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In this paper we describe and analyze a method based on local least square tting

for estimating the normals at all sample points of a point cloud data (PCD) set, in the
presenceof noise. We study the e®ectsof neighborhood size, curvature, sampling density,
and noise on the normal estimation when the PCD is sampled from a smooth curve in
R? or a smooth surface in R® and noise is added. The analysis allows us to nd the
optimal neighborhood size using other local information from the PCD. Exp erimental
results are also provided.

Keywor ds: normal estimation; noisy point cloud data; eigen analysis; neighborhood size
estimation.

1. Intro duction

Modern range sensingtechnology enablesus to make detailed scansof complex
objects generatingpoint cloud data (PCD) consistingof millions of points. The data
acquired is usually distorted by noise arising out of various physical measuremen
processesand limitations of the corresponding acquisition technologies.

“A preliminary version of this paper appeared in the Proc. of the 19" ACM Symp. on Computa-
tional Geometry, 2003. The work was supported by NSF CAR GO grant 0138456 and a Stanford
Graduate Fellowship.
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The traditional way to usePCD is to reconstruct the underlying surface model
represerted by the PCD, for exampleasa triangle mesh,and then apply well known
methods on that underlying manifold model. However, when the size of the PCD is
large, such methods may be expensive. To do surfacereconstruction on a PCD, one
would “rst needto Tter out the noisefrom the PCD, usually by somesmoothing
Tter 15. Such a processmay remove sharp features, however, which may be un-
desirable. A reconstruction algorithm sud as those proposedby Amenta et al. %3
then computes a meshthat approximates the noise free PCD. Both the smooth-
ing and the surface reconstruction processesmay be computationally expensiwe.
For certain applications like rendering or visualization, such a computation is often
unnecessaryand direct rendering of PCD has been investigated by the graphics
community 1719,

Alexa et al. 1 and Pauly et al. 1° have proposedto usePCD as a new modeling
primitiv e. Algorithms for such a paradigm often require information about the
normal at ead of the points. For example, normals are used in rendering PCD,
making visibilit y computation, answering inside{outside queries, etc. Also some
curve (or surface) reconstruction algorithms &7 needto have the normal estimates
asa part of the input data.

The normal estimation problem has beenstudied by various communities such
as computer graphics, image processing,and mathematics, but mostly in the case
of manifold represenations of the surface. We would like to estimate the normal
at eadh point in a PCD, givento us only asan unstructured set of points sampled
from a smooth curve in R? or a smooth surfacein R® and without any additional
manifold structure.

Hoppe et al. ** proposedan algorithm where the normal at ead point is es-
timated as the normal to the tting plane obtained by applying the total least
square method to the k nearest neightors of the point. This method is robust in
the presenceof noise due to the inherent low pass Ttering. In this algorithm, the
value of k is a parameter and is chosenmanually basedon visual inspection of the
computed estimates of the normals, and di®erert trial valuesof k may be needed
before a good selectionof k is found. Furthermore, the samevalue of k is usedfor
normal estimation at all points in the PCD.

We note that the accuracy of the normal estimation using a total least square
method dependson (1) the noisein the PCD, (2) the curvature of the underlying
manifold, (3) the density and the distribution of the samples,and (4) the neigh-
borhood sizeusedin the estimation process.In this paper, we make precise suc
dependenciesand study the cortribution of ead of these factors on the normal
estimation process.This analysis allows us to nd the optimal neighborhood size
to be usedin the method. The neighborhood size can be computed adaptively at
ead point basedon its local information, given some estimates about the noise,
the local sampling density, and bounds on the local curvature. The computational
complexity of estimating all normals of a PCD with m points is only O(m logm).
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1.1. Related Work

In this section, we summarize some of the previous works that are related to the
computation of the normal vectors of a PCD. Many current surfacereconstruction
algorithms 2310 can either compute the normal as part of the reconstruction, or
the normal can be trivially approximated oncethe surfacehas beenreconstructed.
As the algorithms require that the input is noisefree, a raw PCD with noiseneeds
to go through a smoothing processbefore these algorithms can be applied.

The work of Hoppe et al. 13 for surface reconstruction suggestsa method to
compute the normals for the PCD. The normal estimate at ead point is done by
“tting a least square plane to its k nearest neighbors. The value of k is selected
experimentally. The same approac has also been adopted by Pauly et al. 1° for
local surfaceestimation. Higher order surfaceshave beenusedby Weldh et al. 8 for
local parameterization. Howewver, as pointed out by Amenta et al. 4 sud algorithms
can fail even in caseswith arbitrarily denseset of samples.This problem can be
resolved by assuminguniformly distributed sampleswhich preverts errors resulting
from biased ts. As noted before, all these algorithms work well even in presence
of noise becauseof the inherent Ttering e®ect. The successof these algorithms
depends largely on selecting a suitable value for k, but usually little guidance is
given on the selection of this crucial parameter.

Recerily, Fleishman et al. ° and Joneset al. ** have independertly proposed
similar schemesthat usebilateral Ttering for fast feature-preservingmeshdenois-
ing. Thesealgorithms assumethat the connectivity information of the underlying
manifold is provided in the form of the input mesh. Further, the techniquesdo not
provide any guararntee on the quality of the smoothed mesh.

1.2. Paper Overview

In section2, we study the normal estimation for PCD which are samplingsof curves
in R?, and the e®ectsof di®eren parameterson the error of that estimation process.
In section 3, we derive similar results for PCD which comefrom surfacesin R3. In

section 4, we provide somesimulations to illustrate the results obtained in sections
2 and 3. We also provide an algorithm for using our theoretical results on practical

data. We concludein section5.

2. Normal Estimation in R2

In this section, we considerthe problem of approximating the normals to a point
cloud in R?. Given a set of points, which are noisy samplesof a smooth curve in R?,
we can usethe following method to estimate the normal to the curve at ead of the
samplepoints. For eac point O, we nd all the points of the PCD inside a circle of
radius r centered at O, then compute the total leastsquareline tting those points.
The normal to the tting line givesus an approximation to the undirected normal
of the curve at O. Note that the orientation of the normals is a global property of
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the PCD and thus cannot be computed locally. Onceall the undirected normals are
computed, a standard breadth st seard algorithm '3 can be applied to obtain
all the normal directions in a consistert way. For the rest of this paper, we only
considerthe computation of the undirected normals.

We analyze the error of the approximation when the noise is small and the
sampling density is high enougharound O. Under theseassumptions,which we will
make preciselater, the computed normal approximates well the true normal. We
obsenethat if r islarge, the neighborhood of the point cannot be well approximated
by a line in the presenceof curvature in the data and we may incur large error.
On the other hand, if r is small, the noise in the data can result in signi cant
estimation error. We aim for the optimal r that strikes a balance between these
opposing sourcesof error.

2.1. Mo deling

Without loss of generality, we consider O the origin, and the y-axis to be along
the normal to the curve at O. We assumethat the points of the PCD in a disk
of radius r around O come from a segmen of the curve (a 1-D topological disk)
of bounded curvature. Under this assumption, the segmen of the curve near O
is locally a graph of a single valued smooth function y = g(x) de ned over some
interval [j r;r] which we denote by R. Further, there exists a constart - > 0 such
that jg°x)j < - 8x 2 R. For our purpose,it is enoughto assumeg to be C?2
continuousin R.

Let p; = (x;;yi) for1- i - k bethe points of the PCD that lie inside a circle of
radius r certered at O. We assumethe following probabilistic model for the points
pi. Assumethat x;'s are instancesof a random variable X taking valuesin R, and
Vi = 9(X;j) + n;, where the noiseterms n; are independert instancesof a random
variable N. X and N are assumedto be independen. We assumethat the noiseN
has zero mean and standard deviation %,, and takesvaluesin [j n; n].

Using Taylor series, there are numbers A;; 1 - i - k sud that g(x;) =
g°A)x?=2 with jAjj - jxij - r. Let °; = g°{A;), then the bounded curvature
assumptionimplies that j°;j -

Note that if -r is large, even when there is no noisein the PCD, the normal
to the best t line may not be a good approximation to the tangernt as shawn in
Figure 1. Similarly, if ¥ =r is large and the noiseis biased, this normal may not be
a good approximation even if the original curve is a straight line, seeFigure 2. In
order to keepthe normal approximation error low we assumea priori that -r and
Y =r are suzxciently small.

We assumethat the data is evenlydistributed; there is a radius ro > 0 (possibly
dependen on O) sothat any neighborhood of sizerg in R contains at least 2 points
of the x;'s but no more than somesmall constart number of them. We obsene that
the number of points k inside any disk of radius r is boundedfrom above by £(1) r%
and alsois boundedfrom below by another £(1) r%; whereY%zis the sampling density
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Fig. 2. Noise causeserror in the estimated normal

of the point cloud. Herewe use£(1) to denotesomesmall positive constarnt, and for
notational simplicity, di®erert appearancesof £(1) may denote di®erert constarts.
We note that distributions satisfying the (2; £) sampling condition proposedby Dey
et al. & are evenly distributed.

Under the above assumptions,we would like to bound the normal estimation er-
ror and study the e®ectsf di®erert parameters. The analysisinvolvesprobabilistic
argumerts to accourt for the random nature of the noise.

2.2. Total Least Square Line

This section describesthe well-known total least squaremethod in brief.

Given a set of points p;; 1 - i - k, we would like to nd the line a’x = c,
with aa = 1 sud that the sum of ﬁquare distancesfrom the points p;'s to the
line is minimized. Let f (a;c;,) = & &, (@' pii ©?+,(1i a'a), where, isa
Lagrangian multiplier. We would liketo 'nd a, cand , that minimize f (a;c;, ).

To solve this minimization problem, we solve the following equations,
@(8; c;,)=@ = 0, @(a;c;,)=c = 0, and @ (a;c;,)=@ = 0. It follolgvs that

L (pii B)pii P)T a=,ac=pTaandaTa= lwherep=1 [ pi.
These constraints put togetheﬂ; results in f (a;c) = 5. Thus, is an eigenvalue of
the covariance matrix M = iz1 (Pii P)pii b)T with a asthe corresponding
eigervector of M. It is clear that to minimize f (a;c), , hasto be the minimum
eigervalue of M . The corresponding eigervector a is the normal to the total least
squareline and is our normal estimate.

Note that this approadc can be generalizedto higher dimensional space.The
normal to the total least square tting plane (or hyperplane) of a set of k points
pi;1 - i - kin RY for d , 2 can be obtained by,computing the eigervector
corresponding to the smallest eigervalue of M = % :(:1 (pii B)pii P)T. We
obsenwe that the covariance matrix M is always symmetric positive semi-de nite,
and has non-negative eigervaluesand the diagonal is non-negative.
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2.3. Eigen-analysis of M

We can write the 2£ 2 symmetric matrix M, as de ned in the previous section, as
My Mo’
Mi2 M3z

means0 is the smallesteigervalue of M with [0 1]" asthe corresponding eigervector.

Under our assumption that the noise and the curvature are small, y;'s are small,

and thus mq; and my, are small. Let ® = (jmizj + Mmy)=my;. We would like to

estimate the smallesteigervalue of M and its corresponding eigervector when ® is
small.

Using the Gershgorin Circle Theorem 1, there is an eigervalue , ; sud that
jmi1i .1j - jmaj, and an eigernvalue | » suc that jmy i | 2j - jmizj. When
®< 1=2, we havethat , 1, mi1i jmyj, Mx+ jmyj, , 2. It follows that the
two eigervaluesare distinct, and , , is the smallest eigervalue of M . Let [v 1]" be
the eigernvector corresponding to | , then

. Note that in absenceof noise and curvature, mi>» = my = 0 which

My My~ V7 _ v
=.,2 ;
Mi2 Moo 1 1
Miti ,2 . _ . My
V= .
mi2 Ma2i ,2

Thus

m i mi>+ m m i
VEN ( 11, 2) -12 . 12( 222 I 2) : (1)
(M1 ,2)2+ my,

imopj(mag i , 2+ jmaoj) |

M (M1 ,2)? '
®&1+ ®)
(1 ®2°

Thus, the estimation error, which is the anglebetweenthe estimated normal and the
true normal (which is [0 1]" in this case),is lessthan tani (&1 + ®)=(1j ®)?) Y% ®,
for small ® Note that we could write the error explicitly in closed form, then
bound it. Our approad is more complicated, though as we will show later, it can
be extendedto obtain the error bound for the 3D case.To bound the estimation
error, we needto estimate ®.

2.4. Estimating Entries of M

The assumptionthat the samplepoints are evenly distributed in the interval [j r;r]
implies that, givenany number x in that interval, the number of p|9|nts pi's satisfy-
ing jxij Xj, r=4isat least£(1) k. It follows easilythat my; = % =g (Xii x)? |
£(1) r2. The constart £(1) dependsonly on the distribution of the random variable
X.
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For the ertries my, and my,, we usejx;j - r andjy;j - -r =2+ n to obtain the
following trivial bound:

=R 1 X X =
IMiz) = - Xi¥ii 7 Xi Yi—
Kt K ia
2r(-r 222+ n);
1 X

2
Moo - Yi
k
i=1

2((r 2=2)° + n?):

Thus,

)

This bound illustrates the e®ectsof r, - and n on the error. For large values of
r, the error causedby the curvature -r dominates, while for a small neighborhood
the term n=r is dominating. Nevertheless,the expressiondependson the absolute
bound n of the noise N. This bound n can be unnecessarilylarge or unbounded
for many distribution models of N. We would like to use our assumption on the
distribution of the noiseN to improve our bound on ® further.

Note that _ _
. aX 1 X X -
Jmap) = —E XiYii p Xi Yi—

— i=1 i=1 —i=1
: :1 (°|X|3:2+ Xini)=
—i=1 —
-1 X Xk ) -
+—F Xj (Cix{=2+ ni)=
i=1l —i=1 —
£EQ) r3+ =  xinZ
A TE m|
1 —
+£Q) r 12+ =  nZ

Furthermore, under the assumption that X and N are independert, we have
E[xini] = E[X]E[n] = 0 since E[n;] = 0 and Var(x;n;) = £(1) r?%¢ since
Var(n;) = ¥. Let 2 > 0 be some small constart. Using the Chebyshevinequal-
ity 16, we can shaw that the following bound on jm1»j holds with probability at
least1l 2:
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r r
imuj- BQ) 13+ EQ) A igayr A

S Zk s i
L reg %
£(1) r°+ £(1) i +£Q)r 27
r
r
£1) r 3+ £(1) % 37, (3)

For reasonablenoise models, we also have that

Mo - X 2(o254=4 + 2
22 K (|X| nl)

i=1
£(1)-%rt+ £(1) % -

2.5. Err or Bound for the Estimate d Normal

From the estimations of the entries of M, we obtain the following bound on ®, with
probability at least 1 2:
Y 78
®- £(1)r + £(1) pﬁ + £(1) 2 4)
Note that this bound depends on the standard deviation ¥, of the noise N
rather than its magnitude bound n.
For a given set of parameters -, %, % and 2, we can nd the optimal r that
minimizes the right hand side of inequality 4. As this optimal value of r is not easily
expressedn closedform, let us considera few extreme cases.

2 When thereis no curvature (- = 0) we can make the bound on ® arbitrarily
small by increasingr. For suxciently larger, the bound is linear in ¥ and
it decreasesasri 372,

2 When there is no noise, we can make the error bound small by choosing r
assmall as possible,say r = rg.

2 When both noise and curvature are presen, the error bound cannot
be arbitrarily reduced. When the density % of the PCD is suzciently
high, ® - £(1) r + £(1) ¥=r2. The error bound is minimized when
r=£(1) %21 173, in which case®- £(1) - 23%~>. The suzciently high
density condition on %:can be shawn to be Y5> £(1) 2i 134 473, i 1=8,

2 When there are both noise and c%vﬂe, and the density %zis suzx-
ciently low, ® - £(1) r + £(1) %= 2%P. The bound is smallest when
r = £(1)( ¥ =(*2-2))*, in which case,® - £(1)( - 332 =(29) ™. The suf-
“ciently low condition on % can be expressedmore speci cally as %<
£(1) 21 134 4731 123 we would like to point out that the constart hidden
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in the £(1) notation in the \suxcien tly low" condition is 3=4 of that in the
\suzcien tly high" condition.

3. Normal Estimation in R3

We can extend the results obtained for curvesin R? to surfacesin R3. Givena point
cloud obtained from a smooth 2-manifold in R® and a point O on the surface, we
can estimate the normal to the surfaceat O as follows: nd all the points of the
PCD inside a sphereof radius r certered at O, then compute the total least square
plane "tting those points. The normal vector to the tting plane is our estimate of
the undirected normal at O. P

le%pasetof k points pj, 1- i- k,letM = Ikl(p. i B)pii p)"T where
b = E iz1 Pi. As pointed out in subsection 2. 2 the normal to the total least
squareplane for this setof k points is the eigervector corresponding to the minimum
eigervalue of M. We would like to bound the angle between this eigervector and
the true normal to the surface.

3.1. Modeling

We model the PCD in a similar fashion asin the R? case.We assumethat O is
the origin, the z-axis is the normal to the surfaceat O, and that the points of the
PCD in the sphereof radius r around O are samplesof a topological disk on the
underlying surfacethat has bounded curvature. Under these assumptions,we can
locally represen the surfaceasthe graph of a single valued function z = g(x) where
x = [x;y]". Using Taylor Theorem, we can write g(x) = %XTHX where H is the
Hessianof g at somepoint A sud that jAj - jxj.

The assumptionthat the surfacehas bounded curvature in someneighborhood
around O implies that there existsa - > 0 such that the HessianH of g satis es
jiHji2 - - in that neighborhood. For our purpose,the function g is C? cortinuous
in the local neighborhood of O.

We write the points p; as pi = (Xi;Vi;zi) = (X;;z). We assumethat z =
o(x;) + n;, where the n;'s are independert instances of somerandom variable N
with zeromeanand standard deviation %, . We similarly assumethat the points x;
are evenly distributed in the xy-plane on a disk D of radius r certered at O, i.e.
there is a radius ro suc that any disk of sizerg inside D cortains at least 3 points
among the x;'s but no more than somesmall constart number of them. We also
assumethat the noiseand the surfacecurvature are both small.

3.2. Eigen-analysis in R®

M11 Mi2 M3 ) Mai Mia’
We write the analogousmatrix M = 4 m, mo; Moz = MlTl m13 . As pointed
33
M13 M23 M33 B 13
out in subsection2.2, M is symmetric and positive semi-de nite. Under the assump-
tions that the noiseand the curvature are small, and that the points x; are evenly
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distributed, my; and my, are the two dominant ertries in M. We assume,without
lost of generality, that mi; - my,. Let ® = (jmaygj + jmazj + ma3z)=(mig | jmizj).
As in the R? case,we would like to bound the angle betweenthe computed normal
and the true normal to the point cloud in term of ®.

Denote by , ;1 - , » the eigervaluesof the 2£ 2 symmetric matrix M ;. Using
again the Gershgorin Circle Theorem, it is easyto seethat my1 | jmyoj - ,1;,2 -
M2z + jM1pj.

Let , bethe smallesteigervalue of M . From the Gershgorin Circle Theorem we
have, - jmisj+jmagj+ Mgz = ®&My1i Myp) - ® 1. Let [vT 1]" bethe eigenvector
of M corresponding with | . Then, aswith Equation 1, we have that:

V= I(|\/|11i )2+ M13M1Tg¢i '
((M11i I )Mz + Miz(Mazi )
=i (M )2+ (Mai 1) 2MigM ],
(M11i ,1 )Mz + Maz(masi ,));
livijz - HMuai ) %l £ —

| ¢ 1 —
‘”+(MniJw2MmML'L;£

¢ 1

(ji(M11i ,1)jj2iiM1sjj2 + jiM1sjj2jmas i | j):

Note that
iMai 1) 2M1zM jio
CiiMazi 1) 2 M gaji2iiM i 2
© (1 L) A(mEg+ m3y)
- (1 ® %@7:
Thus

i . ¢ 1=
I+ (M1 1) °MsM 5 )

1 (1 ®2,
1i 1 ®)i2@? 1j 2® °

It follows that

L 1 ®?2

jiviiz - ECE %(1; 2c2e> (,2® 1+ ® 1®, 1)
&1+ ®) ,2 .
1j 2® ’1.

When ® is small, the right hand side is approximately (, =, 1)®, and thus the
angle betweenthe computed normal and the true normal, tani ! jjvjj», is approxi-
mately boundedby (, 2=,1)®- ((Mz2 + jM12))=(M11 i JM12)))®,
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3.3. Estimation of the entries of M

As in the R? case,from the assumptionthat the samplesare evenly distributed, we
can show that £(1) r? - my;;my - r2. We can alsoshow that mas - £(1) - 2r* +
£(1) ¥%. Let Ybe the sampling density of the PCD at O, then k = £(1) %P. Again,
let 2 > 0 be some small positive number. Usin% the Chebyshev inequality, we
can shaw that mizimas - £(1) 1 3+ £(1) %r= 2k - £(1) 1 3+ £(1) % ="
with probability at least 1| 2. For the term mj,, we note that E[x;y;] = 0 and
Var(xiyi) = £(1) r*, and so, by the Chebyshevinequality, my» - £(1) r:p ZLwith
probability at least 1 2.

3.4. Err or Bound for the Estimate d Normal

Let = = mip=my;. We restrict our analysisto the caseswhen ~ is suzciently less
than 1, sy = < 1=2. This restriction simply meansthat the points x;'s are not
degenerate,i.e. not all of the points x;'s are lying on or near any given line on the
xy-plane. With this restriction, it is clearthat (, 2=, 1)® - (myp=my1)((1 + )=(1;
)®= £(1) ®

From the estimations of the entries of M, we obtain the following bound with
probability at least1j 2:

5 2

7
. r o+
n ® £(1) r £(1) I'—Zp_ZIZV

Y
£(1)-%r2+ £(1) riﬁ
Y 7
T o+ + LY
£(1) r + £(2) 2P, £(2) 2
This is an approximate bound on the angle betweenthe estimated normal and
the true normal. To minimize this error bound, it is clear that we should pick
r—uluc 7 +c3/2ﬂﬂ1=3' (5)
- . lpz_172 274 ’

for someconstarts c;, ¢;. The constarts ¢; and ¢, are small and they depend only
on the distribution of the PCD.

We notice that from the above result, when there is no noise,we should pick the
radiusr to beassmall aspossible,say r = ro. When there is no curvature, the radius
r should be as large as possible. When the sampling density is high, the optimal
value of r that minimizes the error bound is approximately r = £(1)( ¥%=-)13.
This result is similar to that for curvesin R?, and it is not at all intuitiv e.

4. Exp erimen ts

In this section, we discusssomesimulations to validate our theoretical results. We
then show how to use the results to obtaining a good neighborhood size for the
normal computation with the least square method.
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4.1. Validation

We considered a PCD whose points were noisy samples of the curves
(x; - sgnx) x2=2), for x 2 [j 1;1] for di®erert choicesof - . We estimated the
normals to the curvesat the origin by applying the least square method on their
corresponding PCD. As the y-axis is known to be the true normal to the curves,the
anglesbetweenthe computed normals and the y-axis givesthe estimation errors.

To obtain the PCD in our experiments, we let the sampling density ¥2be 100
points per unit length, and let x be uniformly distributed in the interval [j 1;1].
The y-componerts of the data were polluted with uniformly random noisein the
interval [j n; n], for somevalue n. The standard deviation %, of this noiseis n= 3.

Figure 3(a) shaws the error as a function of the neighborhood size r when
n = 0:05for 3 di®eren valuesof - , - = 0:4;0:8, and 1:2. As predicted by Equation 4
for large value of r, the error increasesasr increases.In the experimens, it can be
seenthat the error is proportional to -r for r > 0:2. Note that the PCD we chose
generatesthe worst casebehavior of the error.

— 0017
0.033
— 005

(@) Error due to curvature dominates for (b) Error due to noise dominates for r <
r > 0:2. The error{curv es behave similarly 0:6. The error{curv esbehave similarly under
for di®erent choices of - . di®erent amounts of noise.

Fig. 3. E®ects of curvature and noise on estimation error for di®erent choices of r.

Figure 3(b) shows the estimation error as a function of the neighborhood size
r for small r when - = 1:2 for 3 di®erer valuesof n, n = 0:017 0:033, and 0:05.
We obsene that the error tends to decreaseas r increasesfor r < 0:06. This is
expected as from Equation 4, the bound on the error is a decreasingfunction of r
whenr is small. To factor out the random e®ectof noise, the estimation error has
beenaveragedout over 50 runs for ead value of r.
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4.2. Estimating Neighb orhood Size for the Normal Computation

In this part, we usedthe results obtained in Section3 to estimate the normals of a
PCD. The data points in the PCD were assumedto be noisy samplesof a smooth
surfacein R3. This is the case,for example, for PCD obtained by range scanners.
To obtain the neighborhood sizefor the normal computation using the least square
method, we would like to use Equation 5.

We assumedthat the standard deviation ¥, of the noisewasgivento usasa part
of the input. We estimated the other local parametersin Equation 5, then computed
r. Note that this value of r minimizes the bound of the normal computation error,
and there is no guarantee that this would minimize the error itself. The constarts
c: and ¢, depend on the sampling distribution of the PCD. While we could attempt
to compute the exact valuesof ¢; and c,, we tried to estimate the valuesof ¢; and
Co.

Algorithm 1 Estimates good normals for all the points of a PCD
1. estimate ¢y, C;

2: choose?

3: for ead point p do

4: k A ko

5. count A MaxCount

6: repeat

7: rod ¥a distance from p to its k-th nearestneighbor
8: VA k=Y42

9: given k, compute - locally (Gumhold et. al. 1?)
10: compute rpey Using Equation 5

11: kKA YisR,,

12: if K> Kinr eshol d then

13: break

14 end if

15: count A countj 1

16: until count& 0

17:  the normal to the least square't planeto the k neareastneighbors of p gives
a good estimate of the normal at p

18: end for

Given a PCD, we estimated the local sampling density as follows. For a given
point p in the PCD, we usedthe approximate nearestneighbor library ANN ° to
nd the distance s from p to its k-th nearestneighbor for somesmall number k.
The local sampling density at p wasthen approximated as%= k=(/s%) samplesper
unit area.

To estimate the local curvature, we usedthe method proposedby Gumhold et
al. 12, Let pi,1- j - kbethe k nearestsamplepoints around p, and let * be the
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averagedistance from p to all the points p;. We computed the best t least square
plane for those k points, and let d be the distance from p to that best t plane.

The local curvature at p can then be estimated as - = 2d=!2. This method gives
an estimate of the local curvature without any guaranteeson the approximation
quality.

Once all the parameters were obtained, we computed the neighborhood size
r using Equation 5. Note that the estimated value of r could be usedto obtain a
good value for k, which canto be usedto re-estimatethe local density and the local
curvature. This suggestsan iterativ e stchemein which we repeatedly estimate the
local density, the local curvature, and the neighborhood size.In our experimens,
we found that only a small number of iterations were enoughto obtain good values
for all the quartities. Algorithm 1 givesa summary of the iterativ e scheme.For the
following experimerts, ko was setto 15, and MaxCount wassetto 10. The value
of 2 was xed at 0:1.

We still have problems with obtaining good estimatesfor the constarts ¢; and
C,. Fortunately, we only have to estimate the constarts oncefor a given PCD, and
we can use the same constarts for many PCD with a similar point distribution.
We usedFigure 6(a) for choosing ¢c; and c,. The PCD was created such that exact
normals at all points (except those on the edges)were known. Estimation errors
could be computed exactly at almost all the points and this information was used
to choosevalues of the constarts. We found that ¢; = 1, ¢c; = 4 is a good pair of
valuesand the samewas usedfor all the other data sets.

(a) 1x noise level (b) 2x noise level

Fig. 4. E®ects of curvature and noise on the choice of neighborhood size under di®erent amounts
of noise in the input data. At afew points, their corresponding neighbors as chosen by Algorithm 1
have been highligh ted.

Noisy PCD usedin our experiments wereobtained by adding noiseto the original
data. The x, y, and z componerts of the noise were chosenindependertly and
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uniformly random. The magnitude of added noise was measuredin a scalewhere
the averagespacingbetweenneighboring points (the connectivity information from
the meshrepresenation was usedto determine neighbors) of the PCD was taken
asone unit.

Figure 4 shows the e®ectsof curvature and noiseon the choice of neighborhood
size.For a few points, their chosenneighboring points have beenhighlighted in the
“gures. Figure 4(a) demonstratesthat bigger neighborhoods have beenselectedin
°atter regionscomparedto the regionswith more curvature. Figure 4(b) shavs how
increasednoiseleadsto the choice of bigger neighborhoods.

(a) 1x noise level (b) 2x noise level

Fig. 5. Normal estimation errors for the bunny PCD with noise added. Points with more than 5*
estimation error have been highligh ted.

We computed the normals of the noisy PCD, and used the angles between
those normals and the normals of the original PCD as estimates of the normal
computation errors. The normals computed from the mesh represenation of the
data setswere usedas the original normals. In Figure 5, we highlighted the points
wherethe estimation error were more than 5* under two di®erert amourts of noise.

Figure 6 showsthe preformanceof the algorithm under di®erert noiseconditions.
In Figure 6(c), we obsene that evenin presenceof signi cant noise,the algorithm
performs well in °at facesof the object.

5. Conclusions

We have analyzedthe method of least squarein estimating the normals to a point
cloud data derived either from a smooth curvein R? or a smooth surfacein R3, with
noise added. In both cases,we provided theoretical bound on the maximum angle
betweenthe estimated normal and the true normal of the underlying manifold. This
theoretical study allowed usto 'nd an optimal neighborhood sizeto be usedin the
least square method.
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(a) 1x noise (b) 2x noise (c) 4x noise

Fig. 6. Performance of the algorithm under various noise conditions. Points with more than 5*
estimation error have been highligh ted.
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