M

I

T S

U BIS

HI

E

LE CT

RIC RESE

ARCH LABORA TORIES

CAMBRI D

GE RESEARCH CENTER

N

-

B o

d

y

S

p

a

c

e t i me Co

n

st

raints Di a n e T ang

Har vard Universi

t y J

. Th

o mas Ngo

Interval Research Corp.

Joe Marks

�

Mitsu bishi Electric Research Laboratories, Inc. TR-

9 4- 1

5 December 1994A b

s t r a ct

Animators fre quently choreograph complex motions for multiple objects that

interact through collision and obstruction. In such situations, the use of physi-

cally based dynamics to confer visual realism creates challenging computational

problems. Typically forward simulation is well understood, but the inverse

problem of motion synthesis|that of synthesizing motions consistent both with

physical law and with the animator’s requirements|is generally tedious and

sometimes intractable.W e show how N-body inverse problems can be formu-

lated as optimization tasks. W e present a simply stated, but combinatorialy

formidable example that exhibits all of the essential sources of complexity com-

mon to N-body motion synthesis, and show how it can be solved approximately

using heuristic methods based on evolutionary computation.Key

W ords: Animation, motion synthesis, heuristic methods, stochastic opti-

mization, evolutionary computation, billiard-ball problems.T o a

pp ear

i n t

he Jo

urna

l of

Vi suali

zation and

Co

mputer

Animation .

T h i s w o r k m

a y no

t

b e co pie

d or reproduced in whole or in partfor any commercial purpose.

Permission

to copy in whole or in part without payment of fee isgranted for nonpro�t educational and research pur-

poses provided that all such whole or partial copies include the following: a notice that such copying is by

permission ofMitsubishi

Electric

ResearchLaboratories ofCambridge, Massachusetts; an acknowledgment

of the authors and individual contributions to the work; and all applicable portions of the copyright notice.

Copying, reproduction, or republishing for any other purpose shall require a license with payment of fee to

Mitsubishi Electric Research Laboratories.All rights reserved.

Copyright c Mitsubishi Electric Research Laboratories,1

99 4

2

01 Broadway,

Cambridge, Massachusetts 02139 � The work described in this paper was done whileJM was atDigital Equipment Corporation’s Cambridge

Research Lab.

1.

First printing, TR94-15, July 1994.2.

Second printing, TR94-15a, December 1994.

1 S i m u

l a ti n

g th

e d

ynami c

s o

f multibodyphysical systems is an established and

challenging research topic in computer graphics[1

,

2, 3, 10, 11, 18

] . Ho

wever,

even if all the problems of physical modeling, collision detection, and e�cient

computation were to be solved satisfactorily , the resulting algorithms would

still leave tedious tasks in the hands of human animators.The best tools for

computer animation may not be those thatjust perform forward simulation

well, but those that can also solve the inverse problem ofm o

t io n

s

ynt h

esis :

automatically

�nding tra jectories for animated ob jects that both achieve the

animator

’s goals and satisfy physical law(thus yielding visual plausibility).

Automatic motion synthesis for character animation has received con-

siderable attention recently [5, 19, 20, 25, 26], but the notion of automatic

motion synthesis for multibody systems, in which nonautonomous ob jects

interact through collision and obstruction, has been largely ignored.In this

paper we extend the SpacetimeConstraints paradigm [26], originally devel-

oped for articulated-�gure animation, to include multibody motion synthe-

sis. The resulting class of problems is very broad.W e present one simply

stated problem that exhibits all the essential characteristics of this class, and

describe an e�ective technique for solving it using heuristics based on evolu-

tionary computation. W e believe that this work can serve as a starting point

for solving more interesting multibody motion-synthesis problems involving

rigid and deformable 3D ob jects.

Consider the following motion-synthesis problem, stated in terms of a set ofN-body spacetime constraints.N disks (think of them as air-hockey pucks)

are free to move without friction within a rectangular region of the plane.

All collisions are elastic and frictionless.Gravity is absent. Given initial

(t

= 0) positions for the disks, the goal is to �nd initial velocities such

that the disks arrive as close as possible1 to the desired �nal (t = t�

n a l ) 1

Wh

e re a

s the

or

i

gi na

l Witkin

-

Kass S

pa ceti

me

Constraintsform

ulation calls for the

solution of an optimization problem with two explicit boundar

y conditions(the initial

and desired�nal con�gurations)

, our approach uses only the initial con�guration as a

boundary condition; deviation from the desired �nal con�guration is penalized by a term

MERL-TR-94-15 December 1994

2

Figure 1: A sample 1

4-disk problem.

positions. (W e employ anL2, or sum-of-squares cost function to determine solution quality .) A sample problem is illustrated in Figure 1. In their initial positions, the disks describe a diamond shape; an arrow connects each disk to its target location, indicated by a small circle. Collectively , the target locations describe an‘S’ shape.

As it has been stated thus far, the problem is neither overconstrained nor underconstrained; there are 2N control variables and 2N objective variables. The problem becomes overconstrained if some disks are declared to be nonc uea

ble, i

.e., unable to be given nonzero initial velocities. Note that a noncueable disk can begin to move only if hit by another disk. An overconstrained problem is shown in Figure 2, in which broken arrows connect initial and target positions of noncueable disks.

This simple N-disk problem exhibits all of the essential sources of complexity common to N-body spacetime-constrained problems:

�

Fo rv is ua l r ealism

,t he ob je cts move accordi ng to predetermined rules of motion

(here, ph ysical law

).

2

i nt h e o b je ctive f unction .

Fo r this re ason

, the for ma l statement of our problem di

�ers from that of

Wit kin and

Kass

|nonetheless, our overallgoals are essentiall y identical.2An alternative approach to motion synthesis for multiple moving bodies, exempli

�ed

MERL-TR-94-15December 1994

3

Figure

2 :

An overconstrained5

-dis k problem.

�

Control is limited. (In this case the locus of control is instantaneous, at time t=0.Moreover, in the overconstrained version of the problem, only some disks are controllable.) �

The objects can interact (here, collide) with each other, precluding any general attempt to solve for their motions independently .

Analyses of similar problems

[4,

14, 15, 21] have shown that simple physical systems like those considered here can exhibit chaotic behavior, and that the corresponding optimization problems can have daunting computational complexity

|they may not even be computable!

Nevertheless, general intractability results do not imply the di�culty of every instance in a class of problems: we have developed an algorithm that is capable of approximately solving nontrivial instances of the N-disk motion-synthesis problem. This algorithm is described in the next section.

by theDA

N CE

R system ofLomas and

Todd [

16

], is to relax the requirement of physically correct dynamics by blending in the in uence of inverse kinematics.

MERL-TR-94-15 December 1994

4

Mo

tiv ati ng con sid e rations

Our strategy in designing the overall architecture of our algorithm was to exploit properties of N-disk motion-synthesis that are likely to be common to other classes of N-body motion synthesis.

One such property is that the search problem, though cast in terms of continuous variables, is of a discrete character. That is, signi�cantly improving a candidate solution often requires changing the pattern of disk-disk and disk-wall collisions, and local gradient information is of little use in choosing from among the possible patterns. This consideration led us to employ stochastic search, which does not rely on gradient information.

Another feature is that the problem has a limiting case in which it is completely decomposable: when the disk radii approach zero, the probability of disk-disk collision becomes negligible and each ball’s motion can be synthesized independently . Moreover, this decomposability diminishes gradually as the disk radii are increased. Among stochastic search techniques, the genetic algorithm (GA) is best suited for such nearly decomposable problems [12].

Our algorithm is based on a standard form of GA, the steady-state GA [7,

9]. A third feature|the feature that our customization of the GA is tailored speci�cally to exploit|is that the form of the decomposition is mostly known in advance.

When a problem is said to be decomposable, what is generally meant is that the objective function is approximately equal to a sum of terms, each of which depends on a small subset of the independent variables in a candidate solution. According to dogma [12], a GA implicitly discovers the mapping between terms and variables. With N-disk motion synthesis, however, much of the computational e�ort spent discovering this mapping would be wasted, since it is known in advance that the �nal position of a disk, and therefore the contribution of that disk to theL2 error function, is determined largely by the initial velocity imparted to that disk. W e exploit this known information about the problem’s structure by introducing the concept of a trial solution’s

si gn at ur e, described below.

MERL-TR-94-15 December 1994

8 S (possibly S itself) is deleted to make room.6 The process continues until, for every i, the number of i-acceptable solutions in the population meets or exceeds a prede�ned limit (5, in our runs)|or, if this diversity criterion is never met, after a predetermined number of iterations.7

Thegene

rate operation

The generate procedure builds a new trial solution by executing one of the following four operations, each with equal probability: creep, directed randomize, uniform randomize, or crossover. The �rst three operations employ signature information solely to encourage even coverage of the search space.

An existing population member (called the parent) is chosen such that every order o (1 � o � N ) that is represented in the population has an equal probability of being chosen, and every signature of order o that is represented is as likely to be chosen as any other signature of order o. Thus, minority high-order signatures are given \Senate-like" representation during parent selection.8 T o generate the new trial solution (called the child), the initial velocity of one randomly selected cueable disk is perturbed slightly (in the case of creep), subjected to directed randomize, or subjected to uniform randomize. The crossover operation, one of the hallmarks of a GA, requires the selection of two parents. The �rst is chosen as just described. Signatures are used in a slightly di�erent manner to choose the second parent: a \Senate-like" distribution is again used, except that the only solutions with a chance of

6For this reason, the limit on the population’s membership (200 in this case) should be set to a number greater than the product of the limit on the number of solutions with a given signature (10 in this case) and the number of bits in a signature (14 in the case of the 14-disk problem).Otherwise, there can be some i for which no i-acceptable solution is found before the population-membership limit is violated. Thereafter, all i-acceptable solutions created by the initiali

ze operation will be rejected.7In the two example problems illustrated in Figures 1 and 2, the diversity criterion was satis�ed quickly in the initialization process, which produced average initial population sizes of 58.4 and 64.4, respectively.8In theUS Senate, each state is allocated two senators, regardless of population. In the USHouse of Representatives, the number of congressmen allocated to each state is proportional to population. With a\House-like

" distribution, underrepresented solutions

(for example, the only i-acceptable solution for a given i or the only nearly perfect solution) would rarely be selected as parents.

MERL-TR-94-15 December 1994

9

being selected are those with signature s2 such that the number of bits set in s

1 j

s 2 ( t h e \ l o g i c al o r " o f s 1 a n d s2 ) i s the ma xim um possi ble . Signatures are used a third time in combining the t

wo parents to \geneticall y engineer" a child

: the initial velocity of cueable dis k i is taken from the parent that is i

-acceptable if exactly one such parent exists ; otherwise , from either parent at random.

T h e i n s e r t o pe r a t io n

In the last procedure to consider, i n s e r t, signature information is used to avoid the deleterious proliferation of identical or nearly identical trial solutions, which is common in

G As. The signature of a child produced by

gener ate is compared with the signature(s) of its parent(s). If the child ’s signature is the same as that of exactly one parent, the child replaces that parent, unless the parent is the best solution encountered so far and the child is not an improvemen t. (This is the strategy of e

litis m [ 7 ]: the best solution in the population is guaranteed not to be deleted.) If the child is a product of crossover and has the same signature as both parents, then the same procedure is used, except that one of the parents, selected at random, is considered for displacement.

If a parent is not displaced, either because of elitism or because the child’s signature di

�ers from its parent’s (or parents’), the child is inserted into the population, replacing the worst solution with the same signature if the number of solutions with that signature exceeds a speci

�ed limit, just as in the initiali

ze procedure.

If the number of solutions with the same signature is below the limit, then the insertion of the child can cause the overall population si

ze to grow.

Because the number of distinct signatures is 2

N , the potential for population growth is great, and this can be harmful: the bigger the population, the less time spent considering the most promising trial solutions. Some mechanism is therefore needed to limit this growth.

Our solution is to delete every solution with the lowest-order signature that is subsumed by higher-order solutions, where we de�ne subsumption to mean that every bit i that is set in the solution’s signature is also set in some higher-order solution. (The only exception to this rule is that the all solutions with the same signature as the best solution in the population are exempt from deletion: this is another manifestation of elitism.) This culling strategy is triggered whenever the

M E R L - TR- 9 4- 1 5 D e ce m be r 1994

1 0

population size exceeds the prede�ned limit.

The t wo te st pro b le ms

F or the problem depicted in Figure 1, our algorithm found initial velocities that lead to the disk trajectories shown in Figure

3. The disks are too large for all to move in straight lines from initial to target positions without colliding and thus disrupting the motion,

9 but the algorithm �nds a collision-free motion after considering fewer than 10

6 trial solutions. Some disks bounce o� three walls in the solution shown. T o give some indication of how di

�cult this particular problem is, we can derive a crude lower bound on the size of the search space: a standard mathematical trick involving image targets reveals that in the absence of collisions between disks, the number of candidate solutions in which disks bounce against at most two walls is greater than

91 4, or 2

� 101 3.

Results for the overconstrained problem in Figure 2, in which disk-disk collisions must be exploited to achieve satisfactory results, are depicted in

Figure

4. This solution is also the best found after consideration of fewer than 106 trial solutions.

The cost curves in Figures

5 and 6 illustrate the typical progress of the

GA over time by showing the cost of the best solution encountered so far as a function of the number of trial solutions considered. An initial phase of rapid improvement is followed by long periods of very slow improvement that are punctuated by sharp, discrete decreases in cost. The changes in the nature and rate of progress over time suggest that the search algorithm might bene�t from also being changed over time (e

.g., by increasing the use of

cree p as the generate operation in the latter half of the process), but this is an idea we have not yet pursued.

9 R e c a ll t hat n o d i s k can be in uenced a fte r ti me t = 0 . If the timin g of the initial im

pulses could be varied , the t wo test problems considered here would be somewhat easier.

MERL-TR-94-15 December 1994

0 5000

10000

15000

20000

25000

30000

35000

40000

0 100000 200000 300000 400000

Cost (Sum of Squares of Distances)

Trial Solutions

0 5000

10000

15000

20000

25000

30000

35000

40000

0 100000 200000 300000 400000

Cost (Sum of Squares of Distances)

Trial Solutions

0 20000

40000

60000

80000

100000

120000

140000

A B C D E F G H

Cost (Sum of Squares of Distances)

Algorithm Variants