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Abstract

Zonotopesare centrally symmetricpolytopeswith a
veryspecialstructure: they are theMinkowskisumof
line segments. In this paperwe proposeto usezono-
topesas boundingvolumesfor geometryin collision
detectionandotherapplicationswherethespatialrela-
tionshipbetweentwo piecesof geometryis important.
We showhow to constructoptimal, or approximately
optimalzonotopesenclosinggivensetofpointsor other
geometry. We also showhow zonotopescan be used
for ef�cient collisiontesting, basedontheir description
via their de�ning line segments— withoutever build-
ing their explicit descriptionaspolytopes.Thisimplicit
representationadds�exibility, power, and economyto
theuseof zonotopesasboundingvolumes.

1 Introduction

Zonotopeshave longbeenstudiedin combinatorialge-
ometry, polyhedralcombinatorics,algebraicgeometry,
andotherpartsof mathematics.Yet, except for their
usein solving systemsof polynomialequations[13],
their usefulnessin applicationsof interestto science
and engineeringhas beenlimited. In this paperwe
proposeto develop the use of zonotopes(and espe-
cially zonogonsandzonohedra,the ��� and ��� cases)
as versatileboundingvolumesfor piecesof underly-
ing geometryin modelingapplications.Boundingvol-
umesareusefulin collisiondetection,distancecompu-
tation, penetrationdepthcomputation,surface�tting,
andmany othergeometricprocesses.

A zonotope � is de�ned by line segmentgenera-
tors �
	��
� � ���������
��� in ��� . The zonotopeis simply the
Minkowski sumof its line segmentgenerators.Equiv-
alently, azonotopeis simplyanaf�ne imageof theunit
cubefrom � � to � � . It is obviouslyaconvex polytope
and its facetsareparallelepipedsde�ned by ��������� -
tuplesof its generators.Note thata zonotopemustbe
a centrallysymmetricconvex polytope. While in 2-D
any centrallysymmetricconvex polygonis a zonogon,
�
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that is no longerthecasein 3-D or higherdimensions.
However, many familiar polyhedraarezonotopes,in-
cludingcubesandparallelepipeds,truncatedoctahedra,
andrhombicdodecahedra.In 3-D thefacetsof azono-
topesareparallelogramsde�nedby pairsof generators.
The collectionof all thosefacetssharinga particular
segmentgeneratorformaband(zone)wrappingaround
the zonotope— a fact which justi�es the namezono-
tope.

Sincea zonotopeis alwayscentrallysymmetric,ev-
ery facethasan oppositecongruentfaceton theother
side.Thecombinatoricsof thefacesof a zonotopeare
equivalentto thoseof theverticesin anarrangementof
greathypercirclesin a sphereof one lessdimension.
This canbemosteasilyseenby consideringthespace
of � -dimensionalhyperplanestangentto thezonotope.
The spaceof all their � -dimensionalnormalunit vec-
torscanbe seenasa unit sphere,equivalentto anori-
entedprojective ��������� -space.For any givenunit vec-
tor, thereis a uniquehyperplanenormal to the vector
andtangentto the zonotopeat someface. Underthis
map eachgeneratorgives rise to a greatcircle; thus
the facetsof the zonotopeare in 1-1 correspondence
with the verticesof this sphericalarrangementunder
this tangentspacemap. Note thatall facetsbelonging
to azone,mapto theverticesonthegreatcirclede�ned
by their sharedgenerator.

Sphericalarrangementscan be mappedto hyper-
planearrangementsby a simple projective map. Be-
causeof thesetwo correspondences,we canboth es-
timate the size and constructzonotopesby using the
correspondingclassicalboundsfor hyperplanearrange-
ments.In particular, zonotopesin ��� have complexity
(includingnumberof facets)that is ���! "�$# 	 � , andcan
beconstructedwithin thesametime bound.In particu-
lar, azonohedronmayhave complexity ���! "�%� .

A variety of boundingvolumeshave beenusedfor
collision detection.Theseincludeaxis-alignedbound-
ing boxes [4], boundingboxes in generalorientation
(OBBs) [10], spheres[12, 17], andmany more. Note
thatthe�rst two arein factspecialcasesof zonotopes.
In general,thetrade-off involved in selectinga bound-
ing volumeshapeis betweenthetightnessof �t for the
underlyinggeometryandthe simplicity of testingthe



intersectionbetweenboundingvolumes.All currently
proposedboundingvolumesareshapesof constantde-
scriptioncomplexity, thatis, eachof themis de�nedby
a �x ednumberof parameters.

Severalfactsmake zonotopesanintriguingpossibil-
ity asaboundingvolume:

� ZonotopesareclosedunderMinkowski sumand
difference;this implies that testingfor intersec-
tion betweentwo zonotopescanbe implemented
by testingfor point inclusionin their Minkowski
difference.

� Thelist of generatorsis anef�cient implicit repre-
sentationsof thezonotope;for example,in � � , a
zonotopeof size ���! �%� canrepresentedby only
 generators. Furthermore,operationssuch as
Minkowski sum and differenceare trivial to ex-
pressin termsof generatorlists.

� Zonotopesallow for boundingvolumesof vari-
ablecomplexity, within a uni�ed framework. For
example,when constructinga boundingvolume
hierarchy, onecanusezonotopeswith moregener-
atorsat higherlevelsin thehierarchy, wherethere
arefew hierarchynodesbut thecomplexity of the
enclosedgeometrymayleadto abad�t usingonly
few generators.As we will show, mixing space
andspace-timevolumes[3, 11, 12] is anotherex-
ample.

2 Summary of the Results

In this paperwe presentef�cient algorithmsfor �nd-
ing tight zonotopesenclosingsomeunderlyingpoly-
hedralgeometryandfor usingzonotopesasbounding
volumesin collision detectionapplications.Through-
out, we aim to representzonotopesvia their collection
of generators,andnotasexplicit polytopes.

Speci�cally:

� We give an � �! ����� �  � algorithmfor computing
the minimum areazonotopeenclosinga setof  
pointsin ��� .

� We give an algorithmto �nd a zonotopeenclos-
ing  given points in � � with generatorsalong�

givendirectionsandminimizing thesumof the
generatorlengths,in time ���! � �$# 	�� �
	�� ��
 � .

� We give an algorithmto �nd a zonotopeenclos-
ing  given points in � � whosetotal generator
length is within � � � � ��� � � of the optimum, in
time � �! ���# � ��# 	 
 � � ��# 	�� � � 
 � .

Furthermore,given zonotopesin � � speci�ed by
theirgenerators,wecan:

� Decidewhethertwo zonotopeswith  generators
in total intersector not, in time � �! ����� �  � time.

� Whenrepeatedintersectiontestingis required,as
in physicalsimulations,we describehow to im-
plementef�ciently someof theclassicalmethods
(such boundingvolume hierarchies,or tracking
closestfeaturepairs)using only the implicit de-
scriptionof zonotopesvia their generators.

� Weshow how to easilybuild boundingspace-time
volumesfor zonotopes,for usein collision detec-
tion applicationswhereit is critical thatno colli-
sionsbemissed.

Althoughmany questionsremainopen,thedevelop-
mentsin thispapershow thepotentialbene�tsof using
zonotopesin otherareasof scienceandengineering.

3 Zonotope Fundamentals

Formally, a zonotopeis a Minkowski sum of a �-
nite set of line segments. An alternative view
is to de�ne a zonotope by its center and gen-
erator vectors. The zonotope � centered at � ,
with generators� 	���� � ����������� � , is the point set ��� ������ � � ��� � ��� � � � � � � for all �!�#"$�  &% . We write
� ' �(� �*)+� 	 ��� � ������� ��� �
, � . For simplicity, we as-
sumethroughoutthepaperthatthezonotopesarenon-
degenerate,i.e. any � generatorsarelinearly indepen-
dent. In � -dimensions,a zonotopewith  generators
hascomplexity � �! ��# 	 � . As we remarked, the topol-
ogy of theboundaryof a zonotopematchesthe topol-
ogyof alinearrangement[19]. Wedescribethisduality
in threedimensions.

In threedimensions,the faceson a zonotopesare
parallelograms.Let us take the - -axis aspointing up.
The boundaryof a zonotopecanbe decomposedinto
two pieces:theupperhull �/. andthe lower hull � # .
We project �0. on the 132 planeandobtainthetiling 4
of a convex polygon 5 , the projectionof the vertical
silhouetteof �/. . Eachtile 6 �87 in 4 is the projection
of a faceon � . andis a translationof parallelogram
�91:�<;� � 2=�>;7 � � �/�#1 ��2 � �?% where�<;� denotesthepro-
jectionof � � on the 1:2 -plane.Now considertheplane@ 'A�*- � -B' �?% . For eachgenerator� � of � , wedraw a
plane

@ �
passingthroughtheorigin andperpendicular

to � � . Let C � be the line
@ �ED @

. Denoteby F the ar-
rangementof ��C �G� �H�I"J�  �% . Thedualdiagramof 4
is isomorphicto theline arrangementF : eachparallel-
ogram6 �K7 in 4 correspondsto avertex betweenC � and
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Figure1: Thedualbetweentheline arrangementF andthetiling 4 .

C 7 ; eachvertex in 4 to a facein F ; andeachedgein 4
to anedgein F (Figure1).

In the latersections,we will exploit this duality be-
tweenline arrangementsandzonotopesto designef�-
cientalgorithmsfor zonotopeintersectiontesting.

4 Smallest Enclosing Zonotopes

In this sectionwe focuson algorithmsfor computing
smallestenclosingzonotopesfor someunderlyingge-
ometry in ��� . Many possiblede�nitions of `small-
est' canbeused,includingvolume,surfacearea,total
lengthof generators,etc. A �rst basicobservation is
that it suf�ces to consideronly the convex hull of the
underlyinggeometry, sinceazonotopeisconvex. Since
weareonly concernedwith polyhedralgeometry, from
now onwewill focusoncomputingtheoptimalenclos-
ing zonotopeof a setof points,which we mayassume
to betheverticesof a givenconvex polytope.We con-
siderthecases�B'�� and ����� separately.

4.1 Minimum Area Enclosing Zonotope in ���
In � � wecangiveafastalgorithmto computethemin-
imum areaenclosingzonotope.Our input canbe as-
sumedto bea convex polygon � of  vertices

@ � �%�B�
"$�  , in ��� . Weshow thatthesmallestareazonotope�

that containsall the points
@ �

canbe computedin
� �! � ��� �  � time.

We �rst look at a muchsimplerproblem,whenthe
center � of the zonotopeis speci�ed. In ��� , a zono-
topeis simply acentrallysymmetricpolygon,or zono-
gon. If the zonogonhasa centerat � and contains

all thepoints
@ �

, it mustalsocontainall the re�ection
points

@ ;� of
@ �

through� , andthusit containsthecon-
vex hull of thesetof �  points

@ �
and
@ ;� . This convex

hull is centrallysymmetricaround � , andso it is the
minimum areazonogoncenteredat � andcontaining
all thepoints

@ �
. Wecall thiszonogon

� � � � .
In the generalsetting,only the points

@ �
aregiven.

We needto �nd thecenter� thatminimizetheareaof� � � � . For notationalsimplicity, we will allow indices
outsidetherange� � ���  
	 andidentify

@ �
with

@ �
. � and@ �

# � for each" .
For agivencenter� , theverticesof

� � � � areeither
original points

@ �
or re�ected points

@ ;� . By group-
ing the original points together, and respectively, the
re�ectedpoints,wecandescribe

� � � � asacircularse-
quenceof verticesin a counterclockwiseorderof the
form: � ' @
��� � � � @�� � @ ;��� � � � � @ ;� � � ����� @
��� � � � @�� � @ ;��� � � � � @ ;� � � .
We call this sequencethecombinatorialdescriptionof� � � � .

We denote � ��	 the areaof a polygon � , andde�ne
the function ��� � ��� � , � � � �!'�� � � � ��	 , for each
point ��� ��� . Notethatgiven � and � , we cancon-
struct

� � � � in � �! � time,andthus � canbeevaluated
at any point � � � � in � �! � time. To �nd theglobal
minimumof � , we �rst establishsomepropertiesof � .

In a region wherethe combinatorialdescriptionof� � � � is a constant � , exploiting the symmetry of
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Figure2: A partof azonotope

� � � � , wehave that,seeFigure2:

� � � � '
����� 	

� � � @���� @ ;� � � @
� �	� � 	 �
� @���� � � � @�� � @ ;� � � 	 � � @ ;� � � � � � @ ;� � � @
� �	� � 	�


'
����� 	

� � @ � � � @
��� � @
� �	� � 	 � � � @
��� � � � @
� � @ ;� � � 	�

'

����� 	
� � @ � � � @ ��� @ � �	� � 	 � � � @ ��� @ � �	� � 	

��
 � @ ��� � � � @��	� ��	 � � � @ ��� � � � @��	� @ � � � 	�

'

����� 	
� � @ � � � @ ��� @ � �	� � 	 ��
 � @ ��� � � � @
�	� ��	

� � � @
��� � � � @�� � @ � � � 	 
 � � @
� � � � � @
� � 	
�
It follows from the above equation,in eachregion

where � is a constant,� is an af�ne function of � .
Thecoef�cient of thelineartermof thataf�ne function
comesfrom the term 
 � @ ��� � � � @
� � ��	 andthus,depends
only on theedgesof � appearingon

� � � � .
For anedge

@�� @��
. 	 of � , let � besuchthat

@ � bethe
pointfurthestfrom

@�� @��
. 	 amongall thepoints

@ �
. Let

C � bethedirectedline connectingthemidpointof
@ � @ �

to themidpointof
@ � @�� . 	 .

It is easyto seethattheedge
@ � @ �

. 	 of � is anedge
of
� � � � if f all thepoints

@ ;� areon theleft sideof the
directedline

@ � @ �
. 	 , i.e. iff

@ ;� is on the left side of@�� @��
. 	 , andthus, iff � is on the left sideof C � . If �

denotesthearrangementof thelines C � , thenit is clear
that � is a piecewise af�ne functionover � . We have
thusshown:

Lemma 4.1

Theareafunction � is piecewiseaf�ne, andits domain
decompositionis givenby anarrangementof  lines.

Givena line C , let usconsidertherestriction ��� of �
onto C . It is clearthat ��� is a piecewiseaf�ne function

aswell. Wecancomputetheintersectionsof C with the
lines C � , andsorttheseintersectionsin � �! �����  � time.
After that, when � moves along C , we can track the
edgesof � appearingon or disappearingfrom

� � � � .
This way, we can easily computethe function ��� in
� �! � additionaltime. Thus,

Lemma 4.2

Therestrictionof � ontoanyline C canbecomputedin
� �! � ���  � time.

By rotatingtheplane,wecanassume,withoutlostof
generality, that the line C is a vertical line. We further
assumethat the line C andthepoints

@ �
arein general

position,andthusC is notparallelto any of theedgesin
� . Whenthepoint � is at ��� along C , theedgesin �
appearingon

� � � � areedgeson the upperhull of � .
When � movesupwardandcrossesoneof the line C � ,
if that line correspondswith anedgein theupperhull
of � , that edgedisappearsfrom

� � � � . If the line C �
correspondswith an edgein the lower hull of � , that
edgeappearson

� � � � . Observe thatin bothcases,the
slopeof ��� increases.As the result,the slopeof ��� is
monotonicallyincreasing.Thus,

Lemma 4.3

Therestriction ��� of � onto any line C is a unimodal
function.

It is well known that a planarfunction which is uni-
modal over all lines in its domainis itself unimodal.
As adirectconsequence,

Corollary 4.4

Thefunction � is unimodal.

Let C beaverticalline, andlet ��� bethepointwhere
��� achievesits minimum.FromLemma4.2, ��� canbe
computedin � �! �����  � time. If wecomputethelinear
coef�cient of � at ��� , wecandecidewhether��� is the
global minimum of � , andif not, usingthe unimodal
propertyof � , wecantell whethertheglobalminimum
mustbeon theleft or theright of C .

As � is piecewise af�ne on � , it hasa global min-
imum at oneof the verticesof � . We canusebinary
search,with thehelpof aslopeselectionalgorithm[5],
to locatethat vertex. Thereare ���! "�%� candidatever-
ticesat thebeginning. In eachsearchstep,we reduce
the numberof candidateverticesin half, by �rst run-
ning the slopeselectionalgorithmto obtaina vertical
line separatingthe setof candidatesinto 2 subsetsof
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equalsize, then decideswhich of the subsetcontains
theglobalminimum. Thereare ��� �����  � searchsteps,
eachcosting � �! �����  � time for runningtheslopese-
lectionalgorithmto obtaina vertical line, andanother
� �! � ���  � timeto decidewhatsideof thatverticalline
theoptimalvertex is on. Thetotal costof locatingthe
globalminimumof � is ���! ����� �  � . Thus,

Theorem 4.5 Theminimumareazonotopecontaining
a setof  pointsin � � canbecomputedin ���! ����� �  � .

In � � , ����� , the computationof the optimal en-
closingzonotopefor a point set is morecomplicated,
becausenoteverycentrallysymmetricpolyhedralbody
is a zonotope.In fact, mostcentrallysymmetricbod-
iescannotbeapproximatedarbitrarilycloselyby zono-
topes— thosethat canareknow aszonoids. Unlike
in ��� , we know of no simpleway to �nd an optimal
enclosingzonotopeeven whenthe zonotopecenteris
given. Thevolumeof a zonotopesin � � is alsomore
complicated,beingthesumof thevolumesof all pos-
sibleparallelepipedformedby d-tuplesof thegenera-
tors. So for � � � we considertwo simplerproblems.
In bothproblems,we usethesumof thetotal lengthof
thegeneratorsasthemeasureof optimality. In the�rst
problem,we considerthecasewherethedirectionsof
thegeneratorsaregiven,andin thesecondproblem,we
considerthe taskof �nding an approximatelyoptimal
enclosingzonotope.

4.2 Discrete Oriented Enclosing Zonotope

Given a set of points
@ ' ��� 	 � � � ��� � � � � � % , and

a set of unit vectors � ' �9� 	%��� � ��� � � ��� � % , we
would like to compute a point � and coef�cients� 	 � � � ��� � � � � � such that the discreteorientedzonotope�
� ' �(� �*) � 	 � 	 � � � � � ��� � � � � � � � , � containsall points in@
.
What makesthis problemeasieris the fact that the

combinatorialstructureof a zonotopedependson the
directionof its generatingvectors,andnot on thetheir
length,andthusthecombinatorialstructureof all dis-
creteorientedzonotopeswith thesamedirectionvector
setarethe same.We cancomputethe hyperplanear-
rangementdual to

�
� in ��� � �$# 	 � time, then, for any

��� � ��� -tupleof directions,we can�nd thenormaldi-
rectionof thetwo zonotopefacescorrespondingto that
tuple,and�nd thetwo extremepointsamong

@
along

that direction. It is clearthat we only needto look at
theseextremepointswhencomputing

�
� .

By rearrangingthe points if necessary, we can as-
sumewithout lost of generalitythat the �rst  ; points
� 	 � � � ��� � � � � �

�
aretheextremepoints,  �;G' � � � �$# 	 � .

To computethe coef�cients � � 's, we solve the fol-
lowing linearprogramming:

� "  
�� � � 	 �
�

subjectto:

� 7 ' � �
�� � � 	 �
�87 � � ����� � � ��� �  ;

� � � � � �87 � � � ���3" �	�
� �!�#"J� � �%� ��� �  ;
We can solve this linear programmingin polyno-

mial timeusinginteriormethods[18]. Thereare ��� � � �
equationsandconstraints,andthus,thecostof solving
this linearprogrammingis ��� �:	�� ��
 � . Thus,

Theorem 4.6 The minimumtotal length discrete ori-
entedzonotope

�
� havinggenerators along

�
givendi-

rectionsandcontaininga givensetof  pointscanbe
computedin � �! � ��# 	�� �
	�� ��
 � time.

4.3 Approximate Minimum Total Length
Zonotope

In this subsection, we would like to compute a
zonotope

� �
containing the set of points

@ '
��� 	 � � � ��� � � � � � % such that the total length of the
generatorsof

� �
is within � ��� � of the the total

length of the minimum total length zonotope
� '

�(� �*)�
 	%��
 � ��� � � ��
�
 , � enclosing
@

.
We consider the set of unit vectors � '

�9� 	 ��� � ��� � � ��� � % that tessellatesthesphereof directions
so that for any unit vector � , thereis a vector � 7 in �
suchthat

� � � � 7>��� � . It is clear that we cando so
with ��� ����� ��# 	 � vectors. Let �
	%��� � ��� � � ��� � be the unit
vectorsalongtheaxesof somecoordinatesystem,and
let � '���� ��� 	 ��� � ��� � � ��� � % .

For eachgeneratorvector 
 � of
�

, let � �87 beavector
in � suchthat 
 �87 '�
 � � � 
 ��� ��� �87 satis�es

� 
 �87=��� � .
Let � ' � 
� � 	 � 
 � � . It is clearthat ���

� 
� � 	 � 
 � � 
 �87 ��� �� 
� � 	 � 
 ����� 
 �87<� � ��� , andthus

�  �"!#! 
� � 	 
 � �"!#! 
� � 	 � � 
 ��� � �87 �$!#! �� � 	 � � 
 � � 
 �87 � �"!#! 
� � 	 � � 
 ��� � �87 �$!#! �� � 	 ���%�&� � �
Thus,

�
is containedinsideadiscreteorientedzono-

tope with direction vector set � . We call this zono-
tope
� ; . Clearly, thetotal lengthof generatorsin

� ; is
� � � �<� �'� ' � � � � ��� � �'� . We compute

� �
with di-

rectionvectorset � having theminimum total length.
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Thetotal lengthof generatingvectorsof
� �

is lessthan
thetotal lengthof

� ; , andthusis within ����� � thetotal
lengthof

�
. Thus,

Theorem 4.7 Givenasetof  pointsin � � , andan ����
. An approximateenclosingzonotopeof thepoint set

with total lengthof generators within � ��� � of theopti-
malonecanbecomputedin � �! ���# � �$# 	 
 � � �$# 	�� � � 
 � .
5 Collision Detection Between Two Zonotopes

We now describealgorithmsfor testingif two zono-
topesintersectin � � . Weconsidertwo scenarios.One
is thestaticcollision detectionin which we only need
to detectthe collision betweentwo static zonotopes.
The other is the dynamiccollision detectionin which
repetitive collision detectionsareneededbetweentwo
zonotopesthat may be in different position or orien-
tation. In latter case,preprocessingis allowed to ac-
celeratethe subsequentcollision detection. Dynamic
collision detectionarisesin the applicationsdealing
with dynamicscenessuchas moving objects. All of
theseproblemshave beenstudiedextensively for con-
vex bodies.Of course,a zonotopeis a convex object.
Any algorithmfor convex objectsappliesto zonotopes
aswell. However, theexplicit representationof azono-
tope with  generatorsneeds� �! � � storage. Direct
applicationof theexisting algorithmsto zonotopesbe-
comesinef�cient. Therefore,themajorchallengeis to
designef�cient algorithmsthatwork for implicitly rep-
resentedzonotopes.Weshow in this sectionthatmany
algorithmsdevelopedfor convex bodieshave ef�cient
counterpartsfor zonotopes.

5.1 Static collision detection

For thisproblemweneedto `anchor'zonotopesatpar-
ticularpointsof space.Thuswewill specifyzonotopes
by giving their center, followed by a list of their line
segmentgenerators.Wetreatthesegmentgeneratorsas
vectorsemanatingfrom theorigin. Notethatwhenthe
centercoincideswith theorigin, a zonotopecoincides
with its centrallysymmetricre�ection throughtheori-
gin.

Given two zonotopes� 	 ' �(� �*)+� 	 ������� ��� � , � and
� � ' ��� �*)�
 	��������%��
�� , � , we wish to decidewhether
� 	 intersects� � , i.e. whether � 	 D � � '	� . The fol-
lowing is well-known.

Lemma 5.1 � 	 D � �

'�� iff � � � is in thezonotope

� � �*)+� 	 ����������� � ��
 	 �������%��
 �0, � .
Theabove lemmareducesthecollisiondetectionbe-

tweenzonotopesto the point membershipproblemof

a zonotope: given a point � and a zonotope � '
� � �*)�� 	 ��� � ����������� � , � (here  ' � � � ), determine
whether� � � . Of course,we may computethe ex-
plicit representationof this zonotopeandapplya stan-
dardalgorithmfor point inclusionconvex bodies.This
algorithm,however, will run in at least ���! � � time as
thenumberof verticesof a zonotopecanbequadratic
in termsof the numberof generators.In this section,
wepresentanalgorithmfor intersectiondetectionwith
only ���! ����� �  � runningtime.

Recall that the boundaryof � canbe decomposed
into theupperhull � . andthelower hull � # . A point
is in � if f it is directly below �/. anddirectly above
� # . We thereforefurther reducethe problemto de-
terminingwhethera point is directly below � . or/and
above � # (theproblemsaresymmetric).Let 5 bethe
boundaryof theprojectionof � . andthetiling 4 of 5
betheprojectionof �/. onthe 132 plane(Figure1). For
a point � , considerits projection��
 on the 1:2 plane.If
��
 is outsideof 5 , � is not directly below �!. . Oth-
erwise,we locatetheparallelogram6 thatcontains� 

and decideif � is above or below the corresponding
faceton � . .

The tiling 4 can be viewed as a monotoneplanar
subdivision. We will usea methodsimilar to [8] to lo-
catethepoint. Namely, we performa binarysearchon
themonotoneseparatorsto determinethetwo adjacent
separatorsthat sandwichthe point. We will show be-
low thateachseparatorconsistsof  line segmentsand
can be computedin time � �! � ���  � . Sincewe per-
form � � �����  � comparisonsagainstseparatorsin total,
the algorithmruns in time � �! ����� �  � . In what fol-
lows, we shall show how to constructa separatorin
� �! � ���  � time.

We will now exploit the previously mentionedtan-
gent spaceduality betweenzonotopesand arrange-
ments. For a zonotope� , let F be the line arrange-
mentde�ned in Section3. Orderall the verticesin F
accordingto their 1 coordinates,andindex thevertices
accordingto their order. We canassignthe samein-
dex to thecorrespondingparallelogramin 4 . Clearly,
theorderis consistentwith the“right-to” relationship1

in 4 . Denoteby � � the vertical line that just right to
the
�
-th vertex in F . Supposethat � � crossesthelines

C � � � C � � ��������� C ��� from left to right (Figure1). De�ne the
correspondingpseudovertical line � ; � in the tiling 4
asfollows. We startfrom thetop vertex of 5 andform
a monotonechain � by extending � ;� � ��� ;� � ����������� ;��� one

1We use “right-to” instead of “above” notation just for exposi-
tion convenience.
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by one.Since� � separatesall theverticeswith indices
� � from those � � , �$; � separatesall the faceswith
indices � � from those � � , i.e � ; � is the

�
-th sep-

arator, from left to right, in 4 . We can compute� �
in ���! �����  � timeby theoptimalslopeselectionalgo-
rithm [5]. Therefore,we have that:

Theorem 5.2 For any two zonotopeswith  genera-
tors in total, we can decidewhetherthey intersect in
� �! � ��� �  � time.

5.2 Dynamic collision detection

In dynamiccollision detection,we may needto per-
form intersectiontestingfor two zonotopesrepetitively
when they are in different con�gurations. Dynamic
collision detectionhasbeena centralsubjectin mo-
tion planning,dynamicsimulation,andcomputerani-
mation. The typical methodsincludeMinkowski sum
methodfor translationalmotions,hierarchicalmethod,
andlocalwalking techniques.Wewill describehow to
implementthosemethodsef�ciently for zonotopes.

Minkowski sum method. When only translationis
allowed, one standardtechniqueis the Minkowski
sum method2. In such a method, we computethe
Minkowski sum of two convex objects and reduce
thecollision detectionproblemto a point containment
problemin theMinkowski sum. Accordingto theear-
lier duality, this is very similar to point locationin line
arrangements.Point location in line arrangementsis
a very well studiedtopic in ComputationalGeome-
try. The bestknown trade-off betweenpreprocessing
andquerytime is roughly � � �� � � querytime by using
� � � � preprocessingtimeandspace.Unfortunately, we
areunableto achieve thesameboundfor our problem.
Instead,wehave thefollowing weaker trade-off.

Lemma 5.3 For any zonotopewith  generators, for
any  � � �  � , we can preprocessit into a data
structure with ��� � � spaceso that the membership
querycanbeansweredin time � � �

�
� ����� �  � .

Proof: We computea � ����� � -cutting � of the dual
arrangement:a setof � ��� �%� interior disjoint trape-
zoids that re�ne the arrangementof � lines so that
eachtrapezoidis crossedby � �! ��� � lines. We then
mapthecuttingto thetiling 4 of 5 . Eachline C � is
mappedto a pseudoline C ;� which is the bisectorof

2The Minkowski sum method works for rotations too, but it
raises the dimension from three to six and increases the complexity
significantly.

thestripcorrespondingto thegenerator� � (Figure1).
We perturbeachvertical threadto its right andmap
to its correspondingpseudovertical line asde�ned
before.This way, we obtaina planarsubdivision � ;
of 5 . Eachcell in thesubdivision correspondsto a
trapezoidin � . Further, theline-trapezoidincidence
relationshipin � F ����� is preserved. Thus, we can
computeandstorea � � � ���  � query time point lo-
cationdatastructurefor � ; andassociatethecross-
ing lineswith eachcell in � ; . For any querypoint,
we �rst locateit in � ; andthenusethealgorithmas
shown in Theorem5.2 to locatethepoint. The �rst
steptakes � � � ���  � time, andthe secondsteptakes
��� � 
 ����� �  � time aseachcell is crossedby ���! ��� �
lines. As for the preprocessing,sinceeachpseudo
line hascomplexity ���! � , thecomplexity of thear-
rangementof � pseudolines is � �! �� � . In addition,
eachcell needsto store � �! ��� � lines andthereare
����� �%� cells. The storagein total is � �! �� � . By set-
ting �!' � �  , weobtaintheboundasclaimed.

The above algorithmscanalsobe usedto compute
thepolyhedraldistancede�ned by thezonotope.

Corollary 5.4 Givena polyhedral metricde�nedby a
zonotopewith  generators, for any  � � �  � , we
canconstructa datastructure using � � � � storage and
in ��� � �����  � time, so that the distancebetweenany
twopointscanbecomputedin time ��� �

�� ����� �  � .
Proof: For any two points � � � , we locatethe face
intersectedby the ray from the origin to � � � and
thencomputetheMinkowski distance.Theintersec-
tion canbereducedto point locationin themapping
of theboundaryof thezonotopeto aspherecentered
at theorigin. Sametechniqueandboundapply.

Hierarchical method. In the hierarchicalmethod[6,
9], a seriesof boundingvolumesarecomputedto ap-
proximatetheobjectwith higherandhigheraccuracy.
Thecollisiondetectionbetweentwo objectsis by start-
ing from the coarsestlevel of the boundingvolumes
and descendinguntil we separatetwo boundingvol-
umesor detectthe collision betweenthe two objects.
Here,we wish to emulatethe hierarchicalmethodfor
implicitly representedzonotopes.

Denoteby � �	� ��
 � theHausdorff distancebetween
two point sets � and 
 andby � �	� � thediameterof
a point set � . What is crucial in boundingvolumes
constructionin [9] is a thewell-known approximation
propertyof convex bodies: for any convex object �
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in threedimensionsand for any � � �
, thereexists

anotherconvex body 
 with � � ����� � verticesso that
� �	� ��
 � � ��� �	� � [7]. Therearesimilar resultsfor
zonotopes.In [1], it is shown that a unit ball in � �
canbeapproximatedwithin Hausdorff distance� by a
zonotopewith ��� ����� � generators.The proof is con-
structive but only works for Euclideanballs. In [2],
it is proven that in � -dimensions,any zonoid � can
be approximatedwithin �%� �	� � by a zonotopewith
� � �����
� .�� � � generators,for any � � �

. But theproof
is non-constructive. In thefollowing, we show thatfor
any zonotopewith  generators,we canconstructan
approximationef�ciently.

Lemma 5.5 For any zonotope� in ��� and for any
� � �

, there exists a zonotope
 with � � ����� � � gen-
erators, sothat � �	� ��
 � � �%� �	� � . Further, 
 canbe
computedin ���! � time where  is the numberof the
generators of � .

Proof: Supposethat � ' � � �*)+� 	 ��� � �������%��� �
, � . By
symmetry, we canassumethatall the � � 's have pos-
itive - components. We normalizeevery � � and
each � � correspondsto a point � � on the unit hemi-
sphere. Now, we subdivide the unit hemisphere
into

�
patchesso that for any two points � � � in

the samepatch, the angle between � � and � � is
boundedby � � ��� � 	�� � � . Supposethatthepatchesare� 	 � � � ���������

� � . For each
� 7

, pick a point � 7 in
� 7

anddenoteby  7 ' � �� � 7 .
Now divide all the � � 's into clustersaccordingto

the patchesthey are in. De�ne � 7 ' �9� ��� � � �� 7 % . For each vector � � � � 7 , we form two
vectors: � 	� ' �+� � �" 7 �  7 is the projection of
� � on the direction  7 , and � �� ' � � � � 	� . Set
� 7 ' ���
	���
�� � 	� , for � � � � � . Considerthe
zonotope� ' � � �*)+� �	 ��� �� �������%��� �� , � . Supposethat
� � �*)�
 	 ��
 � ��
 � , � is the tightestaxis alignedbound-
ing boxof � . ( 
 	%��
 � ��
 � canbecomputedeasilyby
projectingeach� �� to the 1 ��2 � - axes).Now, consider
thezonotope
 ' � � �*)�� 	 ��� � ������� ��� � ��
 	 ��
 � ��
 � , � .
We claim that � �	� ��
 � � �%� �	� � if

� ' � ��� � for
someconstant� � � .

Because� � ' � 	� � � �� , we have that

�  � � �*)+� 		 ��� 	� ����������� 	� , � ! � � �*)+� � 	 ��� �� ����������� �� , � � � �*)�� 	 ��� � �������%��� � , � ! � � � �*)�� 	 ��� � �������%��� � , � ! � � �*)�
 	 ��
 � ��
 � , � ' 
 �

Denoteby � ��� the Euclideanlength of the vec-
tor � . For any point � � 
 of the form � '

����� � � � � � 7�� 7 
 7 , let � ' � ��� � ��������
�	 � 7 � � .
It suf�ces to prove that ������� � ��� �	� � if

� ' � ��� �
for someconstant� � �

. First, it is easyto verify
that ������� � � 
 � � � � �� � for some � 
 � �

. Accord-
ing to thepropertyof the subdivision, we have that
� � �� � � � 	 � � 	�� ��� � � � for some � 	 � �

. Therefore
������� � �

� �
� 	�� � � � � � � � . Further, it is not hardto

seethat � �	� � � � �
� � � � � � for someconstant� � ��

. Set � ' ��� ���� � � . Thenwehave that ������� �I�%� �	� � ,
if
� ' � ���
� . Therefore,� �	� ��
 �!� ��� �	� � , and 


has � � ����� � � generators.

Local walking method. In a local walking
method [14, 15], the closestpair of features(ver-
tices, edges,or faces)betweentwo convex objects
is tracked for two objects. It is shown in [14] that a
simplelocal walking strategy is guaranteedto �nd the
closestpair of featuresbetweentwo convex volumes.
If the motion is small, then the closestpair at any
time stepshouldnot be “f ar” from the previous step,
andthereforethe walking shouldterminatein a small
numberof steps.Now, we show thatthelocal walking
methodcanbe appliedto zonotopesaswell. What is
crucial in Lin-Canny's methodis theability of discov-
ering the neighboringfeaturesof any given feature.
This is easyfor an explicitly representedpolyhedron.
However, again we cannot afford to construct the
explicit representationof azonotope.Instead,weshow
that it is easyto constructthe neighborhoodof any
featureon the�y . For simplicity, considerthewalking
from faceto facein 4 . On eachfaceof 4 , thereare
four choicesto chooseto which neighborto exit. We
have that

Lemma 5.6 For anyzonotopewith  generators,after
preprocessingwith � �! � spaceand � �! � ���  � time,
wecanperformthe face-to-facewalking in � � ����� �  �
timeperstep.

Proof: Again, by duality, the walk is to determine
the verticesadjacentto the vertex dual to a facein
4 . This canbedoneby maintainingadynamiccon-
vex hull datastructure. The classicalalgorithmby
OvermarsandvanLeeuwen[16] givesusthedesired
bound.

6 Zonotopal Space-Time Volumes

As we mentioned,animportantbene�t of zonotopesis
that their descriptioncomplexity canbe variedor ad-
justedaccordingto theapplicationneeds.In this sec-
tion weillustratehow thiscanbeexploitedfor collision
detectioninvolving space-timevolumes[3, 11, 12].
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Considerasimplescenariowherewehavetwo zono-
topes

@
and 5 moving rigidly in ��� . We are inter-

estedin verifying that their pathsdo not collide. In a
typical implementation,thedynamicsof

@
and 5 are

controlledby anintegrator. At eachtime time stepthe
positionsof the bodiesare updatedby the dynamics
module,and a new collision test is performed,using
(say),the algorithmdescribedin Section5. Note that
in thisapproach,therateof collisioncheckingis deter-
minedentirelyby the systemdynamics.It is possible
that collision may be missed,if they happenif

@
and

5 overlap,andthenstopoverlapping,within a single
time step.It is alsopossiblethatunnecessarycollision
checksaredone,aswhenthetwo bodiesarefar away.

A way to addressbothof theseconcernis to do col-
lision checkingnot on

@
and 5 , but on theportionsof

spacesweptby
@

and 5 duringaperiodof time ��� , the
so-calledspace-timevolumesof thetwo bodies.In this
sectionwe show how to enclosethesespace-timevol-
umesin boundingzonotopes.Notethatif thesebound-
ing volumesaredisjoint, then

@
and 5 cannotcollide

at any time during the interval ��� . If thevolumesin-
tersect(either the boundingzonotopes,or the actual
space-timevolumessweptby thebodies),the

@
and 5

mayor maynot collide during ��� . Notethat
@

and 5
collide if they occupy thesamespaceat thesametime.
Ourspace-timevolumesare3-Dandarethespatialpro-
jectionsof thereal4-D space-timevolumes.Thus,if

@
collideswith 5 's locationatadifferenttimeduring ��� ,
thiswill leadto aspace-timevolumeintersection,even
though

@
and 5 have not collided. Whensuchcolli-

sionsare detected,the interval ��� canbe cut in half
and the processrepeated,until either a real-collision
is detected,or non-intersectionis con�rmed. We omit
furtherdetailshere.

If thebody
@

just translatesduring the interval ��� ,
thenits translationvector � canjustbeaddedto thelist
of generatorsfor

@
to producea zonotopaldescription

for theexactspace-timevolumesweptby
@

. Thenew
zonotopeneedsto beanchoredattheorigin of

@
, trans-

latedby ��� � . This simplecaseillustratesthepower of
the zonotopedescription. Of coursewe must handle
thecaseof amoregeneralrigid motionduring ��� . Be-
sidestranslation,therecanbe a rotationalcomponent
aswell. Let - betherotationaxisand � therotationan-
gle;weassumethat �

� ��� ��� —aconditionthatshould
beeasyto satisfysincein general��� is small. Thero-
tational componentcauseseachvertex of

@
to move

alonga circulararccenteredon the - axis,on a plane
normalto theaxis.Figure3 below depictsthesevertex

arcs,projectedonto a planenormal to the - -axis and
movedto acommonorigin.

O

c

Figure3: The rotationalmotion of the ver-
ticesof

@
.

If we canenclosethesearcsin a tight-�tting paral-
lelogram(a 2-D zonotope),weaugmentthegenerators
of
@

with the translationvector � and thesetwo `ro-
tational' generators,to producea space-timebounding
volumefor therigid motionof

@
. Theresultingzono-

topeneedsto becenteredat thecenterof
@

, offsetby
��� � andthe offset betweenthe commonorigin of the
arcsandtheparallelogramcenterin Figure3. Thefact
that this zonotopeboundsall placementsof

@
during

therotationfollows,becausethespace-volumecontain
all verticesof eachsuchplacement,andtherefore(by
convexity) all of

@
throughout��� .

Sincewe expect ��� to besmall,we alsoexpectthe
set of arcswe needto encloseto be small in length.
However, thenumberof sucharcscanbe � �! "�%� (where
 denotesthe numberof generatorsof

@
, so we wish

to avoid lookingat all thesearcsindividually. Looking
atFigure3,weclaimthataparticulararc � is contained
in acirclecenteredat theorigin andpassingthroughits
otherendpoint,becauseby assumptioneacharcspans
an angleof lessthan ��� ��� . Thusall arcsarefully en-
closedin acirclecenteredat theorigin, whoseradiusis
thedistanceto the themostdistantendpointof any of
thearcs.Thiscirclecanin turnbeenclosedin asquare,
which formsourboundingparallelogram.

It remainsto show how to computethe distanceof
the vertex of

@
mostdistantfrom the rotationaxis - .

To do so it suf�ces to projectall generatorsof
@

onto
aplanenormalto - andsimply computethe2-D zono-
topegeneratedby them � �! �����  � time,thenselectthe
mostdistantof the �  verticesthusformed. Thuswe
have shown that:

Theorem 6.1 Givena rigid motionof
@

over interval
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��� , a space-timeboundingzonotopefor all placements
of
@

canbecomputedbyaddingthreegenerators to
@

.
Thesegenerators canbecomputedin � �! �����  � time.

Note that, sinceour space-timevolumesarespatial
projectionsof the true 4-D spacetime volumes,we
neednot assumethat

@
moveswith constantvelocity

andangularaccelerationduring its rigid motion. All
thatmattersis thesetof spatialpositionsoccupiedand
not the times at which they were. It would be inter-
estingto explore the ideaof working directly with 4-
D zonotopesthatareboundingvolumesin truespace-
time, but we have not exploredthatpathsincewe cur-
rently lack an ef�cient intersectiontest for 4-D zono-
topes.

7 Conclusions

We have proposedthe useof zonotopesas bounding
volumesfor intersectiontestingandotherapplications.
Ourwork generatesmany openquestions,including:

� In ��� , how well can a zonotopeapproximatea
givencentrallysymmetricconvex polyhedron?

� How fastcansuchanoptimal(in termsof volume)
zonotopebecomputed?

� Whatcanwe sayaboutthenumberof generators
of thiszonotope?

� How do we intersectef�ciently 4-D space-time
zonotopalvolumes?

� How can boundingvolume hierarchiesbasedon
zonotopesbeconstructedfor arbitrarypolyhedral
geometry?
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