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Abstract

We introduce a new feature size for bounded domains in theetadowed with an intrinsic metric.
Given a poinix in a domainX , thehomotopy feature sizef X atx measures half the length of the short-
est loop througlx that is not null-homotopic iX . The resort to an intrinsic metric makes the homotopy
feature size rather insensitive to the local geometry ofitfraain, in contrast with its predecessors (local
feature size, weak feature size, homology feature sizey [€hds to a reduced number of samples that
still capture the topology oX .

Under reasonable sampling conditions, we show that theegdodelaunay triangulatioBx (L)
of a nite samplingL of a bounded planar domak is homotopy equivalent tX . Moreover, under
similar conditionsDy (L) is sandwiched between the geodesic witness conm@eil ) and a relaxed
versionC;‘(‘{o (L). Taking advantage of this fact, we prove that the homologpp{L) (and hence the
one ofX) can be retrieved by computing the persistent homology een@ (L) andC‘A";’o (L).

We propose algorithms for estimating the homotopy featime, selecting a landmark set of suf-
cient density, building its geodesic Delaunay triangidat and computing the homology of using
CY (L) andCy (L). We also present some practical simulations in the confesgmsor networks that
corroborate our theoretical results.

1 Introduction

There are many situations where a topological domain or sgaise&known to us only through a nite set of
samples. Understanding global topological and geometric propertistiofough its samples is important
in a variety of applications, including surface parametrization in geometrgepeing, non-linear dimen-
sionality reduction for manifold learning, routing and information discoveeinsor networks, etc. Recent
advances in geometric data analysis and in sensor networks have maderaive use of &andmarking
strategy Given a point cloudV sampled from a hidden domain or spatethe idea is to select a subset
L ¥ W of landmarks, on top of which some data structure is built to encode the ggoametitopology
of X at a particular scale. Examples in data analysis include the topology estimatarithratgof [17]
and the multi-scale reconstruction algorithm of [7, 27]. Both algorithms reltherstructural properties of
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Figure 1: Left and center: two Lipschitz domains with very different wisgture sizeswfs), but similar
homotopy feature sizes. Right: a geodesic Voronoi edge with non-aedgue measure.

the witness complexa data structure speci cally designed by de Silva [16] for use with thenfemiling
strategy. Examples in sensor networks include the GLIDER routing schedigsavariants [21, 22]. The
idea underlying these techniques is that the use of sparse landmarKsr@ndiflensity levels enables us to
reduce the size of the data structures, and to perform calculations orptitedata set at different scales.
Two questions arise naturally: (1) how many landmarks are necessaaptiare the invariants of a given
objectX at a given scale? (2) what data structures should be built on top of them?

Manifold sampling issues have been intensively studied in the past, indapgndf the context of
landmarking. The rstresults in this vein were obtained by Amenta, Berd Eppstein, for the case where
X is a smoothly-embedded closed curve in the plane or surface in 3-spa2k [Their bound on the
landmark density depends on the local distance to the medial afd nfX (thelocal feature sizg and
the data structure built on top bfis the so-calledestricted Delaunay triangulatianSeveral extensions of
their result have been proposed, to deal with noisy data sets [18], safripteclosed manifolds of arbitrary
dimensions [7, 14], smoothly or non-smoothly embedded in Euclidean sf&cés parallel, others have
focused on unions of congruent Euclidean balls and their topologicaliamts, which can be computed via
the dual complex — known as tiech complex. In a seminal paper [33], Niy&gial. proved that, ifX is a
smoothly-embedded closed manifold dnd dense enough samplingf, then, for a wide range of values
of r, the union of the Euclidean open balls of radiusbout the points of deformation retracts ont¥ .

The above results hold only for closed manifolds. The presence oflaoies brings in some new issues
and challenges. An interesting class of manifolds with boundaries is thefdwminded domains iR".
These naturally arise in the con guration spaces of motion planning prohiemwbotics, in monitoring
complex domains with sensor networks, and in many other contexts wheralnattstacles to sampling
certain areas exist. By studying the stability of distance functions to comg@an®k", Chazal and others
have extended the results of Niyagial. to a larger class of objects, including all bounded domaingith
piecewise-analytic boundaries [12]. Their bound on the landmark detsitgnds on the so-calledeak
feature sizeof X , de ned as the smallest positive critical value of the Euclidean distan@XoThis mild
sampling condition makes the results of [12] valid in a very general settingvelAzr, in many cases the
weak feature size is small compared to the size of the topological featubesas illustrated in Figure 1
(center). As a result, many sample points are wasted satisfying the samplidigiao of [12], when very
few could suf ce to capture the topology of. In practice, this results in a considerable waste of memory
and computation power.

The case of bounded domains suggests the use of an intrinsic metric onnilandanstead of the
extrinsic metric provided by the embedding. This is essential for certainedagsapplications, such as
sensor networks, where node location information may not be availableraynthe geodesic distance can
be approximated via wireless connectivity graph distances. Intrinsic meéiesbeen studied in the context



of Riemannian manifolds without boundary [31] and, from a more computtipoint of view, in the
context of the so-callethtrinsic Delaunay triangulations (iDT) of triangulated surfaces without boundary
[6]. 2-D triangle meshes in 3-D that happen to coincide with the iDT of thetrogs are known to have many
attractive properties for PDE discretization [24], and generating su€hmBshes is a topic of considerable
interest in geometry processing [20].

Our contributions.  In the paper we focus on the special case of bounded domains in thepdesetting
which already raises numerous questions and nds important applicaticesnsor networks. We make the
novel claim that resorting to an intrinsic metric instead of the Euclidean metricesailt in very signi cant
reductions in terms of the number of samples required to recover the homgtmpgf a bounded domain
— an especially appealing fact in the context of resource-constrageabused in sensor networks. To this
end, we introduce a new quantity, called the homotopy feature sibés for short, which measures the size
of the smallest topological feature (hole in this case) of the consideredrglamainX . Speci cally, given

a pointx 2 X, hfs(x) is de ned as half the length of the shortest loop throxghat is not null-homotopic
in X — see Figure 1 (left and center) for an illustration. In particuiés(x) is in nite wheneverx lies in

a simply connected component Xf. In contrast with previous quantitiebfs depends essentially on the
global topology ofX , and it is only marginally in uenced by the local geometry of the domain boonda
Under the assumption tht has Lipschitz boundaries (the actual Lipschitz constant being unimpantant
our context), we show thditfs is well-de ned, positive, and-Lipschitz in the intrinsic metric. Moreover,
if L is a geodesithfs-sample ofX , for some" < % then the cover oK formed by the geodesic Voronoi
cells of the points of satis es the conditions of the Nerve theorem [9, 35], and therefore dkdelaunay
complexDy (L) is homotopy equivalent tX . By geodesic'hfs-sample ofX , we mean that every point
X 2 X is ata nite geodesic distance to, bounded from above Byhfs(x). In the particular case whex

is simply connected, our sampling condition only requires thhave at least one point on each connected
component oX , regardless of the local geometry ¥f. In the general case, our sampling condition can
be satis ed by placing a constant number of landmarks around each hxleand a number of landmarks
in the remaining parts oX that is logarithmic in the ratio of the geodesic diameteXofo the geodesic
perimeter of its holes. This is rather independent of the local geometry bbtlvedary@ Xand can resultin
selecting far fewer landmarks than required by any of the earlier samglimdjt@ons that guarantee topology
capture.

The homotopy feature size is closely related to the concept of injectivitys@uiRiemannian geometry.
We stress this relationship in the paper, by showing that, for all pothiX , hfs(x) is equal to the geodesic
distance fronmx to its cut-locus inX . This result also suggests a simple procedure for estimafs(g)
at any pointx 2 X . Using this procedure, we devise a greedy algorithm for generatifsgsamples of
any given Lipschitz planar domald, based on a packing strategy. The size of the output lies within a
constant factor of the optimal, the constant depending on the doubling donesfsX . Our algorithm
relies on two oracles whose actual implementations depend on the applicatgdered. We provide some
implementations in the context of sensor networks, based on pre-existingutesd schemes [21, 34].

Finally, we focus on the structural properties of the so-cajjeddesic withess complean analog of
the usual witness complex in the intrinsic metric. In many applications, compDtind-) can be hard,
due to the dif culty of checking whether three or more geodesic Voromtlschave a common intersec-
tion. This is especially true in sensor networks, where the intersectiongéetiie Voronoi cells of the
landmarks can only be sought for among the set of ndlesiue to the lack of further information on
the underlying domaiiX . Therefore, it is convenient to replabe (L) by the geodesic witness complex
Q{V (L), whose computation only requires us to perform geodesic distance dsonmrinstead of locating
points equidistant to multiple landmarks. Assuming that the geodesic distanbe camputed exactly, we
prove an analog of de Silva's theorem [16], which states@ﬁé@) is included inDx (L) under some mild



sampling conditions. We also prove an analog of Lemma 3.1 of [27], whichsdfad a relaxed version
of CY (L) by allowing a simplex to b& -witnessed byw if its vertices belong to thé + 1 nearest land-
marks ofw, denoted b)d}(o (L), containDx (L) under similar conditions. Unfortunately, as pointed out in
[27], it is often the case that neither of them coincides wWth(L). However, taking advantage of the fact
thatDx (L) is sandwiched betwee@"’ (L) andC}Q{o (L), we show that computing the persistent homology
between(;‘é" (L) and C;‘Q{o (L) gives the homology oDyx (L). This allows to retrieve the homology of
without computingdx (L) in practice. Similar results have been proved for other types of ItratioBs15]
and used in the context of sensor networks [26]. However, to theobestr knowledge, our result is the
rst one of this type for the withess complex ltration.

The paper is organized as follows: after recalling the necessary twacidjin Section 2, we introduce
the homotopy feature size and give some of its main properties in Section 8, ififgection 4, we focus
on the structural properties of the geodesic Delaunay triangulation andssitomplex. In Section 5, we
detail our algorithms for sampling Lipschitz domains in the plane, estimating theirtopgnéeature size,
and computing their homology. These algorithms are adapted to the sensorksedetting in Section 6.

2 Background and de nitions

The ambient space R?, endowed with the Euclidean metric, notgl. Given a subset of R2, X , X, and
@ X stand respectively for the interior, the closure, and the boundaXy. ¢for allx 2 RZ2and allr 2 R,
Be (x;r) denotes the Euclidean open ball of centeand of radiug . We also set = [0;1]. Finally, S,
R £f 0g, andR?, denote respectively the unit circle, the abcissa line, and the closed haipglane.

Given a subseX of R?, apathin X is a continuous map! X. Foralla;b2 1 (a- b), ®jla;p denotes
the paths 7! °(a+ s(bj a)), which can be seen as the restrictior o the segmeniig; bj. In addition,
¢ denotes the path 7! °(1 s), which can be seen as the inverse® ofGiven two pathg;°°: 1 | X
such thaf (1) = °90), ° ¢>%denotes their concatenation, de ned bg°{s) = °(2s) for0- s- 3 and
°¢°Ys) = °Y2sj 1) for% - s- 1 Givenapoink 2 X, aloopthroughx in X is a path® in X that starts
and ends ax, i.e. such that (0) = °(1) = x. For simplicity, we write® : (I;@I) ! (X;x). Note that’
can also be seen as a continuous map from the unit circéte, mnd we will write® : (S1;1) ! (X;x) to
specify that’ (1) = x.

2.1 Algebraic tools

Homotopy of maps and spaces. Given two topological space$ andY, two continuous map§f ©:

X 1 Y are said to béhomotopidf there exists a continuous m&p: X £ 1 ! Y such that, foralk 2 X,
we haveF (x; 0) = f (x) andF (x; 1) = f {x). The mapF is called ahomotopybetweerf andf . It can
be seen as a continuous path betweeamdf °in the space of continuous maps frognto Y . If in addition
there exists a subspa¥® p X such thaBx®2 X0 8t 2 1, F(x%t) = f(x9 = fqx9, thenF is called

a homotopy betweeh andf Orelative toX © andf; f ®are said to be homotopic relative Xo°. This means
that the homotopy remains constant over timX ih A map that is homotopic to a constant map is said to be
null-homotopic Finally, two topological spaces andY are said to bé&vomotopy equivalent there exist
twomaps : X ! Yandg:Y ! X,suchthagzf ishomotopic to the identity ovef , and thaf xgis
homotopic to the identity oveY . This implies thaiX; Y have similar topological invariants, such as Betti
numbers, homology groups, or homotopy groups.

Degrees of loops. To any loop°® : S ! St in the unit circle corresponds a unique integeg® 2 Z,
called thedegreeof °, such thatdeg(® ¢°9 = deg° + deg°for all loops®;°°: St I St and that
deg® = 0 for any constant map : S* ! f xg. Itis easily seen thaleg® = j deg®. Moreover, it can



be proved that the degree is invariant over each homotopy class ofilo&ds so thatdeg® encodes the
homotopy class of the loop — seee.g. [28, Thm. 1.7]. We can de ne a similar concept for loops in the
plane. Given aloop : S' ! R? and a poinx 2 R? n°(S?), consider the mapy = ¥ +° : St St
whereYy : R®nfxg! S'isthe radial projection onto the unit circle centeresl ate ne by % (y) = ;.
SinceYy is continuous oveR? nfxg, the mag y is a continuous loop iSt. We then de ne the degree 6f
with respect tox as:deg, ° = deg °x. Itis also known as the winding number d&aboutx. Given a point

x 2 R?,if | is a homotopy between two loops°® %in R2 nfxg, then¥ *j is a homotopy betweew +°
and¥% +°%n S?, hence we havdeg, ° = deg(Y4 =°) = deg(¥% +°9 = deg, °°

Corollary 2.1  For any pointx 2 R? and any loopg;° °: S I R?nfxgthat are homotopic ilR2nfxg,
we havedeg, ° = deg, °° In particular, if ° or °%is constant, thedeg, ° = deg, °°=0.

Other useful results. We now recall two standard results from algebraic topology, whosdpave given
in Appendix A for completeness:

Proposition 2.2
() The common intersection of akysimply connected subsetsRf is either empty or simply connected.
(ii) If X;Y are path-connected subsetsR# such thatX [ Y is simply connected, thex \ Y is either
empty or path-connected.

2.2 Length structures

Most of the material of this section comes from [10, Chap. 2]. The Euclidpace’? is naturally endowed
with alength structurewhere admissible paths are all continuous paths R?, and where the length of a
path°® is de ned by:

(pt )

j°j =sup de(°(ti);°(ti+1)); n2N; O=tp- t;-¢¢C-t, =1 ; 1)

i=0
where the supremum is taken over all decompositiorisiofo an arbitrary ( nite) number of intervals. We
clearly havg®j = j°j. However,°] is not always nite. Take for instance Koch's snow ake, a fractahc
de ned as the limit of a sequence of polygonal curves in the plane. Iteaeasily shown that, at each
iteration of the construction, the length of the curve is multipliecgbyso that the length of the limit curve
is in nite. Therefore, we havg¢ j: CO(1; R?) ! Ry [f +1g . When the length of is nite, we say that
° is arecti able path.
Any subseX of R? inherits a length structure froR?, where the class of admissible path€&1; X ),
and where the length function is the same as above. We de metidmsic (or geodesig metricdx overX
as follows:
8x;y 2 X; dx (x;y) =inf fi°j; e 11 X, °(0)= x; °(1) = yg; 2)

where the in mum is taken over all paths ¥1 connectingk andy. It is clear that we havdy (x;y) =+ 1
wheneverx; y belong to different path-connected componentXofHowever, the converse is not always
true. Take for instance a s¥t made of two disjoint disks connected by Koch's snow akex;ify belong to
different disks, then all curves connectin@ndy go through Koch's snow ake and therefore have in nite
length. This raises a critical issue, which is that the topology inducedikbgn X — also called intrinsic
topology — may not always coincidlevith the topology induced bygg — also called Euclidean topology.

In particular,amap : | ! X thatis continuous for the Euclidean topology may not always be continfauhe intrinsic
topology. For instance, for any poirt2 ° (1) that lies on Koch's snow ake, the geodesic distance betweand any other point
of X is in nite, which implies that, for any > 0, the geodesic open baix (x;r) is reduced td xg, and hence its pre-image
through® is a closed subset of and not an open subsetlaf



This is a problem since the geodesic Voronoi diagram is closely related tottimsic metricdy , whereas
the goal is to capture the topology Xf for the extrinsic metri@g . In order to bridge the gap between the
two topologies, we will make further assumptions on the subsKairethe next section.

Another issue is that some pairs of poirfy 2 X may not have a shortest path connecting thiezna
path® : 1 ! X suchthaf (0) = x,°(1) = vy, andj°j =d x (X;y). This means that the in mum in Eq. (2)
is not always a minimum. As an example, take ¥otthe unit closed disBg (0; 1), and remove the closed
disk Bg (O; %) from it: points(j 1;0) and(1;0) have no shortest path connecting thenXinNevertheless,
whenX is compact, the following variant of the Arzela-Ascoli theorem applies:

Theorem 2.3 (Thm. 2.5.14 and Prop. 2.5.19 of [10])f X is compact, then every sequence of paths with
uniformly bounded length contains a uniformly converging subsequékgea.consequence, every pair of
points connected by a recti able path ¥ has a shortest path iX .

2.3 Lipschitz domains in the plane

To deal with the issues of the previous section, we make further assumetians domairX .

De nition 2.4 A Lipschitz domainin the plane is a compact embedded topological 2-submanifoRf of
with Lipschitz boundary. Formally, it is a compact sub¥ebf R? such that, for all poinx 2 @X there
exists a neighborhooW, in R? and a Lipschitz homeomorphisfy : R? | R?, such thatA,(0) = x,
ARETFOG\ Vx = @X\ Vg, andA(RZ2)\ Vi = X\ V.

Observe that, for any neighborhobg of x included inVy, we also havé (0) = x, Ac(RE£f 0g) \ V2=
@X\ V2 andA(R?)\ V2= X \ V2 ThereforeVy can be assumed to be arbitrarily small. Moreover,
sinceA, (0) = x andAy is continuousAl (V) is a neighborhood of the origin iR?, hence it contains an
open Euclidean disB about the origin. By takind\(B) as the new neighborhodg, aroundx, we ensure
that Al 1(X \ V) is the intersection oR? with the open disk8. This makes the pre-image ¥f \ Vi
throughA, convex.

The concept of Lipschitz domain is related to the classical notion of smoothasutold with boundary
—seee.q.[30, Chap. 8], the only difference being that the local ch&wse only required to be Lipschitz, and
not C1-continuous. As a result, the boundaryXfmay not be smooth. This makes the class of Lipschitz
domains quite large. Indeed, it contains all topological 2-manifolds with piseeanalytic boundaries,
which include in particular all domains with smooth or polygonal boundaries.

Since a Lipschitz domailX is a compact subset &2, Theorem 2.3 applies, and therefore any pair
of points of X connected by a recti able path iIK has a shortest path id. Moreover, according to
Rademacher's theorem [283.1.6], the boundar@ Xis differentiable almost everywhere. But the property
of Lipschitz domains that is most interesting to us is that their boundaries etrale, since they are
locally images of Lipschitz maps [282.10.11]. This enables to show that the pathological cases mentioned
in Section 2.2 cannot occur with a Lipschitz donfaias stated in Theorem 2.5 below.

Bibliographical note. Lipschitz domains are sometimes call@dakly Lipschitz manifoldgl] in the lit-
erature, as opposed srongly Lipschitz manifoldE8], for which it is further assumed that the boundary
of the domain coincides locally with the graph of some univariate Lipschitztiimc Notice also that, in
contrast with [8], we do not make any assumption on the Lipschitz constiihis local charts. All we need
to know is that the latter are Lipschitz, which implies that their images have bdugetmetric measure
[23,x2.10.11].

2In particular, the boundary of a Lipschitz domain cannot coincide locaily avfractal curve such as Koch's snow ake, whose
length is in nite.



Theorem 2.5 If X is a Lipschitz domain in the plane, then the intrinsic topology coincides with the Eu-
clidean topology orX .

Proof. First, Eq. (2) implies thatlg (x;y) - dx (x;y) forall x;y 2 X. It follows that every Euclidean
open ball centered iX contains the geodesic open ball of same center and same radius. A®guenms,
every open set ifX; dg) is also open in(X; dx ). This means that the intrinsic topology is ner than
the Euclidean topology. To show that, conversely, the Euclidean topologigas ner than the intrinsic
topology, we will use the following technical result:

Claim 2.5.1 If X is a Lipschitz domain in the plane, then, for all poin2 X, the mapy 7! dx (x;y) is
continuous for the Euclidean topology #n

Proof. Letx;y 2 X. We will prove that, for all' > 0, there exists & > 0 such thaBy® 2 Bg(y;3),
jdx (Y9 i dx (xy)ji<".

- Assume rstthaty 2 X . Then there exist&> 0such thaBg(y;"9 u X. Letx=minf";"%. For
ally°2 Bg (y;4), the line segmeriy; y9 lies in X , hencedy (y;y9) = d e (y;y9 <" . It follows then from
the triangle inequality thgtlx (x;y9 i dx (x;y)j- dx (y;y9) <".

- Assume now thay 2 @X There exists a neighborho® of y in R? such thaiX \ V, = A/(R2)\
Vy, for some Lipschitz homeomorphiséy. Letc, be the Lipschitz constant df,. As mentioned after
De nition 2.4, we can assume without loss of generallty th,aﬂ(X \ V) is the intersection oR? with
an open disk centered at the origin of radius at m&estThen for all pointy® 2 X \ Vy, consider the

path® : s 7! Ay s A, H(y9 . SinceA) Y(X \ V) is convex,’ (1) is included inX \ V4, and hence irX .
Moreover, the length of the line segm¢®ctAy L(y9]isless tharp hence the length &fis less thart, since
A, is ¢, -Lipschitz [23,x2.10.11]. It follows thatlx (y;y9 <" Wh|ch implies thajdy (x;y9i dx (X;y)j -
dx (y;y9 <", by the triangle inequality. This concludes the proof of the claim.

We can now show that the Euclidean topology is ner than the intrinsic topabogy , which will end
the proof of Theorem 2.5. Consider any geodesic operBsa(lx; "), wherex 2 X and" > 0. Observe that
Bx (X;") =dx(x;:) 1([0;"[), wheredy (x;:) denotes the map 7! dx (x;y). Since[0;"[ is open inR.
anddy (x;:) is continuous for the Euclidean topolod (x; ") is open in(X; dg). And since the geodesic
open balls form a basis for the intrinsic topology, every open s€Xjrdy ) is also open in(X; dg). This
means that the Euclidean topology is ner than the geodesic topology.om

From now onX will be endowed with the Euclidean topology by default. Thanks to Theorénilés
topology will concide with the intrinsic topology whenewéris a Lipschitz domain.

The next result states that every pathXincan be approximated within any accuracy by a homotopic
recti able path. This implies that the homotopy classes of path$ iooincide with the homotopy classes
of recti able paths. In particular, every pair of points lying in the same mathrected component of is
connected by a recti able path, and hence it has a shortest pathliy Theorem 2.3.

Lemma 2.6 Forany path® : 1 ! X and any real numbet> 0, there exists a recti able path- : 1 ! X,
homotopic t& relative® to @1in X , such thaimaxsp; mings; dx (°+(s);° (1)) <™.

The quantitymaxsy; mingz; dx (°+(s); ° (t)) is nothing but the semi-Hausdorff distance fronfl ) to ° (1)

in the intrinsic metric. The basic idea of the proof is to de eas a piecewise-linear curve whose vertices
lie on°(l). This is possible far away from the boundary>6f but not in its vicinity, where the shape of
@ Xmight prevent’- (1) from being included inX . However, in the vicinity of@X we can mag (I ) to

3As mentioned in Section 2.1, this means that the homotopy bettveand® is constant ove@I= fO0; 1g.



parameter space through one of the local chAritstroduced in De nition 2.4. Since the pre-image X%f
is convex, we can de ne a piecewise-linear curve approximading(° (1)) in parameter space, which we
then map back to a recti able curve ¥ throughA.

Proof. Let” be an arbitrary positive real number. According to De nition 2.4, forxall @ X there exists
some neighborhood, pu R? such that, insid®,, X coincides with the image &2 through some Lipschitz
homeomorphisnd,. As mentioned after De nition 2.4, we can assume without loss of generalityhat
is included inBg (X; 5), and that the pre-image of \ Vi throughAy is convex. Consider the collection
of open set$ Vxgyx2 @x. This is an open cover @@ X which is compact, hence there exigt ¢ ¢ ¢x, such
thatVy, [ ¢ ¢ ¢ [Vy, covers@X For simplicity of notations, for all = 1; ¢ ¢ ¢k we renameVy, asV; and
Ay, asA;. The open sets; will be used toshieldthe boundan@ X
For alls 2 I, we consider an open Euclidean dBk about® (s), of radiusrs de ned as follows:
2 jf BE(°(S);§)\ @X= ;,thenrg = 5
2 else, if°(s) 2 @X thenrs = deg(°(s); @X, wheredeg (°(s); @X > 0 denotes the Euclidean
distance of (s) to the closed se@ X
2 else, we havé (s) 2 @X therefore® (s) belongs to some neighborhod, and we chooses > 0
such thaBs U V.
By construction, we havBs g X if °(s) 2 @X andBs u V; for somei otherwise. Sincé is continuous,
the pre-image of (1 )\ Bg through® is an open subset df Therefore, it is a disjoint union of open intervals
in | . Consider the collection of all these open intervals sfgpanning . This collection of intervals forms
an open cover of, which is compact, hence there dratervals in the collectionl1; ¢ ¢ ¢l, such that
I = 11[¢¢c¢[l,. Observe that, by construction, for alF 1; ¢ ¢ ¢l we have that (1) is included inBg,
for somes; 2 |.

We can assume without loss of generality that the farhilyg;. ;. | is minimal, in the sense that the
removal of any element would destroy the cov@r:= 1;¢¢¢l, 4;1; + I. Ifitis not so, then we can
always remove elements from the family until the property is satis ed. Letavws nre-order the elements
of the family such that the left endpoint bf is smaller than the left endpoint tf,, , for all i. Since the
family is minimal, the ordering on the left endpoints of theis the same as the ordering on their right
endpoints. As a consequence, ebcimtersects only; 1 andlj+q. Lett; =0, tj41 =1, andt; 2 Ij; 1\ I;
8i =2;¢¢¢l. We will approximate® by a piecewise Lipschitz curve connecting fh;). For simplicity,
we rename;, ,,, 1 as’i.

By construction, for all = 1; ¢ ¢ ¢l we havet;;tis1 ] 1 1i, hence®i(1) = °([t;; ti+2]) L ° (I7), which
is included inBy; . ,

- Assume rst thats; 2 @X which implies thatBs, p X andrg - 5. Dene °l as the linear
interpolation betweef(t;) and® (ti+1), namely:°! : s 7! (1 s)°(tj) + s°(ti+1). SinceBsg, is convex,
°I(1) is included inBs, and hence ixX . Moreover, we havé! (0) = °(tj) = °i(0), °/ (1) = °(ti+1) =
°(1), and the Hausdorff distanck (°! (1); ° ([t;; ti+1])) in the Euclidean metric is less than the diameter of
B , which is bounded by. Furthermore, themajp: 1£1 ! R?de ned byj( s;t) = (1 t)°!(s)+ t°i(s)
is a homotopy relative t@ Ibetweer?’ and®; in R2. Since it is a linear interpolation between two maps
whose images lie iBs, , which is convex, the image ¢fis also included ifBg; , and hence itk . It follows
thatj is a homotopy relative t@ Ibetweer?’ and®; in X .

- Assume now thas; 2 @X which implies thatBg, is included in somé/;. Because of the pres-
ence of @ Xin the vicinity of °([tj;ti+1]), we can no longer guarantee that the linear interpolation be-
tween® (t;) and° (tj+1) remains inX. This is why we use the chaftj to map the arc ([tj;ti+1])
to parameter spacéaji Lox Vj), which is convex. Speci cally, we de né! as the image through,

of the lipear interpolation between the pre-images ) and ° (tj+1) in AJl Hx Vj), namely: °l .
s7TVA (Li s)(A Tx°)(ti)+ s(A t£°)(tix1) . As in the previous case, we hat&(0) = °;(0) and



°}(1) = °i(1). Moreover, sincéy *(X \ ;) is convex, we havél i s)(Al *=°)(ti)+ s(A *2°)(ti+1) 2

A]' Lx Vj)foralls2 1, hence’! (1) is included inX \ V; . It follows that°! : 1 1 X, and that the Haus-
dorff distancedy (°! (1);°i(1)) in the Euclidean metric is less than the diametevjgfwhich is bounded by

" sinceVj U Be(Xj;5). Notice also that’ is a Lipschitznap, hence it is recti able, by [282.10.11].
Finally, the map; : 1 £1 ! R2denedbyi(s;t) = A (1i t)(A1£°))(s)+ t(A *£°)(s) isa
homotopy relative taq@ |betweer®! and®; in R2. SinceAji 1+ is a linear interpolation between maps
At £l andAl T £ in Al H(X \ V), which is convex, the image of is included inX \ V;. It follows
that; is a homotopy relative t@ Ibetweerf! and®; in X..

We now de ne°- as the concatenation of tié, namely:°- = °1 ¢°2¢ ¢% . By concatenating the
homotopies relative t@ Ibetween the! and the°;, we obtain a homotopy relative @ Ibetweer?- and
° in X . Moreover, since thé! are recti able, so i$-. We also havé- (0) = °*(0) = °4(0) = °(0), and
°-(1) = °}(1) = °/(1) = °(1). Finally, the Hausdorff distanady (°- (1):° (1)) in the Euclidean metric is
bounded by the maximum of thtg; (°! (1);°;(1)), which is less than.

To conclude the proof of the lemma, we need to show that bounding the efffudidtance betweeh
and its approximation in the Euclidean metric is suf cient for bounding the seauisdorff distance from
the approximation tg in the intrinsic metric. Let be an arbitrary positive real number. Since by Theorem
2.5 the Euclidean and geodesic topologies are equ ofor all s 2 | there exists ans > 0 such that
Be(°(8); s) isincluded inBx (°(s);"). The ballsBe (°(s); s) form an open cover of (). Hence, for
alls 2 1, the Euclidean distance frofi(s) to the complement of the cover R? is positive. Sincé and the
distance to the complement are continuous, whikecompact, the in muni of the distances of th¥(s) to
the complement is in fact a minimum, and therefore it is positive. Now, accotdliihg previous paragraphs,
there exists a curve 3 I I X, homotopic to° relative to@gn X, such thadH(°(é); () <.t
follows that®- (1) %2 ,, BE(°(8);"), which is included in ,, BE(°(S);"s) M ¢ Bx(°(s);").
This concludes the proof of Lemma 2.6, with= °-. ©

3 The homotopy feature size

De nition 3.1 LetX be a Lipschitz domain in the plane. Themotopy feature sizef X at a given point
X 2 X is the quantity:hfs(x) = % inffj °j; ° : (S 1) ! (X;x) non null-homotopic irX g.
As illustrated in Figure 1 (left and center), the resort to an intrinsic metric mtileehomotopy feature size
rather insensitive to the local geometry of the domaininstead hfs depends on the geodesic perimeters
of the holes ofX , which depend on the geometry Xfat a more global scale.

In Riemannian geometriafs(x) is known to be equal to the geodesic distance froto its cut-locus on
the manifold. We will prove in Section 5.1 (Lemma 5.1) that this property holds irchifsplanar domains
as well.

Lemma 3.2 Let X be a Lipschitz domain in the plane, and Jebe a point inX . If the path-connected
component oK that containsx is simply connected, therfs(x) = + 1 . Else,hfs(x) < +1 , and there
exists a non null-homotopic recti able lodp: (S;1) ! (X;x) such thathfs(x) = 3 j°j > 0.

Proof. Letx 2 X. CallXy the path-connected componendotthat containx. Every loop througtx in X
is a loop inXy. If X is simply connected, then the $ét: (S;1) ! (Xy;x) non null-homotopic inX xg
is empty, and therefore its lower bouhés(x) is in nite. Assume now tha x is not simply connected.
Then, there exists at least one non null-homotopic Ibgp (S*;1) !  (Xx:x). By Lemma 2.6, we can
assume without loss of generality tHatis recti able. We then havéfs(x) - % joj < +1.
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Consider now a sequent® ); of non null-homotopic loops throughin X, such tha{j°;j); converges
towards2hfs(x). Such a sequnce exists, siftfs(x) < +1 is the in mum of the set of lengths of non
null-homotopic loops throughk. By convergence, we know that there exists a naskich that, forall , n,
°; is arecti able curve of length®;j - 2hfs(x) + 1. Hence, the sequen¢®,+i); is uniformly bounded by
2hfs(x) + 1. It follows then from Theorem 2.3 that it contains a subsequence ogingeuniformly towards
some loop® : (S%; 1) I (Xx:x). Since(j°ij); converges towardghfs(x), ° is recti able, and we have
j°} = 2hfs(x). Moreover, since th&; do not belong to the class of null-homotopic loops thromgh Xy,
neither does, since the homotopy classes of loops througare the path-connected components of the
space of loopgSt; 1) | (Xy;x). Therefore? is not null-homotopic. This implies in particular thi
(and hencdnfs(x)) is positive. o

Lemma 3.3 Let X be a Lipschitz domain in the plane. The maf@! hfs(x) is 1-Lipschitz in the intrinsic
metric. Hence, it is continuous for the Euclidean topology, AfsgX ) = inf f hfs(x); x 2 X gis positive.

Proof. Letx;y 2 X. If x;y belong to difference path-connected componentX ofthen we have
dx (x;y) =+ 1 . Itfollows thatjhfs(x) j hfs(y)j - dx (x;y). Assume now thak;y belong to the same
path-connected componeX§ of X . Let° be a shortest path betwegrandy in X . We are guaranteed
by Theorem 2.3 and Lemma 2.6 that such a path existX; lis simply connected, thehfs is constant
and equal to- 1 overX;. Else, consider a loopy : (S1;1) ! (X;x) such thaj®yj = 2hfs(x) < +1 .
Such a loop exists, by Lemma 3.2. Then, the gatlv * ¢°, ¢° is a loop througty in X . Its length is
I°xJ +2)°] = 2hfs(x) + 2d x (x;y). Moreover,°y is homotopic to°x in X, the homotopy consisting in
moving the base point from to x along®. Therefore;y is non null-homotopic irX , which implies that
hfs(y) - % 1°y]l = hfs(x) +d x (x;y). This proves that the map 7! hfs(x) is 1-Lipschitz in the intrinsic
metric, and hence continuous for the intrinsic topology, but also for thédean topology, by Theorem
2.5. SinceX is compact, there exists some pain® X such thahfs(X ) = hfs( x), which is positive, by
Lemma 3.2. &

Lemma 3.4 LetX be a Lipschitz domain in the plane. For all pox2 X, every loop inside the geodesic
open ballBx (x; hfs(x)) is null-homotopic inX .

Proof.  Assume for a contradiction that there exists some pwrir@ X and some loogy : St !

Bx (x; hfs(x)) that is not null-homotopic iiX . Sincemaxsy| dx (X; °x(s)) < hfs(x), Lemma 2.6 ensures
that there exists a recti able loof* ! X that is homotopic t&y in X, and that is still included in
Bx (x; hfs(x)). Hence, we can assume without loss of generality thads recti able. Let3 be a shortest
path betweex andy = °,(0). The path® = 3 ¢°, ¢3 is a loop throughx, included inBx (x; hfs(x)), of
lengthj°j - j °xj +2dx (X;y) < +1 . Moreover,° is non null-homotopic irX , since it is homotopic to
°x. Itfollows thatj°j, 2hfs(x).

Foralls 2 I, we de ne°s and3s to be respectively the patho.s and a shortest path betwegn
and°(s). Letsgp = inffsj °g ¢35 non null-homotopic inX g. This means that, for ab < sy, °s ¢3
is null-homotopic inX , whereas for all > 0 there exists some 2 [sp;So + [ such that’s ¢31S is not
null-homotopic inX .

— If s = 0, then there are arbitrarily short non null-homotopic loops thraughX , which contradicts

the fact thahfs(x) > 0 (Lemma 3.2).
— If sp = 1, then fors arbitrarily close tdL, °jis:1)€s is non null-homotopic ixX , and of length arbitrarily
close tgj3sj < hfs(x), which contradicts the de nition dfifs(x) (De nition 3.1).
It follows thatsg 2]0; 1[. For all” > O, there exiss; -;s+- 2 | suchthalsgi " <s,  <Sg<s4 <
So+ ~,and thafs, . ¢§Si . is null-homotopic inX whereas’s, - ¢§S+, is not. Then?s . is homotopic to
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°s, - relatnl/e4 to @] which |Enplles thats, . ¢°J[S - ]is homotopic tds, . relative to@1 As a result, the
loop°®= % Cs, - isi 0] ¢3, . is homotopic tc°s, - ¢35, ., which is not null-homotopic irX . Hence,
we havg®Y ., 2hfs(x), by de nition of hfs(x)
Now, the length of° ¥ is P, T+ 1%s s * i¥s..j, which is at most2 maxsp; dx (X;° () +
I%jls. - s, - 1)+ SINCE is arbltrarllysmall S0 |;; is; - s+ )i» thereforg® § is arbitrarily close t@ maxsp; dx (X;° (S)),

which is less thaghfs(x). This contradicts the fact thit§ | 2hfs(x), as proved in the previous paragraph.
o]

Observe that Lemma 3.4 does not imply that the Bg{l(x; hfs(x)) itself is contractible. This fact is
true nevertheless, but its proof requires some more work.

4  Structural results

Given a Lipschitz domaiiX in the plane, and a set of landmaliks/ X that is dense enough with respect
to the homotopy feature size ¥f, we show in Section 4.1 that the geodesic Delaunay triangulBtjofL )
has the same homotopy type ds(Theorem 4.2). Furthermore, for any set of withesdéqu X that is
dense enough compared ltg we prove in Section 4.2 th&yx (L) is sandwiched between the geodesic
witness complexcy (L) and its relaxed versioﬁ)ﬁ;’o (L) (Theorems 4.12 and 4.14).

4.1 Geodesic Delaunay triangulations

Geodesic Voronoi diagrams are nothing but Voronoi diagrams in the iittmmetric:

De nition 4.1 Given a subseX of R?, and a nite subseL of X , thegeodesic Voronoi diagrawf L in X,
or Vx (L) for short, is a cellular decomposition &f, where the cell of a poirt 2 L is de ned as the locus
of all the pointsx 2 X such thatdy (x;p) - dx (x;q) 8q2 L. The nerve o¥/x (L) is called thegeodesic
Delaunay triangulatioof L in X, notedDy (L).

Given a simplex®2 2 Dx (L), we callVy (%) its dual Voronoi face. Note that, in contrast with the Eu-
clidean caseyx (%) does not always have Lebesgue measure zero when the dimensiasmin-zero, as
illustrated in Figure 1 (right).

Let X be a Lipschitz domain in the plane, ahda nite set of points ofX. We assume thdt is a
geodesic hfs-sample of X, for some" < % meaning that, for all point 2 X, the geodesic distance from
x toL is nite and at most' hfs(x). Such a point sdt must have points in every path-connected component
of X, because geodesic distances tare required to be nite. We will see in Section 5.2 how to generate
geodesic' hfs-samples of Lipschitz planar domains.

Theorem 4.2 If X is a Lipschitz domain in the plane, ahda geodesi¢ hfs-sample ofX , for some' < 1

3’
thenDx (L) andX are homotopy equivalent.

The rest of Section 4.1 is devoted to the proof of Theorem 4.2. The petie on the so-called Nerve
theorem, stated as follows:

Theorem 4.3 (from [9, 35], see also Thm. 10.7 of [5]het U be a nite closed cover oK, such that the
intersection of any collection of elementsldfis either empty or contractible. Then, the nervelbfs
homotopy equivalent t& .

Here, we takdJ to be the collection of the geodesic Voronoi cells= fV x (p); p 2 Lg. The nerve of this
collection is precisely the geodesic Delaunay triangulabgr(L). Therefore, proving Theorem 4.2 comes
down to showing that any collection of cells @k (L) has an empty or contractible intersection, and then
applying Theorem 4.3.

4As mentioned in Section 2.1, this means that the homotopy betiygenand®s, - is constant ove@I= f0; 1g.
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4.1.1 Voronoi cells

We rst prove that the geodesic Voronoi cells are contractible, whighe®down to showing that they are
path-connected (Lemma 4.4) and simply connected (Lemma 4.5).

Lemma 4.4 Under the hypotheses of Theorem 4.2, every calkdiL ) is path-connected.

Proof. Letp 2 L, and letx 2 Vx(p). Let®° : 1 ! X be a shortest path fropto x in X. Such
a path® exists sincex andp lie in the same path-connected componenkqfdy (x; p) being nite due
to the fact thatl is a geodesi¢ hfs-sample ofX. We will show that° (1) p Vx(p). Assume for a
contradiction that (s) 2V (p) for somes 2 |. This means that there exists a paj2 L nfpg such that
dx (°(s);q) < dx (°(s);p). By the triangle inequality, we hawd (q;x) - dx (q;°(s)) +d x (°(8); X),
wheredx (d;°(s)) < dx (p;°(s)) -] °josd @nddx (°(s);x) - | °jis;yl- Hence, we havely (q;x) <
I%ios) + 1%js:) = 1°] = dx (p; x), which contradicts the assumption thka® Vx (p). Therefore? (1) p
Vx (p), andx is path-connected fpin Vx (p). =

Lemma 4.5 Under the hypotheses of Theorem 4.2, every callkdiL ) is simply connected.

Proof. Letp2 L. Assume for a contradiction th¥ (p) is not simply connected. Then, singg (p) u X

is a bounded subset 8%, its complement irR? has at least two path-connected components, only one of
which is unbounded, by the Alexander duality — se@. [28, Thm. 3.44]. LetH be a bounded path-
connected component 82 n Vi (p). H can be viewed as a hole Wk (p).

We claim thatH is included inX . Indeed, consider a loop : S ! V x (p) that winds aroundH
— such a loop exists sindé is bounded byy (p). Take any poink 2 Vx (p). Forally 2 Vx (p), we
havedy (x;y) - dx (X;p) +dx (p;y) - " hfs(x) + " hfs(y), which is at most%hfs(x) sincehfs is
1-Lipschitz in the intrinsic metric. Thud/x (p) is included in the geodesic closed bRl (x; % hfs(x)),
where% < 1since" < % Therefore,” : S IV x (p) is null-homotopic inX , by Lemma 3.4. Let
i SY£1 1 X be ahomotopy betweeh and a constant map . For any pointx 2 H, we have
deg, ° 6 0 since the loog winds aroundH . If x did not belong tq( S*£ 1), then; would be a homotopy
betweerf and a constant map R?nfxg, thus by Corollary 2.1 we would hawkeg, ° = 0, thereby raising
a contradiction. It follows thaf( S* £ 1) contains all the points dfl , which is therefore included iX .

As a consequence, the hole is caused by the presence of some kite$ mj, whose geodesic Voronoi
cells formH . Assume without loss of generality that there is only one suclysitée then havé/x (q) = H,
and@H= Vx () \'V x (p). Consider the Euclidean rdy; g), and callx its rst point of intersection with
@ Hbeyondg. The line segmeriy; x] is included inH p X, therefore we havey (x; q) = d g (x; q), which
yields:

dx (x;p) ., de(x;p)=de(X;q)+de(q;p=dx(x;q)+de(q;p > dx (x;q):

This contradicts the fact thatbelongs ta@Hand hence t&¥x (p). ©

The next result follows from Lemmas 4.4 and 4.5:

Proposition 4.6 Under the hypotheses of Theorem 4.2, every callkdiL) is contractible.

4.1.2 Intersection of pairs of Voronoi cells

We will now prove that the geodesic Voronoi cells have pairwise empty miractible intersections. Given
two sitesp; g 2 L whose cells intersect, we rst study the topological type of their unigr{p) [ V x (),
from which we can deduce the topological type of their intersedfip(p) \ V x (0).
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Lemma 4.7 Under the hypotheses of Theorem 4.2, the union of any two intersectisgpt®/y (L) is
simply connected.

Proof. Letp;q2 L be such thawx (p)\V x(g) 6 ;. The outline of the proof is the same as for
Lemma 4.5. Assume for a contradiction that (p) [ V x (q) is not simply connected, and consider a
holeH in Vx (p) [V x(9). Letx 2 Vx(p)\V x(g). For any pointy 2 Vx (p), we havedy (x;y) -

dx (x;p) +dx (p;y) - " hfs(x) + " hfs(y), which is at most%hfs(x) sincehfs is 1-Lipschitz in the
intrinsic metric. ldem for the points df'x (q). As a consequencé/x (p) [ V x (@) is included in the
geodesic closed bab x (X; % hfs(p)), where% < lsince" < % Therefore, by the same argument as
in the proof of Lemma 4.5 is included inX .

It follows that the hole is caused by the presence of some sitesfqd; og, whose geodesic Voronoi cells
form H. Assume without loss of generality that there is only one suchusité/e then havevy (u) = H,
and@H= Vx (W) \ (Vx(p) [V x (). Consider the Euclidean lingpassing throughi and perpendicular
to (p; g). Letx;y be the rst points of intersection dfwith @Hin each direction, starting from. Since
anglesgup andpuy sum up to8 ¥ one of them (saxlup) is obtuse. This implies thalq is also obtuse.
Assume without loss of generality thdg (x;p) - dx (X;q). Since the line segmeifii; X] is included in
H p X, we havedy (x;u) = d g (x; u). Hence, using Pythagoras' theorem together with the factedinat
is obtuse, we get:

dx (x;p)?, de(xp)?, de(xu)®+de(u;p)® =dx (x;u)®+de(u;p)? > dx (x;u)*:

Now, x belongs ta@ Hand hence t&¥x (p) [ V x (0). Moreover, we assumed without loss of generality that
dx (x;p) - dx (X;q), thereforex belongs toVy (p), which contradicts the above equation. It follows that
Vx (p) [V x () is simply connected, which concludes the proof of the lemma.

Using the above result, we can now show tai(p) \ V x (q) is contractible.

Proposition 4.8 Under the hypotheses of Theorem 4.2, the intersection of any two cels(bf) is either
empty or contractible.

Proof. Letp;q2 L be suchthaVx (p) \V x (q) 6 ;. Proposition 2.2 (i) tells us thatx (p) \ V x (q) is
simply connected, sinceéy (p) andVx (q) are, by Lemma 4.5. Moreover, Proposition 2.2 (ii) tells us that
Vx (p)\V x () is path-connected, since by Lemma ¥,4(p) andVx () are, and since by Lemma 4.7 their
union is simply connectedr

4.1.3 Intersection of arbitrary numbers of Voronoi cells

The following result, combined with Theorem 4.3, concludes the proof ebiidm 4.2:

Proposition 4.9 Under the hypotheses of Theorem 4.2, for &nsitesp;; ¢ ¢ ¢px 2 L, the intersection
Vx (p1) \ ¢ ¢ ¢\ Vy (px) is either empty or contractible.

Proof. The proof is by induction ok. Casek = 1 andk = 2 were proved in Sections 4.1.1 and 4.1.2
respectively. Assume now that the result is true up to skme2, and considek +1 sitespy; ¢ ¢ ¢px+1 2 L
such thaivy (p1) \¢ ¢ ¢\ Vx (pk+1) 6 ;. T

Notice rstthatVy (p1) \ ¢ ¢ ¢\ Vx (pk+1) is the intersection of !‘:1 Vx (pi) with Vx (pk+1), which by
the induction hypothesis are simply connected. Hence, their intersaétifm) \ ¢ ¢ ¢ \ Vi (px+1) is also
simply connected, by Proposition 2.2 (i).
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T ’ T
Observe now that 1, Vx (pi) [V x (Pk+1) can be rewritten as *; (Vx (pi) [V x (Pk+1)). By the

induction hypothesis{more precisely, according to the &ase2), everyVx (pi) [V x (Pk+1) is simply
connected, hence so is‘f:1 (Vx (pi) [V x (px+1)), by Proposition 2.2 (i). It follows then frqm Proposition
2.2 (i) that the intersectio¥y (p1)\¢ ¢ ¢\Vx (px+1 ) is path-connected, since by induction both1 Vx (pi)
andVy (pk+1) are, and since their union is simply connected.

4.2 Geodesic withess complexes
Witness complexes in the intrinsic metric are de ned in the same way as in the Earchidetric:

De nition 4.10 Given a subseX of R?, and two subsetd/; L of X such that_ is nite,

2 given a pointw 2 W and a simplexXa= [po; ¢ ¢ ¢p;] with vertices inL, w is a witnessof %if for all

i =0;¢¢¢l, dx (w;pi) is nite and bounded from above ik (w;q) forall g2 L nfpg; ¢ ¢ ¢pig;

2 the geodesic witness compleft L relative toW, or GY (L) for short, is the maximal abstract simplicial
complex with vertices i, whose faces are witnessed by points\af

Observe that a poiny 2 W may only witness simplices whose vertices lie in the same path-connected
component oK asw. The fact thaC‘AN (L) is an abstract simplicial complex means that a simplex belongs
to the complex only if all its faces do. In the sequal,is called the set of witnesses, whileis referred to

as the set of landmarks.

As in the Euclidean case, there exists a stronger notion of witness compbexe wach witness is
required to be equidistant to the vertices of the simgtexin this case¥ais a Delaunay simplex, and
therefore the strong witness complex is included in the Delaunay triangul&tibis seminal work [16], de
Silva shows that the weak withess complex is also included in the Delaunayuiaging, in the Euclidean
metric. Below we give an equivalent of this result in the intrinsic metric — semiidm 4.12. The proof uses
the same kind of machinery as in [3], and it relies on the following fact:

Lemma4.11 Let X be a Lipschitz domain in the plane, ahda geodesic'hfs-sample ofX, for some
" < L Letx be a point ofX , andp its (k + 1) th nearest pgint ok in the intrinsic metric. I andp lie in

.k
the same path-connected componerX othendyx (x; p) - % " hfs(x). Else,dx (x;p) =+ 1 .

Proof. The proof is by induction ok. We callX 4 the path-connected componenbtofthat containx.
- Casek = 0: by de nition, p is a nearest neighbor of in L. for the geodesic distance. Sinceis a

geodesic' hfs-sample ofX , we havedy (x;p) - " hfs(x) = ii “ hfs(x).

- General case: assume that the result holds up to kome. Letpg; ¢ ¢ ¢py+1 denote thd&+2 points of
L closest tax in the intrinsic metric, ordered according to their geodesic distancesligy+1 2 X, then
we havedy (X; pk+1) =+ 1 , which proves the result fdc+ 1. Assume now thabk+; 2 Xx. This implies

that all thep; also belong toX, since their geodesic distancesxdta@rg bounded bylx (X; pk+1) < +1 .
.k
By the induction hypothesis, we hadg (X;pg) - ¢ ¢ ¢ - dx (X; pk) - :f% " hfs(x). Sincepk+1 liesin

X, the latter is not covered byyx (po) [ ¢ ¢ ¢ [ Vx (pk). Therefore, there is a poipt2 L nfpg; ¢ ¢ ¢pcg
such thatVy (p) intersects the geodesic Voronoi cell jgf, for somei 2 f 0;¢ ¢ ¢kg. Note thatp may
or may not bepy+1 itself. Lety 2 Vx (pi) \V x (p). Sincel is a geodesi¢hfs-sample ofX , we have
dx (y;pi) =dx (y;p) - " hfs(y). Thus, by the triangle inequality and the induction hypothesis, we get:

H3+..ﬂk
1"

dx (X;y) - dx (x;pi) +d x (pisy) - " hfs(x) + " hfs(y):
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Sincehfs is 1—Lipscr&itz in the intrirﬁsic metric, we havgfs(y) - hfs(x) +d x (x;y), which, by the above
k

equation, is at most1 + " ii hfs(x) + " hfs(y). It follows thathfs(y) - % hfs(x).

Now, sincep Zf po; ¢ ¢ ¢pg, we havedy (X; pk+1) - dx (X; p), which by the tgangle inequality is at most

. 2
dx (x;pi) + 2d x (y; pi). By the induction hypothesisly (x; pi) is bounded by % " hfs(x), whereas

(Li Mk+"@Ei X

according to the above computatio@sl (y; p;) is at most2" TR

"ﬂk . omk n llk!
3+ @ @)

Li " (i

hfs(x). In the end, we obtain:

A
H (3+ n)k+l
dx (X; pk+1) -

" hfs(x) - " hfs(x);

which proves the resultfdc+1. ©

Theorem 4.12 LetX be a Lipschitz domain in the plane, ahda geodesi¢ hfs-sample ofX . If " - 5,
for some integek , 0, then thek-skeleton ofS (L) is included inDx (L) forall W p X.

Proof. The proof is by induction ok. There will be in fact two inductions, therefore we call this one Ik,
for clarity.

- Casek = 0: every point ofL is a vertex oDy (L), whether it is witnessed by a point @ or not.

- General case of Ik: assume that the result holds up to $om®. Assume further thdt - ﬁ. Let
¥2=[po; ¢ ¢ ¢px+1 ] be a simplex OGAN (L), and letwy 2 W be a witness o¥. Consider without loss of
generality that they; are ordered such tha (wo; po) , ¢ ¢ ¢ , dx (wp; px+1). Then, the geodesic closed
ball B = Byx (Wo; dx (Wo; po)) contains they and no other point of . Moreover,pg belongs to@ B. We
will prove by induction thaBg can be shrunk to some geodesic closed Bgll; such that all they; lie
on @R+1, while By+1 still contains no other point df. The center oBy+1 will then be equidistant to
all the vertices of4 and the latter will therefore be proved to beDr (L). The induction, named Ir for
clarity, states that there is a geodesic closed Balthat contains th@; and no other point of , and such
thatpo; ¢ ¢ ¢p, lie on @B.

2 Caser = 0: initially, we havepg 2 @B, andBg contains thgy and no other point of .

2 General case of I)(- r < k ): assume that we have found a geodesic closedBjathat satis es
the requirements. In particular, we haug ¢ ¢ ¢p;, 2 @B. This means that the center of B, belongs to
V2 (po) \ ¢ ¢ ¢\ V2 (pr), whereVy (pi) denotes the cell gfi (i - r) in the geodesic Voronoi diagram bfn
fpre1;¢ ¢ ¢pys1 9. Moreover, sincdpo; ¢ ¢ ¢p.1 ] belongs taCY (L), so does its subsimpldRo; ¢ ¢ ¢pr],
which therefore belongs also iy (L), by the induction hypothesis of Ik. Hendé; (po) \¢ ¢ ¢\ Vx (pr) is
not empty. Letw, 2 Vx (po) \¢ ¢ ¢\Vx (pr). Since the cell of anp; in Vx (L nfpr+1; ¢ ¢ €px+1 g) contains
the cell ofp; in Vx (L), wr also belongs t&/$ (po) \ ¢ ¢ ¢\ V2 (pr).

We claim that\/f(’ (po)\ccce \VQ (pr) is path-connected. Indeed, for any poin2 X , the geodesic dis-
tance fromx toL is nite, becausd. is a geodesithfs-sample oX . And sincewg withesse$po; ¢ ¢ ¢py+11,
all thep; lie in the same path-connected componenXadswy, therefore the geodesic distance between

+
andL nfpr+1; ¢ ¢ ¢pc+1 gis still nite, and by Lemma 4.11 it is bounded byi*— . hfs(x). This quan-
tity is less thard“*1 " hfs(x) - % hfs(x), since by the induction hypothesis of Ik we have 4k+2 < %
Hence,L n fpr+1; ¢ ¢ ¢pe+1 g is a geodesi¢ hfs-sample ofX , for some"? < % As a consequence,
V2 (po) \ ¢ ¢ ¢\ V2 (pr) is path-connected, by Proposition 4.9.

Sincew; andw; both belong td\/§(’ (po)\CcCC\ VQ (pr), which is path-connected, there exists a path
11V 2(po)\ ¢ ¢ ¢\ V2 (pr) such thaf (0) = w, and® (1) = w,. Foralls 2 1, °(s) is equidistant to

Po; ¢ ¢ ¢p;, and closer to these points than to any other poihtfp, +1 ; ¢ ¢ ¢px+1 9, in the intrinsic metric.
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Figure 2: Left: a Lipschitz domain with doubling dimension at ldasRight: the size of q;; ¢ ¢ ¢gcgis %
times that off p; pYy, although both point sets are geoddsissamples of the domain aridy; ¢ ¢ $ogis a
geodesic-packing.

Moreover, forallj = r +1;¢¢¢k + 1, the mapf; : s 7! dx (°(S);po) i dx (°(s);p) is continuous, and
we havef; (0) = d x (wr;po) i dx (wr;pj) . OsinceB, containsp; and hagy on its boundary, whereas
fi(1) =dx(wWr;po) i dx (wr;pj) - Osincew, is a witness ofpo; ¢ ¢ ¢p;]. Thus,f;(s) = 0 for at least
one values 2 | . Lets; be the smallest such

Consider now™ = argmin -1 .¢ex+1 Sj » and assume without loss of generality tiiat r +1. We
then havd (11 (Sr+1) = 0 andfj(s;+1), Oforallj = r+2;¢¢ ¢k +1. This means that the point +1 =
°(sr+1) is equidistant tgo; ¢ ¢ ¢p; +1 , and farther from these points than fragm. ; ¢ ¢ ¢px+1 . In addition,
Wr+1 IS closer topg; ¢ ¢ ¢pr+1 than to any other point of n fpr.o; ¢ ¢ ¢pe+1 9, Sincewp 2 °(1) U
VQ (po). It follows that the geodesic closed b&8}+1 = By (Wr+1; dx (Wr+1;Po)) containspg; ¢ ¢ ¢pi+1
and no other point of , and thatpg; ¢ ¢ ¢p;+1 lie on @By . This concludes the induction Ir, and hereby
also the induction Ik.=

Note that, for the conclusion of Theorem 4.12 to hold, it is mandatory to malkessumption on the
density of the landmark sét, since otherwise some boundary effects could occur. As an exampeforak
X an annulus and fdr a set of three landmarks evenly distributed around the hole of the anfu4:)
is then an empty triangle, but sintehas only three points, the triangle is withessed and therefore it belongs
to CY (L).

Our next result (Theorem 4.14) is an analog of Theorem 3.2 of [27hvblves a relaxed version of
the witness complex, de ned as follows. Given an integer 0, a simplex3iis © -witnessed by 2 W if
the vertices of4belong to the + 1 landmarks closest to in the intrinsic metric. The geodesiewitness
complex ofL relative toW, or C‘A"’ (L) for short, is the maximum abstract simplicial complex made of
°-witnessed simplices. Its dimension is at mbst

Theorem 4.14 assumes thatis aﬁhfs—sparse geodeslthfs-sample ofX , which means that every
pair of landmarksp; q satis es: dx (p;d) , 5= minfhfs(p); hfs(g)g. The bound ori' depends on the
doubling dimensionf (X; dx ), de ned as the smallest integéisuch that every geodesic closed ball can be
covered by a union & geodesic closed balls of half its radius. The doubling dimension measurssipe
complexity of X, and it can be arbitrarily large. As an example, takeXoa comb-shaped domain made
of a rectangle of dimensioris£ 2, to which are gluedk vertical branches of length and width%il, as
illustrated in Figure 2 (left). The geodesic distance from any poixt @b the center poinp is at mos®, so
thatX is covered by the geodesic closed &y (p; 2). Consider now the geodesic closed b&lls(g; 1),

1- i- k,where pointg} are located at the tips of tlkebranches oK . Every ballBx (g ; 1) is included in
the branch ofy, therefore the ballByx (g ; 1) are pairwise disjoint. Thus, at ledsgeodesic closed balls of
radiusl can be packed inside a geodesic closed ball of ra@liugich implies that the doubling dimension
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of (X; dx ) is at leastog, k, according to the following result by Kolmogorov and Tikhomirov:

Lemma 4.13 (from [29]) Given any subseY of X, and any real number > 0, the maximum number
of pairwise-disjoint geodesic closed balls of radiuthat can be packed insidé is at most the minimum
number of geodesic closed balls of radiuthat are necessary to covar.

Theorem 4.14 Let X be a Lipschitz domain in the plane, of doubling dimensloet W be a geodesic
thfs-sample oiX , andL a geodeﬁid hfs-sample oD(rT%hat is alsoﬁhfs-sparse. If' + 2+ < 1, then, for

anyinteger® , 29 1,wherel = log, 24;5002°) Dy (L) is included inG, (L).

Proof. Let%be a simplex oDy (L), and letc be a point of its dual geodesic Voronoi c¥lk (%). Since
W is a geodesiahfs-sample ofX , there is a pointv 2 W at geodesic distance at mashfs(c) from c.
Moreover, sincé is a geodesithfs-sample oiX , every vertex of %is at geodesic distance at modifs(c)
from c. It follows thatdx (w;v) - (x+ ") hfs(c). Now, sinceL is ﬁhfs—sparse, every two landmarks
v; Vlocated in the geodesic closed bal (w; (" + +) hfs(c)) satisfy:dx (v; V9 , 1T hfs(v), assuming
without loss of generality thatfs(v) - hfs(v9. Sincehfsis 1-Lipschitz in the intrinsic metric (Lemma 3.3),
we have:hfs(v) , hfs(c)j dx (v;c), hfs(c)i ("+2%) hfs(c)=(1i "i 2¢) hfs(c). Thus, the landmarks

insideByx (w; (" + ) hfs(c)) are at least™122) hfs(c) away from one another in the intrinsic metric.

Hence, they are centers of pairwise-disjoint geodesic qalls of samsﬁﬁw hfs(c). Accordirr}]g to

Lemma 4.13, there are at ma&f such balls, wheré = log, % = log, % Ot

follows that%is © -witnessed byv wheneveP | 2'9; 1. Since this is true for every simplé%of Dy (L),
the latter is included i©}Y, (L) whenevef , 29 1. =

It follows from Theorems 4.12 and 4.14 that, whenelveandW are dense enougiy (L) is sand-
wiched betweerG? (L) and QQ{D (L), provided thaPf is chosen suf cienly large. The simulation results
presented in Section 6 suggest that even small valugsaoé suf cient in practice. Note however that, in
some cases, neithel (L) nordA";’0 (L) coincides exactly witlDy (L). This fact, already observed in [27]
in a Euclidean setting, motivates the use of persistent homology be®@égr) andCy'. (L) for computing
the homology oDy (L) without building the latter complex explicitly — see Section 5.3.

5 Algorithms

In this section, we describe high-level procedures for estimdtisgor generating geodesitfs-samples,
and for computing the homology of a Lipschitz planar domain. Our algorithmsesdentially on two
oracles, whose implementations depend on the application considered. nSetith be devoted to the
implementation of such oracles on a sensor network.

5.1 Computing the homotopy feature size

A noticeable feature of the homotopy feature size is its close relationship widothelled cut-locus. For
any given pattf : I ! X, we calltrajectoryof ° the set’(I). If ° is a shortest path betwean= ° (0)
andy = °(1), then®(l) is called ashortest trajectornjbetweenx andy. Note that different paths may
have identical trajectories. In particular, a shortest trajectory may bedtoy shortest paths as well as
non-shortest paths (think of the latter as moving back and forth along jkettrey). Given a poink 2 X,
the cut-locusof x in X, or CLx (x) for short, is the locus of the points &f having at least two distinct
shortest trajectories to in X . In other words, a poing 2 X belongs toCLx (x) iff there exist two paths
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°:°0: 11 X suchthaf(0) = °90) = x,°(1) = °q1) = y,j°j = j°G =dx (x;y),and° (1) 6 °{1).
The geodesic distance froxnto its cut-locus is denoted lk (x; CLx (x)).

Lemma 5.1 If X is a Lipschitz domain in the plane, th8r 2 X, hfs(x) = d x (x; CLx (x)).

Proof. We rst show thathfs(x) , dx (x; CLx (x)). This is clearly true if the path-connected component
X; of X that containx is simply connected, since in such a case we Hdsé&) = + 1 . Assume now
that X; is not simply connected, and 1&t: (S%;1) ! (X; 1) be a non null-homotopic loop through

in X, of length2hfs(x) < +1 . Such a loop exists, by Lemma 3.2. Moreover, according to [10, Prop.
2.5.9], we can assume without loss of generality thiat parameterized by constant speed, tha8ss2 1,
i°(0:s) = Si°J. We then havg® g1—)j = j°p=:jj = 3i°] = hfs(x). Call respectively’ °and° %%he paths
°[01=] @nd®i,.q. These are two paths betwerrandy = °(1=2) in X, hence their lengths are at least
dx (x;y). We claim thati° = j°% = dx (x;y). Indeed, le be a shortest path from toy in X.
Since® is not null-homotopic inX , °?and® ®are not homotopic relative t@1in X , and thereforé °¢?

or 2992 (say°0¢?) is not null-homotopic inX . It follows thatj°®¢?j . 2hfs(x). Now, if j3j < j°°F,
then we havg®%¢?j = j°G + j3j < j°3 + j°O9P = j°j = 2hfs(x), which raises a contradiction with the
previous sentence. Therefoieé§ = j°% = j3j = dx (x;y). Finally, we claim that the trajectories of
°0and° Pare distinct. Assume for a contradiction tit&1) = °¢1). Then, for alls® 2 [0; =], there
existss?02 [1=; 1] such that (s9 = °(s%. This implies thaty (x;° (s9) = d x (x; ° (s°9). But since®©
and? %%are shortest paths fromtoy in X, we havedx (x; ° (s9) = j°[o:s9i anddx (x; ° (s°) = j° (so01y].

It follows thats® = 1 ; s% becaus€ is parameterized by constant speed. This means°that © %9
which implies that = °9¢° %js null-homotopic inX , which contradicts our assumption. Thus, we have
°q1) 8 °%I), as well ag°§ = j°% = dx (x;y), which means thay belongs toCLx (x). Therefore,
hfs(x) = j°9 = j°%P=dx (x;y), dx (x; CLx (x)).

Let us now show thahfs(x) - dx (x; CLx (x)). Assume for a contradiction that there is a point
y 2 CLyx (x) such thatdy (x;y) < hfs(x). Pointy has at least two shortest paths ° from x whose
trajectories differ. Assume without loss of generality thit ° are parameterized by constant speed. Then,
forall0- s<s®. 1, we have®(s) 6 °(sY, since otherwise the pafho,s) ¢°s0.17 Would conneck to
y and be strictly shorter thah, hereby contradicting the fact that the latter is a shortest path froony.
Thus,® is an injection froml to X . Given any pointss;v 2 ° (1), with °i 1(u) - °i X(v), we call®
the path®oi 1¢y)i 1(y)- By the same argumerft?is also an injection fromh to X , and we use the same
notation for subpaths.

Since the trajectories 6fand° °differ, we have® (1)n°Y1) 6 ; or°q1)n°(1) 6 ; —say*(1)n°Y1) 6
.. Let°,, be a maximal subarc 6f satisfying®u (J0; 1)\ °q1) = ;. Here,u andv are the two endpoints
of ° wv, and by maximality we have 6 v andu;v 2 °(1)\ °qI). Since®, and°® 9, are injective, and since
their images inX have common endpoints but disjoint relative interiors, the pgfte,, is a simple loop,
and therefore it divides the plane into two connected components, onkidf ycalledC) is bounded, by
the Jordan curve theorem. Moreover, we h@e€= (°9, ¢2,,)(1), and the degree of the loop with respect
to any point ofC is non-zero. Now, sincg; ° ®are shortest paths fromtoy, with dx (x;y) < hfs(x), the
image of the loog 3, ¢, lies in the open geodesic balk (x; hfs(x)). Hence, by Lemma 3.4, the loop is
null-homotopic inX , and since its degree with respect to the point€aé non-zero, any homotopy with
a constant map iX passes through the points ©f which therefore belong t& . Thus, between points
andv, ° and®%sandwich a regiolC that is included inX . We will show that there exist shortcuts tp° 0
in C, hereby contradicting the fact thatand® %are shortest paths fromtoy in X .

Consider the line segmefd; v], and choose a positively-oriented orthonormal frame such that point
is at the origin, lingu; v) is vertical, and poinv lies aboveu. Let, ,, denote the pate 7! (1 s)u + sv.

- If [u;v] is included inC, then the path8y, ¢, v ¢°yy and®?, ¢, .y ¢°8y connecix toy in X . And
since®y (1) and°9, (1) differ, one of them at least (séy (1)) differs from [u;v], which implies that
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J°wj > de(u;v) = j, wjand hence thgtj > j°y, ¢ w ¢ vyj, which contradicts the fact thatis a shortest
path fromx toy in X.

- If now [u;v] is not included inC, then there is a poirm 2 [u; V] that does not belong t6. On the
horizontal line passing through C lies on the right or on the left ofu; v), say on the right. Let be a
rightmost point ofC. We havec 2f u; vg because lies on the right of lingu; v). Note thatc 2 @G and
assume without loss of generality tha® ° (1), which implies that 2 °, (1) sincec Zf u;vg. Let®
be the connected component®qf, (1) n (u;Vv) that containg. Since®y is a simple arc® is a subarc of
°uw, Starting and ending ofu; v), and passing through Let| be the vertical line passing throughNote
thatC does not intersect the right half-plane bounded.byevertheless, other components@tn (u; v)
may touchl, including some subarcs 6f, . However, by paring in nitesimally in their vicinity, one can
easily ensure thad is the only arc of@ Cthat touches. Hence, from now on, we assume without loss of
generality that\ C p ®. This implies thaf 3, (1) does not touch, since® p °y, (]0; 1[), which does not
intersect° O, (). Therefore, the rightmost vertical lin€touching®3, (1) lies on the left ofl. Let+ > 0
denote the Euclidean distance betwéand|®.

Consider the Euclidean open bBIE (c;3). Sincec 2 C, there exists a poirt®®lying in C\ Bg (c;3).
SinceC is open inR?, we havec®®2 @C Let |1%e the vertical line passing througf® Note thatl®is
located on the right df®. Let u®andv®e the rst points of intersection df%ith @ Cabove and below®
We havdu®v% u C. Moreoveru®s vP%ecause®®2 @ C In addition,u®andv®elong to° (1), since
they lie onl®and hence on the right ¢ Finally, [u®©v°} differs from ° o041 ) becausdu®®v°} passes
throughc®°2 @C As a result, the pathyogo, de ned bys 7! (1 s)u®®+ sv®is included inC p X,
it connects pointsi®v®of °, (1), and it is shorter thahygoo. It follows that the pati 00 ¢, o500 ¢° o5,
connectx toy in X, and is strictly shorter thah, which contradicts the fact thatis a shortest path from
toy in X . This shows that every poigtinside the geodesic open b8k (x; hfs(x)) has only one shortest
trajectory fromx. It follows thathfs(x) - dx (x; CLx (X)), which concludes the proof of Lemma 5.1

The fact that the geodesic distance from a pain2 X to its cut-locus is equal to half the length
of the shortest non null-homotopic loop througlhs a classical result of Riemannian geometry. Mitchell
has exported it to the case of domains with piecewise-linear boundaries piathe [32]. Lemma 5.1
above extends Mitchell's result to the case of domains with Lipschitz boigsjand it suggests a simple
procedure for computing the homotopy feature size: given a Lipschitz idakan the plane, and a point
x 2 X, grow a geodesic closed b#l aboutx at constant speed, starting with a radius of zero, and ending
whenB covers the path-connected compon¥gtof X containingx. Meanwhile, focus on the wavefront
@ Bas the radius 0B increases — this wavefront evolves as the iso-level sets of theymiaply (X;y):

— if at some stage the wavefroself-intersectsmeaning that there is a poipt2 @ Bwith two or more
distinct shortest trajectories ¥q then interrupt the growing process and return the current value of the
radius ofB;

— else, stop oncB coversX y and return+ 1 .

By detecting the rst self-intersection event in the growing process, thegqulure nds a point o€Lx ()
closest tax in the intrinsic metric, and therefore it returdg (x; CLx (X)), which by Lemma 5.1 is equal to
hfs(x). The procedure relies on two oracles: the rst one detects wh&tewversX  entirely; the second
one detects whether the wavefront self-intersects at a given vadfieghe radius oB, or rather, between
two given values; <r , of the radius oB .

5.2 Generating geodesithfs-samples

Given a Lipschitz domaiiX in the plane, and a real number 0, we can use the procedure of Section 5.1
to generate geodeslbfs-samples oX . Our algorithm relies on a greedy packing strategy, building a point
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setL iteratively by inserting at each iteration a pointXfthat is far away from the current point detin
the intrinsic metric.

In the initialization phase, the algorithm selects an arbitrary poidt X and setd = fpg. It also
assigns t@ the geodesic open badll, of centerp and radius;~ hfs(p), wherehfs(p) is estimated using
the procedure of Section 5.1.Hfs(p) = + 1 , thenB corncrdes with the path-connected componenX of
containingp. 'gre main loop of the algorithm proceeds in a similar fashion. At each iteratioarbitrary
pointg2 X n ,, Bpis selected and inserted in Pointads then assigned the geodesic open Baliof
centerg and radru‘,% hfs(g). The process stops wheqin p2t Bp= 1.

The algorithm uses a variant of an oracle of Section 5.1, which can tetheha given union of geodesic
balls coversX, and return a point outside the union in the negative. Upon terminationy peertx 2 X
lies in some closed baB ,, and we havelx (x;L) - dx (x;p) - 1T hfs(p), which is at most' hfs(x)
sincehfs is 1-Lipschitz in the intrinsic metric (Lemma 3.3). Moreoveky (X; p) is nite becauseB, is
included in the path-connected componenkXotontainingp. Therefore, upon terminatioh, is a geodesic
"hfs-sample ofX . Let us show that the algorithm indeed terminates:

Lemma5.2 Forall " > 0, the algorithm terminates.

Proof. Our approach is to bound the pairwise Euclidean distances between the qfdinfrom below by
some positive value, and then to apply a packing argumenth Eemnin f 1; hfs(X )g. Note that we do not
usehfs(X) directly, since the latter might be in nite. In contrabt<ch< +1 .

Consider any two pointg; ginserted inL by the algorithm, and assume without loss of generality that
qwas inserted aftgp. If hfs(p) = + 1 , then the balB, coincides withX ,, the path-connected component
of X that containg. Thereforeg does not belong tX ,, and we havelx (p;g) = + 1 > 1hT If hfs(p) <
+1 , thendx (p; Q) is greater than the radius Bf,, which is equal to%hfs(p) hfs(X) 1+ . In
any case, we havéy (p; Q) > -1~ for all pointsp; g2 L. We will now bound this quantrty from below by

another quantity depending dg(p g), which will then enable us to use a packrng argument.

Consider the sé{ of all pairs of points¢; y of X such thatlx (x;y) , . K isaclosed subset &f £
X , which is compact sinc¥ is, henceK itself is also compact. Itfollows that the ntag(x;y) = SE 8‘({/;

reaches its minimurm overK . This minimum is positive sinc@(x;y) 2 K, we havedx (x;y) > 0, which
implies thatx 6 y and hence thalg (x;y) > 0.

From the previous paragraphs, we deduce that, for all ppit® L, de (p; ) is greater tham dx (p; 0) ,
m Hence, the points df are centers of pairwise-disjoint Euclidean closed balls of ra%i}"r) > 0,

packed msrdeX © Bg O; where© stands for the Minkowski sum. Sinc¢€ is compact, so is

’2(1+ DI
X ©Bg 0; 57 2(1+ 5 which therefore contains only nitely many disjoint Euclidean closed ballsarhe

positive radius. It follows thal is nite. And since the algorithm inserts one pointlinper iteration, the
process terminatess

We will now show that the size of the output of the algorithm lies within a con$aatdr of the optimal,
the constant depending on the doubling dimensiofXefdy ).

Lemma 5.3 For all " 2]0; 1], the size of the oupyj,of the algorithm is wittgld times the size of any
geodesid¢ hfs-sample ofX , wherel = log, 3*17"22 and whered is the doubling dimension ¢X; d ).

The in uence of the doubling dimensiahof X is illustrated in Figure 2 (right), where the domain consists
of two copies of the domain of Figure 2 (left), glued together along the tipeafithanches. The homotopy
feature size at any point of is at least half the perimeter of a hole, which is equ to ﬁl Consider

®This map is well-de ned sincdyx (x;y) , > Oforall (x;y) 2 K.

1+
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the set = fp;pyandQ = faoi; ¢ ¢ ¢agcg. For any pointx 2 X, the geodesic distance fromto P is at
most2, as in the case of Figure 2 (left). As for the geodesic distance kaonQ, it is at most2 + %}1
Both distances are bounded from abovehiig(x), so thatP andQ are geodesibfs-samples oiX . Now,
foranyqg 2 Q, the geodesic distance frognto any other is greater than half the length of the shortest
loop throughg that winds around a hole. Therefore, the geodesic distancedrdonQ n fg g is greater
thanhfs(qg). It follows thatQ is hfs-sparse. However, the size Qfis % times the size oP, wherek is of
the order o9, as observed before Theorem 4.14.

Proof of Lemma 5.3. Let L be the output point set, and lef % X be any geodesithfs-sample ofX .
Consider the functiods: L ! L%that maps eacthoint af to its nearest neighbor ih®in the intrinsic
metric, breaking ties arbitrarily. We then hg\g = qZI_ojl/A L(f gg)j. Therefore, to bound the size bf
it is enough to bound the size of each Bkt (f qg).

Letq2 LC and letpy; ¢ ¢ ¢py be the points o¥ 1(f qg). All the pointsp; belong to the path-connected
componeniX 4 of X that containsj, sinceL %is a geodesi¢hfs-sample ofX . If hfs(g) = + 1 , thenXq is
simply connected, and therefore the algorithm picks only one point ¥gmit follows thatj%i 1(q)j = 1.
Assume from now on thdtfs(q) < +1 , which means thaX 4 is not simply connected and hence that the
hfs(p;) are nite.

SinceLOis a geodesithfs-sample ofL, for alli = 1; ¢ ¢ ¢k we havedy (p;i;g) - " hfs(p;), which is
at most;— hfs(q) sincehfsis 1-Lipschitz in the intrinsic metric (Lemma 3.3). Hence, fhebelong to the
geodesm closed ball of centgrand radlu\,% hfs(g). Moreover, assuming without loss of generality that
p1; ¢ ¢ ¢pe were inserted i in this order, we have that, forall- i<j - k, p; does not belong to the
geodesic closed ball of centgrand radiu% hfs(pi). Hencedx (pi; pj) > 17 hfs(p;), which is at least
(T hfs(qg) sincedx (pi;q) - " hfs(p;) and sincéhfsis 1-Lipschitz in the intrinsic metric. Therefore, the

pi are centers of pairwise-disjoint geodesic closed balls of raﬂw hfs(q), packed inside the geodesic

n 2 n
ey IS = gy " hfs(@.

It follows from the previous paragraph that the sizeVdf'(f qg) is bounded by the maximum num-
ber of geodesic closed balls of radi% hfs(q) that can be packed inside a geodesic closed ball

closed ball of centeq and radius 1—

of radius% " hfs(g). By Lemma 4.13, this number is at most the minimum numbef
geodesic closed balls of raduﬁ—z hfs(g) that are necessary to cover a geodesic cIosq(:ad ball of ra-
dlus% " hfs(q) The ratio between the two radii M thereforen is at most 2¢ ' = 21d,
wherel = log, % andd is the doubling dimension @iX; dx ). Thus, for all poinig of L? the size

of ¥4 1(q) is at mos2®, which implies thajLj - 29 jLY. =

5.3 Computing the homology of Lipschitz domains in the plane

Given a geodesithfs-sampleL of a Lipschitz planar domaiX , a variant of the procedure of Section 5.1
can be used to buil®x (L): grow geodesic balls around the pointslofat same speed, and report the
intersections between the fronts. The homologipgf(L) gives then the homology of , by Theorem 4.2.
However, in many practical situations, is only known through a nite sampling/, which makes it hard to
detect the intersections between more than two fronts. In this type of disetétey, it is relevant to replace
the construction oDy (L) by the ones of5) (L) and QQ{O (L), which only require to compare geodesic
distances at the points 8. The homology oDyx (L) (and hence the one &f) can then be computed via
the persistent homology betwe€}f (L) andCy, (L).

More precisely, we use simplicial homology with coef cients in a eld, which iragtice will beZ=2
— omitted in our notations. The inclusion map d}’(L) 1 C X‘;’o (L) induces a homomorphisim :
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HS (G (L)) ! HE(CY (L)). By applying the persistence algorithm [36] to the ltratiad’ (L) |

C‘K";’o (L), we can compute the rank ®f. Thus, the goal is to relatenk i. to dimH¢ (Dx (L)), the
kth Betti number oDy (L). We know from Theorems 4.12 and 4.14 i@ (L) p D x (L) p C;Q;’o (L)
under some sampling conditions, which will we assume from now on. The ioolasapsj : CY (L) !

Dx (L) andj®: Dx(L) | C ;{‘;’o (L) induce homomorphismis, j 2 on the homology groups, such that
ia = (j%])a = j2%ja. Itfollows thatdimH} (Dx (L)) , rank jO, rank i, which means that every
k-cycle that persists betweé@'[" (L) and@{o (L) is a non-trivialk-cycle ofDx (L). In fact, we can prove
much more in our context:

Theorem 5.4 Assume that the hypotheses of Theorems 4.12 and 4.14 are satis ed, with, L 1 W,
and withhfs replaced byminf hfs; dy g, wheredy, is the Euclidean distance to the medial aksof R? n
X . Then, fort suf ciently small compared td, the range space af; is isomorphic toH|;c (Dx (L)).
Equivalently, we haveank iz = dim H? (Dx (L)).

This theorem guarantees that the persistent homology bet@#¢h) andCY%; (L) gives the homology
of Dx (L). The bounds on the densities of landmarks and witnesses depethg, amhich requires that
M\ X = ;. Thisis true ifX has smooth boundaries, but als@fXonly has corners oriented outwards.
The fact thahfs anddy, are bothl-Lipschitz in the intrinsic metri€implies that the densities deep inside
the domainX can be small, although they have to be large r@a¢

The proof of Theorem 5.4 proceeds in two steps: rst it showsijtfiat injective, then it shows that is
surjective. It follows from the injectivity of 2 thatdim H¢ (Dx (L)) = rank j$, which is equal taank ia
by the surjectivity of ». The main ingredients of the proof are given below, the more technicalsleting
deferred to the nal version of the paper.

Sketch of proof of Theorem 5.4. As mentioned above, all we need to prove is ftat Hf (Dx (L)) !

HE (CY (L)) is injective and = : HE (CY (L)) ! H¢ (Dx (L)) is surjective. For simplicity, we will use
singula{r homology, so that we do not have to care about using simplicialintgpipetween the complexes.
The extension to simplicial homology is straightforward, by means of the algnige theorem between
simplicial and singular homology — seqy.[28, Thm. 2.27].

Injectivity of jQ. Our strategy consists in de ning a continuous nﬂ%\pdﬂo (L) !'D x (L), whose restric-
tion to Dx (L) will be homotopic to the identity map (recall th@ (L) p Cy (L)). Since the restriction
of Ato Dx (L) is preciselyA + © the latter will be homotopic to the identity &fx (L), and therefore the
induced homomorphisifA+j 9, = A; +j 9 will be the identity magH «(Dx (L)) ! Hy(Dx (L)), which is
injective. As a result,? itself will be injective.

So, our goal is to work out a continuous mAp: C}’V (L) ' D x (L) whose restriction tdx (L)
is homotopic to the identity map. We know from Theorem 4.2 that there exists atbpynequivalence
h:Dx(L)! X, whereX isthe underlying planar domain. Lgt X ! D x (L) be an inverse homotopy
equivalence. Sinc¥ % R?, we can seé as a map fronDx (L) to R2. And sinceR? is a vector space,
we can recursively apply Dugundiji's extension theorem [19], togetlithra gluing lemma, to extenld to a
continuous map®: G, (L) ! R?, such thahjoDX w = h

Now we would like to transforn®into a mapd}{o (L) ! X, because then we could compose it with
g to get a continuous map whose restrictiorDtg (L) would be simplyg + h, which is homotopic to the
identity, as desired. So, we need to compb®eith some continuous map thatojectsho(d;‘{o (L)) back
onto X. This is precisely what we do: we compdstwith ¥y , the Euclidean projection oni§ , which
maps every poiny of R? n M onto its only nearest neighbor ¥. Here,M denotes the medial axis of

®Sincedw is 1-Lipschitz in the Euclidean metric, it is aldsLipschitz in the intrinsic metric, because - dx .
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R2n X, andYx is known to be well-de ned and continuous ovef n M. Note also that the restriction of
Yx to X is the identity.

To be able to us&y , we need to show thalo((;‘{‘{o (L)) \ M= ;. The proof goes as follows: we know
that the magh was provided by the Nerve theorem 4.3, whose proof [9, 35] buildgr@tapy equivalence
Dx (L) ! X such that the image of a simplé%=[po; ¢ ¢ ¢p] 2 Dx (L) liesinVyx (po) [¢C ¢ [ VX (pr).
Since the Voronoi cells of thp, have a common intersection, our sampling assumptions imply that they
are included in a Euclidean ball of radi@" dy (X)), wherex is any point in the intersection. Therefore,
we haveh(¥) \ M = ; if " is small enough. Now, given a simplé4whose faces belong tOx (L),
Dugundiji's extension theorem states th8$) is included in the Euclidean convex hull of the images of its
faces. We can then prove by induction that the image thréigi any simplexs2 C}{‘;’o (L) isiincluded in
the Euclidean convex hull of the geodesic Voronoi cells of the verticés Nibte that, this time, the Voronoi
cells may not have a common intersection, sitigeay not be a simplex ddx (L). Nevertheless, we know
that %4is ° -witnessed by some poimt 2 W, hence the vertices éfzdo not lie farther away fromv than
O(4’" dw(w)), which implies thahq3) \ M = ; if " is small enough.

Thus, for suf ciently small’, we haveh{Cy%, (L)) \ M = ;. Therefore, we can compos@with ¥
and then withg, resulting in a continuous mapt¥x +h%: CY, (L) ! D x (L) whose restriction t®x (L)

is g = h, which is homotopic to the identity. This concludes the proof fl§as injective.

Surjectivity of jo. The cas&k , 2is easy. Indeed, sind@x (L) is homotopy equivalent t& (Theorem
4.2), which is a subset @2, we haveH(Dx (L)) = 0 forallk , 2. This makeg trivially surjective for
k , 2. The cas& = 0 is also easy: every vertex @fx (L) is a point ofL, and all the points ot p W
are their own witnesses, hence they are vertices0ofL ). It follows that the generators éfo(Dx (L)) are
already inHo(CGY (L)), which means thgt is surjective.

Consider now the cade= 1. We want to prove that, for aricycle3 in Dy (L), there exists 4-cycle
30in @(V(L) that is homologous t& in Dx (L). For convenience, we will switch to homotopy and prove
that, for any loop® : S I D x (L), there exists a loop®: St ! C ¥ (L) that is homotopic td in
Dx (L). Since the generators of the fundamental group of a simplicial complexeahdsen inside its
1-skeleton, we can assume without loss of generality“thata loop in the 1-skeleton d@x (L). Hence/?
is the concatenation of a set of contiguous edge3,o{L ). Letvo;vy; ¢ ¢ ¢vy; 1; vk = Vo be the vertices
of Dx (L) through which® passes, in this order. The drcof ° bounded by; andv;.1 is simply the edge
[Vi;vis1] Of Dx (L). This edge may or may not be an edgd:;ﬁf(L). In the latter case, we show that we
can take a short detour insid&" (L) to connect; to Vj+1 .

To de ne the detour, we consider a pom2 X atthe intersection of the geodesic Voronoi cells;cdind
Vi+1 . Such a point exists sindg;; vi+1] is an edge oDy (L). The geodesic open digk. of centerc and
radiusr =dx (c;v;) - " minfhfs(c); dy (c)g contains no point of L, and its bounding circle contains both
vi andvi.; . Consider the sdt . of all the points ofL that lie inside a slightly enlarged digk? , of center
c and radiug + = minfhfs(c); dy (c)g. The situation is then the following: digk. is empty, and all the
points ofL . lie in the shellB? n B of width £ minf hfs(c); dw (c)g, and are at least( " minf hfs; dy g)
away from one another, by our sampling conditiont i§ suf ciently small compared t8, then we can use
the same kind of machinery as in [27] to show that the pointscdfe in geodesically convex position, and
that the edges of the geodesic convex hulLgfcorrespond to edges @’ (L). Then, by following a path
fromv; tov;+1 on the boundary of the geodesic convex hulLgf we build a short detod’riofrom Vj to Vit
inGY (L).

Since®; = [vi;Vvi+1] and®are short paths iDy (L), their images through the homotopy equivalence
h: Dx(L) ! X provided by the Nerve theorem 4.3 are short pathX inlt follows thath(°3 ¢h(®y)
is a short loop inX (at least shorter tha® hfs(v;)), which implies that it is null-homotopic iX . As a
consequencé’,?andﬁ are homotopic relative t@]lin Dx (L). By concatenating théio, we get a loop
°0: sl 1 C ¥(L) that is homotopic t¢ in Dx (L), the homotopy being obtained by concatenating the
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homotopies between tii¢and the®;. Since this construction can be done for any 18dp the one-skeleton
of Dx (L), we conclude that the inclusion map CY (L) ! D x (L) induces a surjective homomorphism
from the fundamental group @’V (L) to the one oDx (L). It follows thatj s itself is surjective. @

6 Application to Sensor Networks

We have implemented the algorithms of Section 5 in the context of sensor nefwdrére the nodes do not
have geographic locations, and where the intrinsic metric is approximatee Ispéitest path length in the
connectivity graptG = (W, E), which is assumed to comply with tlgeodesiainit disk graph model. This
means that each node has a geodesic communication rahgsamfhat two nodes; w°2 W are connected
in the graph iffdx (w; w9 - *. All edges have a unit weight, and we denotedaythe associated graph
distance — also called hop-count distance. This geodesic unit disk graghl is the analog of the unit disk
graph model in the intrinsic metric. Both models are equivalent at the limit, WhesamplesX arbitrarily
densely.

Lemma 6.1 Assume thatV is a geodesie-sample ofX , with + < % Then, for all nodesv;w°2 W, we
have:
dx (w; w9 dx (w; w9 W g . 1 L
1 1

- da(w; w9 - Tt G wwo

Proof. Letw;w®2 W be two nodes of the graph. We rst give an upper boundignConsider a shortest
path3 from w to w¥inside X . We havej?j = dx (w;w9. LetO = to - t; - ¢¢¢ - tm; 1 - tm =1
be distributed along in such a way thatlx (3 (ti);3(ti+1)) = * igtforalli = 0;¢¢¢m j 2, while

dx 3(tm; 1);3(tm)) - * | 2+ Clearly, we haven = dxl(iwgiv") . For alli, letw; be a point ofw

closest te? (t;) in the intrinsic metric. Sinc&V is a geodesia-sample ofX , we havewg = 3(tg) = w,
Wm = 3(tm) = W@ anddy (wi;3(tj)) - =+ for any otheri. It follows from the triangle inequality that:
dx (Wi;Wis1) - dx (wi;3(t)) +d x C(ti); 3 (tivr)) +d x C(ti+1);Wi+r) - 1. Therefore[w;; wis1 ]is an
edge of the communication graf and thus té corresponds a pathin G. BotR® and® connectw to wo

and are made ah pieces stitched together. Hendg,(w; w9 - m = dxl(i""z;"i"o) , which is bounded from
above by:
Y.
»dx (w; w9 H 4iﬂ T dy (w;wO H 4iﬂ dy (w; w9 Mo g 1 L
14+ — o 21+ = 41 =2 1+ =+
1 1 1 1 1 1 dX (W; ch

Let us now give a lower bound al;. Let® be any path fromw to w®in the communication grap®.
For any consecutive nodes; w;+1 along the path, we ha\@q(wi TWit1 Pn L since[w;; wi+1] is an edge
of G. Therefore, by the triangle inequlalify,must have at Ieasth(lﬂ edges. Since this is true for any

dx (w;w9)

path® fromw towPin G, dg (w; w9 | dx (wiw9)

5

Assume now that is a g;=hfs-sparse geodesithfs-sample ofL, as it is the case for instance in
Theorem 4.14. Suppose thatg 1 < " < 1. Given a witnessv 2 W, every landmarlp 2 L that

is not its closest landmark satis esly (w;p) = -( ") >t , which implies thatdg(w; p) is an accurate
approximation to"'xﬁﬂ by Lemma 6.1. If nowp is the landmark closest W, then we may as well have

dx (w;p) <! , butin this case we also hady (w;p) < dx (w;q) forall g 2 L nfpg, which implies
thatdg (w; p) < de(w;q). As a resultds may change the order of the distances between the landmarks
andw, but interverted distances must have similar values. In this respect, weagdhatdy is a faithful
approximation taly . Note however that whether or not the topology of the withess complex ile statler

such small perturbations is still an open question at this time.
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Homotopy feature size computation. Given a node, we estimate the geodesic distancexdb its cut-
locus, which by Lemma 5.1 is equal tds(x). Wanget al. [34] proposed a distributed algorithm for
detecting the cut-locus, which works as follows: the ngdgends a ood message with initial hop count
1; each node receiving the message forwards it after incrementing pheolimt. Thus, every node learns
its minimum hop count to the node Then, each pair of neighbors check whether their least common
ancestor (LCA) is at hop-count distance at ledsif so, then they also check whether their two shortest
paths to the LCA contain nodes at ledsiway from each other (by looking at tlgering neighborhoods of
the nodes of the paths). Every pair satisfying these conditions is calletdaicuAs proved in [34], every
hole of perimeter greater thahyields a cut pair. Then, every cut node checks its neighbors, andasit h
the minimum hop count, then it reports backxtavith the hop count value. Thug,gets a report from one
node on each connected component of the cut-locus, and learns theopgrfeature size as the minimum
hop value. For a weighted graph, the operation is similar.

Landmark selection and witness complex computation. The landmark selection implements the incre-
mental algorithm of Section 5.2 in a distributed manner. A node has two statesedanduncovered A
covered node lies inside the geodesic ball of some landmark. Initially, allddesnare uncovered. They
wait for different random periods of time, after which they promote theneselo the status of landmark.
Each new landmark oods the network, computes its homotopy feature sidé@mrms all the nodes within
its geodesic ball to be covered. Thus, every node eventually becowe®damr a landmark itself.

The witness complex is computed in a similar way as in [21]. The selected lansimartkthe network,
and every node records its minimum hop counts to them. With this information, indags which sim-
plices it witnesses. A round of information aggregation collects all the simmicgsonstructs the witness
complex. In a planar setting, where only the Betti numberand 1 are non-zero, we only need to build
the 2-skeleton of the witness complex. Therefore, each node may stgiiesahree nearest landmarks, and
it may avoid forwarding messages from other landmarks. This reducesabsage complexity drastically.

Simulation results and discussion. Figures 3 through 7 present some simulation results. We consider
sensor nodes randomly distributed in a Lipschitz planar domain. Two ndttés wnit Euclidean distance
of each other are connected, so that the resulting communication netwoukiisdask graph. The average
node degree in this graph is denoteddyThe intrinsic metric is approximated by the graph distance in
the connectivity network, where each edge can be either unweightpec(umt distance) or weighted by its
Euclidean length (weighted graph distance). Our aim is to evaluate thedpsrof the landmark selection
and homology computation on various parameters. Figure 3 shows a tyxecapk, with" = 0:5 (a) and

" = 0:25 (b). In both cases, only the genuine 3 holes persist and are theidé&med as non-trivial
1-cycles in the geodesic Delaunay triangulation.

2 Node densityWe vary the number of nodes from 217 to 355. The average degre@retha same.
The result is shown in Figure 4. Again, the persistent homology betweesmitiess complex and its
relaxed version gives the homology of the domain. Thus, only the intrinemgty of the domain
matters, not the scale of the network, as long as the latter remains dengéenou

2 Landmark density.Figure 5 shows our results on the same setup as above," witl :85 (a) and
" = 0:15(b). In the rst case, only two holes are captured, because of the lodntark density. In
the second case, three non-genuine holes are not destroyed in tezlreithess complex, because
the value of the relaxation parameters too small given the relatively low node density. Increasing
° from 2 to 4 produces the correct answer (c). But set@ingp too high a value®( = 11, " = 0:25)
destroys some of the genuine holes (d). Throughout our experimeatsigibrithm produced correct
results with small values ¢f (° - 4), provided that the nodes and landmarks sets were reasonably
dense. This demonstrates the practicality of our approach, despite taeHaayetical bounds stated
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in Theorems 4.12, 4.14 and 5.4.

2 Weighted graph distance vs. hop-count distar8iace the hop-count distance is a poor approximation
to the geodesic distance, the range of value' thfat work ne with it is reduced. In Figure 6 for
instance, the scheme works well withe 0:5, but not with" = 0:25, in contrast with the results of
Figure 3.

2 Packing strategy.Figure 7 shows some of our sampling results. It appears that diffesaking
strategies can produce samples of very different sizes, as prediclezhima 5.2. Maximizing the
ratio dﬁé?&;) at each iteration seems to be a very effective strategy in practice, butl#oidime-
consuming, and it tends to choose landmarks near the boundaries ofrttandavhich can be a
guality or a defect, depending on the application considered.

7 Conclusion

We have introduced a new quantity, called the homotopy feature size, amgdlthat it is well-suited
for the sampling and analysis of Lipschitz domains in the plane. In particulean @ domainX and a
landmark setL that is suf ciently densely sampled frond , the bound on the density depending on the
homotopy feature size of , we have proved that the geodesic Delaunay triangulatidn isf homotopy
equivalent toX . The homotopy feature size depends essentially on the global topology ahd it is
rather insensitive to the local geometry. As a result, it enables to havesparge sets of landmarks, which
makes it a convenient theoretical tool for geometric data analysis. In thisxdpwe have devised generic
procedures for estimating the homotopy feature size and for generatdggje' hfs-samples of Lipschitz
planar domains.

With more practical applications in mind, we have focused on the geodesicswitoenplex and its re-
laxed version, proving that these two complexes sandwich the geoddaigiag triangulation under some
conditions. As an application, we have shown that it is possible to estimate theldgy of a Lipschitz
planar domairX from a nite set of landmark& without actually buildingDyx (L) explicitly, by construct-
ing CY (L) and C‘A’" (L) and computing their persistent homology. To give theoretical guarantgbsto
approach, we have proved that the persistent homology bet@féeﬁh) and C‘A";’o (L) coincides with the
homology ofDx (L) under some sampling conditions. Our practical experiments in the conteahsdrs
networks corroborate these results.

This work can be generalized in several ways. In a near future, wedntéelook at possible extensions
for bounded domains in higher-dimensional Euclidean spaces, with ajplisan robotics and geometric
data analysis. Also, it would be relevant to generate homology base®wlements isolate the various
holes ofX . There exists some work along this line, but for a slightly different corj&sit
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(@)n=217,d¥7:66," = 0:5,° = 2, weighted graph distance.
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Figure 3:From left to right: witness complex, relaxed witness compteersistence barcode of the Itration [11].
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Figure 4:Same setting as above, with a higher node density.
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S
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. : - : N —
(b)" = %, insertion of node that mammmes% outside , Byp.
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A Appendix — Proof of Proposition 2.2

We use singular homology with real coef cients, so that our homology gsa@re vector spaces over the
eld R —omitted in our notations. We refer the reader to [28, Chap. 2] for a gdomtlnction on homology
theory.

Proof of (i). The proof is by induction ok. The cas& = 1 is trivially true. Assume now that the result is
true up to somé& , 1, and considek + 1 simply connected subseXs;; ¢ ¢$X k+1 Of R2, whose common
intersection is non-empty. Notice théh \ ¢ ¢ ¢\ X4, is the intersection of :‘:1_'Xi with X k+1 , which by
the induction hypothesis are simply connected. For convenience, we den !‘:1 XiandZ = Xg+1 .
Intuitively, the presence of a hole in the intersectibh Z would automatically imply the presence of a hole
inY orinZ. HenceY \ Z must be simply connected, singeandZ are.

Formally, we consider the Mayer-Vietoris sequencé\tfZ):

CCEIHL(Y [ Z) @ Hy(Y\ 2) ™™ Hy(Y) O Hy(Z) 1 ¢ e e

SinceY andZ are simply connected, we hat (Y) = H1(Z) = 0, thereforekerA = H1(Y \ Z). By
exactnesskerA is also equal tom @, which is trivial since we havél,(Y [ Z) = 0, Y andZ being
subsets oR?. As a result, we havel (Y \ Z) = 0, whichimpliesthaty \ Z = X1\¢ ¢ ¢\X 41 is simply
connected. Hence, the result is true kot 1, which concludes the inductions

To prove (ii), we need an easy intermediate result:

Lemma A.1 If X;Y are path-connected subsetsRAsuchthatX \ Y 6 ;, thenX [ Y is path-connected.

Proof. Letp2 X \ Y, and letgbe any other pointok [ Y. If g2 X, then there exists a path betwgen
andqin X, which is path-connected. Otherwisglies inY, and there exists a path betwgeandqin Y,
which is also path-connected. Therefore, every poirX df Y is path-connected tpin X [ Y, which is
therefore path-connectedz

We can now prove (ii):

Proof of (ii). Assume thatX \ Y is not empty. Intuitively, the topological type &f [ Y partially
determines the topological type ¥f\ Y, in the sense that [ Y would have a hole if eveX \ Y were

not path-connected, sinéé Y themselves are path-connected. Formally, we consider the Mayer-Vietoris
sequence ofX; Y ):

CEEIHI(X [ Y) @ Ho(X \ Y) ™ Ho(X)© Ho(Y) I Ho(X [ Y) @ 0:

SinceX \ Y 6 ;,LemmaA.ltellsustha [ Y is path-connected, therefodem Ho(X [ Y) =1. This
implies thatdim ker @ = 1, and hence thaank A = dimker @ = 1, by exactness. By the homomorphism
theorem, we haveimker A = dim( Ho(X) © Ho(Y)) i rank A, which is equal tdl sinceX andY are
path-connected. Hence, by exactneask A = dimker A = 1. Moreover, since by assumptiof [ Y

is simply connected, we haddim H1(X [ Y) = 0, which implies thatank @ = 0. By exactness, we
havedimker A = rank @ = 0. Hence, by the homomorphism theoratim Ho(X \ Y) = dimker A+
rank A =1, which means thaX \ Y is path-connecteds
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