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Abstract

We introduce a new feature size for bounded domains in the plane endowed with an intrinsic metric.
Given a pointx in a domainX , thehomotopy feature sizeof X atx measures half the length of the short-
est loop throughx that is not null-homotopic inX . The resort to an intrinsic metric makes the homotopy
feature size rather insensitive to the local geometry of thedomain, in contrast with its predecessors (local
feature size, weak feature size, homology feature size). This leads to a reduced number of samples that
still capture the topology ofX .

Under reasonable sampling conditions, we show that the geodesic Delaunay triangulationDX (L )
of a �nite samplingL of a bounded planar domainX is homotopy equivalent toX . Moreover, under
similar conditions,DX (L ) is sandwiched between the geodesic witness complexCW

X (L ) and a relaxed
versionCW

X;º (L ). Taking advantage of this fact, we prove that the homology ofDX (L ) (and hence the
one ofX ) can be retrieved by computing the persistent homology betweenCW

X (L ) andCW
X;º (L ).

We propose algorithms for estimating the homotopy feature size, selecting a landmark set of suf-
�cient density, building its geodesic Delaunay triangulation, and computing the homology ofX using
CW

X (L ) andCW
X;º (L ). We also present some practical simulations in the context of sensor networks that

corroborate our theoretical results.

1 Introduction

There are many situations where a topological domain or spaceX is known to us only through a �nite set of
samples. Understanding global topological and geometric properties ofX through its samples is important
in a variety of applications, including surface parametrization in geometry processing, non-linear dimen-
sionality reduction for manifold learning, routing and information discovery insensor networks, etc. Recent
advances in geometric data analysis and in sensor networks have made an extensive use of alandmarking
strategy. Given a point cloudW sampled from a hidden domain or spaceX , the idea is to select a subset
L ½ W of landmarks, on top of which some data structure is built to encode the geometry and topology
of X at a particular scale. Examples in data analysis include the topology estimation algorithm of [17]
and the multi-scale reconstruction algorithm of [7, 27]. Both algorithms rely onthe structural properties of
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Figure 1: Left and center: two Lipschitz domains with very different weakfeature sizes (wfs), but similar
homotopy feature sizes. Right: a geodesic Voronoi edge with non-zero Lebesgue measure.

the witness complex, a data structure speci�cally designed by de Silva [16] for use with the landmarking
strategy. Examples in sensor networks include the GLIDER routing scheme and its variants [21, 22]. The
idea underlying these techniques is that the use of sparse landmarks at different density levels enables us to
reduce the size of the data structures, and to perform calculations on the input data set at different scales.
Two questions arise naturally: (1) how many landmarks are necessary to capture the invariants of a given
objectX at a given scale? (2) what data structures should be built on top of them?

Manifold sampling issues have been intensively studied in the past, independently of the context of
landmarking. The �rst results in this vein were obtained by Amenta, Bern, and Eppstein, for the case where
X is a smoothly-embedded closed curve in the plane or surface in 3-space [1, 2]. Their bound on the
landmark density depends on the local distance to the medial axis ofR2 n X (the local feature size), and
the data structure built on top ofL is the so-calledrestricted Delaunay triangulation. Several extensions of
their result have been proposed, to deal with noisy data sets [18], sampled from closed manifolds of arbitrary
dimensions [7, 14], smoothly or non-smoothly embedded in Euclidean spaces[8]. In parallel, others have
focused on unions of congruent Euclidean balls and their topological invariants, which can be computed via
the dual complex – known as the�Cech complex. In a seminal paper [33], Niyogiet al. proved that, ifX is a
smoothly-embedded closed manifold andL a dense enough sampling ofX , then, for a wide range of values
of r , the union of the Euclidean open balls of radiusr about the points ofL deformation retracts ontoX .

The above results hold only for closed manifolds. The presence of boundaries brings in some new issues
and challenges. An interesting class of manifolds with boundaries is the one of bounded domains inRn .
These naturally arise in the con�guration spaces of motion planning problemsin robotics, in monitoring
complex domains with sensor networks, and in many other contexts where natural obstacles to sampling
certain areas exist. By studying the stability of distance functions to compact sets inRn , Chazal and others
have extended the results of Niyogiet al. to a larger class of objects, including all bounded domainsX with
piecewise-analytic boundaries [12]. Their bound on the landmark densitydepends on the so-calledweak
feature sizeof X , de�ned as the smallest positive critical value of the Euclidean distance to@X. This mild
sampling condition makes the results of [12] valid in a very general setting. However, in many cases the
weak feature size is small compared to the size of the topological features ofX , as illustrated in Figure 1
(center). As a result, many sample points are wasted satisfying the sampling condition of [12], when very
few could suf�ce to capture the topology ofX . In practice, this results in a considerable waste of memory
and computation power.

The case of bounded domains suggests the use of an intrinsic metric on the domain, instead of the
extrinsic metric provided by the embedding. This is essential for certain classes of applications, such as
sensor networks, where node location information may not be available andonly the geodesic distance can
be approximated via wireless connectivity graph distances. Intrinsic metricshave been studied in the context
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of Riemannian manifolds without boundary [31] and, from a more computational point of view, in the
context of the so-calledintrinsic Delaunay triangulations (iDT) of triangulated surfaces without boundary
[6]. 2-D triangle meshes in 3-D that happen to coincide with the iDT of their vertices are known to have many
attractive properties for PDE discretization [24], and generating such iDT meshes is a topic of considerable
interest in geometry processing [20].

Our contributions. In the paper we focus on the special case of bounded domains in the plane– a setting
which already raises numerous questions and �nds important applications insensor networks. We make the
novel claim that resorting to an intrinsic metric instead of the Euclidean metric canresult in very signi�cant
reductions in terms of the number of samples required to recover the homotopytype of a bounded domain
– an especially appealing fact in the context of resource-constrained nodes used in sensor networks. To this
end, we introduce a new quantity, called the homotopy feature size, orhfs for short, which measures the size
of the smallest topological feature (hole in this case) of the considered planar domainX . Speci�cally, given
a pointx 2 X , hfs(x) is de�ned as half the length of the shortest loop throughx that is not null-homotopic
in X – see Figure 1 (left and center) for an illustration. In particular,hfs(x) is in�nite wheneverx lies in
a simply connected component ofX . In contrast with previous quantities,hfs depends essentially on the
global topology ofX , and it is only marginally in�uenced by the local geometry of the domain boundary.
Under the assumption thatX has Lipschitz boundaries (the actual Lipschitz constant being unimportantin
our context), we show thathfs is well-de�ned, positive, and1-Lipschitz in the intrinsic metric. Moreover,
if L is a geodesic"hfs-sample ofX , for some" < 1

3 , then the cover ofX formed by the geodesic Voronoi
cells of the points ofL satis�es the conditions of the Nerve theorem [9, 35], and therefore its dual Delaunay
complexDX (L ) is homotopy equivalent toX . By geodesic"hfs-sample ofX , we mean that every point
x 2 X is at a �nite geodesic distance toL , bounded from above by" hfs(x). In the particular case whenX
is simply connected, our sampling condition only requires thatL have at least one point on each connected
component ofX , regardless of the local geometry ofX . In the general case, our sampling condition can
be satis�ed by placing a constant number of landmarks around each hole of X , and a number of landmarks
in the remaining parts ofX that is logarithmic in the ratio of the geodesic diameter ofX to the geodesic
perimeter of its holes. This is rather independent of the local geometry of theboundary@Xand can result in
selecting far fewer landmarks than required by any of the earlier sampling conditions that guarantee topology
capture.

The homotopy feature size is closely related to the concept of injectivity radius in Riemannian geometry.
We stress this relationship in the paper, by showing that, for all pointx 2 X , hfs(x) is equal to the geodesic
distance fromx to its cut-locus inX . This result also suggests a simple procedure for estimatinghfs(x)
at any pointx 2 X . Using this procedure, we devise a greedy algorithm for generating"hfs-samples of
any given Lipschitz planar domainX , based on a packing strategy. The size of the output lies within a
constant factor of the optimal, the constant depending on the doubling dimension of X . Our algorithm
relies on two oracles whose actual implementations depend on the application considered. We provide some
implementations in the context of sensor networks, based on pre-existing distributed schemes [21, 34].

Finally, we focus on the structural properties of the so-calledgeodesic witness complex, an analog of
the usual witness complex in the intrinsic metric. In many applications, computingDX (L ) can be hard,
due to the dif�culty of checking whether three or more geodesic Voronoi cells have a common intersec-
tion. This is especially true in sensor networks, where the intersections between the Voronoi cells of the
landmarks can only be sought for among the set of nodesW , due to the lack of further information on
the underlying domainX . Therefore, it is convenient to replaceDX (L ) by the geodesic witness complex
CW

X (L ), whose computation only requires us to perform geodesic distance comparisons, instead of locating
points equidistant to multiple landmarks. Assuming that the geodesic distance canbe computed exactly, we
prove an analog of de Silva's theorem [16], which states thatCW

X (L ) is included inDX (L ) under some mild
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sampling conditions. We also prove an analog of Lemma 3.1 of [27], which states that a relaxed version
of CW

X (L ) by allowing a simplex to beº -witnessed byw if its vertices belong to theº + 1 nearest land-
marks ofw, denoted byCW

X;º (L ), containsDX (L ) under similar conditions. Unfortunately, as pointed out in
[27], it is often the case that neither of them coincides withDX (L ). However, taking advantage of the fact
thatDX (L ) is sandwiched betweenCW

X (L ) andCW
X;º (L ), we show that computing the persistent homology

betweenCW
X (L ) andCW

X;º (L ) gives the homology ofDX (L ). This allows to retrieve the homology ofX
without computingDX (L ) in practice. Similar results have been proved for other types of �ltrations [13, 15]
and used in the context of sensor networks [26]. However, to the bestof our knowledge, our result is the
�rst one of this type for the witness complex �ltration.

The paper is organized as follows: after recalling the necessary background in Section 2, we introduce
the homotopy feature size and give some of its main properties in Section 3. Then, in Section 4, we focus
on the structural properties of the geodesic Delaunay triangulation and witness complex. In Section 5, we
detail our algorithms for sampling Lipschitz domains in the plane, estimating their homotopy feature size,
and computing their homology. These algorithms are adapted to the sensor networks setting in Section 6.

2 Background and de�nitions

The ambient space isR2, endowed with the Euclidean metric, noteddE . Given a subsetX of R2, ºX , X , and
@X, stand respectively for the interior, the closure, and the boundary ofX . For all x 2 R2 and allr 2 R+ ,
BE (x; r ) denotes the Euclidean open ball of centerx and of radiusr . We also setI = [0 ; 1]. Finally, S1,
R £ f 0g, andR2

+ , denote respectively the unit circle, the abcissa line, and the closed upper half-plane.
Given a subsetX of R2, apathin X is a continuous mapI ! X . For alla; b2 I (a · b), ° j[a;b] denotes

the paths 7! ° (a + s(b¡ a)) , which can be seen as the restriction of° to the segment[a; b]. In addition,
¹° denotes the paths 7! ° (1 ¡ s), which can be seen as the inverse of° . Given two paths°; ° 0 : I ! X
such that° (1) = ° 0(0), ° ¢° 0denotes their concatenation, de�ned by° ¢° 0(s) = ° (2s) for 0 · s · 1

2 and
° ¢° 0(s) = ° 0(2s¡ 1) for 1

2 · s · 1. Given a pointx 2 X , aloopthroughx in X is a path° in X that starts
and ends atx, i.e. such that° (0) = ° (1) = x. For simplicity, we write° : (I; @I) ! (X; x ). Note that°
can also be seen as a continuous map from the unit circle toX , and we will write° : (S1; 1) ! (X; x ) to
specify that° (1) = x.

2.1 Algebraic tools

Homotopy of maps and spaces. Given two topological spacesX andY , two continuous mapsf; f 0 :
X ! Y are said to behomotopicif there exists a continuous mapF : X £ I ! Y such that, for allx 2 X ,
we haveF (x; 0) = f (x) andF (x; 1) = f 0(x). The mapF is called ahomotopybetweenf andf 0. It can
be seen as a continuous path betweenf andf 0 in the space of continuous maps fromX to Y . If in addition
there exists a subspaceX 0 µ X such that8x0 2 X 0, 8t 2 I , F (x0; t) = f (x0) = f 0(x0), thenF is called
a homotopy betweenf andf 0 relative toX 0, andf; f 0are said to be homotopic relative toX 0. This means
that the homotopy remains constant over time inX 0. A map that is homotopic to a constant map is said to be
null-homotopic. Finally, two topological spacesX andY are said to behomotopy equivalentif there exist
two mapsf : X ! Y andg : Y ! X , such thatg ±f is homotopic to the identity overX , and thatf ±g is
homotopic to the identity overY . This implies thatX; Y have similar topological invariants, such as Betti
numbers, homology groups, or homotopy groups.

Degrees of loops. To any loop° : S1 ! S1 in the unit circle corresponds a unique integerdeg° 2 Z,
called thedegreeof ° , such thatdeg(° ¢° 0) = deg ° + deg ° 0 for all loops°; ° 0 : S1 ! S1, and that
deg° = 0 for any constant map° : S1 ! f xg. It is easily seen thatdeg ¹° = ¡ deg° . Moreover, it can
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be proved that the degree is invariant over each homotopy class of loopsin S1, so thatdeg° encodes the
homotopy class of the loop° – seee.g. [28, Thm. 1.7]. We can de�ne a similar concept for loops in the
plane. Given a loop° : S1 ! R2 and a pointx 2 R2 n ° (S1), consider the map° x = ¼x ± ° : S1 ! S1,
where¼x : R2nf xg ! S1 is the radial projection onto the unit circle centered atx, de�ne by¼x (y) = y¡ x

ky¡ xk .

Since¼x is continuous overR2 n f xg, the map° x is a continuous loop inS1. We then de�ne the degree of°
with respect tox as:degx ° = deg ° x . It is also known as the winding number of° aboutx. Given a point
x 2 R2, if ¡ is a homotopy between two loops°; ° 0 in R2 n f xg, then¼x ±¡ is a homotopy between¼x ±°
and¼x ±° 0 in S1, hence we havedegx ° = deg(¼x ±° ) = deg(¼x ±° 0) = degx ° 0.

Corollary 2.1 For any pointx 2 R2 and any loops°; ° 0 : S1 ! R2 n f xg that are homotopic inR2 n f xg,
we havedegx ° = degx ° 0. In particular, if ° or ° 0 is constant, thendegx ° = degx ° 0 = 0 .

Other useful results. We now recall two standard results from algebraic topology, whose proofs are given
in Appendix A for completeness:

Proposition 2.2
(i) The common intersection of anyk simply connected subsets ofR2 is either empty or simply connected.

(ii) If X; Y are path-connected subsets ofR2 such thatX [ Y is simply connected, thenX \ Y is either
empty or path-connected.

2.2 Length structures

Most of the material of this section comes from [10, Chap. 2]. The Euclidean spaceR2 is naturally endowed
with a length structure, where admissible paths are all continuous pathsI ! R2, and where the length of a
path° is de�ned by:

j° j = sup

(
n¡ 1X

i =0

dE (° (t i ); ° (t i +1 )) ; n 2 N; 0 = t0 · t1 · ¢ ¢ ¢ · tn = 1

)

; (1)

where the supremum is taken over all decompositions ofI into an arbitrary (�nite) number of intervals. We
clearly havej¹° j = j° j. However,j° j is not always �nite. Take for instance Koch's snow�ake, a fractal curve
de�ned as the limit of a sequence of polygonal curves in the plane. It canbe easily shown that, at each
iteration of the construction, the length of the curve is multiplied by4

3 , so that the length of the limit curve
is in�nite. Therefore, we havej ¢ j : C0(I; R2) ! R+ [ f + 1g . When the length of° is �nite, we say that
° is arecti�able path.

Any subsetX of R2 inherits a length structure fromR2, where the class of admissible paths isC0(I; X ),
and where the length function is the same as above. We de�ne anintrinsic (or geodesic) metricdX overX
as follows:

8x; y 2 X; dX (x; y) = inf fj ° j; ° : I ! X; ° (0) = x; ° (1) = yg; (2)

where the in�mum is taken over all paths inX connectingx andy. It is clear that we havedX (x; y) = + 1
wheneverx; y belong to different path-connected components ofX . However, the converse is not always
true. Take for instance a setX made of two disjoint disks connected by Koch's snow�ake: ifx; y belong to
different disks, then all curves connectingx andy go through Koch's snow�ake and therefore have in�nite
length. This raises a critical issue, which is that the topology induced bydX on X – also called intrinsic
topology – may not always coincide1 with the topology induced bydE – also called Euclidean topology.

1In particular, a map° : I ! X that is continuous for the Euclidean topology may not always be continuous for the intrinsic
topology. For instance, for any pointx 2 ° (I ) that lies on Koch's snow�ake, the geodesic distance betweenx and any other point
of X is in�nite, which implies that, for anyr > 0, the geodesic open ballBX (x; r ) is reduced tof xg, and hence its pre-image
through° is a closed subset ofI , and not an open subset ofI .
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This is a problem since the geodesic Voronoi diagram is closely related to theintrinsic metricdX , whereas
the goal is to capture the topology ofX for the extrinsic metricdE . In order to bridge the gap between the
two topologies, we will make further assumptions on the subspaceX in the next section.

Another issue is that some pairs of pointsx; y 2 X may not have a shortest path connecting them,i.e. a
path° : I ! X such that° (0) = x, ° (1) = y, andj° j = d X (x; y). This means that the in�mum in Eq. (2)
is not always a minimum. As an example, take forX the unit closed diskBE (0; 1), and remove the closed
disk BE (0; 1

2) from it: points(¡ 1; 0) and(1; 0) have no shortest path connecting them inX . Nevertheless,
whenX is compact, the following variant of the Arzela-Ascoli theorem applies:

Theorem 2.3 (Thm. 2.5.14 and Prop. 2.5.19 of [10])If X is compact, then every sequence of paths with
uniformly bounded length contains a uniformly converging subsequence.As a consequence, every pair of
points connected by a recti�able path inX has a shortest path inX .

2.3 Lipschitz domains in the plane

To deal with the issues of the previous section, we make further assumptionson our domainX .

De�nition 2.4 A Lipschitz domainin the plane is a compact embedded topological 2-submanifold ofR2

with Lipschitz boundary. Formally, it is a compact subsetX of R2 such that, for all pointx 2 @X, there
exists a neighborhoodVx in R2 and a Lipschitz homeomorphismÁx : R2 ! R2, such thatÁx (0) = x,
Áx (R £ f 0g) \ Vx = @X\ Vx , andÁx (R2

+ ) \ Vx = X \ Vx .

Observe that, for any neighborhoodV 0
x of x included inVx , we also haveÁx (0) = x, Áx (R £ f 0g) \ V 0

x =
@X\ V 0

x , andÁx (R2
+ ) \ V 0

x = X \ V 0
x . Therefore,Vx can be assumed to be arbitrarily small. Moreover,

sinceÁx (0) = x andÁx is continuous,Á¡ 1
x (Vx ) is a neighborhood of the origin inR2, hence it contains an

open Euclidean diskB about the origin. By takingÁ(B ) as the new neighborhoodVx aroundx, we ensure
that Á¡ 1

x (X \ Vx ) is the intersection ofR2
+ with the open diskB . This makes the pre-image ofX \ Vx

throughÁx convex.
The concept of Lipschitz domain is related to the classical notion of smooth submanifold with boundary

– seee.g.[30, Chap. 8], the only difference being that the local chartsÁare only required to be Lipschitz, and
not C1-continuous. As a result, the boundary ofX may not be smooth. This makes the class of Lipschitz
domains quite large. Indeed, it contains all topological 2-manifolds with piecewise-analytic boundaries,
which include in particular all domains with smooth or polygonal boundaries.

Since a Lipschitz domainX is a compact subset ofR2, Theorem 2.3 applies, and therefore any pair
of points of X connected by a recti�able path inX has a shortest path inX . Moreover, according to
Rademacher's theorem [23,x3.1.6], the boundary@Xis differentiable almost everywhere. But the property
of Lipschitz domains that is most interesting to us is that their boundaries are recti�able, since they are
locally images of Lipschitz maps [23,x2.10.11]. This enables to show that the pathological cases mentioned
in Section 2.2 cannot occur with a Lipschitz domain2, as stated in Theorem 2.5 below.

Bibliographical note. Lipschitz domains are sometimes calledweakly Lipschitz manifolds[4] in the lit-
erature, as opposed tostrongly Lipschitz manifolds[8], for which it is further assumed that the boundary
of the domain coincides locally with the graph of some univariate Lipschitz function. Notice also that, in
contrast with [8], we do not make any assumption on the Lipschitz constants of the local charts. All we need
to know is that the latter are Lipschitz, which implies that their images have bounded geometric measure
[23, x2.10.11].

2In particular, the boundary of a Lipschitz domain cannot coincide locally with a fractal curve such as Koch's snow�ake, whose
length is in�nite.
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Theorem 2.5 If X is a Lipschitz domain in the plane, then the intrinsic topology coincides with the Eu-
clidean topology onX .

Proof. First, Eq. (2) implies thatdE (x; y) · dX (x; y) for all x; y 2 X . It follows that every Euclidean
open ball centered inX contains the geodesic open ball of same center and same radius. As a consequence,
every open set in(X; dE ) is also open in(X; dX ). This means that the intrinsic topology is �ner than
the Euclidean topology. To show that, conversely, the Euclidean topology isalso �ner than the intrinsic
topology, we will use the following technical result:

Claim 2.5.1 If X is a Lipschitz domain in the plane, then, for all pointx 2 X , the mapy 7! dX (x; y) is
continuous for the Euclidean topology onX .

Proof. Let x; y 2 X . We will prove that, for all" > 0, there exists a± > 0 such that8y0 2 BE (y; ±),
jdX (x; y0) ¡ dX (x; y)j < " .

- Assume �rst thaty 2 ºX . Then there exists"0 > 0 such thatBE (y; "0) µ ºX . Let ± = min f "; " 0g. For
all y0 2 BE (y; ±), the line segment[y; y0] lies in ºX , hencedX (y; y0) = d E (y; y0) < " . It follows then from
the triangle inequality thatjdX (x; y0) ¡ dX (x; y)j · dX (y; y0) < " .

- Assume now thaty 2 @X. There exists a neighborhoodVy of y in R2 such thatX \ Vy = Áy(R2
+ ) \

Vy , for some Lipschitz homeomorphismÁy . Let cy be the Lipschitz constant ofÁy . As mentioned after
De�nition 2.4, we can assume without loss of generality thatÁ¡ 1

y (X \ Vy) is the intersection ofR2
+ with

an open disk centered at the origin of radius at most"
cy

. Then, for all pointy0 2 X \ Vy , consider the

path° : s 7! Áy
¡
s Á¡ 1

y (y0)
¢
. SinceÁ¡ 1

y (X \ Vy) is convex,° (I ) is included inX \ Vy , and hence inX .
Moreover, the length of the line segment[0; Á¡ 1

y (y0)] is less than"
cy

, hence the length of° is less than" , since
Áy is cy-Lipschitz [23,x2.10.11]. It follows thatdX (y; y0) < " , which implies thatjdX (x; y0) ¡ dX (x; y)j ·
dX (y; y0) < " , by the triangle inequality. This concludes the proof of the claim.¤

We can now show that the Euclidean topology is �ner than the intrinsic topologyon X , which will end
the proof of Theorem 2.5. Consider any geodesic open ballBX (x; " ), wherex 2 X and" > 0. Observe that
BX (x; " ) = d X (x; :)¡ 1([0; " [), wheredX (x; :) denotes the mapy 7! dX (x; y). Since[0; " [ is open inR+

anddX (x; :) is continuous for the Euclidean topology,BX (x; " ) is open in(X; dE ). And since the geodesic
open balls form a basis for the intrinsic topology, every open set in(X; dX ) is also open in(X; dE ). This
means that the Euclidean topology is �ner than the geodesic topology onX . ¤

From now on,X will be endowed with the Euclidean topology by default. Thanks to Theorem 2.5, this
topology will concide with the intrinsic topology wheneverX is a Lipschitz domain.

The next result states that every path inX can be approximated within any accuracy by a homotopic
recti�able path. This implies that the homotopy classes of paths inX coincide with the homotopy classes
of recti�able paths. In particular, every pair of points lying in the same path-connected component ofX is
connected by a recti�able path, and hence it has a shortest path inX , by Theorem 2.3.

Lemma 2.6 For any path° : I ! X and any real number" > 0, there exists a recti�able path° " : I ! X ,
homotopic to° relative3 to @Iin X , such thatmaxs2 I mint2 I dX (° " (s); ° (t)) < " .

The quantitymaxs2 I mint2 I dX (° " (s); ° (t)) is nothing but the semi-Hausdorff distance from° " (I ) to ° (I )
in the intrinsic metric. The basic idea of the proof is to de�ne° " as a piecewise-linear curve whose vertices
lie on ° (I ). This is possible far away from the boundary ofX , but not in its vicinity, where the shape of
@Xmight prevent° " (I ) from being included inX . However, in the vicinity of@X, we can map° (I ) to

3As mentioned in Section 2.1, this means that the homotopy between° " and° is constant over@I= f 0; 1g.
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parameter space through one of the local chartsÁ introduced in De�nition 2.4. Since the pre-image ofX
is convex, we can de�ne a piecewise-linear curve approximatingÁ¡ 1(° (I )) in parameter space, which we
then map back to a recti�able curve inX throughÁ.

Proof. Let ´ be an arbitrary positive real number. According to De�nition 2.4, for allx 2 @X, there exists
some neighborhoodVx µ R2 such that, insideVx , X coincides with the image ofR2

+ through some Lipschitz
homeomorphismÁx . As mentioned after De�nition 2.4, we can assume without loss of generality thatVx

is included inBE (x; ´
2 ), and that the pre-image ofX \ Vx throughÁx is convex. Consider the collection

of open setsf Vxgx2 @X. This is an open cover of@X, which is compact, hence there existx1; ¢ ¢ ¢; xk such
thatVx1 [ ¢ ¢ ¢ [ Vxk covers@X. For simplicity of notations, for alli = 1 ; ¢ ¢ ¢; k we renameVx i asVi and
Áx i asÁi . The open setsVi will be used toshieldthe boundary@X.
For all s 2 I , we consider an open Euclidean diskBs about° (s), of radiusr s de�ned as follows:

² if BE (° (s); ´
2 ) \ @X= ; , thenr s = ´

2 ;
² else, if ° (s) =2 @X, then r s = d E (° (s); @X), wheredE (° (s); @X) > 0 denotes the Euclidean

distance of° (s) to the closed set@X;
² else, we have° (s) 2 @X, therefore° (s) belongs to some neighborhoodVi , and we chooser s > 0

such thatBs µ Vi .
By construction, we haveBs µ ºX if ° (s) =2 @X, andBs µ Vi for somei otherwise. Since° is continuous,
the pre-image of° (I ) \ Bs through° is an open subset ofI . Therefore, it is a disjoint union of open intervals
in I . Consider the collection of all these open intervals, fors spanningI . This collection of intervals forms
an open cover ofI , which is compact, hence there arel intervals in the collection,I 1; ¢ ¢ ¢; I l , such that
I = I 1 [ ¢ ¢ ¢ [ I l . Observe that, by construction, for alli = 1 ; ¢ ¢ ¢; l we have that° (I i ) is included inBsi

for somesi 2 I .
We can assume without loss of generality that the familyf I i g1· i · l is minimal, in the sense that the

removal of any element would destroy the cover:8i = 1 ; ¢ ¢ ¢; l ,
S

j 6= i I j + I . If it is not so, then we can
always remove elements from the family until the property is satis�ed. Let us now re-order the elements
of the family such that the left endpoint ofI i is smaller than the left endpoint ofI i +1 , for all i . Since the
family is minimal, the ordering on the left endpoints of theI i is the same as the ordering on their right
endpoints. As a consequence, eachI i intersects onlyI i ¡ 1 andI i +1 . Let t1 = 0 , t l+1 = 1 , andt i 2 I i ¡ 1 \ I i

8i = 2 ; ¢ ¢ ¢; l . We will approximate° by a piecewise Lipschitz curve connecting the° (t i ). For simplicity,
we rename° j[t i ;t i +1 ] as° i .

By construction, for alli = 1 ; ¢ ¢ ¢; l we have[t i ; t i +1 ] µ I i , hence° i (I ) = ° ([t i ; t i +1 ]) µ ° (I i ), which
is included inBsi .

- Assume �rst thatsi =2 @X, which implies thatBsi µ ºX and r si · ´
2 . De�ne ° i

´ as the linear
interpolation between° (t i ) and° (t i +1 ), namely:° i

´ : s 7! (1 ¡ s)° (t i ) + s° (t i +1 ). SinceBsi is convex,
° i

´ (I ) is included inBsi and hence inX . Moreover, we have° i
´ (0) = ° (t i ) = ° i (0), ° i

´ (1) = ° (t i +1 ) =
° i (1), and the Hausdorff distancedH (° i

´ (I ); ° ([t i ; t i +1 ])) in the Euclidean metric is less than the diameter of
Bsi , which is bounded bý. Furthermore, the map¡ : I £ I ! R2 de�ned by¡( s; t) = (1 ¡ t)° i

´ (s)+ t° i (s)
is a homotopy relative to@Ibetween° i

´ and° i in R2. Since it is a linear interpolation between two maps
whose images lie inBsi , which is convex, the image of¡ is also included inBsi , and hence inºX . It follows
that¡ is a homotopy relative to@Ibetween° i

´ and° i in X .
- Assume now thatsi 2 @X, which implies thatBsi is included in someVj . Because of the pres-

ence of@X in the vicinity of ° ([t i ; t i +1 ]), we can no longer guarantee that the linear interpolation be-
tween ° (t i ) and ° (t i +1 ) remains inX . This is why we use the chartÁj to map the arc° ([t i ; t i +1 ])
to parameter spaceÁ¡ 1

j (X \ Vj ), which is convex. Speci�cally, we de�ne° i
´ as the image throughÁj

of the linear interpolation between the pre-images of° (t i ) and ° (t i +1 ) in Á¡ 1
j (X \ Vj ), namely: ° i

´ :

s 7! Áj

³
(1 ¡ s)(Á¡ 1

j ±° )( t i ) + s(Á¡ 1
j ±° )( t i +1 )

´
. As in the previous case, we have° i

´ (0) = ° i (0) and
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° i
´ (1) = ° i (1). Moreover, sinceÁ¡ 1

j (X \ Vj ) is convex, we have(1 ¡ s)(Á¡ 1
j ±° )( t i ) + s(Á¡ 1

j ±° )( t i +1 ) 2
Á¡ 1

j (X \ Vj ) for all s 2 I , hence° i
´ (I ) is included inX \ Vj . It follows that° i

´ : I ! X , and that the Haus-
dorff distancedH (° i

´ (I ); ° i (I )) in the Euclidean metric is less than the diameter ofVj , which is bounded by
´ sinceVj µ BE (x j ; ´

2 ). Notice also that° i
´ is a Lipschitz map, hence it is recti�able, by [23,x2.10.11].

Finally, the map¡ : I £ I ! R2 de�ned by ¡( s; t) = Áj

³
(1 ¡ t)(Á¡ 1

j ±° i
´ )(s) + t(Á¡ 1

j ±° i )(s)
´

is a

homotopy relative to@Ibetween° i
´ and° i in R2. SinceÁ¡ 1

j ± ¡ is a linear interpolation between maps
Á¡ 1

j ± ° i
´ andÁ¡ 1

j ± ° i in Á¡ 1
j (X \ Vj ), which is convex, the image of¡ is included inX \ Vj . It follows

that¡ is a homotopy relative to@Ibetween° i
´ and° i in X .

We now de�ne° ´ as the concatenation of the° i
´ , namely: ° ´ = ° 1

´ ¢° 2
´ ¢ ¢ ¢° l

´ . By concatenating the
homotopies relative to@Ibetween the° i

´ and the° i , we obtain a homotopy relative to@Ibetween° ´ and
° in X . Moreover, since the° i

´ are recti�able, so is° ´ . We also have° ´ (0) = ° 1
´ (0) = °1(0) = ° (0), and

° ´ (1) = ° l
´ (1) = ° l (1) = ° (1). Finally, the Hausdorff distancedH (° ´ (I ); ° (I )) in the Euclidean metric is

bounded by the maximum of thedH (° i
´ (I ); ° i (I )) , which is less thań.

To conclude the proof of the lemma, we need to show that bounding the Hausdorff distance between°
and its approximation in the Euclidean metric is suf�cient for bounding the semi-Hausdorff distance from
the approximation to° in the intrinsic metric. Let" be an arbitrary positive real number. Since by Theorem
2.5 the Euclidean and geodesic topologies are equal onX , for all s 2 I there exists ańs > 0 such that
BE (° (s); ´ s) is included inBX (° (s); " ). The ballsBE (° (s); ´ s) form an open cover of° (I ). Hence, for
all s 2 I , the Euclidean distance from° (s) to the complement of the cover inR2 is positive. Since° and the
distance to the complement are continuous, whileI is compact, the in�muḿ of the distances of the° (s) to
the complement is in fact a minimum, and therefore it is positive. Now, accordingto the previous paragraphs,
there exists a curve° ´ : I ! X , homotopic to° relative to@Iin X , such thatdH (° (I ); ° ´ (I )) < ´ . It
follows that ° ´ (I ) ½

S
s2 I BE (° (s); ´ ), which is included in

S
s2 I BE (° (s); ´ s) µ

S
s2 I BX (° (s); " ).

This concludes the proof of Lemma 2.6, with° " = ° ´ . ¤

3 The homotopy feature size

De�nition 3.1 Let X be a Lipschitz domain in the plane. Thehomotopy feature sizeof X at a given point
x 2 X is the quantity:hfs(x) = 1

2 inf fj ° j; ° : (S1; 1) ! (X; x ) non null-homotopic inX g.

As illustrated in Figure 1 (left and center), the resort to an intrinsic metric makes the homotopy feature size
rather insensitive to the local geometry of the domainX . Instead,hfs depends on the geodesic perimeters
of the holes ofX , which depend on the geometry ofX at a more global scale.

In Riemannian geometry,hfs(x) is known to be equal to the geodesic distance fromx to its cut-locus on
the manifold. We will prove in Section 5.1 (Lemma 5.1) that this property holds in Lipschitz planar domains
as well.

Lemma 3.2 Let X be a Lipschitz domain in the plane, and letx be a point inX . If the path-connected
component ofX that containsx is simply connected, thenhfs(x) = + 1 . Else,hfs(x) < + 1 , and there
exists a non null-homotopic recti�able loop° : (S1; 1) ! (X; x ) such thathfs(x) = 1

2 j° j > 0.

Proof. Let x 2 X . CallX x the path-connected component ofX that containsx. Every loop throughx in X
is a loop inX x . If X x is simply connected, then the setf ° : (S1; 1) ! (X x ; x) non null-homotopic inX xg
is empty, and therefore its lower boundhfs(x) is in�nite. Assume now thatX x is not simply connected.
Then, there exists at least one non null-homotopic loop°0 : (S1; 1) ! (X x ; x). By Lemma 2.6, we can
assume without loss of generality that°0 is recti�able. We then havehfs(x) · 1

2 j°0j < + 1 .
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Consider now a sequence(° i ) i of non null-homotopic loops throughx in X x , such that(j° i j) i converges
towards2hfs(x). Such a sequnce exists, sincehfs(x) < + 1 is the in�mum of the set of lengths of non
null-homotopic loops throughx. By convergence, we know that there exists a rankn such that, for alli ¸ n,
° i is a recti�able curve of lengthj° i j · 2hfs(x) + 1 . Hence, the sequence(°n+ i ) i is uniformly bounded by
2hfs(x) + 1 . It follows then from Theorem 2.3 that it contains a subsequence converging uniformly towards
some loop° : (S1; 1) ! (X x ; x). Since(j° i j) i converges towards2hfs(x), ° is recti�able, and we have
j° j = 2hfs(x). Moreover, since the° i do not belong to the class of null-homotopic loops throughx in X x ,
neither does° , since the homotopy classes of loops throughx are the path-connected components of the
space of loops(S1; 1) ! (X x ; x). Therefore,° is not null-homotopic. This implies in particular thatj° j
(and hencehfs(x)) is positive. ¤

Lemma 3.3 Let X be a Lipschitz domain in the plane. The mapx 7! hfs(x) is 1-Lipschitz in the intrinsic
metric. Hence, it is continuous for the Euclidean topology, andhfs(X ) = inf f hfs(x); x 2 X g is positive.

Proof. Let x; y 2 X . If x; y belong to difference path-connected components ofX , then we have
dX (x; y) = + 1 . It follows thatjhfs(x) ¡ hfs(y)j · dX (x; y). Assume now thatx; y belong to the same
path-connected componentX i of X . Let ° be a shortest path betweenx andy in X . We are guaranteed
by Theorem 2.3 and Lemma 2.6 that such a path exists. IfX i is simply connected, thenhfs is constant
and equal to+ 1 overX i . Else, consider a loop° x : (S1; 1) ! (X; x ) such thatj° x j = 2hfs(x) < + 1 .
Such a loop exists, by Lemma 3.2. Then, the path° y = ¹° ¢° x ¢° is a loop throughy in X . Its length is
j° x j + 2 j° j = 2hfs(x) + 2d X (x; y). Moreover,° y is homotopic to° x in X , the homotopy consisting in
moving the base point fromy to x along¹° . Therefore,° y is non null-homotopic inX , which implies that
hfs(y) · 1

2 j° y j = hfs( x) + d X (x; y). This proves that the mapx 7! hfs(x) is 1-Lipschitz in the intrinsic
metric, and hence continuous for the intrinsic topology, but also for the Euclidean topology, by Theorem
2.5. SinceX is compact, there exists some pointx 2 X such thathfs(X ) = hfs( x), which is positive, by
Lemma 3.2. ¤

Lemma 3.4 Let X be a Lipschitz domain in the plane. For all pointx 2 X , every loop inside the geodesic
open ballBX (x; hfs(x)) is null-homotopic inX .

Proof. Assume for a contradiction that there exists some pointx 2 X and some loop° x : S1 !
BX (x; hfs(x)) that is not null-homotopic inX . Sincemaxs2 I dX (x; ° x (s)) < hfs(x), Lemma 2.6 ensures
that there exists a recti�able loopS1 ! X that is homotopic to° x in X , and that is still included in
BX (x; hfs(x)) . Hence, we can assume without loss of generality that° x is recti�able. Let ³ be a shortest
path betweenx andy = ° x (0). The path° = ³ ¢° x ¢¹³ is a loop throughx, included inBX (x; hfs(x)) , of
lengthj° j · j ° x j + 2d X (x; y) < + 1 . Moreover,° is non null-homotopic inX , since it is homotopic to
° x . It follows thatj° j ¸ 2hfs(x).

For all s 2 I , we de�ne ° s and ³s to be respectively the path° j[0;s] and a shortest path betweenx
and° (s). Let s0 = inf f s j ° s ¢¹³s non null-homotopic inX g. This means that, for alls < s 0, ° s ¢¹³s

is null-homotopic inX , whereas for alĺ > 0 there exists somes 2 [s0; s0 + ´ [ such that° s ¢¹³s is not
null-homotopic inX .

– If s0 = 0 , then there are arbitrarily short non null-homotopic loops throughx in X , which contradicts
the fact thathfs(x) > 0 (Lemma 3.2).

– If s0 = 1 , then fors arbitrarily close to1, ° j[s;1]¢³s is non null-homotopic inX , and of length arbitrarily
close toj³sj < hfs(x), which contradicts the de�nition ofhfs(x) (De�nition 3.1).

It follows thats0 2]0; 1[. For all ´ > 0, there exists¡ ´ ; s+ ´ 2 I such thats0 ¡ ´ < s ¡ ´ < s 0 < s + ´ <
s0 + ´ , and that° s¡ ´ ¢¹³s¡ ´ is null-homotopic inX whereas° s+ ´ ¢¹³s+ ´ is not. Then,³s¡ ´ is homotopic to
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° s¡ ´ relative4 to @I, which implies that³s¡ ´ ¢° j[s¡ ´ ;s+ ´ ] is homotopic to° s+ ´ relative to@I. As a result, the
loop ° 0 =

¡
³s¡ ´ ¢° j[s¡ ´ ;s+ ´ ]

¢
¢¹³s+ ´ is homotopic to° s+ ´ ¢¹³s+ ´ , which is not null-homotopic inX . Hence,

we havej° 0j ¸ 2hfs(x), by de�nition of hfs(x).
Now, the length of° 0 is j³s¡ ´ j + j° j[s¡ ´ ;s+ ´ ]j + j ¹³s+ ´ j, which is at most2 maxs2 I dX (x; ° (s)) +

j° j[s¡ ´ ;s+ ´ ]j. Sincé is arbitrarily small, so isj° j[s¡ ´ ;s+ ´ ]j, thereforej° 0j is arbitrarily close to2 maxs2 I dX (x; ° (s)) ,
which is less than2hfs(x). This contradicts the fact thatj° 0j ¸ 2hfs(x), as proved in the previous paragraph.
¤

Observe that Lemma 3.4 does not imply that the ballBX (x; hfs(x)) itself is contractible. This fact is
true nevertheless, but its proof requires some more work.

4 Structural results

Given a Lipschitz domainX in the plane, and a set of landmarksL ½ X that is dense enough with respect
to the homotopy feature size ofX , we show in Section 4.1 that the geodesic Delaunay triangulationDX (L )
has the same homotopy type asX (Theorem 4.2). Furthermore, for any set of witnessesW µ X that is
dense enough compared toL , we prove in Section 4.2 thatDX (L ) is sandwiched between the geodesic
witness complexCW

X (L ) and its relaxed versionCW
X;º (L ) (Theorems 4.12 and 4.14).

4.1 Geodesic Delaunay triangulations

Geodesic Voronoi diagrams are nothing but Voronoi diagrams in the intrinsic metric:

De�nition 4.1 Given a subsetX of R2, and a �nite subsetL of X , thegeodesic Voronoi diagramof L in X ,
or VX (L ) for short, is a cellular decomposition ofX , where the cell of a pointp 2 L is de�ned as the locus
of all the pointsx 2 X such thatdX (x; p) · dX (x; q) 8q 2 L . The nerve ofVX (L ) is called thegeodesic
Delaunay triangulationof L in X , notedDX (L ).

Given a simplex¾ 2 D X (L ), we call VX (¾) its dual Voronoi face. Note that, in contrast with the Eu-
clidean case,VX (¾) does not always have Lebesgue measure zero when the dimension of¾is non-zero, as
illustrated in Figure 1 (right).

Let X be a Lipschitz domain in the plane, andL a �nite set of points ofX . We assume thatL is a
geodesic"hfs-sampleof X , for some" < 1

3 , meaning that, for all pointx 2 X , the geodesic distance from
x to L is �nite and at most" hfs(x). Such a point setL must have points in every path-connected component
of X , because geodesic distances toL are required to be �nite. We will see in Section 5.2 how to generate
geodesic"hfs-samples of Lipschitz planar domains.

Theorem 4.2 If X is a Lipschitz domain in the plane, andL a geodesic"hfs-sample ofX , for some" < 1
3 ,

thenDX (L ) andX are homotopy equivalent.

The rest of Section 4.1 is devoted to the proof of Theorem 4.2. The proofrelies on the so-called Nerve
theorem, stated as follows:

Theorem 4.3 (from [9, 35], see also Thm. 10.7 of [5])Let U be a �nite closed cover ofX , such that the
intersection of any collection of elements ofU is either empty or contractible. Then, the nerve ofU is
homotopy equivalent toX .

Here, we takeU to be the collection of the geodesic Voronoi cells:U = fV X (p); p 2 Lg. The nerve of this
collection is precisely the geodesic Delaunay triangulationDX (L ). Therefore, proving Theorem 4.2 comes
down to showing that any collection of cells ofVX (L ) has an empty or contractible intersection, and then
applying Theorem 4.3.

4As mentioned in Section 2.1, this means that the homotopy between³ s ¡ ´ and° s ¡ ´ is constant over@I= f 0; 1g.
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4.1.1 Voronoi cells

We �rst prove that the geodesic Voronoi cells are contractible, which comes down to showing that they are
path-connected (Lemma 4.4) and simply connected (Lemma 4.5).

Lemma 4.4 Under the hypotheses of Theorem 4.2, every cell ofVX (L ) is path-connected.

Proof. Let p 2 L , and letx 2 VX (p). Let ° : I ! X be a shortest path fromp to x in X . Such
a path° exists sincex andp lie in the same path-connected component ofX , dX (x; p) being �nite due
to the fact thatL is a geodesic"hfs-sample ofX . We will show that° (I ) µ V X (p). Assume for a
contradiction that° (s) =2 VX (p) for somes 2 I . This means that there exists a pointq 2 L n f pg such that
dX (° (s); q) < dX (° (s); p). By the triangle inequality, we havedX (q; x) · dX (q; °(s)) + d X (° (s); x),
wheredX (q; °(s)) < dX (p; ° (s)) · j ° j[0;s]j anddX (° (s); x) · j ° j[s;1]j. Hence, we havedX (q; x) <
j° j[0;s]j + j° j[s;1]j = j° j = d X (p; x), which contradicts the assumption thatx 2 VX (p). Therefore,° (I ) µ
VX (p), andx is path-connected top in VX (p). ¤

Lemma 4.5 Under the hypotheses of Theorem 4.2, every cell ofVX (L ) is simply connected.

Proof. Let p 2 L . Assume for a contradiction thatVX (p) is not simply connected. Then, sinceVX (p) µ X
is a bounded subset ofR2, its complement inR2 has at least two path-connected components, only one of
which is unbounded, by the Alexander duality – seee.g. [28, Thm. 3.44]. LetH be a bounded path-
connected component ofR2 n VX (p). H can be viewed as a hole inVX (p).

We claim thatH is included inX . Indeed, consider a loop° : S1 ! V X (p) that winds aroundH
– such a loop exists sinceH is bounded byVX (p). Take any pointx 2 VX (p). For all y 2 VX (p), we
havedX (x; y) · dX (x; p) + d X (p; y) · " hfs(x) + " hfs(y), which is at most 2"

1¡ " hfs(x) sincehfs is
1-Lipschitz in the intrinsic metric. Thus,VX (p) is included in the geodesic closed ballBX (x; 2"

1¡ " hfs(x)) ,
where 2"

1¡ " < 1 since" < 1
3 . Therefore,° : S1 ! V X (p) is null-homotopic inX , by Lemma 3.4. Let

¡ : S1 £ I ! X be a homotopy between° and a constant map inX . For any pointx 2 H , we have
degx ° 6= 0 since the loop° winds aroundH . If x did not belong to¡( S1 £ I ), then¡ would be a homotopy
between° and a constant map inR2 nf xg, thus by Corollary 2.1 we would havedegx ° = 0 , thereby raising
a contradiction. It follows that¡( S1 £ I ) contains all the points ofH , which is therefore included inX .

As a consequence, the hole is caused by the presence of some sites ofL n f pg, whose geodesic Voronoi
cells formH . Assume without loss of generality that there is only one such siteq. We then haveVX (q) = H ,
and@H= VX (q) \ V X (p). Consider the Euclidean ray[p; q), and callx its �rst point of intersection with
@Hbeyondq. The line segment[q; x] is included inH µ X , therefore we havedX (x; q) = d E (x; q), which
yields:

dX (x; p) ¸ dE (x; p) = d E (x; q) + d E (q; p) = d X (x; q) + d E (q; p) > dX (x; q):

This contradicts the fact thatx belongs to@Hand hence toVX (p). ¤

The next result follows from Lemmas 4.4 and 4.5:

Proposition 4.6 Under the hypotheses of Theorem 4.2, every cell ofVX (L ) is contractible.

4.1.2 Intersection of pairs of Voronoi cells

We will now prove that the geodesic Voronoi cells have pairwise empty or contractible intersections. Given
two sitesp; q 2 L whose cells intersect, we �rst study the topological type of their unionVX (p) [ V X (q),
from which we can deduce the topological type of their intersectionVX (p) \ V X (q).
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Lemma 4.7 Under the hypotheses of Theorem 4.2, the union of any two intersecting cells of VX (L ) is
simply connected.

Proof. Let p; q 2 L be such thatVX (p) \ V X (q) 6= ; . The outline of the proof is the same as for
Lemma 4.5. Assume for a contradiction thatVX (p) [ V X (q) is not simply connected, and consider a
hole H in VX (p) [ V X (q). Let x 2 VX (p) \ V X (q). For any pointy 2 VX (p), we havedX (x; y) ·
dX (x; p) + d X (p; y) · " hfs(x) + " hfs(y), which is at most 2"

1¡ " hfs(x) sincehfs is 1-Lipschitz in the
intrinsic metric. Idem for the points ofVX (q). As a consequence,VX (p) [ V X (q) is included in the
geodesic closed ballBX (x; 2"

1¡ " hfs(p)) , where 2"
1¡ " < 1 since" < 1

3 . Therefore, by the same argument as
in the proof of Lemma 4.5,H is included inX .

It follows that the hole is caused by the presence of some sites ofL nf p; qg, whose geodesic Voronoi cells
form H . Assume without loss of generality that there is only one such siteu. We then haveVX (u) = H ,
and@H= VX (u) \ (VX (p) [ V X (q)) . Consider the Euclidean linel passing throughu and perpendicular
to (p; q). Let x; y be the �rst points of intersection ofl with @Hin each direction, starting fromu. Since
anglesdxup and dpuy sum up to§ ¼, one of them (saydxup) is obtuse. This implies thatdxuq is also obtuse.
Assume without loss of generality thatdX (x; p) · dX (x; q). Since the line segment[u; x] is included in
H µ X , we havedX (x; u) = d E (x; u). Hence, using Pythagoras' theorem together with the fact thatdxup
is obtuse, we get:

dX (x; p)2 ¸ dE (x; p)2 ¸ dE (x; u)2 + d E (u; p)2 = d X (x; u)2 + d E (u; p)2 > dX (x; u)2:

Now, x belongs to@Hand hence toVX (p) [ V X (q). Moreover, we assumed without loss of generality that
dX (x; p) · dX (x; q), thereforex belongs toVX (p), which contradicts the above equation. It follows that
VX (p) [ V X (q) is simply connected, which concludes the proof of the lemma.¤

Using the above result, we can now show thatVX (p) \ V X (q) is contractible.

Proposition 4.8 Under the hypotheses of Theorem 4.2, the intersection of any two cells ofVX (L ) is either
empty or contractible.

Proof. Let p; q 2 L be such thatVX (p) \ V X (q) 6= ; . Proposition 2.2 (i) tells us thatVX (p) \ V X (q) is
simply connected, sinceVX (p) andVX (q) are, by Lemma 4.5. Moreover, Proposition 2.2 (ii) tells us that
VX (p) \V X (q) is path-connected, since by Lemma 4.4VX (p) andVX (q) are, and since by Lemma 4.7 their
union is simply connected.¤

4.1.3 Intersection of arbitrary numbers of Voronoi cells

The following result, combined with Theorem 4.3, concludes the proof of Theorem 4.2:

Proposition 4.9 Under the hypotheses of Theorem 4.2, for anyk sitesp1; ¢ ¢ ¢; pk 2 L, the intersection
VX (p1) \ ¢ ¢ ¢ \ VX (pk ) is either empty or contractible.

Proof. The proof is by induction onk. Casesk = 1 andk = 2 were proved in Sections 4.1.1 and 4.1.2
respectively. Assume now that the result is true up to somek ¸ 2, and considerk +1 sitesp1; ¢ ¢ ¢; pk+1 2 L
such thatVX (p1) \ ¢ ¢ ¢ \ VX (pk+1 ) 6= ; .

Notice �rst thatVX (p1) \ ¢ ¢ ¢ \ VX (pk+1 ) is the intersection of
T k

i =1 VX (pi ) with VX (pk+1 ), which by
the induction hypothesis are simply connected. Hence, their intersectionVX (p1) \ ¢ ¢ ¢ \ VX (pk+1 ) is also
simply connected, by Proposition 2.2 (i).

13



Observe now that
³ T k

i =1 VX (pi )
´

[ V X (pk+1 ) can be rewritten as
T k

i =1 (VX (pi ) [ V X (pk+1 )) . By the

induction hypothesis (more precisely, according to the casek = 2 ), everyVX (pi ) [ V X (pk+1 ) is simply
connected, hence so is

T k
i =1 (VX (pi ) [ V X (pk+1 )) , by Proposition 2.2 (i). It follows then from Proposition

2.2 (ii) that the intersectionVX (p1)\¢ ¢ ¢\VX (pk+1 ) is path-connected, since by induction both
T k

i =1 VX (pi )
andVX (pk+1 ) are, and since their union is simply connected.¤

4.2 Geodesic witness complexes

Witness complexes in the intrinsic metric are de�ned in the same way as in the Euclidean metric:

De�nition 4.10 Given a subsetX of R2, and two subsetsW; L of X such thatL is �nite,
² given a pointw 2 W and a simplex¾ = [ p0; ¢ ¢ ¢; pl ] with vertices inL , w is a witnessof ¾if for all
i = 0 ; ¢ ¢ ¢; l , dX (w; pi ) is �nite and bounded from above bydX (w; q) for all q 2 L n f p0; ¢ ¢ ¢; pl g;
² thegeodesic witness complexof L relative toW , or CW

X (L ) for short, is the maximal abstract simplicial
complex with vertices inL , whose faces are witnessed by points ofW .

Observe that a pointw 2 W may only witness simplices whose vertices lie in the same path-connected
component ofX asw. The fact thatCW

X (L ) is an abstract simplicial complex means that a simplex belongs
to the complex only if all its faces do. In the sequel,W is called the set of witnesses, whileL is referred to
as the set of landmarks.

As in the Euclidean case, there exists a stronger notion of witness complex, where each witness is
required to be equidistant to the vertices of the simplex¾. In this case,¾ is a Delaunay simplex, and
therefore the strong witness complex is included in the Delaunay triangulation.In his seminal work [16], de
Silva shows that the weak witness complex is also included in the Delaunay triangulation, in the Euclidean
metric. Below we give an equivalent of this result in the intrinsic metric – see Theorem 4.12. The proof uses
the same kind of machinery as in [3], and it relies on the following fact:

Lemma 4.11 Let X be a Lipschitz domain in the plane, andL a geodesic"hfs-sample ofX , for some
" < 1. Letx be a point ofX , andp its (k + 1) th nearest point ofL in the intrinsic metric. Ifx andp lie in

the same path-connected component ofX , thendX (x; p) ·
³

3+ "
1¡ "

´ k
" hfs(x). Else,dX (x; p) = + 1 .

Proof. The proof is by induction onk. We callX x the path-connected component ofX that containsx.
- Casek = 0 : by de�nition, p is a nearest neighbor ofx in L for the geodesic distance. SinceL is a

geodesic"hfs-sample ofX , we havedX (x; p) · " hfs(x) =
³

3+ "
1¡ "

´ k
" hfs(x).

- General case: assume that the result holds up to somek ¸ 0. Letp0; ¢ ¢ ¢; pk+1 denote thek+2 points of
L closest tox in the intrinsic metric, ordered according to their geodesic distances tox. If pk+1 =2 X x , then
we havedX (x; pk+1 ) = + 1 , which proves the result fork + 1 . Assume now thatpk+1 2 X x . This implies
that all thepi also belong toX x , since their geodesic distances tox are bounded bydX (x; pk+1 ) < + 1 .

By the induction hypothesis, we havedX (x; p0) · ¢ ¢ ¢ · dX (x; pk ) ·
³

3+ "
1¡ "

´ k
" hfs(x). Sincepk+1 lies in

X x , the latter is not covered byVX (p0) [ ¢ ¢ ¢ [ VX (pk ). Therefore, there is a pointp 2 L n f p0; ¢ ¢ ¢; pkg
such thatVX (p) intersects the geodesic Voronoi cell ofpi , for somei 2 f 0; ¢ ¢ ¢; kg. Note thatp may
or may not bepk+1 itself. Let y 2 VX (pi ) \ V X (p). SinceL is a geodesic"hfs-sample ofX , we have
dX (y; pi ) = d X (y; p) · " hfs(y). Thus, by the triangle inequality and the induction hypothesis, we get:

dX (x; y) · dX (x; pi ) + d X (pi ; y) ·
µ

3 + "
1 ¡ "

¶ k

" hfs(x) + " hfs(y):
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Sincehfs is 1-Lipschitz in the intrinsic metric, we havehfs(y) · hfs(x) + d X (x; y), which, by the above

equation, is at most
µ

1 + "
³

3+ "
1¡ "

´ k
¶

hfs(x) + " hfs(y). It follows thathfs(y) · (1¡ " )k + " (3+ " )k

(1¡ " )k +1 hfs(x).

Now, sincep =2 f p0; ¢ ¢ ¢; pkg, we havedX (x; pk+1 ) · dX (x; p), which by the triangle inequality is at most

dX (x; pi ) + 2d X (y; pi ). By the induction hypothesis,dX (x; pi ) is bounded by
³

3+ "
1¡ "

´ 2
" hfs(x), whereas

according to the above computations,2dX (y; pi ) is at most2" (1¡ " )k + " (3¡ " )k

(1¡ " )k +1 hfs(x). In the end, we obtain:

dX (x; pk+1 ) ·

Ãµ
3 + "
1 ¡ "

¶ k

+ 2
(1 ¡ " )k + "(3 + ")k

(1 ¡ " )k+1

!

" hfs(x) ·
(3 + ")k+1

(1 ¡ " )k+1 " hfs(x);

which proves the result fork + 1 . ¤

Theorem 4.12 LetX be a Lipschitz domain in the plane, andL a geodesic"hfs-sample ofX . If " · 1
4k +1 ,

for some integerk ¸ 0, then thek-skeleton ofCW
X (L ) is included inDX (L ) for all W µ X .

Proof. The proof is by induction onk. There will be in fact two inductions, therefore we call this one Ik,
for clarity.

- Casek = 0 : every point ofL is a vertex ofDX (L ), whether it is witnessed by a point ofW or not.
- General case of Ik: assume that the result holds up to somek ¸ 0. Assume further that" · 1

4k +2 . Let
¾= [ p0; ¢ ¢ ¢; pk+1 ] be a simplex ofCW

X (L ), and letw0 2 W be a witness of¾. Consider without loss of
generality that thepi are ordered such thatdX (w0; p0) ¸ ¢ ¢ ¢ ¸ dX (w0; pk+1 ). Then, the geodesic closed
ball B0 = BX (w0; dX (w0; p0)) contains thepi and no other point ofL . Moreover,p0 belongs to@B0. We
will prove by induction thatB0 can be shrunk to some geodesic closed ballBk+1 such that all thepi lie
on @Bk+1 , while Bk+1 still contains no other point ofL . The center ofBk+1 will then be equidistant to
all the vertices of¾, and the latter will therefore be proved to be inDX (L ). The induction, named Ir for
clarity, states that there is a geodesic closed ballB r that contains thepi and no other point ofL , and such
thatp0; ¢ ¢ ¢; pr lie on@Br .

² Caser = 0 : initially, we havep0 2 @B0, andB0 contains thepi and no other point ofL .
² General case of Ir (0 · r < k ): assume that we have found a geodesic closed ballB r that satis�es

the requirements. In particular, we havep0; ¢ ¢ ¢; pr 2 @Br . This means that the centerwr of B r belongs to
V0

X (p0) \ ¢ ¢ ¢ \ V0
X (pr ), whereV0

X (pi ) denotes the cell ofpi (i · r ) in the geodesic Voronoi diagram ofL n
f pr +1 ; ¢ ¢ ¢; pk+1 g. Moreover, since[p0; ¢ ¢ ¢; pk+1 ] belongs toCW

X (L ), so does its subsimplex[p0; ¢ ¢ ¢; pr ],
which therefore belongs also toDX (L ), by the induction hypothesis of Ik. Hence,VX (p0) \ ¢ ¢ ¢ \ VX (pr ) is
not empty. Let~wr 2 VX (p0) \ ¢ ¢ ¢ \ VX (pr ). Since the cell of anypi in VX (L n f pr +1 ; ¢ ¢ ¢; pk+1 g) contains
the cell ofpi in VX (L ), ~wr also belongs toV0

X (p0) \ ¢ ¢ ¢ \ V0
X (pr ).

We claim thatV0
X (p0) \ ¢ ¢ ¢ \ V0

X (pr ) is path-connected. Indeed, for any pointx 2 X , the geodesic dis-
tance fromx toL is �nite, becauseL is a geodesic"hfs-sample ofX . And sincew0 witnesses[p0; ¢ ¢ ¢; pk+1 ],
all thepi lie in the same path-connected component ofX asw0, therefore the geodesic distance betweenx

andL nf pr +1 ; ¢ ¢ ¢; pk+1 g is still �nite, and by Lemma 4.11 it is bounded by
³

3+ "
1¡ "

´ k+1
" hfs(x). This quan-

tity is less than4k+1 " hfs(x) · 1
4 hfs(x), since by the induction hypothesis of Ik we have" · 1

4k +2 < 1
5 .

Hence,L n f pr +1 ; ¢ ¢ ¢; pk+1 g is a geodesic"0hfs-sample ofX , for some"0 < 1
3 . As a consequence,

V0
X (p0) \ ¢ ¢ ¢ \ V0

X (pr ) is path-connected, by Proposition 4.9.
Sincewr and ~wr both belong toV0

X (p0) \ ¢ ¢ ¢ \ V0
X (pr ), which is path-connected, there exists a path

° : I ! V 0
X (p0) \ ¢ ¢ ¢ \ V0

X (pr ) such that° (0) = wr and° (1) = ~wr . For all s 2 I , ° (s) is equidistant to
p0; ¢ ¢ ¢; pr , and closer to these points than to any other point ofL nf pr +1 ; ¢ ¢ ¢; pk+1 g, in the intrinsic metric.

15



p

1

1

1

1

q1

q2

qk � 1

qk

2
2k � 1

2
2k � 1

p

1

1

1

1

q1

q2

qk � 1

qk

2
2k � 1

2
2k � 1

p0

1 1

Figure 2: Left: a Lipschitz domain with doubling dimension at leastk. Right: the size off q1; ¢ ¢ ¢; qkg is k
2

times that off p; p0g, although both point sets are geodesichfs-samples of the domain andf q1; ¢ ¢ ¢; qkg is a
geodesichfs

2 -packing.

Moreover, for allj = r + 1 ; ¢ ¢ ¢; k + 1 , the mapf j : s 7! dX (° (s); p0) ¡ dX (° (s); pj ) is continuous, and
we havef j (0) = d X (wr ; p0) ¡ dX (wr ; pj ) ¸ 0 sinceB r containspj and hasp0 on its boundary, whereas
f j (1) = d X ( ~wr ; p0) ¡ dX ( ~wr ; pj ) · 0 since ~wr is a witness of[p0; ¢ ¢ ¢; pr ]. Thus,f j (s) = 0 for at least
one values 2 I . Let sj be the smallest suchs.

Consider now~j = argmin j = r +1 ;¢¢¢;k+1 sj , and assume without loss of generality that~j = r + 1 . We
then havef r +1 (sr +1 ) = 0 andf j (sr +1 ) ¸ 0 for all j = r + 2 ; ¢ ¢ ¢; k + 1 . This means that the pointwr +1 =
° (sr +1 ) is equidistant top0; ¢ ¢ ¢; pr +1 , and farther from these points than frompr +2 ; ¢ ¢ ¢; pk+1 . In addition,
wr +1 is closer top0; ¢ ¢ ¢; pr +1 than to any other point ofL n f pr +2 ; ¢ ¢ ¢; pk+1 g, sincewr +1 2 ° (I ) µ
V0

X (p0). It follows that the geodesic closed ballB r +1 = BX (wr +1 ; dX (wr +1 ; p0)) containsp0; ¢ ¢ ¢; pk+1

and no other point ofL , and thatp0; ¢ ¢ ¢; pr +1 lie on @Br +1 . This concludes the induction Ir, and hereby
also the induction Ik.¤

Note that, for the conclusion of Theorem 4.12 to hold, it is mandatory to make anassumption on the
density of the landmark setL , since otherwise some boundary effects could occur. As an example, take for
X an annulus and forL a set of three landmarks evenly distributed around the hole of the annulus:DX (L )
is then an empty triangle, but sinceL has only three points, the triangle is witnessed and therefore it belongs
to CW

X (L ).
Our next result (Theorem 4.14) is an analog of Theorem 3.2 of [27]. It involves a relaxed version of

the witness complex, de�ned as follows. Given an integerº ¸ 0, a simplex¾is º -witnessed byw 2 W if
the vertices of¾belong to theº + 1 landmarks closest tow in the intrinsic metric. The geodesicº -witness
complex ofL relative toW , or CW

X;º (L ) for short, is the maximum abstract simplicial complex made of
º -witnessed simplices. Its dimension is at mostº .

Theorem 4.14 assumes thatL is a "
1+ " hfs-sparse geodesic"hfs-sample ofX , which means that every

pair of landmarksp; q satis�es: dX (p; q) ¸ "
1+ " minf hfs(p); hfs(q)g. The bound on" depends on the

doubling dimensionof (X; dX ), de�ned as the smallest integerd such that every geodesic closed ball can be
covered by a union of2d geodesic closed balls of half its radius. The doubling dimension measures theshape
complexity ofX , and it can be arbitrarily large. As an example, take forX a comb-shaped domain made
of a rectangle of dimensions1 £ 2, to which are gluedk vertical branches of length1 and width 2

2k¡ 1 , as
illustrated in Figure 2 (left). The geodesic distance from any point ofX to the center pointp is at most2, so
thatX is covered by the geodesic closed ballBX (p;2). Consider now the geodesic closed ballsBX (qi ; 1),
1 · i · k, where pointsqi are located at the tips of thek branches ofX . Every ballBX (qi ; 1) is included in
the branch ofqi , therefore the ballsBX (qi ; 1) are pairwise disjoint. Thus, at leastk geodesic closed balls of
radius1 can be packed inside a geodesic closed ball of radius2, which implies that the doubling dimension
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of (X; dX ) is at leastlog2 k, according to the following result by Kolmogorov and Tikhomirov:

Lemma 4.13 (from [29]) Given any subsetY of X , and any real numberr > 0, the maximum number
of pairwise-disjoint geodesic closed balls of radiusr that can be packed insideY is at most the minimum
number of geodesic closed balls of radiusr that are necessary to coverY .

Theorem 4.14 Let X be a Lipschitz domain in the plane, of doubling dimensiond. Let W be a geodesic
±hfs-sample ofX , andL a geodesic"hfs-sample ofX that is also "

1+ " hfs-sparse. If" + 2± < 1, then, for

any integerº ¸ 2ld ¡ 1, wherel =
l
log2

2(1+ ±=" )(1+ " )
1¡ " ¡ 2±

m
, DX (L ) is included inCW

X;º (L ).

Proof. Let ¾be a simplex ofDX (L ), and letc be a point of its dual geodesic Voronoi cellVX (¾). Since
W is a geodesic±hfs-sample ofX , there is a pointw 2 W at geodesic distance at most± hfs(c) from c.
Moreover, sinceL is a geodesic"hfs-sample ofX , every vertexv of ¾is at geodesic distance at most" hfs(c)
from c. It follows thatdX (w; v) · (± + ") hfs(c). Now, sinceL is "

1+ " hfs-sparse, every two landmarks
v; v0 located in the geodesic closed ballBX (w; (" + ±) hfs(c)) satisfy: dX (v; v0) ¸ "

1+ " hfs(v), assuming
without loss of generality thathfs(v) · hfs(v0). Sincehfs is 1-Lipschitz in the intrinsic metric (Lemma 3.3),
we have:hfs(v) ¸ hfs(c) ¡ dX (v; c) ¸ hfs(c) ¡ (" +2±) hfs(c) = (1 ¡ " ¡ 2±) hfs(c). Thus, the landmarks
insideBX (w; (" + ±) hfs(c)) are at least" (1¡ " ¡ 2±)

1+ " hfs(c) away from one another in the intrinsic metric.

Hence, they are centers of pairwise-disjoint geodesic balls of same radius " (1¡ " ¡ 2±)
2(1+ " ) hfs(c). According to

Lemma 4.13, there are at most2ld such balls, wherel =
l
log2

2("+ ±)(1+ " )
" (1¡ " ¡ 2±)

m
=

l
log2

2(1+ ±=" )(1+ " )
1¡ " ¡ 2±

m
. It

follows that¾is º -witnessed byw wheneverº ¸ 2ld ¡ 1. Since this is true for every simplex¾of DX (L ),
the latter is included inCW

X;º (L ) wheneverº ¸ 2ld ¡ 1. ¤

It follows from Theorems 4.12 and 4.14 that, wheneverL andW are dense enough,DX (L ) is sand-
wiched betweenCW

X (L ) andCW
X;º (L ), provided thatº is chosen suf�cienly large. The simulation results

presented in Section 6 suggest that even small values ofº are suf�cient in practice. Note however that, in
some cases, neitherCW

X (L ) nor CW
X;º (L ) coincides exactly withDX (L ). This fact, already observed in [27]

in a Euclidean setting, motivates the use of persistent homology betweenCW
X (L ) andCW

X;º (L ) for computing
the homology ofDX (L ) without building the latter complex explicitly – see Section 5.3.

5 Algorithms

In this section, we describe high-level procedures for estimatinghfs, for generating geodesic"hfs-samples,
and for computing the homology of a Lipschitz planar domain. Our algorithms relyessentially on two
oracles, whose implementations depend on the application considered. Section 6 will be devoted to the
implementation of such oracles on a sensor network.

5.1 Computing the homotopy feature size

A noticeable feature of the homotopy feature size is its close relationship with theso-called cut-locus. For
any given path° : I ! X , we call trajectoryof ° the set° (I ). If ° is a shortest path betweenx = ° (0)
andy = ° (1), then° (I ) is called ashortest trajectorybetweenx andy. Note that different paths may
have identical trajectories. In particular, a shortest trajectory may be shared by shortest paths as well as
non-shortest paths (think of the latter as moving back and forth along the trajectory). Given a pointx 2 X ,
the cut-locusof x in X , or CLX (x) for short, is the locus of the points ofX having at least two distinct
shortest trajectories tox in X . In other words, a pointy 2 X belongs toCLX (x) iff there exist two paths
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°; ° 0 : I ! X such that° (0) = ° 0(0) = x, ° (1) = ° 0(1) = y, j° j = j° 0j = d X (x; y), and° (I ) 6= ° 0(I ).
The geodesic distance fromx to its cut-locus is denoted bydX (x; CLX (x)) .

Lemma 5.1 If X is a Lipschitz domain in the plane, then8x 2 X , hfs(x) = d X (x; CLX (x)) .

Proof. We �rst show thathfs(x) ¸ dX (x; CLX (x)) . This is clearly true if the path-connected component
X i of X that containsx is simply connected, since in such a case we havehfs(x) = + 1 . Assume now
that X i is not simply connected, and let° : (S1; 1) ! (X; 1) be a non null-homotopic loop throughx
in X , of length2hfs(x) < + 1 . Such a loop exists, by Lemma 3.2. Moreover, according to [10, Prop.
2.5.9], we can assume without loss of generality that° is parameterized by constant speed, that is:8s 2 I ,
j° [0;s]j = sj° j. We then havej° [0;1=2]j = j° [1=2;1]j = 1

2 j° j = hfs( x). Call respectively° 0 and° 00the paths
° [0;1=2] and° [1=2;1]. These are two paths betweenx andy = ° (1=2) in X , hence their lengths are at least
dX (x; y). We claim thatj° 0j = j° 00j = d X (x; y). Indeed, let³ be a shortest path fromx to y in X .
Since° is not null-homotopic inX , ° 0 and¹° 00are not homotopic relative to@Iin X , and therefore° 0¢¹³
or ¹° 00¢¹³ (say° 0 ¢¹³ ) is not null-homotopic inX . It follows that j° 0 ¢¹³ j ¸ 2hfs(x). Now, if j³ j < j° 00j,
then we havej° 0 ¢¹³ j = j° 0j + j³ j < j° 0j + j° 00j = j° j = 2hfs(x), which raises a contradiction with the
previous sentence. Therefore,j° 0j = j° 00j = j³ j = d X (x; y). Finally, we claim that the trajectories of
° 0 and° 00are distinct. Assume for a contradiction that° 0(I ) = ° 00(I ). Then, for alls0 2 [0; 1=2], there
existss002 [1=2; 1] such that° (s0) = ° (s00). This implies thatdX (x; ° (s0)) = d X (x; ° (s00)) . But since° 0

and¹° 00are shortest paths fromx to y in X , we havedX (x; ° (s0)) = j° [0;s0]j anddX (x; ° (s00)) = j° [s00;1]j.
It follows that s0 = 1 ¡ s00, because° is parameterized by constant speed. This means that° 0 = ¹° 00,
which implies that° = ° 0¢° 00is null-homotopic inX , which contradicts our assumption. Thus, we have
° 0(I ) 6= ° 00(I ), as well asj° 0j = j° 00j = d X (x; y), which means thaty belongs toCLX (x). Therefore,
hfs(x) = j° 0j = j° 00j = d X (x; y) ¸ dX (x; CLX (x)) .

Let us now show thathfs(x) · dX (x; CLX (x)) . Assume for a contradiction that there is a point
y 2 CLX (x) such thatdX (x; y) < hfs(x). Point y has at least two shortest paths°; ° 0 from x whose
trajectories differ. Assume without loss of generality that°; ° 0 are parameterized by constant speed. Then,
for all 0 · s < s 0 · 1, we have° (s) 6= ° (s0), since otherwise the path° [0;s] ¢° [s0;1] would connectx to
y and be strictly shorter than° , hereby contradicting the fact that the latter is a shortest path fromx to y.
Thus,° is an injection fromI to X . Given any pointsu; v 2 ° (I ), with ° ¡ 1(u) · ° ¡ 1(v), we call °uv

the path° [° ¡ 1 (u);° ¡ 1 (v)] . By the same argument,° 0 is also an injection fromI to X , and we use the same
notation for subpaths.

Since the trajectories of° and° 0differ, we have° (I )n° 0(I ) 6= ; or ° 0(I )n° (I ) 6= ; – say° (I )n° 0(I ) 6=
; . Let °uv be a maximal subarc of° satisfying°uv (]0; 1[) \ ° 0(I ) = ; . Here,u andv are the two endpoints
of °uv , and by maximality we haveu 6= v andu; v 2 ° (I ) \ ° 0(I ). Since°uv and° 0

uv are injective, and since
their images inX have common endpoints but disjoint relative interiors, the path° 0

uv ¢¹° vu is a simple loop,
and therefore it divides the plane into two connected components, one of which (calledC) is bounded, by
the Jordan curve theorem. Moreover, we have@C= ( ° 0

uv ¢¹° vu )( I ), and the degree of the loop with respect
to any point ofC is non-zero. Now, since°; ° 0are shortest paths fromx to y, with dX (x; y) < hfs(x), the
image of the loop° 0

uv ¢¹° vu lies in the open geodesic ballBX (x; hfs(x)) . Hence, by Lemma 3.4, the loop is
null-homotopic inX , and since its degree with respect to the points ofC is non-zero, any homotopy with
a constant map inX passes through the points ofC, which therefore belong toX . Thus, between pointsu
andv, ° and° 0 sandwich a regionC that is included inX . We will show that there exist shortcuts to°; ° 0

in C, hereby contradicting the fact that° and° 0are shortest paths fromx to y in X .
Consider the line segment[u; v], and choose a positively-oriented orthonormal frame such that pointu

is at the origin, line(u; v) is vertical, and pointv lies aboveu. Let ¸ uv denote the paths 7! (1 ¡ s)u + sv.
- If [u; v] is included inC, then the paths° xu ¢¸ uv ¢° vy and° 0

xu ¢¸ uv ¢° 0
vy connectx to y in X . And

since°uv (I ) and ° 0
uv (I ) differ, one of them at least (say°uv (I )) differs from [u; v], which implies that
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j°uv j > dE (u; v) = j¸ uv j and hence thatj° j > j° xu ¢̧ uv ¢° vy j, which contradicts the fact that° is a shortest
path fromx to y in X .

- If now [u; v] is not included inC, then there is a pointp 2 [u; v] that does not belong toC. On the
horizontal line passing throughp, C lies on the right or on the left of(u; v), say on the right. Letc be a
rightmost point ofC. We havec =2 f u; vg becausec lies on the right of line(u; v). Note thatc 2 @C, and
assume without loss of generality thatc 2 °uv (I ), which implies thatc =2 ° 0

uv (I ) sincec =2 f u; vg. Let ®
be the connected component of°uv (I ) n (u; v) that containsc. Since°uv is a simple arc,® is a subarc of
°uv , starting and ending on(u; v), and passing throughc. Let l be the vertical line passing throughc. Note
thatC does not intersect the right half-plane bounded byl. Nevertheless, other components of@Cn (u; v)
may touchl, including some subarcs of° 0

uv . However, by paringC in�nitesimally in their vicinity, one can
easily ensure that® is the only arc of@Cthat touchesl. Hence, from now on, we assume without loss of
generality thatl \ C µ ®. This implies that° 0

uv (I ) does not touchl, since® µ °uv (]0; 1[), which does not
intersect° 0

uv (I ). Therefore, the rightmost vertical linel0 touching° 0
uv (I ) lies on the left ofl . Let ± > 0

denote the Euclidean distance betweenl andl0.
Consider the Euclidean open ballBE (c; ±). Sincec 2 C, there exists a pointc00lying in C \ BE (c; ±).

SinceC is open inR2, we havec00 =2 @C. Let l00be the vertical line passing throughc00. Note thatl00is
located on the right ofl0. Let u00andv00be the �rst points of intersection ofl00with @Cabove and belowc00.
We have[u00; v00] µ C. Moreover,u006= v00becausec00=2 @C. In addition,u00andv00belong to°uv (I ), since
they lie onl00and hence on the right ofl0. Finally, [u00; v00] differs from °u00v00(I ) because[u00; v00] passes
throughc00 =2 @C. As a result, the patḩu00v00, de�ned by s 7! (1 ¡ s)u00+ sv00, is included inC µ X ,
it connects pointsu00; v00of °uv (I ), and it is shorter than°u00v00. It follows that the path° xu 00 ¢¸ u00v00 ¢° v00y

connectsx to y in X , and is strictly shorter than° , which contradicts the fact that° is a shortest path fromx
to y in X . This shows that every pointy inside the geodesic open ballBX (x; hfs(x)) has only one shortest
trajectory fromx. It follows thathfs(x) · dX (x; CLX (x)) , which concludes the proof of Lemma 5.1.¤

The fact that the geodesic distance from a pointx 2 X to its cut-locus is equal to half the length
of the shortest non null-homotopic loop throughx is a classical result of Riemannian geometry. Mitchell
has exported it to the case of domains with piecewise-linear boundaries in theplane [32]. Lemma 5.1
above extends Mitchell's result to the case of domains with Lipschitz boundaries, and it suggests a simple
procedure for computing the homotopy feature size: given a Lipschitz domain X in the plane, and a point
x 2 X , grow a geodesic closed ballB aboutx at constant speed, starting with a radius of zero, and ending
whenB covers the path-connected componentX x of X containingx. Meanwhile, focus on the wavefront
@Bas the radius ofB increases – this wavefront evolves as the iso-level sets of the mapy 7! dX (x; y):

– if at some stage the wavefrontself-intersects, meaning that there is a pointy 2 @Bwith two or more
distinct shortest trajectories tox, then interrupt the growing process and return the current value of the
radius ofB ;

– else, stop onceB coversX x and return+ 1 .
By detecting the �rst self-intersection event in the growing process, the procedure �nds a point ofCLX (x)
closest tox in the intrinsic metric, and therefore it returnsdX (x; CLX (x)) , which by Lemma 5.1 is equal to
hfs(x). The procedure relies on two oracles: the �rst one detects whetherB coversX x entirely; the second
one detects whether the wavefront self-intersects at a given valuer of the radius ofB , or rather, between
two given valuesr1 < r 2 of the radius ofB .

5.2 Generating geodesic"hfs-samples

Given a Lipschitz domainX in the plane, and a real number" > 0, we can use the procedure of Section 5.1
to generate geodesic"hfs-samples ofX . Our algorithm relies on a greedy packing strategy, building a point
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setL iteratively by inserting at each iteration a point ofX that is far away from the current point setL in
the intrinsic metric.

In the initialization phase, the algorithm selects an arbitrary pointp 2 X and setsL = f pg. It also
assigns top the geodesic open ballBp of centerp and radius "

1+ " hfs(p), wherehfs(p) is estimated using
the procedure of Section 5.1. Ifhfs(p) = + 1 , thenBp coincides with the path-connected component ofX
containingp. The main loop of the algorithm proceeds in a similar fashion. At each iteration,an arbitrary
point q 2 X n

S
p2 L Bp is selected and inserted inL . Pointq is then assigned the geodesic open ballBq of

centerq and radius "
1+ " hfs(q). The process stops whenX n

S
p2 L Bp = ; .

The algorithm uses a variant of an oracle of Section 5.1, which can tell whether a given union of geodesic
balls coversX , and return a point outside the union in the negative. Upon termination, every point x 2 X
lies in some closed ballB p, and we havedX (x; L ) · dX (x; p) · "

1+ " hfs(p), which is at most" hfs(x)
sincehfs is 1-Lipschitz in the intrinsic metric (Lemma 3.3). Moreover,dX (x; p) is �nite becauseBp is
included in the path-connected component ofX containingp. Therefore, upon termination,L is a geodesic
"hfs-sample ofX . Let us show that the algorithm indeed terminates:

Lemma 5.2 For all " > 0, the algorithm terminates.

Proof. Our approach is to bound the pairwise Euclidean distances between the points of L from below by
some positive value, and then to apply a packing argument. Leth = min f 1; hfs(X )g. Note that we do not
usehfs(X ) directly, since the latter might be in�nite. In contrast,0 < h < + 1 .

Consider any two pointsp; q inserted inL by the algorithm, and assume without loss of generality that
q was inserted afterp. If hfs(p) = + 1 , then the ballBp coincides withX p, the path-connected component
of X that containsp. Therefore,q does not belong toX p, and we havedX (p; q) = + 1 > h"

1+ " . If hfs(p) <
+ 1 , thendX (p; q) is greater than the radius ofBp, which is equal to "

1+ " hfs(p) ¸ "
1+ " hfs(X ) ¸ h"

1+ " . In
any case, we havedX (p; q) > h"

1+ " for all pointsp; q 2 L . We will now bound this quantity from below by
another quantity depending ondE (p; q), which will then enable us to use a packing argument.

Consider the setK of all pairs of pointsx; y of X such thatdX (x; y) ¸ h"
1+ " . K is a closed subset ofX £

X , which is compact sinceX is, henceK itself is also compact. It follows that the map5 g(x; y) = dE (x;y )
dX (x;y )

reaches its minimumm overK . This minimum is positive since8(x; y) 2 K , we havedX (x; y) > 0, which
implies thatx 6= y and hence thatdE (x; y) > 0.

From the previous paragraphs, we deduce that, for all pointsp; q 2 L , dE (p; q) is greater thanm dX (p; q) ¸
mh"
1+ " . Hence, the points ofL are centers of pairwise-disjoint Euclidean closed balls of radiusmh"

2(1+ " ) > 0,

packed insideX © BE

³
0; mh"

2(1+ " )

´
, where© stands for the Minkowski sum. SinceX is compact, so is

X © BE

³
0; mh"

2(1+ " )

´
, which therefore contains only �nitely many disjoint Euclidean closed balls ofsame

positive radius. It follows thatL is �nite. And since the algorithm inserts one point inL per iteration, the
process terminates.¤

We will now show that the size of the output of the algorithm lies within a constantfactor of the optimal,
the constant depending on the doubling dimension of(X; dX ).

Lemma 5.3 For all " 2 ]0; 1[, the size of the ouput of the algorithm is within2ld times the size of any

geodesic"hfs-sample ofX , wherel =
l
log2

3+3 "+2 " 2

1¡ "

m
and whered is the doubling dimension of(X; dX ).

The in�uence of the doubling dimensiond of X is illustrated in Figure 2 (right), where the domain consists
of two copies of the domain of Figure 2 (left), glued together along the tips of their branches. The homotopy
feature size at any point ofX is at least half the perimeter of a hole, which is equal to2 + 2

2k¡ 1 . Consider

5This map is well-de�ned sincedX (x; y ) ¸ h"
1+ " > 0 for all (x; y ) 2 K .
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the setsP = f p; p0g andQ = f q1; ¢ ¢ ¢; qkg. For any pointx 2 X , the geodesic distance fromx to P is at
most2, as in the case of Figure 2 (left). As for the geodesic distance fromx to Q, it is at most2 + 2

2k¡ 1 .
Both distances are bounded from above byhfs(x), so thatP andQ are geodesichfs-samples ofX . Now,
for anyqi 2 Q, the geodesic distance fromqi to any otherqj is greater than half the length of the shortest
loop throughqi that winds around a hole. Therefore, the geodesic distance fromqi to Q n f qi g is greater
thanhfs(qi ). It follows thatQ is hfs-sparse. However, the size ofQ is k

2 times the size ofP, wherek is of
the order of2d, as observed before Theorem 4.14.

Proof of Lemma 5.3. Let L be the output point set, and letL 0 ½ X be any geodesic"hfs-sample ofX .
Consider the function¼ : L ! L 0 that maps each point ofL to its nearest neighbor inL 0 in the intrinsic
metric, breaking ties arbitrarily. We then havejL j =

P
q2 L 0 j¼¡ 1(f qg)j. Therefore, to bound the size ofL ,

it is enough to bound the size of each set¼¡ 1(f qg).
Let q 2 L 0, and letp1; ¢ ¢ ¢; pk be the points of¼¡ 1(f qg). All the pointspi belong to the path-connected

componentX q of X that containsq, sinceL 0 is a geodesic"hfs-sample ofX . If hfs(q) = + 1 , thenX q is
simply connected, and therefore the algorithm picks only one point fromX q. It follows thatj¼¡ 1(q)j = 1 .
Assume from now on thathfs(q) < + 1 , which means thatX q is not simply connected and hence that the
hfs(pi ) are �nite.

SinceL 0 is a geodesic"hfs-sample ofL , for all i = 1 ; ¢ ¢ ¢; k we havedX (pi ; q) · " hfs(pi ), which is
at most "

1¡ " hfs(q) sincehfs is 1-Lipschitz in the intrinsic metric (Lemma 3.3). Hence, thepi belong to the
geodesic closed ball of centerq and radius "

1¡ " hfs(q). Moreover, assuming without loss of generality that
p1; ¢ ¢ ¢; pk were inserted inL in this order, we have that, for all1 · i < j · k, pj does not belong to the
geodesic closed ball of centerpi and radius "

1+ " hfs(pi ). Hence,dX (pi ; pj ) > "
1+ " hfs(pi ), which is at least

"
(1+ " )2 hfs(q) sincedX (pi ; q) · " hfs(pi ) and sincehfs is 1-Lipschitz in the intrinsic metric. Therefore, the
pi are centers of pairwise-disjoint geodesic closed balls of radius"2(1+ " )2 hfs(q), packed inside the geodesic

closed ball of centerq and radius
³

1
1¡ " + 1

2(1+ " )2

´
" hfs(q) = 3+3 "+2 " 2

2(1¡ " )(1+ " )2 " hfs(q).

It follows from the previous paragraph that the size of¼¡ 1(f qg) is bounded by the maximum num-
ber of geodesic closed balls of radius "

2(1+ " )2 hfs(q) that can be packed inside a geodesic closed ball

of radius 3+3 "+2 " 2

2(1¡ " )(1+ " )2 " hfs(q). By Lemma 4.13, this number is at most the minimum numbern of
geodesic closed balls of radius "

2(1+ " )2 hfs(q) that are necessary to cover a geodesic closed ball of ra-

dius 3+3 "+2 " 2

2(1¡ " )(1+ " )2 " hfs(q). The ratio between the two radii is3+3 "+2 " 2

1¡ " , thereforen is at most
¡
2d

¢l
= 2 ld ,

wherel =
l
log2

3+3 "+2 " 2

1¡ "

m
andd is the doubling dimension of(X; dX ). Thus, for all pointq of L 0, the size

of ¼¡ 1(q) is at most2ld , which implies thatjL j · 2ld jL 0j. ¤

5.3 Computing the homology of Lipschitz domains in the plane

Given a geodesic"hfs-sampleL of a Lipschitz planar domainX , a variant of the procedure of Section 5.1
can be used to buildDX (L ): grow geodesic balls around the points ofL at same speed, and report the
intersections between the fronts. The homology ofDX (L ) gives then the homology ofX , by Theorem 4.2.
However, in many practical situations,X is only known through a �nite samplingW , which makes it hard to
detect the intersections between more than two fronts. In this type of discretesetting, it is relevant to replace
the construction ofDX (L ) by the ones ofCW

X (L ) andCW
X;º (L ), which only require to compare geodesic

distances at the points ofW . The homology ofDX (L ) (and hence the one ofX ) can then be computed via
the persistent homology betweenCW

X (L ) andCW
X;º (L ).

More precisely, we use simplicial homology with coef�cients in a �eld, which in practice will beZ=2
– omitted in our notations. The inclusion mapi : CW

X (L ) ,! C W
X;º (L ) induces a homomorphismi¤ :
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H ¢
k (CW

X (L )) ! H ¢
k (CW

X;º (L )) . By applying the persistence algorithm [36] to the �ltrationCW
X (L ) ,!

CW
X;º (L ), we can compute the rank ofi ¤. Thus, the goal is to relaterank i ¤ to dim H ¢

k (DX (L )) , the
kth Betti number ofDX (L ). We know from Theorems 4.12 and 4.14 thatCW

X (L ) µ D X (L ) µ CW
X;º (L )

under some sampling conditions, which will we assume from now on. The inclusion mapsj : CW
X (L ) ,!

DX (L ) and j 0 : DX (L ) ,! C W
X;º (L ) induce homomorphismsj ¤, j 0

¤ on the homology groups, such that
i ¤ = ( j 0± j )¤ = j 0

¤ ± j ¤. It follows thatdim H ¢
k (DX (L )) ¸ rank j 0

¤ ¸ rank i ¤, which means that every
k-cycle that persists betweenCW

X (L ) andCW
X;º (L ) is a non-trivialk-cycle ofDX (L ). In fact, we can prove

much more in our context:

Theorem 5.4 Assume that the hypotheses of Theorems 4.12 and 4.14 are satis�ed, withk = º , L µ W ,
and withhfs replaced byminf hfs; dM g, wheredM is the Euclidean distance to the medial axisM of R2 n
X . Then, for± suf�ciently small compared to" , the range space ofi ¤ is isomorphic toH ¢

k (DX (L )) .
Equivalently, we haverank i ¤ = dim H ¢

k (DX (L )) .

This theorem guarantees that the persistent homology betweenCW
X (L ) andCW

X;º (L ) gives the homology
of DX (L ). The bounds on the densities of landmarks and witnesses depend ondM , which requires that
M \ X = ; . This is true ifX has smooth boundaries, but also if@Xonly has corners oriented outwards.
The fact thathfs anddM are both1-Lipschitz in the intrinsic metric6 implies that the densities deep inside
the domainX can be small, although they have to be large near@X.

The proof of Theorem 5.4 proceeds in two steps: �rst it shows thatj 0
¤ is injective, then it shows thatj ¤ is

surjective. It follows from the injectivity ofj 0
¤ thatdim H ¢

k (DX (L )) = rank j 0
¤, which is equal torank i ¤

by the surjectivity ofj ¤. The main ingredients of the proof are given below, the more technical details being
deferred to the �nal version of the paper.

Sketch of proof of Theorem 5.4. As mentioned above, all we need to prove is thatj 0
¤ : H ¢

k (DX (L )) !
H ¢

k (CW
X;º (L )) is injective andj ¤ : H ¢

k (CW
X (L )) ! H ¢

k (DX (L )) is surjective. For simplicity, we will use
singular homology, so that we do not have to care about using simplicial mappings between the complexes.
The extension to simplicial homology is straightforward, by means of the equivalence theorem between
simplicial and singular homology – seee.g.[28, Thm. 2.27].

Injectivity of j 0
¤. Our strategy consists in de�ning a continuous mapÁ : CW

X;º (L ) ! D X (L ), whose restric-
tion to DX (L ) will be homotopic to the identity map (recall thatDX (L ) µ CW

X;º (L )). Since the restriction
of Á to DX (L ) is preciselyÁ ± j 0, the latter will be homotopic to the identity ofDX (L ), and therefore the
induced homomorphism(Á ± j 0)¤ = Á¤ ±j 0

¤ will be the identity mapHk (DX (L )) ! H k (DX (L )) , which is
injective. As a result,j 0

¤ itself will be injective.
So, our goal is to work out a continuous mapÁ : CW

X;º (L ) ! D X (L ) whose restriction toDX (L )
is homotopic to the identity map. We know from Theorem 4.2 that there exists a homotopy equivalence
h : DX (L ) ! X , whereX is the underlying planar domain. Letg : X ! D X (L ) be an inverse homotopy
equivalence. SinceX ½ R2, we can seeh as a map fromDX (L ) to R2. And sinceR2 is a vector space,
we can recursively apply Dugundji's extension theorem [19], togetherwith a gluing lemma, to extendh to a
continuous maph0 : CW

X;º (L ) ! R2, such thath0
jD X (L ) = h.

Now we would like to transformh0 into a mapCW
X;º (L ) ! X , because then we could compose it with

g to get a continuous map whose restriction toDX (L ) would be simplyg ± h, which is homotopic to the
identity, as desired. So, we need to composeh0 with some continuous map thatprojectsh0(CW

X;º (L )) back
onto X. This is precisely what we do: we composeh0 with ¼X , the Euclidean projection ontoX , which
maps every pointy of R2 n M onto its only nearest neighbor inX . Here,M denotes the medial axis of

6SincedM is 1-Lipschitz in the Euclidean metric, it is also1-Lipschitz in the intrinsic metric, becausedE · dX .
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R2 n X , and¼X is known to be well-de�ned and continuous overR2 n M. Note also that the restriction of
¼X to X is the identity.

To be able to use¼X , we need to show thath0(CW
X;º (L )) \ M = ; . The proof goes as follows: we know

that the maph was provided by the Nerve theorem 4.3, whose proof [9, 35] builds a homotopy equivalence
DX (L ) ! X such that the image of a simplex¾= [ p0; ¢ ¢ ¢; pl ] 2 D X (L ) lies in VX (p0) [ ¢ ¢ ¢ [ VX (pl ).
Since the Voronoi cells of thepi have a common intersection, our sampling assumptions imply that they
are included in a Euclidean ball of radiusO(" dM (x)) , wherex is any point in the intersection. Therefore,
we haveh(¾) \ M = ; if " is small enough. Now, given a simplex¾ whose faces belong toDX (L ),
Dugundji's extension theorem states thath0(¾) is included in the Euclidean convex hull of the images of its
faces. We can then prove by induction that the image throughh0of any simplex¾2 CW

X;º (L ) is included in
the Euclidean convex hull of the geodesic Voronoi cells of the vertices of¾. Note that, this time, the Voronoi
cells may not have a common intersection, since¾may not be a simplex ofDX (L ). Nevertheless, we know
that¾is º -witnessed by some pointw 2 W , hence the vertices of¾do not lie farther away fromw than
O(4º " dM (w)) , which implies thath0(¾) \ M = ; if " is small enough.

Thus, for suf�ciently small" , we haveh0(CW
X;º (L )) \ M = ; . Therefore, we can composeh0 with ¼X

and then withg, resulting in a continuous mapg±¼X ±h0 : CW
X;º (L ) ! D X (L ) whose restriction toDX (L )

is g ±h, which is homotopic to the identity. This concludes the proof thatj 0
¤ is injective.

Surjectivity of j ¤. The casek ¸ 2 is easy. Indeed, sinceDX (L ) is homotopy equivalent toX (Theorem
4.2), which is a subset ofR2, we haveHk (DX (L )) = 0 for all k ¸ 2. This makesj ¤ trivially surjective for
k ¸ 2. The casek = 0 is also easy: every vertex ofDX (L ) is a point ofL , and all the points ofL µ W
are their own witnesses, hence they are vertices ofCW

X (L ). It follows that the generators ofH0(DX (L )) are
already inH0(CW

X (L )) , which means thatj ¤ is surjective.
Consider now the casek = 1 . We want to prove that, for any1-cycle³ in DX (L ), there exists a1-cycle

³ 0 in CW
X (L ) that is homologous to³ in DX (L ). For convenience, we will switch to homotopy and prove

that, for any loop° : S1 ! D X (L ), there exists a loop° 0 : S1 ! C W
X (L ) that is homotopic to° in

DX (L ). Since the generators of the fundamental group of a simplicial complex can be chosen inside its
1-skeleton, we can assume without loss of generality that° is a loop in the 1-skeleton ofDX (L ). Hence,°
is the concatenation of a set of contiguous edges ofDX (L ). Let v0; v1; ¢ ¢ ¢; vk¡ 1; vk = v0 be the vertices
of DX (L ) through which° passes, in this order. The arc° i of ° bounded byvi andvi +1 is simply the edge
[vi ; vi +1 ] of DX (L ). This edge may or may not be an edge ofCW

X (L ). In the latter case, we show that we
can take a short detour insideCW

X (L ) to connectvi to vi +1 .
To de�ne the detour, we consider a pointc 2 X at the intersection of the geodesic Voronoi cells ofvi and

vi +1 . Such a point exists since[vi ; vi +1 ] is an edge ofDX (L ). The geodesic open diskBc of centerc and
radiusr = d X (c; vi ) · " minf hfs(c); dM (c)g contains no point of L, and its bounding circle contains both
vi andvi +1 . Consider the setL c of all the points ofL that lie inside a slightly enlarged diskB +

c , of center
c and radiusr + ± minf hfs(c); dM (c)g. The situation is then the following: diskBc is empty, and all the
points ofL c lie in the shellB +

c n Bc of width ± minf hfs(c); dM (c)g, and are at least­ ( " minf hfs; dM g)
away from one another, by our sampling condition. If± is suf�ciently small compared to" , then we can use
the same kind of machinery as in [27] to show that the points ofL c lie in geodesically convex position, and
that the edges of the geodesic convex hull ofL c correspond to edges ofCW

X (L ). Then, by following a path
from vi to vi +1 on the boundary of the geodesic convex hull ofL c, we build a short detour° 0

i from vi to vi +1

in CW
X (L ).
Since° i = [ vi ; vi +1 ] and° 0

i are short paths inDX (L ), their images through the homotopy equivalence
h : DX (L ) ! X provided by the Nerve theorem 4.3 are short paths inX . It follows thath(° 0

i ) ¢h(¹° i )
is a short loop inX (at least shorter than2 hfs(vi )), which implies that it is null-homotopic inX . As a
consequence,° 0

i and° i are homotopic relative to@Iin DX (L ). By concatenating the° 0
i , we get a loop

° 0 : S1 ! C W
X (L ) that is homotopic to° in DX (L ), the homotopy being obtained by concatenating the
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homotopies between the° 0
i and the° i . Since this construction can be done for any loop° in the one-skeleton

of DX (L ), we conclude that the inclusion mapj : CW
X (L ) ,! D X (L ) induces a surjective homomorphism

from the fundamental group ofCW
X (L ) to the one ofDX (L ). It follows thatj ¤ itself is surjective. ¤

6 Application to Sensor Networks

We have implemented the algorithms of Section 5 in the context of sensor networks, where the nodes do not
have geographic locations, and where the intrinsic metric is approximated by the shortest path length in the
connectivity graphG = ( W; E), which is assumed to comply with thegeodesicunit disk graph model. This
means that each node has a geodesic communication range of¹ , so that two nodesw; w0 2 W are connected
in the graph iffdX (w; w0) · ¹ . All edges have a unit weight, and we denote bydG the associated graph
distance – also called hop-count distance. This geodesic unit disk graphmodel is the analog of the unit disk
graph model in the intrinsic metric. Both models are equivalent at the limit, whenW samplesX arbitrarily
densely.

Lemma 6.1 Assume thatW is a geodesic±-sample ofX , with ± < ¹
2 . Then, for all nodesw; w0 2 W , we

have:
dX (w; w0)

¹
· dG(w; w0) ·

dX (w; w0)
¹

µ
1 +

4±
¹

+
¹

dX (w; w0)

¶

Proof. Let w; w0 2 W be two nodes of the graph. We �rst give an upper bound ondG. Consider a shortest
path³ from w to w0 insideX . We havej³ j = d X (w; w0). Let 0 = t0 · t1 · ¢ ¢ ¢ · tm¡ 1 · tm = 1
be distributed alongI in such a way thatdX (³ (t i ); ³ (t i +1 )) = ¹ ¡ 2± for all i = 0 ; ¢ ¢ ¢; m ¡ 2, while

dX (³ (tm¡ 1); ³ (tm )) · ¹ ¡ 2±. Clearly, we havem =
l

dX (w;w 0)
¹ ¡ 2±

m
. For all i , let wi be a point ofW

closest to³ (t i ) in the intrinsic metric. SinceW is a geodesic±-sample ofX , we havew0 = ³ (t0) = w,
wm = ³ (tm ) = w0, anddX (wi ; ³ (t i )) · ± for any otheri . It follows from the triangle inequality that:
dX (wi ; wi +1 ) · dX (wi ; ³ (t i )) + d X (³ (t i ); ³ (t i +1 )) + d X (³ (t i +1 ); wi +1 ) · ¹ . Therefore,[wi ; wi +1 ] is an
edge of the communication graphG, and thus to³ corresponds a path° in G. Both³ and° connectw to w0

and are made ofm pieces stitched together. Hence,dG(w; w0) · m =
l

dX (w;w 0)
¹ ¡ 2±

m
, which is bounded from

above by:
»

dX (w; w0)
¹

µ
1 +

4±
¹

¶¼
·

dX (w; w0)
¹

µ
1 +

4±
¹

¶
+ 1 =

dX (w; w0)
¹

µ
1 +

4±
¹

+
¹

dX (w; w0)

¶
:

Let us now give a lower bound ondG. Let ° be any path fromw to w0 in the communication graphG.
For any consecutive nodeswi ; wi +1 along the path, we havedX (wi ; wi +1 ) · ¹ since[wi ; wi +1 ] is an edge

of G. Therefore, by the triangle inequality,° must have at least
l

dX (w;w 0)
¹

m
edges. Since this is true for any

path° from w to w0 in G, dG(w; w0) ¸
l

dX (w;w 0)
¹

m
¸ dX (w;w 0)

¹ . ¤

Assume now thatL is a "
1+ " hfs-sparse geodesic"hfs-sample ofL , as it is the case for instance in

Theorem 4.14. Suppose that± << ¹ << " << 1. Given a witnessw 2 W , every landmarkp 2 L that
is not its closest landmark satis�es:dX (w; p) = ­( " ) >> ¹ , which implies thatdG(w; p) is an accurate
approximation todX (w;p)

¹ , by Lemma 6.1. If nowp is the landmark closest tow, then we may as well have
dX (w; p) << ¹ , but in this case we also havedX (w; p) << dX (w; q) for all q 2 L n f pg, which implies
thatdG(w; p) < dG(w; q). As a result,dG may change the order of the distances between the landmarks
andw, but interverted distances must have similar values. In this respect, we cansay thatdX is a faithful
approximation todX . Note however that whether or not the topology of the witness complex is stable under
such small perturbations is still an open question at this time.
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Homotopy feature size computation. Given a nodex, we estimate the geodesic distance ofx to its cut-
locus, which by Lemma 5.1 is equal tohfs(x). Wanget al. [34] proposed a distributed algorithm for
detecting the cut-locus, which works as follows: the nodex sends a �ood message with initial hop count
1; each node receiving the message forwards it after incrementing the hop count. Thus, every node learns
its minimum hop count to the nodex. Then, each pair of neighbors check whether their least common
ancestor (LCA) is at hop-count distance at leastd. If so, then they also check whether their two shortest
paths to the LCA contain nodes at leastd away from each other (by looking at thed

2-ring neighborhoods of
the nodes of the paths). Every pair satisfying these conditions is called a cut pair. As proved in [34], every
hole of perimeter greater thand yields a cut pair. Then, every cut node checks its neighbors, and if it has
the minimum hop count, then it reports back tox with the hop count value. Thus,x gets a report from one
node on each connected component of the cut-locus, and learns the homotopy feature size as the minimum
hop value. For a weighted graph, the operation is similar.

Landmark selection and witness complex computation. The landmark selection implements the incre-
mental algorithm of Section 5.2 in a distributed manner. A node has two states,coveredanduncovered. A
covered node lies inside the geodesic ball of some landmark. Initially, all the nodes are uncovered. They
wait for different random periods of time, after which they promote themselves to the status of landmark.
Each new landmark �oods the network, computes its homotopy feature size, and informs all the nodes within
its geodesic ball to be covered. Thus, every node eventually becomes covered or a landmark itself.

The witness complex is computed in a similar way as in [21]. The selected landmarks �ood the network,
and every node records its minimum hop counts to them. With this information, it determines which sim-
plices it witnesses. A round of information aggregation collects all the simplicesand constructs the witness
complex. In a planar setting, where only the Betti numbers¯ 0 and¯ 1 are non-zero, we only need to build
the 2-skeleton of the witness complex. Therefore, each node may store only its three nearest landmarks, and
it may avoid forwarding messages from other landmarks. This reduces themessage complexity drastically.

Simulation results and discussion. Figures 3 through 7 present some simulation results. We considern
sensor nodes randomly distributed in a Lipschitz planar domain. Two nodes within unit Euclidean distance
of each other are connected, so that the resulting communication network is aunit disk graph. The average
node degree in this graph is denoted byd. The intrinsic metric is approximated by the graph distance in
the connectivity network, where each edge can be either unweighted (hop-count distance) or weighted by its
Euclidean length (weighted graph distance). Our aim is to evaluate the dependency of the landmark selection
and homology computation on various parameters. Figure 3 shows a typical example, with" = 0 :5 (a) and
" = 0 :25 (b). In both cases, only the genuine 3 holes persist and are thereforeidenti�ed as non-trivial
1-cycles in the geodesic Delaunay triangulation.

² Node density.We vary the number of nodes from 217 to 355. The average degree remains the same.
The result is shown in Figure 4. Again, the persistent homology between thewitness complex and its
relaxed version gives the homology of the domain. Thus, only the intrinsic geometry of the domain
matters, not the scale of the network, as long as the latter remains dense enough.

² Landmark density.Figure 5 shows our results on the same setup as above, with" = 0 :85 (a) and
" = 0 :15 (b). In the �rst case, only two holes are captured, because of the low landmark density. In
the second case, three non-genuine holes are not destroyed in the relaxed witness complex, because
the value of the relaxation parameterº is too small given the relatively low node density. Increasing
º from 2 to 4 produces the correct answer (c). But settingº to too high a value (º = 11, " = 0 :25)
destroys some of the genuine holes (d). Throughout our experiments, the algorithm produced correct
results with small values ofº (º · 4), provided that the nodes and landmarks sets were reasonably
dense. This demonstrates the practicality of our approach, despite the large theoretical bounds stated
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in Theorems 4.12, 4.14 and 5.4.
² Weighted graph distance vs. hop-count distance.Since the hop-count distance is a poor approximation

to the geodesic distance, the range of values of" that work �ne with it is reduced. In Figure 6 for
instance, the scheme works well with" = 0 :5, but not with" = 0 :25, in contrast with the results of
Figure 3.

² Packing strategy.Figure 7 shows some of our sampling results. It appears that different packing
strategies can produce samples of very different sizes, as predicted by Lemma 5.2. Maximizing the
ratio dX (q;L)

hfs(q) at each iteration seems to be a very effective strategy in practice, but it is also time-
consuming, and it tends to choose landmarks near the boundaries of the domain, which can be a
quality or a defect, depending on the application considered.

7 Conclusion

We have introduced a new quantity, called the homotopy feature size, and showed that it is well-suited
for the sampling and analysis of Lipschitz domains in the plane. In particular, given a domainX and a
landmark setL that is suf�ciently densely sampled fromX , the bound on the density depending on the
homotopy feature size ofX , we have proved that the geodesic Delaunay triangulation ofL is homotopy
equivalent toX . The homotopy feature size depends essentially on the global topology ofX , and it is
rather insensitive to the local geometry. As a result, it enables to have verysparse sets of landmarks, which
makes it a convenient theoretical tool for geometric data analysis. In this context, we have devised generic
procedures for estimating the homotopy feature size and for generating geodesic"hfs-samples of Lipschitz
planar domains.

With more practical applications in mind, we have focused on the geodesic witness complex and its re-
laxed version, proving that these two complexes sandwich the geodesic Delaunay triangulation under some
conditions. As an application, we have shown that it is possible to estimate the homology of a Lipschitz
planar domainX from a �nite set of landmarksL without actually buildingDX (L ) explicitly, by construct-
ing CW

X (L ) andCW
X;º (L ) and computing their persistent homology. To give theoretical guarantees tothis

approach, we have proved that the persistent homology betweenCW
X (L ) andCW

X;º (L ) coincides with the
homology ofDX (L ) under some sampling conditions. Our practical experiments in the context of sensor
networks corroborate these results.

This work can be generalized in several ways. In a near future, we intend to look at possible extensions
for bounded domains in higher-dimensional Euclidean spaces, with applications in robotics and geometric
data analysis. Also, it would be relevant to generate homology bases whose elements isolate the various
holes ofX . There exists some work along this line, but for a slightly different context[25].
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A Appendix – Proof of Proposition 2.2

We use singular homology with real coef�cients, so that our homology groups are vector spaces over the
�eld R – omitted in our notations. We refer the reader to [28, Chap. 2] for a good introduction on homology
theory.

Proof of (i). The proof is by induction onk. The casek = 1 is trivially true. Assume now that the result is
true up to somek ¸ 1, and considerk + 1 simply connected subsetsX 1; ¢ ¢ ¢; X k+1 of R2, whose common
intersection is non-empty. Notice thatX 1 \ ¢ ¢ ¢ \X k+1 is the intersection of

T k
i =1 X i with X k+1 , which by

the induction hypothesis are simply connected. For convenience, we de�ne Y =
T k

i =1 X i andZ = X k+1 .
Intuitively, the presence of a hole in the intersectionY \ Z would automatically imply the presence of a hole
in Y or in Z . Hence,Y \ Z must be simply connected, sinceY andZ are.

Formally, we consider the Mayer-Vietoris sequence of(Y; Z):

¢ ¢ ¢ ! H2(Y [ Z )
@2! H1(Y \ Z )

Á
! H1(Y ) © H1(Z ) ! ¢ ¢ ¢

SinceY andZ are simply connected, we haveH1(Y ) = H1(Z ) = 0 , thereforeker Á = H1(Y \ Z ). By
exactness,ker Á is also equal toim @2, which is trivial since we haveH2(Y [ Z ) = 0 , Y andZ being
subsets ofR2. As a result, we haveH1(Y \ Z ) = 0 , which implies thatY \ Z = X 1 \ ¢ ¢ ¢ \X k+1 is simply
connected. Hence, the result is true fork + 1 , which concludes the induction.¤

To prove (ii), we need an easy intermediate result:

Lemma A.1 If X; Y are path-connected subsets ofR2 such thatX \ Y 6= ; , thenX [ Y is path-connected.

Proof. Let p 2 X \ Y , and letq be any other point ofX [ Y . If q 2 X , then there exists a path betweenp
andq in X , which is path-connected. Otherwise,q lies in Y , and there exists a path betweenp andq in Y ,
which is also path-connected. Therefore, every point ofX [ Y is path-connected top in X [ Y , which is
therefore path-connected.¤

We can now prove (ii):

Proof of (ii). Assume thatX \ Y is not empty. Intuitively, the topological type ofX [ Y partially
determines the topological type ofX \ Y , in the sense thatX [ Y would have a hole if everX \ Y were
not path-connected, sinceX; Y themselves are path-connected. Formally, we consider the Mayer-Vietoris
sequence of(X; Y ):

¢ ¢ ¢ ! H1(X [ Y )
@1! H0(X \ Y )

Á
! H0(X ) © H0(Y )

Ã
! H0(X [ Y )

@0! 0:

SinceX \ Y 6= ; , Lemma A.1 tells us thatX [ Y is path-connected, thereforedim H0(X [ Y ) = 1 . This
implies thatdim ker @0 = 1 , and hence thatrank Ã = dim ker @0 = 1 , by exactness. By the homomorphism
theorem, we havedim ker Ã = dim( H0(X ) © H0(Y )) ¡ rank Ã, which is equal to1 sinceX andY are
path-connected. Hence, by exactness,rank Á = dim ker Ã = 1 . Moreover, since by assumptionX [ Y
is simply connected, we havedim H1(X [ Y ) = 0 , which implies thatrank @1 = 0 . By exactness, we
havedim ker Á = rank @1 = 0 . Hence, by the homomorphism theorem,dim H0(X \ Y ) = dim ker Á +
rank Á = 1 , which means thatX \ Y is path-connected.¤
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