Continuous Inverse Optimal Control with Locally Optimal Examples

A. Linear Time Hessian Inversion

In this supplementary appendix, we present an effi-
cient algorithm for solving the linear systemh = H™ g
in time linear in the path length 7. As discussed in
Section 5.1 of the paper, we solve the system with an
upward solve of (HP + JH)h = g and a downward
solve of JTh = h. The structure of J gives a down-
ward pass that begins with Bih; = hy, followed by

B:h; =h; — Ayhy_ ;. (5)

Each row of the upward pass is given by
~H;B{A;h;, ; + (H;B] + BTH,)h, + B2 = g,

where z(!) is the sum over off-diagonal entries of J,
analogously to Equation 3. Since each row depends on
both h; and h;_1, we express h; as h, = Bﬁ” +8S;h;_1,
and seperately accumulate h(®) into zy, and S into zg,

so that z® = (t) + zs)ht Collecting all h; terms on
the left, we get the new row equation

(H,B/+BH,+B/z

D.

When x and u have different dimensionality, D, is not
square, so the space of solutions for h; is given by

h, = D (g — Bl z\") +D/H,B{ A/h;_, + N,u;, (6)
(S ———
n{®
where N is the null space of D;. Since h; must satisfy

Equation 5, we can solve for u; in terms of hy_; by
substituting Equation 6 into Equation 5:

[Bt7 7Nt][ht7 ut]T = BEO) + (DII:ItBIAt — At)}_lt—l

The lower rows of this square system describe u;. Ex-
pressing the solution as d; + C;h;_; and substituting

the lower rows into Equation 6, we obtain Bg” and S;:
B! = B” + Nidia,1,...a.
S; = DII:ItBIAt + N [Ctlay+1.....dy

Finally, we update the accumulation variables zj, and
zg for the next step, analogously to Equation 3:

2y " AT((H+28))h" + 7))
(St b — AtT(I:It + Z(St))st
The log determinant log|—H]| is found by adding the

log determinants of each row, given by log |-D;B|.
The diagonal blocks [JTH™1J]; and [H™!];, which are

Nh, =g, —BTz\+H,BfA/hy ;.

Algorithm 1 Linear Time Solution to Hh = g

Initialize zil <+~ 0, z

fort =T to 1 do_

D, = BfH; + H;B! + Bf z

det < det + log \—DtBt|

b = D] (g — Bfzy)

d; = [B;,—-N,] ' h{"

Bi” = BEO) + N¢[dt]ag+1,...,dx

if t # 1 then 5
C: = [B:, —N;| ' (DJH:BJA; — A,)
St = DIH;BIA; + N{[Cilayt1,....ax
27— AT ((Ht + z(st))ﬁil) + sz))

Z(Stil) < AtT (I:It + Z(St)) St

eO,deteO

else
h; = [di]1,....du
hy = h{"
end if
end for

for t =2 to T do

h; = h ) 4+ S:h;_4 B

h; = [dt]1 ,,,,, du + [Ctl1,....a he—1
end for

used in Equation 4, can be computed during the down-
ward pass. We first compute the following quantities:

Q: = (I+ N, [Bs, _Nt}d_ul+17m’
R, = —(I+ N [By, —Nt];u1+1,4..,d
- A;F(I:It + Z(St))a

2.)D}
JD{B

so that the upward pass for a new input matrix b is:

tht + th(t) Zsil) — Wt(_lj(fl) + AtTZS)

To evaluate the blocks of H™! and H™1J, we denote
column ¢t of the input (either T or J) as b?, and the
corresponding solution block ct. Since all blocks of b’

below t are zero, we can express ¢! as a function of b:

ct =B} (Q/b! + (S, —

where €}_; is the intermediate solution if we were to
set bl to zero, and V;_; is updated according to

Ay)(Ciy + Vi1 W, Qb))

Vi=R, Vi =R+S;V,_1Uy,

where U; = W;R; + AT. For the blocks of H™!, €/ _;
is zero. These blocks are therefore given by

B (Q: + (S, —

In the case of H™1J, b!

H'), = AV W,Qq).
= BT and we have
Ct 1= Ci %AT +Vt 1Wth

= QB +8s;ct_,.
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Since we need the blocks [Hy'l; = [JTH™1J],, we
must also include the product of off-diagonal entries
with the rows of JT, using an auxiliary variable F; to
describe how this sum depends on b! = B}

[Hfl]t ZAt([Hfl]t—lAtT +F,_1W,Q;BY) + Bycl.

The auxiliary variable is updated to express the next
sum as a function of biﬂ using V;_1 and Vy:

F, = B,Blv,
F, = A,F, U, + BBl (V, — A, V,_,U,).

B. LQR Likelihood Derivation

In this section, we derive the MaxEnt likelihood for a
quadratic approximation of the reward and linearized
dynamics, which corresponds to the inverse LQR task.
This likelihood can be viewed as an extension of the
LQR IOC method described by Ziebart to arbitrary
parameterized reward functions (Ziebart, 2010). We
begin by redefining the states and actions in terms of
their deviation from the example trajectory:
)Et:Xt—X: ﬁt:ut—u:,
where x; and u} are the actions and states of the ex-
ample path. The linearized dynamics are given by

X ~ Ayx—1 + By,
and the quadratic reward is given by
o 1 _pe T 1~ 7.
r(Xe, W) =1+ §u'trHtut + u;rgt + ixthxt + X;th.

Under the MaxEnt model, the probability of taking
action 4, in state X;_1 is given by

P(uy[x—1) = exp (Q¢(X¢—1,1¢) — Vi(Xi—1)),
where Q4(X¢—1,0t) = r(X¢, Ug)+ Vi1 (X:) and the value

function V; is defined with a “softened” form of the
Bellman backup (Ziebart, 2010):

‘/t(f(t—l) — log/th(Xt—lyﬁt)dﬁt.

In LQR, we assume that we can express V;(X;_1) as a
quadratic form:

_ Lot o =T 5
‘/t(thl) = §X?,1VtXt71 + XtTflvt'

Substituting in this equation for V;, the quadratic ver-
sion of r(X¢, 1), and the linearized dynamics, we get

_ _ 1 1 T
Q(X¢—1,0¢) =74 + iutTHtut +4{g

1 . .
+ 3 [Ax: 1+ Btl_lt]T [Ht + Vt:| [A¢xi—1 + Byuy]
N
Q:
+ A1 + Btﬁt]T (& + V4]
——
e
To determine for V;(X;—1), we solve the integral ana-

lytically by rewriting it as an unnormalized Gaussian.
This produces the following equation:

_ 1_ A _ _ .
ViRi—1) =1 + ix;r_lA;FQtAtxt,l + X;F_lAtTQt

1 1 -
— —mM; 'm,; — 5 log | =M,

where we define m; = g, + Bfq; + BTQ;AX,_1 and
M, = H, + BtTQtBt. To get the likelihood of the
observed action, we simply subtract the value function
from the @ function, resulting in

1 1 ~
log P(w|x;—1) = L = ifh;erlfht + 3 log ‘_Mt

We can also rewrite the equation for V; as a quadratic
form in x;_1 to get the value function matrix and vec-
tor for the preceding time step:
Vi =AL 1 QuriAvii—
AT QF B, M LB Q1A
t4+1 %t 12t+1V 1 D1 8t +1430 841
Vi :A;F+1(it+1_

AL QB M (&1 + B @] -

The complete likelihood is then given by

)

1 1 1 ~
E:ZQm?Mt 1mt+§log‘fMt
t

and the corresponding gradient is

0L St e L <M{ ' aM,t)
t

96; 00; ' 2 90;
- %ﬁl?leaaltf "M 'y

The derivatives of 1\~/It and m; are
om, _ 08  prda 0Ny _OH, | o
00; — 00; " 00, d0; — 86;

1 0Qq
t o0,

Bt7
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and the derivatives of Qt and q; are given recursively:
0ar _ 98t 1 941
90; — 90, ' Tt 00,

o - Og
AtT+1Qt+1Bt+1Mt+11 g;H +

8Qt+1
AtTJrl 89

aflt—&-l
BtT+1 ael

By 1M, [&1 + B Q1]

oM
+ AL QB M

0Q, _ oH,
00; 00,

Qi1
09,

T
+ A Aty

0Q
— AL Qf B M\ BY (%t,HAtH

1 oT A
Bt+1Mt+1Bt+1Qt+1At+1

oM _
t+1Qf+1Bt+1Mt+11 aQtH Mt+11BtT+1Qt+1At+1~

Experimentally, we confirmed that this algorithm pro-
duces the same likelihood and gradients as the linear
time Hessian inversion algorithm. It lacks the conve-
nient close-form gradient formula in Equation 4, which
can make gradient evaluation more tricky in settings
with highly structured gradients, such as the Gaussian
process gradients discussed in the following section.
However, the recursion itself is somewhat simpler to
implement than the direct Hessian inversion.

C. Nonlinear Likelihood Gradients

In this appendix, we present an efficient method for
computing the gradients of the likelihood for the non-
linear variant of our method. We first introduce the
following intermediate quantities:

A = — £} > eMIN A

ki

and ém, =
Using these quantities, the gradient g and Hessian H

are given by

8ip= Z ég.f) AeAvinkeio
i

2 pog NONCG
Hipg= Z <£tip§tiq +Z Ak HEP;Atik + g;}gilq) ))ktiai~
k

%

The terms g and H are given analogously. The ker-
nel variance (B factors out of these equations, so the
likelihood gradient with respect to 5 depends only on
the GP prior. For y and A, we could simply differenti-
ate g and H and apply Equation 4. However, we can

0, Mf+1 &1+ Bl

compute the gradient more efficiently by noting that
only the feature derivatives g(*) and H®) depend on
the state dimensions. This allows us to compute the
likelihood gradlents without computing the gradients

of § and H. Let Fg and ng denote the coefficients of

g:p and Htpq in Equatlon 4. We can then rewrite it as

(9£ 6gtp 6gtp g
6 Lo + Z I
8H 07 8H i 8g Z
a;JFtPII?q tJ tpq+z -
tpq tpq

Now we precompute the following quantities:

Vi = Z g rs, + Z &, %,
k) ~ (k) k) - (K
Ptk = Zggp)ggq tpq Z gp)grgq)rgq

k k ~(k
= SRR, SR, 5

pq
For the gradient with respect to y, we first compute

t(iy) Z Ftqutipé“q + Z nggtipgtqur

rq

Z A ((Ver + wir) Atk — pik).-
P

The gradient with respect to y; is now given by

0
th(y)km i+ S log P(y, A\, B|F).
Yi

where the GP prior gradient is found in previous
work (Levine et al., 2011). For the gradient with re-
spect to A\g, we compute another auxiliary quantity:
A 2 (k) _(k
<t(ik) = Vg + Wik +2 Z quftngﬁq +2 Z Ftpqgtipggq)
Pq

The gradient with respect to Ag is then given by

2
5 (ol - 5Al -

ti
)y, 9
[Z C t1 8)\k

where AEZ,Z =(f}

oL

IV +

Ptk) ko

0
+ W log P(y7 )‘a 5|F)7

— )% + o2

The advantage of this approach is that we avoid form-
ing any factor with size dependent on both the dimen-
sionality of the state space and the number of inducing
points, as well as any factor that depends quadratically
on the number of features. This allows the algorithm
to scale gracefully with state and action dimensional-
ity, inducing point count, and feature count.



