1.6. Using Definition 1.1

F(s) = [ oo(sin 3)e™" dr
0

T
= lim e~*'sin3rdr

T—+oo

Integrating by parts,

) 1 3
fe‘“" $in3tdt = ——e % 5in 3t + ;/e"‘ cos 3t dr.
s

Perform another integration by parts on the integral on the right,

. 1. 3
/e“’ sin 3t dt = —--l-e"" sin 3¢ + 3 [—-—e‘“ cos3t — = /e“’ sin 3¢ dt]
s sl s 5
1 3
=—;e sm3t——-e cos3z—— St sin 3¢ dt
: S

Transferring the last integral to the left side of the equation,

1 3
g(l + —2) fe"“ sin3tdt = —=¢™ gin 3t — e " cos 3.
N s s . s

X sest
€™ sin3tdt = —-—gin 37 — ————e™ cos 3.
f 5249 $249

Thus,

T

.
F(s) = lim ¢ [—--——f——— sin37 — > > COS3TJ
70 +9 5449 0

—ijm{: §  sin3t 3 cos3t 3 ]

T>0| $249 T ~ 219 n7T +s*’-+9
_ 3
BT X

provided s > 0,



1.10. Using Definition 1.1,
o
F(s) = ] (™ sin2t)e™™ dt
4]

T
= lim e~ gin 2 dt.

T Jo
Integrating by parts,
- oy 1 s 2 \
j e~ 5in2f dt = -3 Se“-”'”' sin 2t + T3 j[e_(ﬁ'w cos 2t dt.
Integrating by parts a second time,
j(e‘“”)' sin 2t dt
1 ~{§4+3WN oin
= —- e sin 2¢
543
+ 2Vl iedreos2r — 2 [ e sin2rar
s+3 s+3 s+3/ \
—~{s43) o3 oy -
_ —e 6 Vsin2r e “+Voos2t 4 j‘e_(s_m, ¢in 2t dt
s+3 (s +32 (s +3)? '

Transferring the last integral on the right to the left side of the equation,

JEPELCL )l —(s+3)
(1 + . 2> [e"‘*”‘ sin2tdt = — sin2e _ 2 cos 2¢
(s+3) s+3 (s + 3y
Therefore,
(D o __..S +3 _ sin2t 2 _ cos 2t
, f ¢ sin2t dt (s +3)2 44 et (s+3)2+4 els+3n”
Hence,
Fls) = lim |- s+3 sin 2t 2 cos2t ¥
= el TG4 T (5432 +4 e g
- Lm |- s+3 sin2T 2 cos2T 2
= TG TR T4 T (543 +4 €T (43244
T (5432 +4

provided s > —3.



1.14. Using Definition 1.1,
. o0
F(s) = [ (€ sinwt)e™ dt
0

T
= lim e gin wt dr.

T—o Jo
Integrating by parts,
) —(s—ayt o
omre _ e sin wr ® (s
fe (s a)tsmwtdt=_. /e @ “”coswtdt.
S—a §—a

Integrating the last integral on the right by parts,

e~ =" gin ot
— e
S~-a

o e~ U= oo it ) ) s
+ - - € sin wt dr
§—a 5 —-a s ~a

j[e‘(‘"“" sinwr dt = —

p—s—ay sin wt we~—ax cos wt

s —q (s —a)?

9
w? _
- f e~ sin wt dt.
(s —a)?
Transferring the last integral to the left side of the equation,
(l - wz ; —(s—a) - ¢ dt 1 sin wr @W £OS Wit
i ; 4 = - . — i
\ (s — a)z) e s—aq eb~ax (g a)?  pls—an
—{s—a) — §—-aq ‘ sin wr
ji 4 sinwt dt = oo v presy
) cos wr
{(§ = a')2 4R pls-ay’
Thus,
; [ §—q sin oy ® cosawr }7
£(s) = lim |—- : . - h )
T—{ (5—a)+w? go-an (5 —a) + @ so-ar .
= lim §—u sinwT ® coswT
7o (s —a)2 +@? el-al (G —a)l+ @2 ge-aT

. @
T r————
(8 —a)? + @ |
w
(§ ~a)? + @2’

provided s > g.

2.6. %Jsing Proposition 2.7 and Table 1,

L(2sin3r + 3 cos 51)(s) = 2L(sin 31)(s) + 3L(cos 5¢)(s)
3 5

) 3s

provided 5 > 0.



2.10. Using Proposition 2.7 and Table 1, if y(z) = %, then

L)) = L(2e¥)(s)
= 2L(e%)(s)

=2.

provided s > 2. On the other hand,

sLY)s) = ¥(0) = sL(e*) — 1

provided s > 2.

‘2

g

34. Adjust as follows.
5s s

o)== %5

Thus, by linearity,
Y PO
yn =L {5 sz+9}
_ap—l S
=3t [32 +9 }
= 5cos 3¢
3.6. Adjust as follows.
Y(s) = 2 1 ;%-'_
() = 3¢ 9 5

Thus, by linearity,




3.16.  Note the transform pairs.

2t
cos2t « 713

sin 2t
in 4—»32+4

By Proposition 2.12,
s42
2
G +27%+4

e 4 cos 2t <
e sin2t

Thus,
&
y() =~V 5 .
=L {(s+2)2+4}
§+4+2 2 }
(+22+4 (s+2)2+4

]

542 { 2 ]
=L 22 et
f{(3-1-2)24-4} {(s+2)2+4}
=e ¥ cos2t — e 5in 2
= ¢ H(cos 2t —sin 2t),

3.26. Find a partial fraction decomposition.
4s + 15 _ 1 + B
252435 s 25+3
45 + 15 = AQ2s +3) + Bs
Now,
s==3/2=9=-3/2BorB=—6 |,
§=0=>15=3A0rAd=35.

Thus,




3.30. Find a partial fraction decomposition.

Thus,

752 + 205 + 53 A Bs+C
(—-DG2+25+5) s-—1+s2+2s+5
752 + 20s +53=A(*+25+5) +(Bs+C)s — 1)
7s2+20s+53=(A+B)s2+(2A-B+C)s+(5A-C)

A+B=7
2ZA-B+C=20
SA-C =53,
and A =10, B = -3, and C = ~3. Thus,
10 -3s-3
="
¥ L-—l sz+2s+5}

1 541
= 10, — it
£ {s—l} 3L {(S+1)2+4}

Note the transform pair.
s
€OS 2t > e
s2+4
By Proposition 2.12,
e cost o ~—i—t}-»
+12+4

Thus,

4.2.

y(t) = IOet — 30 rre D
Set ¥ = L(y). Then,
LG +9y) = Le™)

LON+9Ly) = T

1
5-Y(s) — y(0) +9Y(s) = m

But y(0) =0, so

i
C+PDY () = por
1

IR

Find a partiai fraction decomposition.
1 A B

= +
E+DE+9 s+1 s5+9
1=AGE+D+BGs+ 1

Now.
1
S=~9:1=—-SBOI‘B=-§
1
S=—1=>1=8AorA=§,
Thus,
1/8 /8
Y(s)—s-i-l s+9°
and

[ ) 1 1
y(r)—§£ is+1} 8"5 i{s+9}
1

] 1
() = e — 2™

(<]
(=]



4.6, letL(y)=7Y (s). Then, A
LG +8y) = L(t?)
2!
LYY +8L(y) = =
2
§-Y(s) — y(0) +8Y(s) = 3

But, y(0) = —1. _ 5
E+8Y () +1= P
2 1

s3(s+8)—s+8

Y(s) =

Find a partial fraction decomposition.
2 A B C D
S8 T TRTE T
2= As*(s + 8) + Bs(s + 8) + C(s + 8) + Ds3
=(A+D)s> + (8A + B)s? + (8B + C)s +8C

Then,
A+D =0

8BA+B =0
8B+C=0
‘ 8C =2,
and A = [/256, B = -~1/32 and C =1/4,and D = —1/256. Thus,
1/256 1/32 1/4 17256

Y(s) = —— Sl At

s+8 5 33 5+ 8
1 1 1 —257 1
Y R S I B —
) 256 ) 32() () (256 (s+8)'
Therefore,
R SO S DY 2
Y= TRty 5



4.10.

4.20.

Let £(y) = Y(5). Then,

LY —4y) = L(e7¥1)

/ -2
L) —4L(y) = GO

2
5-Y(@)—y(0)—4Y(s) = (’[1'2")'3'

Buty(0) =1, 30
s—-4)Y(s)—-1= GTop
1 2
Y() =

s—4 + (s —4)(s + 2P
Find a partial fraction decomposition.
2 A B C D
R Y e i APy S PO C AL P 1S
2= A +2)° + B(s — (s A2 + Cls — (s +2) + D(s — 4)
(A + B)s® + (6A + C)s* + (124 — 12B — 2C + D)s
+(8A — 16B — 8C —4D)

)
et
-
4

- Thus,

A+B8=190

BA+C =0

12A-12B-2C+ D=0

8A —~ 16B —8C — 4D =12,
1/108, 8 = —1/108, C = —1/18,and D = —1/3. Thus,
+1/108 /108 1/18  1/3
s—-4 s5-4 3-4-2 {s+2)2 (3+2)3

109( )__1_( L\ 11/ 2 )
4) 108is+2 wloT:) 3 2((s+2)2

100
_ 19 )
y 08" " 108

and A =

7()=

Therefore,

Let L(y) = Y{(s). Then,

LG =2y = 3y) = L(e*)

LOM =200 = 3L0) = —

1
2s - Y(s) — y(0)) = 3Y(s) = —

$2Y(s) =5 y0) - y'(©0) -
But, y(0) = Land y'(0) = —1.
i
5 -
s—3 1
s+ DGE=-3 * (5 =45+ D —3)

(57 =25 =Y () —s+1+2=

o) =

The terms on the right have decompositions

5—3 _ 1

(s+DGE=3 s+1
1 _ 151720 -1/4
(s-4)(s+1)(s—-3)_s—-4‘rs+l 5-3
21720 1/4 1/5
Y(S)=s+l~s—3 5s—4

and thefefore
y(t)=§e‘ —1-e3‘+-1-e“’.

20

4 5



421, (a) Lety= ¢*. Then
7 y =4y +3y=0
(P2 —4r+3e" =0
rt—4r+3=0

r=3r-=0
ad to independent solutions y = &% and y = ¢'. The general solution is

Thus,r =3andr = lle
v = Ciet + Cre.

The initial condition y(0) = 1 gives us
1=C +Ca

Differentiating, v
)f = 3Cg€3x -+ Cze".

The initial condition y(0) = —1 gives

—-1=13C + Ca.
Therefore, {y = —1 and C, = 2 and the solutionis y = ¥ 428,
(b) Let L{y)= Y. Then
LGy =4y +3y) =£L0O)
— (s - Y(s) = y(O) + 37(s) =0. '

s2¥(s) — 5 -y = YO

The initial conditions y(0) = 1 and ¥y (0)
(s* —as+)YE —s+14+4=0

= —1 give

5 -3

YO = Foa s

This has decomposition
2 1
Y(s) = —— — ="
) s—1 s=3

‘ ThllS, y(t) =7

A N el "‘8‘3"

52, Since f(r) =
Since £ (1) = ¢* has transform

‘ Fls)=1/(s -2

g(t) = H(t - 1)¢2~D hag ransform /(s = 2),

G{s) = ¢~ Fls)

%

3.9. Since —F e Y -
4 i — i’,

H(t - é)e*( -y
) = t - —{t=2)—
Thus £(2) = ¢~22~ has transform t -2 = H(t — e ,-2

S50 g() = H{t — 2)e~-2 -2
J g™ has ﬂ-ansform




6.4. By Theorem 6.10, the unit impulse response of
¥ + 4y = 8(1)
is E(5) = 1/P(s), where P(s) = s* + 4s is the characteristic polynomial. Thus,

i
E(s)= ——-——-—-'sz T

LSO =1
%" =25()
Lix"} = 2L{8(D}
2X(5) = sx(0)—x'(0) =2

\ 68. (a)
i

|

§ .

! But x(0) = x'(0) = 0,50
Z SX( =2

2
X(s)= 7



Thus,
-1 -1 2

and
x(®) =2tH(2).

2Rl

3

3
(b) From Exercise 1
1 — e——.qe
€ = %P
Lig,(D}=e PR

50,

1 p—5€

LI} = ——.

Thus,

" = 255(!}

Zix" = 28185}
2(1 — 75

2 X(s) — sx(0) = '(0) =

3

But x(0) = 2’ (D) =1,

2(1 — ¢}

2X(s) =
J€
2{1 — 27
i) = —
5°€
. 2 2e—$‘6
Ale) = Ye s

MNow, work backwards from the soiution x(¢) and coniirm it is consistent with X (s).

/e, f0<z<e,

() =
«® {2)‘—6, ift>e



Thus, )
xe() = ;:21106 + (2t — €)H.

X (1) = -i-tz(H(t) —H@t—€)+ @t —e)H{ — €)
X (1) = étzH(t) - étzH(t —€)+ (2t —€)H(t —¢€)

xe(t) = %ﬁH(r) - -i-[(t e+ 2%t —€)+EIHE =€)
+ 20 —€)+e)H(t — ).

Therefore,

es? €s?

(¢) Aslongast =0, the solution in part (b) will approach the solution in part (a).

69, (a) If

x4 2x" 4+ 2x = 8(1), 2(0) = x'(0) =0,
then, by Theorem 6.10, the unit impuise response is
1 1

X() = = .
) P(s) st+25+42

Completing the square,

1
X(s) = e
)= EFDi+1

Note the transform pair

. ‘ 1
B3I T e=—> :-2—;'—1
Thus, by Proposition 2,12,

z{t) = ¢~ sint.

(b) The Lapiace transform of the right-hand side, 35, is

) {1 3.
LBy = LS (H® ~ HE =) im
1€ 3

)
i

= = [LIH@ONS) — LIH T — £)})]

1 1 rz‘“'ii
TR
1 — e

R

Thus, if
27+ 2x +2x = 85(1), (0)=x0) =10,
then
L{x” + 2%+ 22)(s) = L{GGO}S)
_ 8
(&% +25 + DX(s) = - ;
1 . e"ﬂ!

X)) =072+



A partial fraction decomposition gives
1 12 -1/ =1

ez +2) s S22
11 1 s+2

75 2 (s+ VP41
1 s+t ]
T2y 2|+ G+D¥+1]
Thus,
1.4 1 140 - 1 }
= - by -=ce® = (Y
%) éﬁ 1s(s2+2s+2)}(t) € {e s(s2+2s+2)()
171 1, ,
«E{Z—Ee (cost + sint)
- lH(t —€) 1_ }—e"""‘)(cos(t —¢) +sin(t — e))] .
€ 2 2
Thus,
%—-%e"(cost%—sint), fOo<t<e,
1
xe(t) = = —Le™!(cos + sin?)

+1e70-9(cosr — €) + sin(t —€)), ift=¢€

(c) Ase — O,thefirst interval (0 < ¢ < €)inthe piecewise definition in part (b) melts away. Let’s concentrate
on the second piece. By 1"Hopital’s tule,

~Le~(cost +sint) + le=0—9(cos(t — &) + sin(t — €))

&0 €
2~ sin(t — €)
= lim ——————
=¢ ' sint.

76, If f(r) =1~ Land g(t) =7 —2,then
i
F*xg@®) = Jf Fluyg(t —w)du
0
=j{‘(u—-1)(t—uu-2)du
9

i
=}f {ut—-u2~—u—~z+2)du
0

wroowd ut o
D et !u+2u

37372 o

3 3 42

= o
:—-——-—-‘-——--—-—_‘1241'23

2 3 2z

B2
=L quw

s~ 7 "



7.12. If f(r) =cost and g(t) = 1%, then
~ 'l ! |
fegt)= {) Flgt —uwydu = j[ {cos u)(t — u)* du.
o /0
Integrating by parts, |

j(co§ u)(t — u)*du = (sinu)(t — u)* +2 f(sin u)(t — uw)du.

Again,

= (sinu)(® — u)* +2 [(-— cosu)(t —u) — !.cosudu‘} .
J J

= (sinu)(t — u)* — 2cos u)(t — u) — Zsinu.

Thus,
£ g(t) = [(sinu)(t — w)? — 2(cos u)(t — u) = 2sinu]

= —2sinz + 2t.
However,

LUf * g®ONs) = £{-2 sinz + 2t}(s),
= L{—~2sint}(s) + L{2}(s),

-2 2
=531t
2

TR+
Alternatively, we have the transform pairs

» 1 — 5
f(t) =cost &= F&) =737

’ 2
gt) =11 = GE) =3

Thus,
L{f xgONs) = F(s)G{s),
5 0
- (ﬂ ) (s’
_ 2
TRt 4+

) 09

)



7.18. Note the expression .

'-—_’
5—3

1 11
M
= F()G(s)-

o35 ss-3)

i

We have the transform pairs .
F(s)=;<——-—=>f(t)=1,

i 3t
= e fy=¢".
G(s) S__34==>8()

Thus,

- 1
o gvsz -3s } (6) = LTHF()G(9)}),
= f * g(l'),
t
- /{; Fg(t — u)du,

t
= j e du,
0

3

— __i_e?:(t—u) ,
3 0
1 1,
= 3 + ge ,
- i ' 3;\;
= ""é' (l —e .
7.22. The expression
i 1 1
GADGE2+4)  s+1 s2+4
= F{3)G(s).

“We have transform pairs
i
F(5) = —— = f()=¢"",
(s) Py F®

Gls) = % : ;_2;2 == %sinZt.
£t ..___......:i_.____._ — —~1¢
- { (s + D(s? +4)3 = LTHFEGON,
= f*g{),

i
= j gt — w)du,
O
1 t
= ~f e sin2(t — w)du.
2 Jo

Integration gives
.

/ e~ sin(2¢ — 2u) du =

. £ . . .
— 2 ™® 2in(2s — 2u) + 227" cos(2 — 2u) — 4 ] e " sin(2r — 2u) du.
v

Thus,

[ . v 1 o2
j e sin(2¢ — u)du = _——S-e"‘ sin(2t — 2u) + e " cos(2t - 2u),
3 o ~

and
-t

{—%e“" sin(2t — 2u) + —¢ ¥ cos(2t — 2u)j ,

0

AL e ] e
Wik

Fadat! 1
= !(s T 1>(s2+4)}(’)

il

' 1
ot +-156sin2: - g cos2t.



