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Figure 1: Rationalization of large-scale architectural freeform surfaces with planar, single-, and double-curved panels. Our algorithm
computes a paneling solution that meets prescribed thresholds on positional and normal continuity, while minimizing total production cost.
Reuse of molds (left) and predominant use of simple panels (right) are important drivers of the optimization. (Left: Zaha Hadid Architects,
Lilium Tower, Warsaw. Right: Zaha Hadid Architects, National Holding Headquarters, Abu Dhabi.)

Abstract 1 Introduction

The emergence of large-scale freeform shapes in architecture pose&reeform shapes play an increasingly important role in contempo-
big challenges to the fabrication of such structures. A key problem rary architecture. With the emergence of large-scale architectural
is the approximation of the design surface by a union of patches, so-freeform surfaces the essential question arises of how to proceed
called panels, that can be manufactured with a selected technologyfrom a geometrically complex design towards a feasible and afford-
at reasonable cost, while meeting the design intent and achievingable way of production. This fundamental problem, in the architec-
the desired aesthetic quality of panel layout and surface smooth-tural community referred to amtionalization is largely related to
ness. The production of curved panels is mostly based on molds.the issue opaneling i.e., the segmentation of a shape into simpler
Since the cost of mold fabrication often dominates the panel cost, surface patches, so-called panels, that can be fabricated at reason-
there is strong incentive to use the same mold for multiple panels. able cost with a selected manufacturing process (see Figure 1). The
We cast the major practical requirements for architectural surface paneling problem can arise both for the exterior and interior skin of
paneling, including mold reuse, into a global optimization frame- a building, and plays a central role in the design speci cation phase
work that interleaves discrete and continuous optimization steps of any architectural project involving freeform geometry.

to minimize production cost while meeting user-speci ed quality ) ) )
constraints. The search space for optimization is mainly generatedRecent technological advances enable the production of single- and
through controlled deviation from the design surface and tolerancesdouble-curved panels that allow a faithful approximation of curved
on positional and normal continuity between neighboring panels. A surfaces. While planar panels are always the most cost-effective,
novel 6-dimensional metric space allows us to quickly compute ap- the progression towards the more expensive gengral freeform pan-
proximate inter-panel distances, which dramatically improves the €ls depends on the panel material and manufacturing process. Most
performance of the optimization and enables the handling of com- commonly, curved panels are produced using molds with the cost
plex arrangements with thousands of panels. The practical rele-©0f mold fabrication often dominating the panel cost (see Figure 9).
vance of our system is demonstrated by paneling solutions for real, There is thus a strong incentive to reuse the same mold for the pro-
cutting-edge architectural freeform design projects. duction of multiple panels to reduce the overall cost.

Our goal is to nd a paneling solution for a given freeform de-

sign that achieves prescribed quality requirements, while minimiz-
Keywords: architectural geometry, freeform design, rationaliza- ing production cost and respecting application-speci ¢ constraints.
tion, geometric optimization The quality of the paneling is mainly determined by the geometric
closeness to the input surface, the positional and normal continu-
ity between neighboring panels, and the fairness of corresponding
panel boundary curves. Thmwstmostly depends on the size and
number of panels, the complexity of the panel geometry, and the
degree of reuse of molds that need to be custom-built to fabricate
the panels. A key objective of our work is to solve instances of
the paneling problem on large-scale architectural freeform designs
that often consist of thousands of panels. Due to the high complex-
ity and global coupling of optimization objectives and constraints,
manual layout of panels for these freeform surfaces is infeasible,
mandating the use of advanced computational tools.




1.1 Contributions

We introduce a computational approach to freeform surface panel-
ing. As our main contributions, we

identify the key aspects of the paneling problem that are
amenable to computation and derive a mathematical frame-
work that captures the essential design goals,

present an algorithmic solution based on a novel global opti-

mization method that alternates between discrete and contin-
uous optimization steps to improve the quality of the paneling

while reducing cost through mold reuse,

. . . . Figure 2: Projects involving double-curved panels where a sepa-
introduce a novel 6-dimensional metric space to allow fast 416 mo|d has been built for each panel. These examples illustrate
computation of approximate inter-panel distances, which dra- he importance of the curve network and the challenges in produc-
matically improves the performance of the optimization and g architectural freeform structures. (Left: Peter Cook and Colin
enables the handling of complex arrangements with thousands,:oumien Kunsthaus, Graz. Right: Zaha Hadid Architects, Hunger-
of panels, and burgbahn, Innsbruck.)

demonstrate the practical relevance of our system by comput-
ing paneling solutions for real, cutting-edge designs that cur-

rently cannot be realized at the desired aesthetic quality. methods optimize for a surface segmentation to reduce the approx-

imation error. In our setting, the segmentation is part of the design
speci cation and we optimize for position and tangent continuity
1.2 Related Work across panel boundaries, allowing systematic deviations from the
reference surface to improve the paneling quality and reduce cost.
Early contributions to the eld of freeform architecture come from Enabling mold reuse and aesthetic control, which are key require-
research at Gehry Technologies (see e.g. [Shelden 2002]). Thesenents of architectural rationalization, necessitates a substantially
are mostly dedicated to developable or nearly developable surfacesdifferent approach both in the underlying formulation of the opti-
as a result of the speci ¢ design process that is based on digital mization as well as its implementation. Similarly, state-of-the-art
reconstruction of models made from material that assumes (nearly)methods in surface tting and local registration (see e.g. [Varady
developable shapes. and Martin 2002; Shamir 2008]), while an integral component of

) ) our system, are insuf cient to solve large-scale freeform paneling
Research on freeform architecture is promoted by the Smart Geom-problems.

etry group (www.smartgeometry.com), whose interest so far mostly ) ) )

focussed on parametric design tools. These can be helpful for shapdn shape analysis, the problems of symmetry detection [Mitra et al.
generation processes that have panel properties built into them.2006; Podolak et al. 2006] and regularity detection [Pauly et al.
However, such a forward approach makes it very dif cult to achieve 2008] involve identi cation and extraction of repeated elements,

the desired shapes and obtain a satisfactory paneling solution forexact and approximate, in 3D geometry. Subsequently, detected
suf ciently complex geometries. repetitions can be made exact by symmetrization using subtle mod-

i cations of the underlying meshing structure [Mitra et al. 2007;

Most previous work on the paneling problem deals with planar Golovinskiy et al. 2009] thus deforming a surface towards an exact
panels. Initial research in this direction dealt with special sur- symmetric con guration. These methods, designed to enhance de-
face classes [Glymph et al. 2002]. Covering general freeform sur- tected symmetries, are unsuited for handling architectural freeform
faces with planar quad panels could be approached with methodsdesigns where large repeated sections are exceptions rather than the
of discrete differential geometry [Bobenko and Suris 2009] and norm. Our optimization has a similar symmetrizing effect in en-
led to new ways of supporting beam layout and the related com- abling trading approximation error for a stronger degree of mold
putation of multi-layer structures [Liu et al. 2006; Pottmann et al. reuse, leading to signi cant savings in terms of manufacturing cost.
2007]. More recently, this approach was extended to the cover-
ing of freeform surfaces by single-curved panels arranged along ; ;
surfaces strips [Pottmann et al. 2008b]. Additional results in this 2 Problem Speci cation

direction, e.g., hexagonal meshes with planar faces, have been pres_ ., . . . R .
sented at "Advances in Architectural Geometry” [Pottmann et al. In this section we introduce a speci cation of the paneling problem

2008a]. The idea of optimizing for repeated elements by altering and the corresponding terminology common in architectural design

o . ; (see Figure 3). The speci cation is the result of extensive consul-
it:]]?hvee(r:tc?r)l(tgg'fg&nusazfrﬁgs“rgeer; r:ﬁj%f&ﬁgf;e: dbgciggefl['z%%]o i]ntations with architects and our experience with real-world freeform
the context of triangle meshes, in order to create a set of reusabledes'gn projects, some of which we highlight in Section 4.

pre-fabricated tiles. i
2.1 Terminology

Our approach bears some similarity to variational methods for ap-

proximating a surface with simple geometric primitives. Originally Panels and molds. Let F be the given input freeform surface
introduced by Cohen-Steiner et al. [2004] for surface approxima- describing the shape of the design. Our goal is to nd a collection
tion by planes, various extensions have been proposed for addi-P = fPj;:::;Png of panelsP;, such that their union approxi-
tional surface types, e.g., spheres and cylinders [Wu and Kobbelt matesF. The quality of the approximation strongly depends on
2005], quadrics [Yan et al. 2006], or developable surfaces [Julius the position and tangent continuity across panel bounddbiesr-

et al. 2005]. Recently, an optimization has been proposed to si- gencequanti es the spatial gap between adjacent panels, while the
multaneously partition the input surface, as well as determine the kink anglemeasures the jump in normal vectors across the panel
types and number of shape proxies required [Li et al. 2009]. These intersection curves.
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Figure 3: Terminology and variables used in our algorithm. The reference sufaead the initial curve networlC are given as part of
the design speci cation. The optimization solves for the mold dispothe panel-mold assignment functién the shape parameters of the
molds, the alignment transformatiofis, and the curve network samples.

Curved panels are commonly produced using a manufacturing solution should stay faithful to the initial curve layout and repro-
mold M. We call the collectiorM = fMg;:::;Mmng with duce the given pattern as well as possible by the intersection lines
m n the mold depot To specify which mold is used to pro- of adjacent panels. Our paneling algorithm supports arbitrary curve
duce which panel(s), we de ne a panel-masdsignment function network topology and is not restricted to prede ned patterns. The
A :[1;n]! [1; m]thatassigns to each panelindex the correspond- collection of all panel boundary curves forms theve networkhat

ing mold index. The arrangement of panels in world coordinates is we denote withC. ProjectingC onto the input freeform surfade

established by rigid transformatiofis that align each pand? to yields a partitioning of into a collectionS = fsi;:::;sng of
the reference surfade. Panels produced from the same mold are segments;. The paneP; associated with segmest can be cre-
sub-patches of the mold surface and need not be congruent. ated by trimming the aligned mold surfakg := Ti(Ma()). The

o _ trim curves are obtained by projecting the network curves associ-
Letc(My) be the fabrication cost of molsllx andc(My; Pi) the ated with segmerg;, ontoM .

cost of producing panét; using moldM « (see also Figure 9). The

total cost of panel production can then be written as .
P P 2.2 The Paneling Problem

xn X
cos(F;P;M ;A) = c(My) + cMaqy;Pi): (@) We formulate the paneling problem as follows: Approximate a
k=1 i=1 given freeform surface by a collection of panels of preferred types
such that the total production cost is minimized, while the panel-
Ideally, the same mold will be used for the fabrication of multiple ing respects pre-de ned thresholds on divergence and kink angle
panels to reduce cost. The choice of panel types depends on the debetween adjacent panels, and reproduces the initial curve network
sired material and on the available manufacturing technology. Ma- as well as possible. A closer look at this speci cation reveals that
terials may be transparent or opaque, and include glass, glass- breany solution of the paneling problem has to address the following
reinforced concrete or gypsum, various types of metal, and wood. central aspects:

Currently we support ve panel types: planes, cylinders, Mold depot: determine the number and types of molds that
paraboloids, torus patches, and general cubic patches. Planar pan-  should be fabricated.

els are easiest to produce, but result in a faceted appearance when

approximating curved freeform surfaces, which may not satisfy the Assignments: nd the optimal assignment function to estab-
aesthetic criteria of the design. A simple class of curved panels lish which panel is best produced by which mold.

are cylinders, a special case of single-curved (developable) pan- . . .
els. Naturally, such panels can lead to a smooth appearance only if ~ Registration: compute the optimal shape parameters for each
the given reference surface exhibits one low principal curvature. mold and the optimal alignment of each panel such that the
General freeform surfaces often require double-curved panels to reference surface is faithfully approximated, thresholds on
achieve the desired tolerances in tting error, divergence, and kink kink angles and divergence are met, and the panel intersec-
angles. We consider three instances of such panels: paraboloids, ~ 1ONS curves respect the design intent.

torus patches, and cubic patches. The former two carry families of
congruent pro les (parabolae and circles, respectively), which typ-
ically simpli es mold production. Cubic panels are most expensive
to manufacture, but offer the highest exibility and approximation
power. Thus a small number of such molds are often indispensable
to achieve a reasonable quality-cost tradeoff.

Mold depot and assignment function determine the total cost of fab-
rication, while registration affects the quality of the rationalization.
Minimizing fabrication cost calls for a maximum amount of mold
reuse and the wider use of panels that are geometrically simple and
thus cheaper to manufacture (see Equation 1). On the other hand,
achieving the design constraints on the paneling quality pushes the

) ) ) solution towards more complex panel shapes with less potential for
Curve Network. ~ The intersection curves between adjacent pan- mg|d reuse.

els are essential for the visual appearance of many designs (see

Figure 2) and typically affect the structural integrity of the build- The high intricacy of the paneling problem arises both from the
ing, as they often directly relate to the underlying support struc- large scale of typical projects (1k — 10k panels) and the tight global
ture. An initial layout of these curves is usually provided by the coupling of objectives. Neighboring panels are strongly linked lo-
architect as an integral part of the design. While small deviations cally through kink angle and divergence measures, but also subject
to improve the paneling quality are typically acceptable, the nal to a highly non-local coupling through the assignment function that



signment function that minimize cost and at the same time meet the
speci ed thresholds. Minimizing cost in geometric terms means ap-
proximating the design with as many simple and repetitive elements
as possible. In Section 3.2 we show how this dif cult objective can
be mapped to a generalized set cover problem, a classical problem
in computer science. We present an ef cient approximation algo-
rithm that on its own provides a solution to the paneling problem.
Due to the exponential complexity of possible mold-panel assign-
ments this algorithm can only employ local registrations and there-
fore neither supports globally coupled continuous registration nor
optimization of the curve network to allow deviations from the ref-
erence surface. Since the algorithm described in Section 3.2 enables
solving for all the discrete variables we calDiscrete Optimization

in contrast to the globa&ontinuous Optimizatioaf Section 3.1. To
combine the strengths of the discrete and continuous optimization
we present an iterative scheme in Section 3.3 to interleave the two
Figure 4: Our algorithm allows controlling the amount of deviation  to obtain a powerful global paneling algorithm. We demonstrate
from the reference surface, shown here for the example of the Lilium in Figure 8 how this interleaved iteration signi cantly improves the
tower. Larger deviations enable a more cost-effective solution using paneling compared to only applying the algorithm described in 3.2.
cheaper panels, while still satisfying the thresholds on kink angle

and divergence. 3.1 Continuous Optimization Step

max. deviation: 1.3m  total cost: 7,285

. . . . ) The continuous step aims at reducing the deviation to the reference
facilitates mold reuse. The cost-quality tradeoffs involved in using gyrface, the divergence, and the kink angles by optimizing the con-
different mold types add additional complexity: It is obvious that  tinyous variables, i.e., the shape parameters of the molds, the rigid
we want to use as many cheap, simple molds as possible. Howevergjignments of mold surfaces to segments, and the positions of the

adding one expensive mold might save us from having to add many cyrve network samples. During this optimization, the panel-mold
cheap molds whose total cost might be higher. Also, using a com- assignments are kept xed.

plex mold at certain places may enable the use of simpler panels in

its surroundings. A mold surfaceM is speci ed in a canonical coordinate system as

a function of a set of parameters that we store in a veuttpr(see
Appendix). Depending on the type of mold surfaog, contains
zero (plane) to six entries (cubic). The rigid transformatidns

) S ) ] ] that align mold surfacévl 4 (i) to the corresponding surface seg-

A key design decision in our paneling algorithm is to represent the ments; are initialized by the the local alignments computed in the
curve network explicitly as a set of polygonal curves, rather than discrete optimization. The curve netwoEks represented by sam-
Computlng the boundary curves from the intersection of neighbor' plescl 2 R3, | =1 i L’ whereL 9JSJ in all our examples_

ing panels (Figure 3). By integrating the corresponding curve ver- \we denote witti(1) andj (1) the indices of the two surface segments
ticesci as free variables in our system, we gain several important adjacent to the boundary curve samgleFor notational brevity of
advantages. In particular, we the subsequent formulae, we omit the more complex adjacencies at
corner points of the curve network. These are handled analogously
by considering all combinations of neighbors.

3 Paneling Algorithm

avoid numerical instabilities when explicitly computing inter-
sections of neighboring, nearly tangent-continuous patches,
The explicit representation of the curve network enables direct con-
trol of the panel intersection curves and allows formulating objec-
tive functions for inter-panel position and tangent continuity using
achieve better quality at lower cost by allowing the curves to SIMPple closest-points projections. Effectively, the curve network

move away from the reference surface as part of the optimiza- S€'vVes as a “glue” that binds the panels to the surface at the curve
tion (see Figure 4), and samples. Since the manufacturing process mandates that the panel

surfaces are smooth and exhibit a low variation of curvature, we
provide essential means of control for the designer, who can found that additional samples in the interior of the segments are not
explicitly specify where neighboring panels should intersect. required.

simplify the speci cation of surface tting and continuity con-
straints across neighboring panels (see Section 3.1),

An important aspect of the paneling problem is the need to simulta- g, face ting.  The deviation of the curve network from the un-
neously solve for both discrete and continuous variables. The dis- derlying reference surfade is measured as

crete variables are the number and type of molds constituting the

mold depotM , and the panel-mold assignment functian The

continuous variables are the shape parameters of the molds, the E:= ke fik?; (2
transformationsT; that align moldM 4 (i) to segmens;, and the 1=1

positions of the curve network samples wheref, is the closest point oF from ;.

Given a mold depoM and assignment8, we use a continuous ) ) o ) )
nonlinear least-squares optimization (Section 3.1) to globally im- Divergence. ~We measure the divergence indirectly using the dis-
prove the curve network and mold alignments. Such a least-squaredances between the curve network samples and the closest points of
optimization alone, however, does not ensure that the user-speci edthe adjacent aligned mold surfaces as

thresholds on kink angles and divergence are met, nor can it be used 3

to determine a mold depot or assignments. The core challenge and Edgyv = ke, Xi(l)k2 +ke X (|)k2; )

main contribution of our algorithm is to nd a mold depot and an as- 121



where Xy is the point closest ta; on the aligned mold sur-
faceM; . The poink; () is de ned analogously. Minimizing v
ensures that neighboring panels t together nicely without leaving
undesirable gaps and that the curve network stays spatially close tc
the aligned mold surfaces.

Kink angles.  Tangent continuity is achieved by minimizing the

kink angle energy mold base surface

X
— 2,
Erink = kn(xig))  n(xj)K™ @ Figure 5: A low weight forE cen may result in scattered molds (red)
1=1 over a base primitive leading to wastage and increased cost. A
wheren(x;() is the normal vector of the aligned moM, , at higher wei_ght results_in tightly_ cIL_Jstered molds (green) enabling
Xi (1), and analogously fan(x; (1)) (Figure 3). cost-effective production of a signi cantly smaller mold.

Curve fairness. The curve network is coupled to the surface
through the surface tting energy, but can move freely along the . h .
surface. To maintain the design intent encoded in the initial curve USer to provide thresholds for divergence and for kink an-
layout, we need to prevent strong undulations and large tangential9!€S- To balance the corresponding optimization objectives, we set
motions of the boundary curves. Fortunately, the explicit represen- _kink = ( = )" avin Equation 7. This ensures that a divergence
tation of the curve network allows us to directly control its motion. ©f receives the same penalty as a kink angle.offhe free pa-

We avoid tangential drift entirely by restricting the displacements of F@meters have an intuitive meaning and offer direct control of the
the curve network to the normal direction of the underlying refer- paneling quality. The Speci ¢ valu_es for these parameters depend
ence surface. This simpli cation has the additional bene t of reduc- ©n the user preferences. Figure 4 illustrates the effect db con-

ing the number of optimization variables for the curve network to trol the deviation from the reference surface using valu€s@fio1

one third and thus signi cantly improves performance. The shape 2nd1000 respectively. Figure 5 demonsrates the in uence gh.

of the curves is controlled using an additional fairmess term on the FOr @ll other examples we use the same set of parameters:1,
curve deformation. Let; = ¢+ din?, wherec? is the initial po- av = 1000, fair =1, cen=10.

sition of the curve network sample on the reference surfagés

the corresponding surface normal, afds the displacement mag- 3.2 Discrete Optimization Step

nitude. A fairness term can then be de ned directly on the normal

Parameters. As detailed in Section 3.2, our system allows the

displacements as The discrete optimization nds a mold depot and a corresponding
) panel-mold assignment function that minimize cost while respect-

Efair = (di,  dip)% ®) ing the speci ed divergence and kink angle thresholds. During the

(1 2)2C discrete optimization, the curve network is xed. The essential ge-

ometric information required in this step is stored in the curve net-
work samples and corresponding normal vectors that we obtain by
averaging for each curve network sample the normals of all neigh-
boring panels of the current solution. We therefore represent each
surface segment by the associated curve network samples and nor-
mals, and use these to evaluate divergence and kink angles. This
segment representation allows an ef cient tting of molds to seg-
ments based on local registration independent of the neighboring
panels, using local versions of the divergence, kink angle, and cen-
tering energies (Equations 3, 4, 6).

where(j1;]2) is an index pair denoting an edge of the polygonal
representation of the curve netwdzk

Panel centering. With the exception of plane and cylinder
molds, we need an additional energy term to facilitate mold reuse.
Panels that are fabricated from the same mold should cover a simi-
lar region of the mold surface to reduce wastage in fabrication. For
this purpose we add a centering energy that minimizes tangential
drifting of the mold center away from the segment center:

Ecen= X kbi pik®: (6) To enrich the mold depot, we rst create new candidate molds by

i=1 locally aligning each of the available panel types to each of the
. S segments. Thes§Sj new molds, where is the number of panel
Hereb; is an approximation of the barycenter of segm&ntom- types, together with the existing mold depot of the current solution
puted as the average of all adjacent curve segment samplesi and - oy, the setvi © of candidate molds. The algorithm optimizes for
is the projection ob; onto the mold-surface normal at the center 5 \aw mold depot as a subddt M  ©of all candidate molds

of the aligned moldvl; . For torus molds we include an additional 4t enables paneling at minimal cost, while satisfying the current
variable that positions the center along the de ning circle (see Ap- hresholds on divergence and kink angle.

pendix). Figure 5 illustrates the effect of the centering energy.
Set cover. Assume that we have determined for each mold

(c;cl)?;]g:n%glmtf)a;or}bbalTegirabove continuous energy terms are \, >\ Othe setS, = fSk,;1:1; Sk g of surface segments that
9 9y can be approximated byl « within the prescribed tolerances. We
E= (Et(+ aEdv+ wnkExink+ fairEfair + cenFcen, (7) can compute the potential fabrication costs attributed tSgeds

c(Sk) = (M) + jSkj c(My;P ), i.e., the cost of the mold plus

where the weights allow additional control of the optimization. o g]| assigned panels the ca$M ; P ) of producing a panel with
The unknown variables i that we solve for are: the mold pa- mold M. '

rametersny, the rigid transformation$;, and the positions of the
curve network samples . For theT; we use the formulation based  Finding the optimal mold depot and mold-segment assignments

tion [Pottmann and Wallner 2001]. The global eneByis mini- with setsSy of minimal total cost. This optimization is reminiscent
mized using a Gauss-Newton solver. of the classicalveighted set covesroblem [Johnson 1974], where



the weights correspond to production costs. While this problem is  iteration 0 iteration 3 iteration 6 iteration 10
known to be NP-hard, a polynomial-time approximation strategy
can be used to nd an approximate solution whose cost is guaran-
teed to be withidog n times the cost of the optimal solution. It has
been shown thabgn is the best possible approximation ratio of
any polynomial-time algorithm [Feige 1998].

What distinguishes our setting from the classical weighted setcover ; y 16mm, 8.00 13mm, 6.50 10mm, 5.00 6mm. 3.0
problem is that each segment is eventually assigned to only one set. cost 12,779 13,353 14,459 16,561
Thus our weights (costs) depend on which segment is assigned to

which set: Once a mold has been chosen, all segments covered-igure 6: Progressive panel assignments for different iterations

by the corresponding set have to be removed from the sets of the(decreasing thresholds) of the paneling algorithm (Lilium tower).
remaining candidate molds. Nevertheless, the proof foldga

approximation ratio of the polynomial-time weighted set cover al-
gorithm directly translates to our more general setup. faceMy 2 M %is a suitable candidate for segmesnf we com-
pute an approximate alignment distance betwiglanandC;. By
Algorithm.  Let S° S be the set of all uncovered segments at mapping both patches to points in a 6D space as described in the
any point of the algorithm. We de ne thef ciency of a setSk rel- Appendix, this computation amounts to simple Euclidean distance
ative toS°as the function (Sx; S% = jSkj=c(Sk), where both the evaluations. Finding potential molds to t a given segment then
size of the seB and its cost are adapted to only consider elements only requires a range query in the 6D space that is performed ef-
in S°. Ef ciency measures the number of panels for segments in ciently using spatial data structures such as a kd-tree [Arya and
S%that can be produced by moly relative to the corresponding ~ Mount 1993]. This pruning step typically leads to a reduction in
cost. Let be the unknown collection of covering sets arftthe explicit mold-segment registrations to about 1% — 5%. For this
collection of all sets$S, that have not yet been chosen far substantially smaller set, we then perform the full nonlinear regis-

. . ) . tration as described above to build the s&ts
Our algorithm to determine the covering sets starts with an empty

collection . Thus the collection ° contains the setSy of all can-

didate molds inV © and the se8° contains all segments that can
be covered with the sets irf. We then successively add the Set ) . ) ) .
with highest ef ciency to the current solution. The segment§of ~ Our algorithm iteratively executes the discrete and continuous op-
are removed frons?, the ef ciency of all remaining sets is updated, ~timization steps in an interleaved fashion. The exponential number

3.3 Interleaved lteration

and the algorithm is iterated until all segments are covered. of possible panel-mold assignments mandates the use of local reg-
istration methods in the discrete optimization. As a result, the set
- 0 fg 111 S 00 S s [ :::[S ™ o cover algorithm produce_s a mold depot and assignment functi_on
that is too costly for the given thresholds. Therefore, we start the it-
while S°6 ; erations with thresholds well above the speci ed target values
eval. (S:SY 852 °© update ef ciencies divergence and for kink angles. Thresholds are then successively

reduced after each iteration until the target values are reached.

Si  argmax S«; S set with max. ef cienc . .
' g sz 0 (S ) y We use the following xed scheduling scheme for all our examples:
[fS ig add to covering sets We start the optimization wit" = +10mmand °= +5 and
o o 0 o ‘ apply 10 iterations of alternating discrete/continuous optimization
S°S TS fS ig remove covered segments steps, reducing the thresholds in each iteratiodroyn and0:5 .

end

The algorithm starts with a mold depot consisting of a single plane.
We perform an initialization step that rst determines all panels that
do not meet the target threshol@ds ). These panels are replaced
by locally tting a separate mold of the cheapest type that satis es
me thresholdg % 9. Subsequently, we perform a continuous op-
timization step. This initialization is applied before every discrete
optimization to reverse unsuccessful assignments of the set cover
and avoid a premature xing of panel-mold assignments.

The covering sets in the solutionde ne the mold depoM . For

all segments that cannot be covered by any of the initial Sets
we add and assign the best- t cubic mold. Once the mold depot has
been selected, a gather step re-computes the panel-mold assignme
function by selecting for each segment the cheapest valid mold from
the depoM . In case a segment is covered by multiple molds of the
same cost, we pick the one with the smallest maximal distance to

the curve network. The inner loop of the optimization consists of the following steps:

Sets initialization. A critical bottleneck in the set cover opti- discrete optimization
mization is the estimation of the initial se8g. To avoid the exhaus-

tive computation of aligning every mold with every segment using continuous optimization

nonlinear registration, we implement a pruning step that discards re-initialization
mold-segment pairs based on a conservative estimate of the corre-
sponding registration distance. For this purpose, we introduce a 6D reduce % °

metric space that facilitates ef cient approximate distance compu-

tations between molds and surface segments without the need forAt the end of the optimization we apply a discrete step using the
an explicit alignment. target thresholds to generate the nal mold depot and assignment

function. Figure 6 illustrates the iterations of the paneling algo-
We rst select for each segmest its least-squares optimal cubic  rithm. Panels for which the target thresholds cannot be met man-
moldC; 2 M %as the segment's representative. The cubic ripld date the fabrication of custom freeform molds. Animportant bene t
provides the best local approximation possible for this segment in of our approach is that the global discrete/continuous optimization
the current con guration. To estimate whether a given mold sur- leads to a small number of these custom molds (see also Figure 8).
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Figure 7: Paneling results with varying kink angle thresholdand xed divergence thresholds= 6 mm for the design of the National
Holding Headquarters. The images on the right show a solution using only planar panels of which 3,796 do not meet the prescribed divergence
threshold. The zooms show re ection lines to illustrate inter-panel continuity which successively improves with lower kink angle thresholds.

total cost:98,232

molds| - |37932023 63 | 746 | 201
panels|1559 3793 2023 63 | 746 | 201

local fitting

total cost:51,397
molds| - | 506|144 | 37 | 552| 201 ;
panels| 15573794 1414 122 |1297 201 /

discrete optimization

total cost:25,337

molds| - | 253|128 64 | 150| 5
panels| 29644576 426| 124 | 290| 5 paneling solution

full algorithm

Figure 8: Comparison of different methods for the same quality thresholds. State-of-the-art commercial tools only support a greedy panel
assignment based on local tting (top). Just one single application of our discrete optimization greatly reduces cost without loss in surface
quality (middle). The full paneling algorithm interleaving discrete optimization with global continuous registration produces a high quality
paneling (bottom). This solution contains 90% single curved panels and a very small number of custom molds, leading to a signi cantly
reduced cost compared to greedy and local methods. The zoom on the right shows that our algorithm supports arbitrary curve network
topology, including t-junctions. (Zaha Hadid Architects, Dongdaemun Design Plaza and Park, Seoul.)
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Figure 9: Glass vs. concrete. Different relative costs for mold fab-
rication and panel production for two different materials affect the

distribution of panel types. For glass, costs for producing double q ” 5 5 [
curved molds are signi cantly higher than for concrete, resulting || +15/107| 38 | 65| - | molds| - [2005133] 21 | 139 -
in a solution with more cylindrical panels. (Zaha Hadid Architects, 44214523 264] 59 | 88 | - | panels| 414|8569 417| 33 |1351

interior skin of Heydar Aliyev Merkezi Cultural Center, Baku.)

4 Evaluation and Discussion

Means of control. ~ We allow the designer to explore the space of
paneling solutions using two main modes of control: (i) specify-
ing the quality using thresholds for divergence and kink angles (see Figure 10: Paneling solutions for different curve networks on the
Figure 7), and (ii) allowing the paneling solution to deviate from [ jljum tower. Signi cant changes in the curve network layout result
the reference surface in order to achieve a more cost-effective so-in different paneling solutions. The left curve network, being closer
lution while maintaining the original design intent (see Figure 4). to a conjugate network [Pottmann et al. 2007], is better suited for
Due to our choice of ¢ (SeCtion 31) the maximal deviation from rationalization with p|anar and Sing|e curved pane|s_
the reference surface is within 108 for all our results (aver-
age panel sizém?). Unless stated otherwise, we use the cost set
of glass panels as denoted in Figure 9 and the target thresholdsExtensibility. Our framework for paneling architectural freeform
(; )=(6mm;3). surfaces takes important practical requirements into consideration.
Itis extensible in various ways to account for further speci ¢ needs
and constraints. These include restrictions on mold reuse (restrict-
Case Studies. Paneling solutions strongly depend on the design ing the use of the same mold to only parts of the surface deter-
(reference surface and curve network), the choice of material, and mined by the assembling schedule; restricting the number of panels
the manufacturing technology. We explore the implications of these to be produced by the same mold), region-speci ¢ quality criteria
design decisions on various contemporary architectural freeform (for example using higher thresholds for hardly visible parts), or
projects from leading architects in Figures 9, 10, and 11. Fig- explicit speci cation of panel types allowed for selected segments.
ure 8 demonstrates the effectiveness of the core components of ouCurrently our system supports ve important panel types. Incorpo-
paneling algorithm. The most complex case study is the Dongdae- rating further types is not dif cult, but may require some thought to
mun Design Plaza and Park project (Figure 8) consisting of 8,385 integrate them into a metric space for fast panel-segment distance
panels. For this example, one step of discrete optimization takescomputations (see Appendix). Since all our architectural designs
on average 30 minutes, while one step of continuous optimization are segmented rather uniformly, our current cost model does not
requires about 10 minutes, leading to a total computation time of take panel sizes into account. Panel sizes could be easily included,
430 minutes. All computations are performed on a 3GHz fhtel  however, by specifying a cost per square meter for each panel type
Cord™2 Duo with 3Gb of memory. and adopting the discrete optimization accordingly.
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ferent re nement levels of the curve network. The histograms on
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axis indicates the number of panels corresponding to these molds.

(Mario Bellini Architects, Rudy Ricciotti, Museum of Islamic Arts
at Louvre Museum, Paris.)

Limitations.  Although we achieve reasonable computation times
for our examples, very large modets (50k segments) may only
be effectively handled by splitting them into several parts that are

treated separately. Even if splitting of a large model is not neces-

sary, the performance may not allow the user to fully exploit the

potential of the available control mechanisms (thresholds, allowed

deviation from reference surface).

In our current problem formulation we expect an initial curve net-
work as part of the design. Certain materials like gypsum are suit-

able for producing freeform surfaces without visible seams. Hence

the aesthetics of the curve network plays a minor role. While our
framework could be extended to allow stronger movement of the
curve network, the additional exibility of freely optimizing over
the curve layout is currently not exploited in our algorithm.

Future Work.  There are a number of desirable extensions to our

method that constitute challenging problems for future research.

One direction would be to incorporate further important aspects
into the optimization, e.g., structural feasibility and ef ciency of
the underlyling support structure, especially if it is aligned with the
network of panel boundaries. This may be done using properly
simpli ed mechanical models, in extension of work by Whiting et
al. [2009], and should lead to a new powerful tool for form- nding.

The optimization could also include energy performance values or

Although our research in paneling is primarily inspired by archi-
tecture, the problem is of relevance in the broader context of ge-
ometric modeling. Approximation of a general shape by a nearly
smooth union of aesthetically arranged panels of a limited number
of types is a signi cant extension of the state-of-the-art in surface
rationalization. Simultaneously deciding on the number of differ-
ent panel types required, while optimizing their parameters leads
to an interesting and unusual mixture of discrete and continuous
global optimization with potential applications in other domains.
Finally, mold reuse by making relations explicit across different
object parts and removing redundancies in the shape information
content, goes beyond symmetry detection and symmetrization to-
wards global shape understanding.
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Appendix

We ef ciently estimate registration errors in a 6D metric space to
avoid more than 95% of the costly nonlinear mold-segment align-
ments for the discrete optimization step of Section 3.2. We de ne

a mapping of planes, paraboloids, and cubic patches into this space

and show how cylinders and tori can be approximated with cubics.
Representing segments by their best tting cubic polynomial then
allows calculating upper bounds on the registration error through
simple 6D Euclidean distances computations.

Distances between cubic polynomials. We represent a cubic
polynomial patch in the principle frame of the patch center as
Pixy) = aix’+ by? + cx® + dix’y + exy? + fiy*:

Our goal is to nd potential mold candidates for a given segment.
We thus consider the domaid = [ L;L ]2, whereL is half the

segment side length computed on the initial curve network. Since parameters, we use the third-order

these approximate distances are only used for pruning, it is suf -

kink angles in ° divergence in mm

60
60

40
40

20
20

10 10
segments

6000

segment
6000

2000 4000 2000 4000

Figure 12: Maximal kink angle and divergence averaged by t-
ting 400 randomly selected molds to all the 7265 segments of the
National Head Quarters design. The values are sorted by our ap-
proximate panel-segment distances to demonstrate the strong cor-
relation of the approximative and the exact tting errors.

wherea := a  @;, etc. Since the integral can be factored into the
formA 2+2B + C,weobtainE; = C B?=A for the optimal
value of B=A . Substitutingdi = d + f; ande = ¢ +
and reordering terms yields

8LS ,
105

8L® 24
105°

L62

4 6
4Lb2 L EeJr

4
Ej :4|_2(%a2 S —f?:

. P .
By settingE = E=(4L2), our distance measure between cu-
bic patches corresponds to the canonical Euclidean distance where

every cubic is represented as a point in the 6D Euclidean space as
p p

T

o2z 22 L® L3 8L3 8L3
Pi= ﬂ%an%b p—d.,p—ei pﬁ Pﬁf

Since we are interested in the shape of the cubic rather than its

speci ¢ orientation, we consider for every culi all four right

handed coordinate transformations and another four with a ipped

normal directiore:

P FPIOGY)iPiC yix)iPiC X y)iPilys x);
Pi(x y); Pi(y;x); Pi( xy); Pi(y;

which correspond to eight points in the derived Euclidean space.
We nally de ne our approximative distance measure as

X)g

d(Pi;P) = min E(Pi;P);
i i

which de nes a metric on the space of cubic polynomials.

Cylinder and torus.  Planes and paraboloids can be directly de-
scribed as cubic polynomials with zero higher order coef cients.
For cylinders and tori, we use the Taylor expansion expressed in
the coordinate system of the principle frame at a center point on the
mold as an approximation. For cylinders with radRsthe only
nonzero coef cientis thug; = 1=(2R).

Torus molds are de ned by a merid-
ian radiusR1, a parallel radiuRR,

and angle that determines whereg
on the meridian the mold center lieg
Since this representation has three

Taylor expansion

cient to assume a quadratic shape even for non-quadratic segments.

We de ne theL -distanceEj = E(P;i; P;) between two polyno-
mialsP; andl; by optimizing over the relative shift in-direction
z

Ej =min  (ax?+ by?+ o+ dx%y+ exy? + fy 3+ )Zdxdy;

R2 sin

cos

= xy?);

11
Ta(x;y) = E(FTlXZJ' R7R, ®)

whereR := Rz + Rycos ,and 1=R; and (cos )=R are the
principal curvatures at the mold center.



