rendering algorithm, 161 importance, 91 importance function

emitted, 91 equilibrium, 91 exitant, 115 exitant equilibrium, 132 importance sampling, 47ś48 importance transport, 116ś118 importance transport equation, 91, 117 importance-driven light transport algorithm, 92 importance-driven methods, 12 in-scattering event, 79 incident hemisphere, 87 incident radiance function, 84 inner product, 109

associated norm, 109 basic, 203 inner product space, 109 instantaneous scattering, 23 interference, 19 invariance of basic radiance, 210ś211 invariance of basic throughput, 208ś210 inversion method, 41 invertibility of transport operators, 126ś 129 irradiance, 81 irradiance caching, 10 irradiance sensor, 189 irregularity of distribution, 58 irreversibility of light scattering, 192 irreversible, 192 irreversible processes, 191ś192

joint cumulative distribution function, 33 joint density function, 34

Kirchhoff’s equilibrium radiance law, 177 Kirchhoff’s laws, 179 Koksma-Hlawka inequality, 59

Lagrange invariant, 208 Latin hypercube sampling, 52ś53 orthogonal array-based, 57ś58 Latin square, 52 lens edge, 338 lens perturbations, 350 lens subpath, 351 lens subpath mutations, 354ś355 light image, 312 light subpath, 298 light transport algorithm, 9ś15

bidirectional, 91ś92 brief history, 9ś10 density estimation, 10 image space methods, 12 importance-driven, 12, 92 irradiance caching, 10 Monte Carlo radiosity, 10 Monte Carlo vs. deterministic, 10ś12 multi-pass methods, 10, 12 particle tracing, 92 path tracing, 10, 92 photon map, 10 radiosity, 10 robust, 1 unbiased vs. consistent, 14ś15 view-dependent vs. view-indepen-dent, 12ś13 light transport algorithms

bidirectional path tracing, 297ś330 Metropolis light transport, 331ś367 light transport equation, 90, 112

three-point form of, 220ś222 light transport operator, 111 light transport problem, 2ś4

assumptions, 3ś4 general operator formulation, 103ś 125 geometric optics, 15ś18 introduction to, 89ś94 optical phenomena, 15ś21 path integral formulation, 219ś230 quantum optics, 20ś21 related problems, 22ś28 self-adjoint operator formulation, 201ś207 wave optics, 18ś20 why important, 3 light trap

Lord Rayleigh’s, 193 limitations of local path sampling, 237ś 240 limitations of path sampling, 230ś242 linear functional, 166 linear magniőcation, 208 linear operator, 109 linear optics, 21 linear space, 108

L1 norm, 108

local pass, 281 local path sampling, see path sampling local scattering operator, 110

basic, 205 locality of transport operators, 111 Lord Rayleigh’s light trap, 193 Lord Rayleigh’s reciprocity principle, 189 low-discrepancy point set, 60 low-discrepancy sequence, 60 low-variance problems, 268ś272 L_p norm, 108 L_p space, 108

magnetic őelds

exceptions to reciprocity, 193ś194 magnetically active medium, 193 main effects, 56 many-body problems, 27ś28 marginal density function, 36 Markov chain, 334 Markov chain Monte Carlo, see Metropolis method maximum heuristic, 274 mean squared error, 44 measurable set, 96 measure, 96

area-product, 222, 246 basic projected solid angle, 203 basic solid angle, 202 basic throughput, 203 composition, 168 energy, 98 geometric, 97 geometric throughput, 245 image contribution, 349 measurement contribution, 243, 349 on path space, 243ś246 power throughput, 244 probability, 34 projected area, 82 projected solid angle, 77 scattering throughput, 244 solid angle, 77 throughput, 105 measure function, 31, see measure measure space, 96 measure-theoretic radiometry, 96ś102 measurement, 89 measurement contribution function, 223, 332 measurement contribution measure, 243, 349 measurement equation, 89, 115 Metropolis light transport, 331ś367 bidirectional mutations, 345ś350 convergence tests, 341ś342 desirable mutation properties, 343ś 345 direct lighting optimizations, 356 eliminating start-up bias, 339ś340 importance sampling of mutation probabilities, 358ś359 initialization, 340ś341 lens subpath mutations, 354ś355 mutation strategies, 343ś356 overview, 332ś334 perturbations, 350ś354 proof of unbiased initialization, 368ś 369 spectral sampling, 342ś343 theoretical formulation, 337ś343 two-stage sampling, 357ś358 use of expected values, 356ś357 Metropolis method, 42, 334ś337

acceptance probability, 336ś337 comparison with genetic algorithms, 337 detailed balance, 335ś336 stationary distribution, 334ś335 Metropolis sampling algorithm, see Metropolis method microfacet reŕection models, 186 microscopic state, 190 mirror BSDF, 144ś145

angular form, 172 mirror direction, 144 MLT, see Metropolis light transport modeling predictive, 3 modiőed BSDF, 152 monochromatic light, 16 Monte Carlo estimator, see estimator Monte Carlo integration, 29ś71

advantages of, 38ś39 basic technique, 37ś39 brief history, 29ś30 convergence rate, 39ś40 Monte Carlo radiosity, 10 motion reversal invariance, 190 multi-chain perturbations, 352 multi-jittered sampling, 58 multi-pass methods, 10, 12 multi-sample estimator, 260ś261 multi-sample model, 259ś263

examples, 261ś263 generality, 263 multiple importance sampling, 251ś287 allocation of samples, 284ś285 balance heuristic, 263ś266 glossy highlights problem, 252ś258 improved combination strategies, 266ś275 cutoff heuristic, 273 maximum heuristic, 274 power heuristic, 273 variance bounds, 274ś275 low-variance problems, 268ś272 multi-sample estimator, 260ś261 multi-sample model, 259ś263 one-sample model, 275ś276 recommendations, 286ś287 relationship to classical techniques, 284 mutation strategies, 343ś356

bidirectional mutations, 345ś350 desirable mutation properties, 343ś 345 lens subpath mutations, 354ś355 perturbations, 350ś354 selecting between mutation types, 355ś356

N-body problems, see many-body problems N-rooks sampling, 52 Neumann series, 113 neutron transport problems, 23ś24 Newton-Cotes rules quadrature rule, 31 non-local path sampling, 240ś242 non-reversibility of optical paths, 196ś 197 non-symmetric scattering, 135ś165 due to approximations, 139 due to empirical shading models, 138ś139 due to refraction, 139ś150 due to shading normals, 150ś165 elementary sources, 138ś139 introduction to, 136ś139 problems caused by, 136ś138 norm, 108

operator, 112 normal

geometric, 150 shading, 150 vertex, 150 norms of transport operators, 133ś134, 213ś216 numerical integration, 30ś33

observable state, 191 observation, 43 one-sample estimator, 275 one-sample model, 275ś276 operator

adjoint, 116 basic local scattering, 205 geometric, 110 light transport, 111 linear, 109 local scattering, 110 locality of, 111 norm of, 112 propagation, 110 resolvent, 112 self-adjoint, 116 solution, 112, 119 operator norm, 112 optical invariant, 208 optical invariants, 208ś211

basic radiance, 210ś211 basic throughput, 208ś210 Lagrange, 208 Smith-Helmholtz, 208 optical phenomena, 15ś21 orthogonal array, 54 orthogonal array sampling, 54ś57 orthogonal array-based Latin hypercube sampling, 57ś58 out-scattering event, 79

participating media, 16 particle tracing, 92

characterization of, 121ś125 importance transport interpretation, 123 path integral formulation, 219ś230 advantages of, 224ś225 use of, 225ś226 path sampling

computing probability densities, 227ś 230 limitations of, 230ś242 local, 226ś227

limitations of, 237ś240 non-local, 240ś242 regular expression notation, see regular expressions for paths path space, 223

measures on, 243ś246 path tracing, 10, 92 pdf, see density function perturbation, 350 perturbations, 350ś354

caustic, 352 lens, 350 multi-chain, 352 phase space, 78 phase space density, 100

spectral, 100 Phong shading, 138 phosphorescence, 21 photon event, 79 photon event space, 97 photon events, 79 photon map, 10 photon number, 79 polarization, 19 potential function, 115 power, 80 power heuristic, 273 power throughput measure, 244 Poynting vector, 197 predictive modeling, 3 principle of detailed balance, 178 probability density function, see density function probability distribution, 34 probability measure, 34 probability theory, review of, 33ś37 projected area measure, 82 projected solid angle

probability density with respect to, 229 projected solid angle measure, 77 propagation operator, 110 properties of BRDF’s, 87 properties of estimators, 42ś45 properties of transport operators, 126ś 134, 212ś216 quadrature rule, 30ś33

Bakhvalov’s theorem, 32 curse of dimensionality, 32 Gauss-Legendre rules, 31 Newton-Cotes rules, 31 tensor product rules, 31 quantity of interest, 42 quantum optics, 20ś21 quasi-Monte Carlo methods, 12, 58ś65

radar scattering problems, 26ś27 radiance, 81

basic, 203, 210 basic spectral, 203 emitted, 90 scattered, 90 spectral, 82, 101 radiance function, 83

emitted, 90 equilibrium, 90 exitant, 84 őeld, 95 incident, 84 surface, 95 radiant energy, 80 radiant exitance, 81, 234 radiant power, 80 radiation, 25 radiative heat transfer, 24ś25 radical inverse sequence, 61 radiometric quantities, 80ś83

fundamental vs. derived quantities, 101ś102 measure-theoretic deőnitions, 99ś 101 radiometry, 75

measure-theoretic, 96ś102 radiosity, 81 radiosity algorithm, 10 Radon-Nikodym derivative, 34, 99 random variables sampling, 41ś42 (t, m, s)-net, 64 (t, s)-sequence, 64 ray casting function, 127 ray space, 105

advantages of, 107 alternative representations, 106 functions on, 107 reversible, 127 ray-casting function, 90, 110 reciprocity principle, 175

exceptions, 193ś199

due to absorbing media, 194ś199 due to magnetic őelds, 193ś194 for absorbing media, 198ś199 for general BSDF’s, 180ś182 for spectral radiance, 183 Helmholtz, 185ś188 Lord Rayleigh’s, 189 reduced wave equation, 26 reducing the dimensionality, 46ś47 reŕectance equation, 86 reŕected hemisphere, 87 reŕection

ideal diffuse, 17 refraction

adjoint BSDF, 147ś148 adjoint BSDF, derivation of, 171 basic BSDF, 217 BSDF, 145ś146

angular form, 172 invariance of basic throughput, 209 non-symmetric scattering due to, 139ś150 radiance scaling, 141ś143 refractive index

continuously varying, 16 regression methods, 70ś71 regular expression, 231 regular expressions for paths classifying sources and sensors, 232ś 235 interpretation as scattering events, 235ś237 classifying specular vertices, 247ś 248 full-path expressions, 232ś237 formal deőnition, 234ś235 Heckbert’s notation, 231ś232 rejection method, 41 rendering algorithm

image space, 161 resolvent operator, 112 responsivity, 89

ŕux, 115 reversal map, 127 reversible ray, 127 reversible ray space, 127 RMS error, 35 robust estimator, 252 robust light transport algorithm, 1 roughness parameter, 253 roulette probability, 318 roulette threshold, 318 rover, 355 running average, 322 Russian roulette, 67ś68, 309 efőciency-optimized, 317ś320

sample, 43 sample contribution, 263 sample size, 43 sampling random variables, 41ś42 sampling the BSDF, 254 sampling the light source, 254 scattered radiance, 90 scattering

elastic, 23 ideal specular, 17 instantaneous, 23 scattering equation, 86 three-point form of, 254 scattering kernel, 155

adjoint, 155 scattering theory, 199 scattering throughput measure, 244 scrambled net, 64 scrambled sequence, 64 second law of thermodynamics, 178 insufőciency of, 182 selecting between mutation types, 355ś 356 self-adjoint operator, 116 self-adjoint operator formulation, 201ś 207 consequences for implementations, 206ś207 new transport operators, 205 sensor, 89, 114 sensor response, 114 sequential sampling, see adaptive sampling shading normal, 150

adjoint BSDF, 152ś153 alternatives to, 162ś165 brightness discontinuities, 160ś162 examples of adjoint BSDF’s, 153ś 155 modiőed BSDF, 151ś152 non-symmetric scattering due to, 150ś165 pseudocode for adjoint BSDF, 155ś 160 σ-algebra, 96 σ-őnite, 96 Smith-Helmholtz invariant, 208 solid angle measure, 77

basic, 202 basic projected, 203 projected, 77 solution operator, 112, 119 existence of, 112 sources of variation, 56 spectral phase space density, 100 spectral radiance, 82, 101 spectral radiant sterisent, 100 splitting, 68ś69, 160 standard deviation, 35 star discrepancy, 58 start-up bias, 338 stationary distribution, 335 stratiőed sampling, 50ś52 stratum, 50 striated medium, 199 strong law of large numbers, 40 surface radiance function, 95 surface roughness parameter, 253 symmetry

of BRDF’s, 87 of BSDF’s, 180ś182

tangent plane, 77 tangent space, 77 tensor product rules quadrature rule, 31 tentative contribution, 317 tentative transition function, 335 thermodynamic equilibrium, 177 thermodynamics, 177ś180

second law, 178 three-point form of the light transport equation, 220ś222 three-point form of the scattering equation, 254 throughput, 106

basic, 203, 208 throughput measure, 105 time reversal, 190 time reversal invariance, 180, 190ś191 time-harmonic, 26 (t, m, s)-net, 63

randomly permuted, 64 trajectory space, 79 transformation method, 41 transition function, 190, 334

tentative, 335 transmission, 17 transmissivity, 194 transport operators

adjoints of, 129ś133, 212ś213 invertibility of, 126ś129 norms of, 133ś134, 213ś216 properties of, 126ś134, 212ś216 transport theory, 23, 78 (t, s)-sequence, 63 randomly permuted, 64 two-factor interactions, 56 two-stage sampling, 66

unbiased estimator, 14, 43 unweighted contribution, see bidirectional path tracing upward hemisphere, 77

van der Corput sequence, 61 variance, 35 variance reduction methods, 45

adaptive sampling, 66 antithetic variates, 69ś70 based on adaptive sample placement, 65ś69 based on analytic integration, 45ś49 based on correlated estimators, 69ś71 based on uniform sample placement, 50ś65 control variates, 48ś49 expected values, the use of, 46ś47 importance sampling, 47ś48 Latin hypercube sampling, 52ś53 multi-jittered sampling, 58 multiple importance sampling, 251ś 287 N-rooks sampling, 52 orthogonal array sampling, 54ś57 orthogonal array-based Latin hypercube sampling, 57ś58 quasi-Monte Carlo methods, 58ś65 reducing the dimensionality, 46ś47 regression methods, 70ś71 Russian roulette, 67ś68

efőciency-optimized, 318ś320 splitting, 68ś69 stratiőed sampling, 50ś52 two-stage sampling, 66 variation in the sense of Hardy and Krause, 59 vector space, 108

complete, 108 vertex normal, 150 view-dependent light transport algorithm, 12 view-independent light transport algorithm, 12 visibility factor, 317 volume emission, 97

wave equation, 26 wave optics, 18ś20 weighted equilibrium condition, 368