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32, Lety=e" iny”+ 35y + 6y = (10 obtain
WM 5aeM + et =0,
M+ 50+6) =0.
Because ¢ # 0, we arrive at the characteristic equation
W+ 5 +6=0,
AN+ =0,
3.6. Lety=e"in6y +5y ~by= 0 10 obtain

B1TeM & 5uet ~ b =0,
EBAE 4+ 5h—6) =0,

Because ¢ 3 0. we arrive at the logistic equation
632 +50—6=0
Bh=DEL+H =0,

3.10. If ¥ 42y + 17y = 0, then the characteristic equation is
P2 417=0.
The roots of the characteristic equation are —1 = 4i, leading 10 the complex solutions
2= and F(e) = e

However, by Euler's identity,
2(2) = e~ "' = e7 (cos 4t + i sin 1),

and the real and imaginary parts of z lead to a fundamental set of real solutions y,(r} = ¢~ cos4r and
v2(t) = &' sin 4r. Hence the general solution is

314. I 3" — 6y + 9y = 0, then the characteristic equation is
M—bh+ 9= (-3 =0

Hence the characteristic equation has a repeated root, 4 = 3. Therefore, y1(1) = &Y and yy(r) = re* forma

fundamental set of real solutions. Hence, the general solution is
o ¥y = Cue® + Cate™ = (C1 + Canpe™.
320, If y" =2y + 17y = 0, then the characteristic equation is
=20 +17=0,

with roots 1 & 4. The complex solution,
2(r) = e = ¢! (cos 41 + i sind1)
leads to a fundamental set of real solutions and the general solution
yit) = &' (Cycos 4t + Casindr).
The initial condition y(0) = —2 provides
—2=0C.
Differentiating the general solution,
V(1) = €'(C; cosdr + C; sindr) + & (—4C; sindt + 403 cos 4r),




322, If " + 10y’ + 25y = 0, then the characteristic equation is
P10 +25 =00+ 57 =0,
with repeated root A = —5. This leads to the fundamental set of solutions y, (1) = &= and yo(r) = te™ and

the general solution is
W) = Cre™™ + Cate™ = (C + Cande ™.

Using the initial condition y(0) = 2 leads to
2=0C.
Differgntiating the general solution,
() = Ce™ = 5(C) + Car)e™.
then the initial condition ¥'(0) = —1 leads 10
-1=C: - 35C.
Thus, C; = 2 and C; = 9 and the final solutions is

V) = (24907,

bl Haxmonic  Neotien

411 Substinne m = 0.2kg and k = Skg/s” in my” + ky = 0 to obtain 0.2y" +5y =0or
'+ 25y =0
The characteristic equation is A% + 25 = 0, with zeros i = £5i, so
2(1) = ¢ = cos 51 + i sin 51

is a complex solution. The real and imaginary parts of this solution form a fundamental set of real solutions,
giving the general solution
y(r) = Cycos 5t + Cpsin 51

The initial displacement is 0.5 m, so y(0) = 0.5and €, = 0.5. Differentiating,
¥'(1) = —5C; sin 5¢ + 5C; cos 5r.
The system is released from Test, so /(0) = 0 and Cz = 0. Thus, the solution is
yir) = 0.5 cos 51,
which has amplitude 0.5, frequency 5 rad/s, and zero phase.
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4.04. The system mx” + kx = 0, or x” + (k/m)x = 0, is equivalent to
x" +wix =0,

with w? = k/m. The characteristic equation is .* + w} = 0, with roots A = Zaxi. Thus, we have complex
solation

z(r) = "' = cos wot + i sin ayl.

The real and imaginary parts of this solution form a fundamental set of solutions and provide the general
solution

x(1) = Cy cos wo! + C; sinwol.
The initial condition x(0) = xq gives C, = xo. Differentiate.
x'(1) = —Crep sin wot + Caewg cOS el
The initial condition x'(0) = vy gives C3 = vg/wp. Thus, the solution is

x(1) = XqcO8 wp! + ﬁ sinwont.

Plot the ients, calculate the itude of the vector, and mark the angle.

(. vo/wo)

@

The tangent of the angle ¢ is easily calculated.

ang = —
Liwn
Factor out the magnitude as follows.
[
x(1) = /x5 + vifag | 2 cosanyl + Lo/ sin wnf
o/ + v/ % + vy e



But cos.¢ = xo/y/x3 + v3/w} and sin ¢ = (vo/wn)/4/ %} + V3/w;, 0 we can write

ey .
£(0) = /33 + v}/ (cos dawr + sind sinwor)
x(1) = |/ x§ + v} /wp cos(ant — &).

Thus, the amplitude of the motion is

A= [+ 5
wd
= ey
A= g+ tm
v
muy
A=z
418, By Hooke's Law, N
F  mg
k=—=—
y oy
_ (0,05 kg)(9.8 m/s?)
- (0.2m)
k =2.45N/m.

Hence, my” + uy' + ky = 0 becomes 0.05y" + uy’ + 2.45y = 0, or
V" 420y’ +49y = 0.
This system has characteristic equation A + 20u23 + 49 = 0, with zeros given by

1= —20u + ,/400u? — 196
= 3 .

The system is critically damped if it has one single, repeated root. The happens only if
400p* — 196 =0

19

R
14
H=3

Thus, p = 7/10, and our equation becomes

¥+ 14y + 49y =0,
whose characteristic equation A2 + 144 + 49 = (i + 7)* = 0 has a repeated root & = —7. Thus, the general
solution is

Y1) = (Cy + Cane ™.
1f we assume that the mass is displaced in a downward direction, y(0) = —0.15m and C; = —0.15.

Y1) = Coe™™ = TCy + Catde ™
If the mass is released from rest, then y'(0) = 0 and
0=Cy=7C;.



Thus, C; = —1.05 and the solution is

() = —(0.15 + 1.05n)e™"

0.2;

i

4.5 Tnhowogeneoub Eﬂlwawns; the  Method e(l
Undeterwived QG?%CU\P—MS

52, Let y(1) = Ae™". Then
¥ =—Ae™

¥ = Ae™,
and " + 6y’ + 8y = —3e~' becomes
Ae~" +6(—Ae™") + 8(Ae ™) = =3¢
JA=-3

-

=-L
Thus, y = —e™" is a particular solution.

54, Let y(f) = Ae”. Then,
¥(r) =246

V(1) = 4Ae”,
and " + 3y — 18y = 18¢* becomes
' 4Ae¥ +3246¥) — 1B(Ae") = 18¢¥
—84 =18

Thus, y = —(9/4)e* is a particular solution.
58. Let y, = acos3t + bsin3i. Then
¥, = —3asin 3t + 3bcos 3t
3/ = ~9acos 3t - 9bsin 31,
and the equation y" + 7y" + 10y = —4 sin 3r becomes
(a + 21b) cos 37 + (—21a + b) sin 3r = —4sin 3r.

Thus,
a+21b=0

—2la+b=-4,
leading to @ = 42/221 and b = —2/221 and the particular solution y, = (42/221) cos 31 — (2/221)sin 3r.



512, Letz = Ae'™. Then
Z = 2i4e®
= (20 Ae,

and 2" + 72’ + 62 = 3¢ leads to
(20246 +7(2)Ae™ + 64T = 3¢
(Y +72+6)A=3

3
24+ 14i
- 3 21
00~ 100"
Thus,
2= (i - _21_,) o2
100 100
= (1—30- - -iﬁl) (cos2r + i sn21)
2 e pig (——cm1r+—sm21)
“Z(TOT)C“ T 100 00
is a solution of z” + 77" + 6z = 3¢'¥. The imaginary part,
3
¥y = _ﬁ cos2t + 1% sin2r

is a solution of ¥’ + 7y' + 6y = 3sin2r.

5.18.  The homogeneous equation y” + 3y’ + 2y = O has characteristic equation > + 34 +2 = (A + 1)(A+2) =0
with zeros &) = —1 and A; = —2. This leads to the homogeneous solution

=Cre™' + Cae ¥,
The particular solution y, = Ae ™ has derivatives y, = —4Ae ™ and y; = 164¢ ', which when substinuted
into the equation y” + 3y’ + 2y = 3¢~ provides
16Ae™Y 4+ 3(—dAe ™) 4 24V = 37

64 =3
1
Afi.

Thus, a particular solution is v, = (1/2)e*. This leads to the general solution

1
y=Ce~ +Ce™¥ 4 5:“'

The initial condition y(0} = 1 provides
1

I=C+C+ 5

Differentiating,
Vo= =G = 20,67 — 267,
The initial condition y'(0) = 0 provides
0=—C -2 -2

This system has solution €, = 3 and C; = —5/2, leading to the solution

5 1
y=3" - ie'z‘ + 52“'



5.20. The homogeneous equation ¥ + 2y + 2y = 0 has characteristic equation A + 24 + 2 = 0 with zeros
4y =—l+iandi; = —1 — i, This leads to the homogeneous solution

¥x = e (Cycost + Cysint).
The particular solution z = Ae'* has derivatives
7' = (2i)AeH
2= (20 A6

which, when inseried in the complex equation 2" + 22" + 2z = 2e'  gives
(€200 4 2(20) + 2) Ae™ = 26

2
Am
Zra
12
A=—=-Z;
575

This gives the particular solution

The real pant of this solution,
1 2
y,=7gws2r+§sm?.z_
is a particular solution of " + 2y’ + 2y = 2cos 2r. Thus, the general solution is

1
y=e"'(Cycos? + Csint) — §m2x +§ain2!.
The initial condition y(0) = —2 gives —2 = €, — 1/5. Differentiating,

¢ - . - . 2 4
¥ =e7(=Cysint + Cycosr) — ¢ ‘(C\msl+cgmr)+§ng+gwsz,_

The initial condition ¥'(0) = 0 provides.
4
0=C=Cits
This system has solution C; = —9/5 and Cs = —13/5, Therefore, the solution is

9 13 1 2
=e{— -—= — ccos2t + = X
y=e ( suusz 55““) 5cos +5:|n2,r
526, The homogeneous equation z” + 4z = 0 has characteristic equation A* + 4 = 0 and zeros +2i. Thus, the

homogeneous solution is

2 = et + e,
The forcing term of z” + 4z = d¢* is also a solution of the homogeneous equation, so muitiply by a factor
of rand try z, = Ate'®. The particular solution has derivatives

2, = A% (1 +2in)

7 =44e¥ (i - 1)

1f these are substituted in z* + 4z = 4/, then
24 (i — 1) + 4Are = 4
@i —nN+4nA=4
1

A=-=—i



“12'
cos2r + i sin2r)
=tsin2f Fitcos 2.

The real part of this solution is a particular solution of " +4y = 4cos 21,
¥, = tsin2




