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(What is the wealth ...)
Which cannot be stolen by a thief,
Nor be taken away by a king,
Nor be partitioned amongstbrothers,
Nor be a burden on the body,
Which on expending grows truly ...
(It) The wealth of knowledge
Is the greatestof all wealths.

-Sanskrit couplet from Bhamini's Sabhatarangini.
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Abstract

Synthetic aperture imaging is a technique that projects imagesof a scenefrom dif-

ferent views on to a virtual focal surface,enabling us to \see through" occlusions

in the scene.Using a 100-cameraarray we have usedsynthetic aperture imaging to

view objects concealedbehind densefoliage and to track a personmoving through

a crowd. The abilit y to seethrough occlusionsmakessynthetic aperture imaging a

potentially powerful tool for surveillance.

This work makestwo contributions. First, we characterizethe imagewarpsrequired

for synthetic aperture imaging using projective geometry. This analysis leadsto a

robust cameracalibration procedurefor synthetic aperture imaging. Our analysis

also shows the relation betweenthe geometriccomplexity of the image warps and

camera/focal plane con�gurations. In particular, we show that we can vary the

focus through families of frontoparallel and tilted focal planes by simply shifting

and adding the cameraimages. As image shifts are relatively simple to realize in

hardware, this leads to a real-time system, which we demonstrate for tracking a

personmoving through a crowd.

Second,we explore methods to achieve sharp focus at every pixel in the synthetic

aperture image by reconstructing the 3D surfacesof the occludedobjects we wish

to see.We compareclassicalshape from stereowith shape from synthetic aperture

focus,and describe variants of stereothat improvesimagecontrast by deleting some

of the light rays that are incident on the occluder.
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Chapter 1

In tro duction

The decreasingof cost digital image sensorshas made is feasible to build large

multi-camera arrays. Cameraarrays are useful for several applications in computer

vision, graphicsand cinematography. The bullet-time scenein the The Matrix was

created using an array of still camerastriggered at di�eren t times [27]. At Super

Bowl 2001, an array of 30 synchronized video cameraswas used to display views

of the action from di�eren t viewpoints giving viewers a senseof 
ying through the

scene[18]. Researchers in computer vision and graphics have built cameraarrays

for virtualized reality [19, 55], image-basedrendering [50, 53], high performance

imaging [48] and synthetic aperture imaging [43, 41]. This dissertation describes

the useof large cameraarrays for the latter application.

1.1 Synthetic aperture imaging

Synthetic aperture imaging is a technique that usesan array of camerasto simulate

a giant virtual lens,enablingus to synthesizeimageswhich would be impossibleto

acquire with an ordinary cameralens. An exampleof synthetic aperture imaging

is shown in Fig. (1.2). Someof the e�ects we can achieve with synthetic aperture

imaging are:

1. Seeing through occlusions: A cameraarray simulates a lenswith an aper-

ture as large as the camerabaseline(we have experimented with apertures

1
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(a) Stanford Multi-camera array (b) Mirror array (c) Hand-held plenoptic camera

Figure 1.1: Somesynthetic aperture imaging systems. (a) An array of 100 video
cameras,also usedfor high-performanceimaging [48]. (b) An array of planar mir-
rors. By aiming a high resolutioncameraat thesemirrors, we obtain a virtual array
of cameraswhich can be usedfor synthetic aperture imaging. This has also been
usedfor synthetic aperture confocal imaging [25], dual photography [35] and sym-
metric photography [9]. (c) A hand-held cameramodi�ed by placing a microlens
array on the camerasensor[30]. With such a camera,one can vary the focus af-
ter acquisition using the sameprocedureas in synthetic aperture imaging using a
cameraarray.

(a) Cameras aimed at bushes (b) View from one camera (c) Synthetic aperture image

Figure 1.2: Example of synthetic aperture imaging. (a) An array of 45 cameraswas
aimed at densebushes.(b) Image from one camerawith students standing behind
the bushes.It is almost impossibleto make out the students from any singlecamera
image. (c) We cancombine imagesfrom all 45 camerasto automatically construct a
synthetic aperture imagein which the students behind the bushesareclearly visible.
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up to 3m wide). Such a huge aperture leads to a proportionately shallow

depth of �eld. This can be usedto \see through" occlusionslike densefoliage.

When we synthetically \focus" this virtual lens on objects behind occlusions,

the defocus blur of the foreground occludersis so large that they e�ectiv ely

disappear, enabling us to seethe objects behind. This is illustrated in Fig.

(1.2). The abilit y to seethrough denseocclusionsmake synthetic aperture

imaging a potentially powerful tool for surveillance.

2. Impro ving Signal-to-noise Ratio: Each pixel of a synthetic aperture im-

age is computed by averaging pixels from someor all of the camerasin the

array. This improves the signal-to-noiseratio by a factor of
p

N where N is

the number of pixels averagedto compute a pixel in the synthetic aperture

view. In our experiments, N variesfrom 30 to 100. The reduction noisehelps

preserve detail and contrast even in low-light conditions. The synthetic aper-

ture image of Fig. (1.2c) was acquired closeto sunset;since45 imageswere

averagedto produce it we can seeenoughdetail.

3. Per-pixel focus control: Using a conventional cameralens,a photographer

has to choosea single focal depth and depth of �eld (determined by the lens

aperture) for the entire image. In a synthetic aperture image,we can choose

the focal depth and aperture for each pixel independently of the others. This

can be usedto computeimageswhereevery pixel is in sharp focus, instead of

having to trade-o� the amount of light captured by stopping down the aper-

ture to increasethe depth of �eld. Note that synthetic aperture imagingallows

us to selectthe focus for each pixel after capturing the images.

4. Impro ving depth from focus/defo cus: Reconstructingthe 3D shape of a

sceneusing focus/defocus cuesis limited in accuracyby the size of the lens

aperture [32]. This limitation can be overcomeusing depth from \synthetic
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aperture focus" since the latter usesaperture much larger than that of con-

ventional cameralenses.

To understand how synthetic aperture imaging works, it is helpful to consideran

analogy. A convex lens in a digital camerafocusesa plane in the sceneon to the

sensorplane points not in the plane of focusare blurred. This processis illustrated

in Fig. (1.3). Rays starting from a point on the plane in focusafter refraction con-

vergeto a point on the sensorplane. Rays starting from a point which is not on the

planeof focusconvergeto a point in front of or behind the sensorplane. Theserays

intersect the sensorplaneover an areaknown asthe circle of confusion, resulting in

a blurred or out of focus image [22]. The greater the sizeof the lens aperture, the

larger the circle of confusionand amount of misfocus.

We canusea cameraarray to simulate the defocusblur of a convex lens. To \fo cus"

on a plane, we backproject the imagesfrom each cameraon to the chosenplane and

compute their average. This projection of imagesis accomplishedvia imagewarps

called homographies,described in Chapter 3. In the resulting image,objects close

to the chosenplaneof focuswill appearsharp,whereasobjects away from this plane

will appear blurry being smearedout due to parallax (Fig. 1.4) The cameraarray

functions as a synthetic lensaperture, hencethe term synthetic aperture imaging.

The sizeof the synthetic aperture spannedby the cameras(typically 1-3m) is much

larger than a normal lens aperture. Thus, the defocus blur in synthetic aperture

imageswill be far more pronounced. When the synthetic aperture is much wider

than the occluding objects in front of the plane of focus, theseoccludersbecome

so blurred that they e�ectiv ely disappear, enabling us to seethe objects concealed

behind them. To seethe students behind the bushesin Fig. (1.2), a 2m wide

synthetic aperture was used.
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Lens Sensor PlanePlane in Focus

S

Plane in Focus

Camera Array, spanning a

"synthetic lens" aperture

Figure 1.3: Explanation of synthetic aperture imaging via geometricoptics. Top:
In a convex lens, rays from the greenpoint on the plane of focus after refraction
convergeto a singlepoint on the imaging plane, forming a sharp image. Rays from
the red point, which is not in the plane of focus form a circle of confusion on the
imageplane, resulting in a blurred image. Bottom: A cameraarray is analogousto
a \synthetic" lensaperture, each camerabeinga samplepoint on a virtual lens. We
synthetically focusthe cameraarray by choosinga planeof focus,and adding up all
the rays corresponding to each point on the chosenplaneto get a pixel in \synthetic
aperture" image. This is the method usedto createthe right imagein Fig. 1.2.
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P0

Q

P

Plane of Focus

Figure 1.4: Focusingwith homographies.To construct a synthetic aperture image
focusedon a plane� 0, we needto backproject the imagesfrom each cameraon to � 0

and compute their average. The backprojection is done by applying image warps
known as homographies.Pixels from di�eren t camerasthat correspond to a point
P on � 0 will project to the samelocation, resulting in a sharp imageof P. Pixels
corresponding to a point Q not on � 0 will project to di�eren t locations on � 0 (this
is called parallax or disparity) resulting in a blurred imageof Q.

1.2 Di�erences with Geometric Optics

A convex lens forms a focused image at the speed of light. However, synthetic

aperture focusing is a computational process. To focus on a given plane, we need

to compute and apply the suitable warps (2D spatial transforms) to the camera

images. Thesewarps will depend on the cameraarrangement and choice of focal

plane. To computethesewarps, we would needto measurethe cameraarrangement

via a calibration procedure. This raisesthe question: what cameraparametersdo

we needto calibrate to compute the required image warps for focusing on a given

plane ? Moreover, what is the minimal amount of additional computation required

to move the focus to a di�eren t plane ?
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Secondly, the focal surfaceof a lens is determined by geometric optics. An ideal

convex lens has planar focal surfaces;points not on the focal plane appear misfo-

cusedin the image it creates. The amount of misfocus dependson the sizeof the

lensaperture and distancefrom the focal plane, this is known asdepthof �eld [22].

However, there is no such constraint on synthetic aperture imaging: we can focuson

a surfaceof arbitrary shape. We simply needbe able to project the cameraimages

on to the desiredsurfaceto computea synthetic aperture image. Ideally, we would

like the focal surfaceto match the surfaceof the object we wish to view, so that

every pixel is in good focus. To do so, we needto estimate the surfacesof objects

behind denseocclusionas accurately as possible.

Thirdly , a lensintegratesall the rays acrossits aperture to producea focusedimage.

In synthetic aperture focusing,this is not a constraint. If we wereto ignorethe rays

incident on occluding objects in the computation of a synthetic aperture image,we

would eliminate the blurred imageof the occluderssuperimposedon the objects in

focus. This would yield a clearer, higher-contrast image of the objects we wish to

focus on. This raisesthe question: how well can we separatethe rays incident on

the objects in focus from the rays incident on the occludersin front ?

Finally, synthetic aperture imagesare createdfrom a discretely sampledlight �eld.

A synthetic aperture is a sumof �nitely many rays, whereasa focusedimagecreated

by a convex lens is an integral of a continuous set of rays. If the light �eld is not

bandlimited (and it typically is not), the synthetic aperture image will contain

aliasing (which it typically does). A detailed signal-theoreticanalysisof synthetic

aperture imagery may be found in [29].

1.3 Con tributions

In addressingthe questionsraised above, this thesis makes the following contribu-

tions:
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1. Geometric analysisfor focusingon planes: We characterizethe spaceof image

warps required to focus on arbitrary planesusing projective geometry. Our

analysisleadsto:

� A robust calibration procedurefor synthetic aperture imaging [43]. We

show that synthetic aperture focusingdoesnot require a full metric cali-

bration of the cameras;it is su�cien t to match imagesof four points on

a plane and two points not on the plane acrossall cameras.

� A classi�cation of cameraarrangements and focal planescorresponding

to di�eren t families of image warps [41]. We describe all con�guration

where focusing can be achieved by a�ne (or simpler) image warps. We

show there are families of frontoparallel planes,as well families of tilted

planesthrough which wecanvary the focusby simply shifting the images.

Sinceimageshifts are relatively easyto realizein hardware, this leadsto

a real-time focusing system. We demonstratethe useof this to track a

personmoving through a crowd.

2. Reconstruction of occluded surfaces for focusing [42]: We explore di�eren t

methodsto reconstructoccludedsurfacesusingsynthetic apertures. Wepresent

a comparisonof shape from stereowith shape from synthetic aperture focus.

We show that while shape from stereocan reconstruct surfaceswith weaker

texture than shape from synthetic aperture focus, the latter is more tolerant

of occlusions. We also describe novel variants of stereo that improve image

contrast by eliminating rays incident on foregroundoccluders.

Although synthetic aperture imaging is the primary motivation for our research,

some of our work is is applicable to other applications of camera and projector

arrays. Our cameracalibration procedurebasedon plane + parallax has alsobeen

usedto calibrate projector arrays [25]. Basedon our calibration, Wilburn et al [48]

have developed an optic 
o w basedapproach to view interpolation in spaceand

time. Our method for focusingon tilted planesusing shifts can be usedextend the

Fourier refocusing technique of [29] to tilted focal planeswith view cameras. We

will describe theseconnectionsin more detail in the subsequent chapters.



Chapter 2

Related Work

Implementing a synthetic aperture imaging systemdraws upon work in several dif-

ferent areassuch as designof the imaging systems(camerahardware), analysisof

image warps required for focusing (multiple view geometry), determining general

focal surfaces(3D reconstruction from imagesin computer vision). This chapter

reviewsrelevant work in theseareas.

2.1 Camera Arra ys

The decreasingcostof digital imagesensorshasmadeit feasibleto build largearrays

of cameras.In recent years,a number of cameraarrays have beenbuilt for di�eren t

applications including high performanceimaging, imageand video-basedrendering,

shape and motion capture and virtual cinematography. We believe that the con-

tinuing reduction in cost and the wide range of applications will lead to increased

availabilit y of largecameraarrays. Cameraarrays can be classi�ed into two threads

basedon the arrangement of cameras.

Single Center of Pro jection: For high performanceimaging, the camerasare

tightly packed together to approximate a singlecenter of projection. The goal is to

acquire improved imagery by combining imagesfrom di�eren t cameras(which are

aligned to a commonperspective). Baker et al have developed a systemof up to 24

9
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cameraswith abutting �elds of view whoseimagesare mosaicedyielding video with

higher pixel resolution than the individual cameras[2]; their array is now available

commercially[14]. A larger scaleimplementation of this wasdeveloped by Wilburn

et al using 96 camerasto acquire7 megapixelvideo; they alsoincreasethe dynamic

rangeby trading o� �eld the �eld of view and using di�eren t exposuresacrosstheir

cameras[48]. In separatework, they used52cameraswith overlapping �elds of view

with temporally staggeredframesto achieve high speedvideo [47].

Multiple Centers of Pro jection: When the camerasare spread over a wide

baselineto capture the scenefrom many di�eren t points of view, they samplethe

light �eld , the set of all light rays intersecting the scene[26]. Imagesfrom these

viewpoints canbe usedto synthesizeviewsof the scenefrom novel viewpoints by re-

sampling the acquiredimages[26, 11] or by reconstructing the scenegeometryand

reprojecting it into the desiredviewpoint [55]. Wilburn et al have demonstrated

view interpolation in acrossviewpoints in spaceand time using their cameraarray

[48]. Cycling through the images- without doing any view interpolation at all -

is a powerful visual e�ect which can give the viewer a senseof 
ying through the

scene.Examplesof this include the bullet-time scenesin The Matrix , createdusing

an array of 120 still cameras[27] and the Eye Vision technology used during the

broadcastof Super Bowl 2001[18].

For seeingthrough occlusionsusing synthetic aperture imaging we would like to

have an acquisition systemwhich has:

1. A large number of camerasto get as densea sampling as possibleof rays

passingbetweenthe occluders.

2. A 
exible aperture that can be expanded till it is larger than the size of

occludersin the scene.

3. The abilit y to compute imagewarps required for synthetic aperture focusing

at video rates for dynamic scenes.
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We were fortunate to have accessto the Stanford Multi-Camera array built by

Wilburn [48], which is unique amongstavailable cameraarrays in having all these

properties. The array o�ers up to 100 low-cost video camerasof imaging, 
exi-

ble apertures from 0.5m to 3m, narrow and wide angle lensesfor long and short

range imaging. Per-cameraFPGAs enablethe computation required for real-time

synthetic aperture video.

2.2 Finite Ap erture Imaging

Camerasare often modeledaspinhole devicesin computer vision and graphics,ne-

glecting the sizeof the lensaperture. In practice, the e�ect of a �nite lensaperture

is to capture more light than a pinhole deviceat the cost of reducing the depth of

�eld i.e. causinga depth-dependent defocus blur. This results in a depth cue that

is usedfor reconstructing3D shape by depth from defocus[7] and depth from focus

algorithms [23]. One can alsoreconstruct shape by observingchangesin the images

on varying the lensaperture (which controls the amount of defocus), this approach

is known as confocal stereo [13]. The �nite aperture of a lens can be used to see

beyond occlusions,however the limited aperture of the lensgreatly restricts the size

of occludersonecan seearound [8].

There are two major di�erences betweenfocusedimagesfrom a lens and synthetic

aperture imaging. First, the synthetic apertures spannedby a camera array are

much larger than thoseof an ordinary lens. This meansthat all the aperture e�ects

described above are more pronouncedwith synthetic apertures. A larger aperture

leadsto a shallower depth of �eld which increasesthe depth resolutionof shape from

focusalgorithms. To e�ectiv ely seebeyond occluders,we require an aperture larger

than the size of the occluders. This is much easierto accomplishwith synthetic

apertures.

Secondly, a cameraarray acquiresmore information about a scenethan a lens. A

cameraarray capturesa 4D light �eld (a 2D array of 2D images)whereasa lens is
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constrainedto acquire a 3D focal stack (set of 2D imagesfocusedover a range of

depths). This makes it possible,for example, to ignore rays incident on occluders

in the construction of a synthetic aperture imagewhich is not possiblewith single

lensapertures.

The idea of averaging images from adjacent camerasin an array to simulate a

synthetic aperture was observed by Levoy and Hanrahan [26]. This was used to

dynamically control the focus and aperture of imagessynthesizedfrom light �elds

by Isaksenet al [17]. Schechner and Kiry ati independently observed the analogy

betweenlensapertures and camerabaselinesin their comparisonof depth from de-

focuswith depth from stereo[32].

A technique similar to synthetic aperture imaging is synthetic aperture radar [28].

The idea is to combine measurements from a moving radar antenna (such as on

an aeroplane) to e�ectiv ely synthesize a much larger antenna. The distance the

aeroplanetravels to synthesizethe larger antenna is called the synthetic aperture.

A larger antenna cangreatly improve the azimuthal resolutionof the radar imagery.

One di�erence betweensynthetic aperture imaging and synthetic aperture radar is

that the latter usesthe phaseand frequenciesof the re
ected signal (it is basedon

the Doppler e�ect) while the former requiresonly the amplitude (recordedas pixel

intensities).

2.3 Multiple View Geometry

The goal of multiple view geometry in computer vision is to study the relations

between imagesof a scenefrom di�eren t viewpoints, this is basedon projective

geometry [12]. Theserelations are usedin structure from motion, self-calibration,

matching imagefeaturesacrossviewpoints and reconstructing 3D shape. One rep-

resentation that greatly simpli�es multi-view geometricrelations is plane+ parallax

developed by Irani and Anandan [16, 15]. In this approach, imagesfrom all view-

points are projected on to a common plane as shown in Fig. 1.4. The location
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of a point in the sceneis described in terms of the parallax between its imagesin

di�eren t views as measuredon the referenceplane.

Our geometricanalysisof synthetic aperture imaging is basedentirely on plane +

parallax. The parallax causedby a point not on the referenceplane is the analog

of the circle of confusionin photography. By characterizing the parallax causedby

a points on a given plane, we can compute the image warps required to move the

plane of focus from the referenceplane to the given plane (Chapter 3). We alsouse

parallax measurements for calibrating the camerapositions (Chapter 4).

Most of the work in computer vision on plane+ parallax is directed towards images

acquired from a single moving camera(whosemotion may be unknown). For syn-

thetic aperture imaging, we have an array of cameraswith �xed positionswhich can

be calibrated a priori, which leads to further simpli�cation. For example,Zelnik-

Manor and Irani have shown that planar homologies (the imagewarps required to

changethe plane of focus) are constrainedto lie in a 4D space,which requirescal-

ibration of 4 basis vectors [52, 51]. In Chapter 3, we show that for �xed camera

positions the homology parametersactually lie in a 1D spacewhich simpli�es the

calibration and makes it possibleto change the focus by simply scaling the basis

vector (we call this basisvector the � -vector).

2.4 3D Shape Reconstruction

Constructing a synthetic aperture imagewhereeach pixel is in sharp focusrequires

�nding the correct focal depth for every pixel. This amounts to reconstructing the

3D surfaceof the object(s) we desireto focuson. The reconstructionof 3D surfaces

from their 2D imagesis a challengingproblemin computervision which hasinspired

decadesof research; a recent survey of multi-view reconstructionalgorithms may be

found in [33]. Herewe are interestedin the useof 3D reconstructionto improve the

performanceof synthetic aperture imaging.
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One approach is to reconstruct3D shape is to usefocuscuesfrom the imaging lens.

Shape from focus methods take as input a stack of imagesfocusedover a rangeof

depths, and determine for each pixel the depth at which it is in best focus. The

criterion for determining when a pixel is in good focus is someform of a high-pass

�lter, a comparisonof several focusing criteria may be found in [23]. We can use

the sameapproach for synthetic aperture images;in this casethe focus cue comes

from a virtual lens simulated by an array of cameras.

Shape from stereo methods work by matching pixels acrossdi�eren t views using

some measureof photo-consistencyand �nding depth via triangulation [31]. In

their comparisonof shape from stereoversusfocus,Schechner and Kiry ati observed

that shape from focus(using a singlecameralens) ought to be more tolerant of oc-

clusionsthan stereowhile stereoought to have �ner depth resolution due to larger

baselines.Using a synthetic aperture baselinehas the potential of giving the best

of both worlds: robustnessto occlusionand �ner depth resolution.

There are three di�erences between our work on reconstructing focal surfacesfor

synthetic aperture imagery and prior work on 3D reconstruction. First, we use

many more views (typically 80 to 100) spanninga wider wider synthetic aperture

than most previousmethods. Second,sinceweusesynthetic aperture imaging to see

through occlusions,we are interestedin reconstructingsurfacesthat are occluded in

a signi�cant fraction of the input images.Thus, we expect several outliers amongst

pixels amongst the pixels to be matched acrossviews. This is a harder problem

than classicalmulti-baseline stereo[31] which assumesno outliers. Finally, we do

not reconstruct the occludersexplicitly, but rely on the large number of views and

robust matching functions to obtain a good reconstruction. Wedefera moredetailed

discussionof the di�erencesbetweenour approach and existing methods to Chapter

5, wherewe de�ne the problem in terms of reconstructinggeneralfocal surfaceand

shaped apertures.



Chapter 3

Geometric Foundations

This chapter describesthe geometryunderlying the computation of synthetic aper-

ture imageswhich are focusedon a plane. There are three important reasonsfor

doing this analysis. First, it will let us characterizethe image warps or homogra-

phies required to focus on to any plane in terms of the cameralayout and chosen

focal plane. This tells us preciselythe minimal set of cameraparameterswe needto

estimate, and also leadsto a robust calibration procedure. Secondly, it shows that

there are combinations of cameraarrangements and focal planeson which one can

focus using image warps geometrically simpler and computationally lessexpensive

than homographies.Thesecombinations are desirablefor real-time focusingwhere

image warps needto be implemented in per-camerahardware, and simpler warps

like image shifts are easierto map to the hardware. Thirdly , given the abilit y to

focuson any plane,we cansweepthe planeof focusthrough the scenebeing imaged

to try and determinethe best focal depth for each pixel.

We beginby describinghow to focuson an arbitrary planeusing imagewarpscalled

homographies.Next, we will show how to vary the focus from oneplane to another

usingimagewarpscalledplanar homologies, which arespecialcasesof homographies.

We will describe all camera/focal plane con�gurations for which the homologiesare

a�ne transforms or simpler, and outline someof their applications. Basedon this

analysis,we will describe our method for cameracalibration and real-time focusing

15
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in the following chapter.

3.1 Focusing on a Plane

The processof focusingon a planeis depictedin Fig. (1.4). We needto back project

the imagefrom each camera(as if it werea projector) on to the desiredplane. For

perspectivecameras,the mapping from the camera'simagingplaneto anotherplane

in the world is givenby an imagewarp calledhomography (alsoknown ascollineation

or perspective warp) [12]. When points are expressedin homogeneouscoordinates,

a homography is an invertible linear transform described by a 3 � 3 matrix.

Supposewe have N + 1 cameraswith centers C0; : : : ; CN . Let I i denotethe image

from cameraCi and H i the homography required to project I i on the desiredfocal

plane. Mathematically, the synthetic aperture imageis given by:

I SA =
1

N + 1

NX

i =0

H i � I i (3.1)

where I SA is the synthetic aperture image and H i � I i is the projection of image

I i on to the focal plane. Fig. (3.1) shows the construction of a synthetic aperture

image using two cameras. Pixels that correspond to points on the focal plane -

such as point P in Fig. (1.4), or points on the calibration grid in Fig. (3.1) - are

mapped to the samelocation by the homographies,reinforcing each other in the

synthetic aperture image. Pixels that correspond to points not on the focal plane -

such as point Q in Fig. (1.4), or the computer monitors in Fig. (3.1) - project to

di�eren t locations on the focal plane, causingthem to be smearedout or blurry in

the synthetic aperture image.

The homography required for each image dependson the cameraparametersand

the focal plane. If we wish to change the focal plane, we need to apply di�eren t

homographies.This requiressubstantial computation and may bedi�cult to achieve

in real-time. In the next section,we describe an alternative to approach to changing
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Figure 3.1: Focusing on the plane of a calibration grid with homographies. Top
row: imagesfrom two camerasof a planar calibration grid. Middle: The result of
back projecting the imageson to the planeof the calibration grid via homographies.
Bottom left: The averageof the two imagesfrom the middle row. The calibration
grid is in good focusbut the monitors andcamerason the wall aboveexhibit ghosting
due to parallax. Bottom right: When we add the backprojected imagesfrom 88
cameras,the grid remainsin focusand everything elseis completely blurred out.
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the focal plane which, in somecases,avoids the needfor full homographies.

3.2 Refo cusing with Homologies

Consider an array of cameraswith centers C0; : : : ; CN whose images have been

backprojected on to some initial focal plane � 0. We call this initial focal plane

the reference plane. If we compute the averageof theseprojected images,we get

an image focusedon the referenceplane. Supposewe wish to focus on a di�eren t

plane, �. One could do so by applying di�eren t homographiesto the original cam-

era images,asdescribed in the previoussection. Another way would be to reproject

each of theseprojected imagesfrom the referenceplane on to � through center of

projection Ci (Fig. 3.2). This reprojection is called a planar homologyand can be

described by a 3� 3 matrix. Homologiesaregeometricallysimpler to analyzeand in

many cases,facilitate faster computation of synthetic aperture imagesthan would

be possibleusing homographies.This sectiondescribes the homologymatrices for

varying the focal plane in terms of the camerageometryand focal planes.

We begin our study of homologiesby de�ning the coordinate systemswe will use.

Assumethat there is a given 2D coordinate system on the referenceplane. The

pixels of the projected imagesI 0
i are speci�ed in this referencecoordinate system.

We also needto pick a coordinate systemon the new focal plane �. To do so, we

pick a referencecamera- say C0. A point P on � will be assignedthe coordinates

of its projection p0 on the referenceplane through C0 (Fig. 3.2). Thus, we are

projecting the coordinate systemof the referenceplane on to the new focal plane �

through center of projection C0.

Let Gi be the homology required to reproject I 0
i on to � ; 1 � i � N (G0 = I , the

identit y matrix). Gi mapspoint pi on the referenceplane to the point P on � (Fig.

3.2). SinceP has the samecoordinates as p0, we may write Gi pi
�= p0 where Gi

denotesthe homologymatrix, points and lineson the referenceplanearerepresented

in homogeneouscoordinates and �= denotesequality up to a scale.For the ensuing
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C0

Ci

ei

p0

pi

P0

l

Reference
Plane

Focal
Plane P

P

Figure 3.2: Refocusing with homologies.C0 is the center of the referencecamera,
and Ci is the center of another camerain the array. The line joining the camera
centers C0; Ci intersects the referenceplane at a point called the epipole, which
we denote by ei . Images from all the camerashave been backprojected on the
referenceplane � 0. If we compute the averageof thesebackprojected images,we
get a synthetic aperture imagefocusedon the referenceplane. To changethe focus
from referenceplane � 0 to plane �, we need to reproject the image of cameraCi

from the referenceplane � 0 on to the focal plane �. This projection is called a
planar homology. It can be describe in terms of the l, the line of intersectionof � 0

and � and ei , the epipole.
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analysis, it will be simpler to work with the inversehomologiesK i = G� 1
i , i.e. K i

projects points on � on to the referenceplane through center Ci and K i p0
�= pi .

We now proceedto characterizethe 3 � 3 homologymatrices for changing the focal

plane. From projective geometry[12, 38] the homologyK i can be written as

K i = I + � i ei lT (3.2)

Here I is the identit y, ei the epipole associated with camerasC0; Ci and the ref-

erenceplane, l the line of intersection of the referenceplane and �, and � i is a

scalar. Geometrically, varying � i while keepingei ; l �xed corresponds to rotating

the focal planeabout axis l and moving pi alongthe epipolar line through ei and p0.

Choosinga valuefor � i amounts to choosinga focal plane(through l) for cameraCi .

Supposewe aregiven the epipolesei ; 1 � i � N . We wish to characterize� 1; : : : ; � N

which correspond to the samechoice of focal plane �. Let us call [� 1 : : : � N ] the

� -vector for homologiesinduced by a focal plane �. The following result helps us

characterizewhich vectorsof RN are � -vectorsfor somefocal plane.

� -vector theorem. Given epipolese1; : : : ; eN on a reference planeasde�ned above,

the � -vectors for all focal planeslie in a 1-D space, i.e. � -vectors for any two planes

are equal up to scale.

We defer the proof to the end of the chapter. An important point to note is that in

homogeneouscoordinates, points and lines can be scaledarbitrarily . The � -vector

for a focal plane will changeif we changethe scaleof any of the epipolesor the line

l. It is assumedin the theorem that we have chosena �xed scalefor each epipole

ei , this scalecould be arbitrarily chosenbut must be the samefor all homologies

we compute. If we changethe scalefor any of the epipoles,we will changethe 1D

spacethe � -vectors lie in. However, as long as the scalesare �xed they will still lie

in a 1D space.
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Plane
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Plane
Focal

Humvee
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(d)(c)

Plane
Camera

Figure 3.3: Rotating the planeof focususinghomologies.(a) An imagefrom a 16� 16
imagelight �eld of a humveeat an angleto the plane of cameras.(b) Scenelayout.
(c) Synthetic aperture imagefocusedon the referenceplane. (d) Using homologies,
we can rotate the focal plane about the vertical white line until it coincideswith
the humveesurface.

At this point, we have a completedescription of the homologiesrequired to change

the focus from the referenceplane to any other plane. To vary the focus, we will

needto calibrate homographiesfor projecting the cameraimageson to somechosen

referenceplane, the epipolesei and the spaceof � -vectors. With this information a

usercan focuson any planeby starting from the referenceplane,specifying a line of

intersection l on the referenceplane and rotating the focal plane about l by scaling

the � -vector. An exampleof this processis shown in Fig. (3.3).
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3.3 Simpler Con�gurations

We now enumerate the camera/focal plane con�gurations in which the homologies

are not projective warps, but a�ne transformsor simpler. Thesecon�gurations are

interesting for two reasons.First, we save computation by not having to perform a

full homography per image to changethe focal plane. Second,it can be easierto

calibrate the required parameters.For each of thesecon�gurations, the homologies

lie in a proper subgroupof the group of planar homologies.We will assumewe have

establishedan a�ne coordinate systemon the referenceplane (one way to do so is

to choosethe plane of a calibration grid as the referenceplane).

A�ne transforms: When the cameracenters lie on a plane, and the reference

plane is parallel to this plane, the epipolesei = [e(x)
i e(y)

i 0]T are points at in�nit y.

The bottom row of the homologymatrix I + �e i lT becomes[0 0 1]. Hence,homolo-

giesfor any focal planearea�ne transforms. Note that this holdsfor arbitrary focal

planes. Fig. (3.3) shows an instanceof this con�guration.

Scale and translation: When the focal plane and referenceplane are parallel,

their intersection is the line at in�nit y l = [0 0 1]T on the referenceplane. Writing

the epipolesas ei = [e(x)
i e(y)

i e(z)
i ]T , the homologiesare of the form:

K i = I + �e i lT =

2

6
6
4

1 0 �e (x)
i

0 1 �e (y)
i

0 0 1 + �e (z)
i

3

7
7
5

This is just a scalefollowed by a shift. Thus, if we wish to vary the focusthrough a

family of planesparallel to the referenceplane, we needto just scaleand shift the

imagesbeforecomputing their average. Note that this holds for arbitrary camera

positions. This con�guration is illustrated in Fig. (3.4b)

Translation: When both the precedingconditions hold - the camerasare on a

plane and the referenceplane and focal planesare parallel to the cameraplane, the



3.3. SIMPLER CONFIGURATIONS 23

(a) Affine Transform (b) Scale + shift

(c) Shift

Reference Plane

Reference Plane

Reference Plane

Reference Plane

Focal Planes
Focal Planes

Focal Planes

(d) Shift + post warp of final image

Focal Planes

Figure 3.4: Taxonomy of homologiesand the corresponding camera/focal plane
con�gurations.
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epipolesei and the line of intersection l are at in�nit y. The homologiesreduceto

translations:

K i = I + �

2

6
6
4

e(x)
i

e(y)
i

0

3

7
7
5

h
0 0 1

i
=

2

6
6
4

1 0 �e (x)
i

0 1 �e (y)
i

0 0 1

3

7
7
5

and we can vary the focus by simply translating the images. This con�guration is

illustrated in Fig. (3.4c)

Translation + warp of �nal image (Scheimp
ug): There is one additional

con�guration in which the homologiescan be reducedto translations. Considerthe

casewhen the cameraslie on a plane, and the cameraplane, referenceplane and

desiredfocal plane intersect in the sameline l (Fig. 3.4d). Thus, the epipoleslie on

the line of intersectionl. Such a homologyis considereddegenerateand is calledan

elation.

To reducethe elations to imagetranslations, we can rede�ne the coordinate system

on the referenceplanesothat l is the line at in�nit y, i.e. l �= [0 0 1]T . This becomes

identical to the previouscase,and the homologiesare again reducedto shifts. This

is not surprising sincefrom a projective geometer'sviewpoint, Fig. (3.4c) and Fig.

(3.4d) are equivalent con�gurations.

There are two consequencesof changing the coordinate system on the reference

plane. First, this changesthe homographiesrequired to project the original camera

imageson to the referenceplane. This is not a signi�cant changein terms of the

computation: we would needto apply homographiesto project cameraimageson

to the referenceanyway. However, it doesmean that we needto calibrate the ho-

mographiesfor the new coordinate system(or estimate them in someother way).

Second,when we shift and add the imagesto changethe focal plane, the resulting

synthetic aperture imagewill be computed in the new coordinate system. This re-

sults in an imagethat looks skewed to a human observer sinceit correspondsto an



3.3. SIMPLER CONFIGURATIONS 25

Cameras Reference
Plane

Focal Planes Homologies

Lie on plane Parallel to
cameraplane

Arbitrary A�ne transforms

Arbitrary Arbitrary Parallel to reference
plane

Scale+ translation

Lie on plane Parallel to
cameraplane

Parallel to camera
plane

Translation

Lie on plane Arbitrary Intersect reference
plane and camera
plane in sameline

Translation + homog-
raphy to �nal image

Table 3.1: Summary of the con�gurations in which the homologiesare a�ne trans-
forms or simpler, in terms of the conditions on the cameralayout, referenceplane
and focal planes. Theseare illustrated in Fig (3.4).

unusual o�-axis projection. We can correct this by applying a homography to the

synthetic aperture image that restoresit to the original coordinate system. Note

that this homography needsto be applied only to the synthetic aperture image,the

per-cameracomputational cost doesnot change.

This con�guration (Fig 3.4d) is analogousto the Scheimp
ug condition in photog-

raphy for focusingwith a view cameraon tilted planes: that the lensplane, sensor

plane and focal plane must intersect in a commonline [46]. Thus, we refer to it as

the Scheimp
ug con�guration.

It is easyto show that theseare the only con�gurations in which the homologiesfor

refocusingarea�ne transformsor simpler. Moreover, any con�guration in which the

homologiesreduceto translations can be shown to be a Scheimp
ug con�guration.

The casesdiscussedabove are summarizedin Table (3.1) and illustrated in Fig.

(3.4).
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3.3.1 Applications

The con�gurations above are useful in a variety of applications. A commonfeature

amongsttheseis the requirement to �rst project the cameraimageson to a reference

plane to take advantage to the resulting geometricsimplicity. The imagesprojected

on to a referenceplane form what is called a keystonecorrected light �eld [26], in

computer vision this is alsocalled recti�c ation [12]. Many applications (calibration,

computing synthetic aperture images,reconstructing focal surfaces)require these

recti�ed imagesas input.

Reconstructing 3D surfacesfrom images(which could then be used as focal sur-

faces) is implemented by sweeping the focus over a family of parallel planes and

determining the most likely depth for each pixel [4]. This corresponds to the scale

+ translation con�guration (Fig. 3.4b), which meansthe plane sweeprequiresonly

similarit y transforms if we use the recti�ed images. This con�guration was �rst

observed by Szeliskiand Golland [37].

The frontoparallel con�guration (Fig. 3.4c) is the simplest and most extensively

studied. We show how it leads to a simple and robust algorithm for cameracali-

bration in the next chapter. The key advantage of this con�guration for calibration

is that we do not need to calibrate the � -vectors which makes it possibleto solve

for the calibration parametersusing linear optimization. Building on this, Wilburn

et al have developed an optical 
o w procedurefor view interpolation in spaceand

time [48]. The image shifts required for changing the focus are relatively simple

to realize in per-camerahardware which leads to the development of a real-time

synthetic aperture focusingsystemwe describe in the next chapter.

Wecanalsovary the focususingjust imageshifts for tilted planesin the Scheimp
ug

con�guration (Fig. 3.4d) by rede�ning the coordinate systemon the referenceplane.

This lets us useour real-time focusingsystemto focuson tilted planeswithout any

modi�cation other than a �nal homography of the synthetic aperture image. Since

this homography is applied to only one image (rather than every camera image),
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there is no problem in doing this in real-time.

It hasbeenshown by Ng that focusingby shifting and addingthe imagescorresponds

to a 4D shearof the light �eld, which corresponds to slicing in the Fourier domain

[29]. This leads to insights on the signal-theoretic limits on refocusing as well as

computational speed-ups.They restricted their analysisto the frontoparallel focal

planes. The Scheimp
ug con�guration shows how their work could be extendedto

view cameraswith tilted focal planes.

3.4 Pro of of � -vector theorem

� -vector theorem. Given epipolese1; : : : ; eN on a reference planeasde�ned above,

the � -vectors for all focal planeslie in a 1-D space, i.e. � -vectors for any two planes

are equal up to scale.

To show the � -vectorslive in a 1D space,it su�ces to show that the ratio � i =� j ; 1 �

i < j � N is independent of the plane �.

Without lossof generality, we may take i = 1; j = 2. Let P be a point on �, and

p0; p1; p2 be its projections on to the referenceplane through centers of projection

C0; C1; C2 (Fig. 3.5). Let e12 be the epipole associated with cameracenters C1; C2

lying on the referenceplane. The epipolese1; e2; e12 lie on the line of intersection

of the referenceplane and the plane of camera centers C0; C1; C2 by Desargues'

theorem [5]. By epipolar geometry, e12; p1; p2 are collinear. We will use ja b cj to

denotethe determinant of the matrix whosecolumnsare the 3-vectorsa;b;c. Note

that ja bcj = 0 if a;b;c are collinear. We have

p1
�= K 1p0 = p0 + � 1e1(lT p0) (3.3)

p2
�= K 2p0 = p0 + � 2e2(lT p0) (3.4)

je12 e1 e2j = 0 (3.5)

je12 p1 p2j = 0 (3.6)
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Figure 3.5: Proof of the � -vector theorem. p0; p1; p2 are imagesof a point P on the
focal plane � in camerasC0; C1; C2 (seeFig 1b). e1; e2; e12 are the epipoles. The
plane through cameracenters C0; C1; C2 intersects the referenceplane in a line e
containing theseepipoles. l is the intersectionof the focal plane with the reference
plane.

where the �rst two equationsfollow from the formula for homologies(3.2) and the

last two from collinearity. If we substitute (3.3) and (3.4) in (3.6), expand using

properties of determinants and use(3.5), we get

0 = je12 p1 p2j

= je12 p0 + � 1e1(lT p0) p0 + � 2e2(lT p0)j

= je12 � 1e1(lT p0) p0j + je12 p0 � 2e2(lT p0)j

= � 1je12 e1 p0j + � 2je12 p0 e2j

= � 1je12 e1 p0j � � 2je12 e2 p0j

This yields

� 1=� 2 = je12 e2 p0j=je12 e1 p0j
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The right hand sidedoesnot depend on the plane � (we can alsoshow it doesnot

depend on p0). This completesthe proof.
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Chapter 4

Synthetic Ap erture Focusing

System

Having understood the geometryunderlying the computation of synthetic aperture

images,we can now describe the implementation of a synthetic aperture focusing

system. This chapter describes our method of camera calibration and real-time

focusing system. Both of these rely on varying the focus by shifting the camera

images(Fig. 3.4c,d). The key advantage of the calibration method is that it does

not require a full metric calibration of the cameras;the homographiesfor projec-

tion on a referenceplane and relative camerapositions su�ce. We show thesecan

be computed using straightforward linear optimization, which avoids local minima

that can occur in a metric calibration. The key strength of the real-time focusing

systemis the abilit y to map the computation to relatively inexpensive per-camera

hardware. One limitation commonto both the calibration and the real-time system

is that the camerasare constrainedto lie on a plane.

We will �rst describe our calibration procedureand compare it with metric cali-

bration. We will show how we can compute the image shifts required to focus on

frontoparallel focal planes. Finally, we will describe how the image warps can be

mapped to per-camerahardware leading to real-time focusingwith synthetic aper-

ture video. The calibration procedurewas �rst described in [43] and the real-time

31
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systemin [41].

4.1 Camera Calibration

The calibration procedureconsistsof two steps: estimating the homographiesfor

backprojection on to the referenceplane, then estimating the relative cameraposi-

tions (epipoles) from parallax measurements. Once we have the camerapositions

we will usethem to focuson di�eren t focal planes.

4.1.1 Finding Homographies

To compute homographiesfor projection on to the referenceplane, we placea pla-

nar calibration grid (such as the one in Fig. 3.1) in the scene. The plane of the

calibration grid is chosento be the referenceplane. The calibration grid de�nes a

2D Euclidean coordinate systemon the referenceplane. We locate the positions of

the cornersin the grid using an automatic feature detector [40]. By matching the

positionsof the grid cornersin the cameraimagesto their known coordinateson the

calibration grid, we cancomputethe homographiesto project the cameraimageson

the referenceplane. A minimum of four points on the grid are required, in practice

we useabout 100-140points and solve for the homography using linear leastsquares

[12].

4.1.2 Camera Positions from Parallax

Having projected the images,let us seewhat is required to vary the focal plane.

We will restrict ourselves to the frontoparallel con�guration (Fig. 3.4c). Consider

a set of cameraswhosecenters C0; : : : ; CN lie on a plane and whoseimageshave

beenprojected on to a plane parallel to the referenceplane. A point P not on the

referenceplane will have imagesp0; pi in camerasC0; Ci (Fig. 4.1). The parallax

of P between the two camerasis given by � pi = pi � p0. To focus on the plane

� through P, we needto shift the image from cameraCi by an amount � � pi to

eliminate the parallax. Our goal is to:



4.1. CAMERA CALIBRA TION 33

Reference
Plane

pi p0

� zp

Z0

� x i
Ci C0

� pi

P�

Figure 4.1: Calibration with frontoparallel planes. A point P not on the reference
plane has distinct image p0; pi in camerasC0; Ci . The parallax betweenthesetwo
dependson the relative cameradisplacement � x i and the relative depth of P

1. Estimate the relative camerapositions using parallax measurements.

2. Usethe estimatedcamerapositions to computethe parallax for frontoparallel

focal planesat arbitrary depths.

Note that the parallax is constant for all points on the plane �. Thus, to focus on

a frontoparallel plane we needto know the parallax inducedby it acrossevery pair

of cameras.From similar triangles, we can show the parallax is given by

� pi = � x i
� zp

� zp + Z0
(4.1)

The parallax is product of the relative cameradisplacement � x i and the relative

depth of P, dP = � zp

� zp + Z0
. The �rst factor dependsonly on the camerageometry,

the secondonly on the depth of P. To estimate the camerapositions, we needto
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factorize the parallax measurements. If we measuredthe parallax of P with respect

to C0 in all the cameras,we would get the camerapositions relative to C0 up to an

unknown scale(given by the relative depth of P).

Let us extend this to all camerasand multiple scenepoints. We designatecamera

C0 as the referenceview with respect to which we will measureparallax. Suppose

we observe m points P1; : : : ; Pm with relative depths d1; : : : ; dm . In practice, these

are obtained by moving the calibration grid to di�eren t (unknown) positions and

detecting the cornersin its images.We will denoteby � pij the parallax of point Pj

in cameraCi . We can factorize the matrix of parallax measurements:

2

6
6
4

� p11 : : : � p1m
...

. . .
...

� pN 1 : : : � pN m

3

7
7
5 =

2

6
6
4

� x1
...

� xN

3

7
7
5

h
d1 : : : dm

i
or

�P = �X D (4.2)

Here �P ; �X ; D denote the matrix of parallax measurements, (column) vector

of cameradisplacements with respect to the referencecameraand (row) vector of

relative depths respectively. Thus, parallax measurements form a rank-1 matrix.

We can �nd the nearestrank-1 approximation to the observed parallax matrix �P

using singular value decomposition. This yields �X the camerapositions relative

to C0 up to an unknown scale. Theseare su�cien t to compute the shifts required

to focuson any frontoparallel plane, as described below.

4.1.3 Focusing on Fron toparallel Planes

Supposewe wish to focuson a frontoparallel plane that causesparallax � p between

camerasC0 and C1. We can computethe relative depth d of the desiredfocal plane

from the relation (4.1):

� p = d� x1
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Having obtainedd, wecancomputethe parallax causedby the focal planein camera

Ci with respect to cameraC0 using Eq. (4.1).

Crucially, this approach works correctly even if the relative camerapositions � x i

are known only up to scale.A scalechangein camerapositions �X causesa corre-

sponding scalechangein the relative depths D , but there is no changein parallax.

The key idea is to specify the depth of a frontoparallel focal planeby specifying the

parallax it causesbetweentwo cameras(which we choseto be C0; C1).

4.1.4 Focusing on Tilted Planes

We can also use the relative camerapositions � x i to compute the homologiesre-

quired to focus on arbitrary planes. As described in the previouschapter, we need

to know the epipoles ei and scalars� i for each camera. If we take C0 to be the

referencecamera,theseparametersfor the cameraCi with position � x i are given

by

ei =

"
� x i

0

#

� i = 1

These can be used to compute the homology to focus on any focal plane. The

synthetic aperture imageon a tilted focal plane in Fig. (3.3d) wascomputedby this

method.

4.1.5 Minimal Calibration Requiremen ts

We have described a calibration procedurefor computing synthetic aperture images

when the camera centers lie on a plane and the referenceplane is chosen to be

parallel to the plane of cameracenters. This requiresthat we observe

1. At least four points on the referenceplane, of which no three are collinear.
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This is to estimate the homographiesfor projecting the cameraimageson to

the referenceplane.

2. At least onepoint not on the referenceplane. This is to estimate the relative

camerapositions using Eq. (4.2).

With this calibration, we can focus on both frontoparallel and tilted planesas de-

scribed above. If the cameracenters do not lie on a plane,we would needto observe

at least two points not on the referenceplane to estimate the epipolesand � -vector

required for synthetic aperture focusing. These can be estimated using standard

projective calibration techniques[12].

4.2 Exp erimen ts

We usedour method for calibration and focusing to seethrough densefoliage out-

doorsusingan array of 45camerasarrangedin a 3� 15grid (Fig. 4.2). The cameras

werewithin 5cm of being perfectly planar. We usednarrow anglelenseswhose�eld

of view was approximately 4:5o. The imageresolution was 640x480.

To calibrate the array, we used an 85cm � 85cm calibration grid. The reference

plane was set by placing the grid 28m in front of the array, kept approximately

parallel to the plane of cameras. To measureparallax of points not on the refer-

enceplane, we moved the calibration grid to six di�eren t positions ranging from

28m to 33m from the array. Thesegave us parallax measurements for 864 points.

We measuredparallax with respect to the central camera,and computed relative

camerapositions using rank-1 factorization (Eq. 4.2). The RMS error betweenthe

rank-1 factorization and the observed parallax measurements was 0.3 pixels (per

parallax observation), which suggestsour approximation of a planar cameraarray

and parallel referenceplane were fairly accurate.
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Parallax Calibration Metric Calibration
Camera Layout Planar Arbitrary
Optimization Linear Non-linear, initial esti-

mate required
Parameters cali-
brated

Reference plane homographies
and relative camerapositionsup
to scale

All (intrinsics and pose)

Table 4.1: Comparisonof parallax-basedand metric calibration.

Onechallengefor calibration in this experiment is that we can take calibration mea-

surements (speci�cally, measurements of parallax between points descriedin Eq.

(4.2)) only in front of the bushes(Fig. 4.2). However, we seekto focus behind the

bushes- i.e. at depths wherethe camerascannot observe the calibration grid. Any

error in the calibration of relative camerapositions �X will get magni�ed as we

focus further and further behind the calibration volume.

We have computed synthetic aperture imagesfocusedat depths from 28m to 45m

from the cameraarray (Fig. 4.3, 4.4). We found we could get sharpfocuson objects

morethan 10mbehind the depthsto which memovedthe calibration grid. This sug-

geststhat the error in our calibration is small enoughthat it can be \extrap olated"

beyond the calibration volume. For the setup of Fig. 4.2, we can focus at depths

for which the parallax is about 2.5 times greater than the parallax measurements

usedfor calibration.

4.2.1 Comparison with Metric Calibration

An alternative approach to is perform a metric calibration of the cameras.A metric

calibration givesthe mapping from camerapixels to the equation of the ray it cor-

responds to, and requiresestimating about 10 parametersper camera(such as its

focal length, principal point, pose). Our �rst approach to calibration was to imple-

ment a metric calibration system. Our implementation is basedon a multi-camera
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Occluded

Students

0 28 33

Reference
Cameras Plane Bushes

37 45

Calibration

Volume

Figure 4.2: Outdoor synthetic aperture imaging setup. (a) Experimental setup
showing scenelayout and distancesin meters from cameraarray. The calibration
volume is the regionover which the calibration grid wasmoved. (b) Our 45 camera
array on a mobile cart. The array was controlled by a standalone933 MHz Linux
PC. (c) The view from behind the cameraarray showing our calibration target in
front of the bushes.Our goal was to try and seepeoplebehind the bushes.

extensionof Zhang's method [54]; details of this can be found in [39]. The metric

calibration yieldsaccurateresultsfor lenseswith a reasonablylarge�eld of view (for

lenseswith �eld of view 38o, it is accurateto within 0.35pixels) and we have used

it successfullyfor synthetic aperture focusingin our laboratory.

However, for longer rangeoutdoor imaging whereit is desirableto usenarrow angle

lenses(such as the scenarioof Fig. (4.2)) the metric calibration yields poor results.

If we usemetric calibration to compute synthetic aperture images,we get reason-

able resultswhen focusingin front of the bushes(which is the regionwherewe took

calibration measurements). We are unable to get a good focus on objects behind
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(a) Images from two of the 45 cameras aimed at students behind bushes.

(b) Synthetic aperture images focused at the depth of the students behind bushes.
The left image was computed using parallax based calibration, the right using metric calibration.

(c) Left: image from one of the cameras of a cyclist behind the bushes. Right: synthetic aperture
image focused on the cyclist. The cyclist is closer to the bushes than the students in the above
example, which results in reduced visibility.

Figure 4.3: Resultsfrom the outdoor synthetic aperture imaging setupof Fig. (4.2)
for students behind bushesand a cyclist behind the bushes.Note that the parallax
basedcalibration yields much clearerresults.



40 CHAPTER 4. SYNTHETIC APERTURE FOCUSING SYSTEM

Parallax calibration

On the bushes

Behind the bushes

On the building

In front of bushes

On the students

Metric CalibrationDepth of Focal Plane

Figure 4.4: Comparisonof the synthetic aperture imagescomputed using parallax
basedcalibration and metric calibration for focal planesat di�eren t depths. The
metric calibration givesreasonablefocus in front of the bushesbut doesnot yield a
good focusbehind the bushes.
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the bushes(Fig. 4.3b, 4.4), which defeatsour goal of seeingthrough the bushes.

The failure of metric calibration forced us to study alternatives and led us to the

parallax basedcalibration proceduredescribed above.

Computing a metric calibration requiresa nonlinearoptimization about 450param-

eters(assuming45 camerasand 10 parametersper camera). This is initialized using

Zhang's method [54] where parametersof each camera are estimated separately.

Zhang's method cannot incorporate constraints like the cameracenters lying on a

plane. Estimating the cameraposeand intrinsics becomespoorly conditioned as

the �eld of view decreases.This leads to inaccurate initial estimatescausing the

nonlinear minimization to get stuck in a local minimum. In contrast, the parallax

basedcalibration makes full useof the knowledgethat the cameraslie on a plane.

It requiresonly a linear optimization (a rank-1 factorization using SVD) so there is

no dangerof local minima.

There are three trade-o�s madein the parallax-basedmethod. First, we require the

calibration grid be placed parallel to cameraarray to specify the referenceplane.

For narrow-anglelenses,an approximation by eyeballing is good enough.Second,we

do not computethe intrinsics and orientation of each camera,theseare left implicit

in the homographiesrequired for projection on to the referenceplane. However, for

computing synthetic aperture images,the homographiesare adequate. Third, we

have to give up the abilit y to specify the depth of the focal plane in metric units -

we can only specify the depth implicitly in terms of parallax.

4.3 Real-time Focusing

Wenow discusshow to map the computation of synthetic aperture imagesto camera

hardware to obtain real-time synthetic aperture videowith interactive focuscontrol.

The challengeis to perform the necessarycomputation while keepingthe per-camera

cost hardware low. We can reducethe computation required for image warps by

restricting the camerageometryor focal planesto the con�gurations of Fig. (3.4).
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Figure 4.5: Real-time focusingpipeline. Framesfrom the cameraare sent to a per-
cameracaptureboardwherethe homography for projection on to the referenceplane
is applied using a look-up table. The projected framesare shifted for the desired
focal plane, MPEG encoded and transmitted over a �rewire bus to a host PC. A
host PC decodes streamsfrom 15 cameras,computestheir averageand transmits
the stream to the master PC. The master PC addsstreamsfrom two host PCs and
displays synthetic aperture video.

This may be usefulwhen the imagewarps are implemented in per-camerahardware

sincelessercomputation requiredper cameracould lead to simpler (and potentially

lessexpensive) camerahardware.

If there are no restrictions on the camerasor focal planes,focusing on a plane re-

quiresapplying onehomography per camera.This requiresthree additions and two

divisions per pixel of input. However, if we restrict ourselvesto having the cameras

on a plane parallel to the referenceplane (Fig. 3.4a), we need to perform a�ne

transforms to vary the focus. Theserequire only two additions per pixel. A sum-

mary of the computation required for all con�gurations is presented in Table (4.2).

In our implementation we restrict ourselves to the frontoparallel and Scheimp
ug

con�gurations (Fig. 3.4c,d) wherewe simply needto shift the imagesto changethe

focus.
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Con�guration Image transforms
for refo cusing

Computation

Arbitrary camera positions
and focal planes

Homographies 3 additions and 2
divisions per pixel

Camerason plane parallel to
referenceplane (Fig. 3.4a)

A�ne transforms 2 additions per
pixel

Parallel focal planes (Fig.
3.4b)

Scale+ translation 2 additions per
pixel

Scheimp
ug con�gurations
(Fig. 3.4c,d)

Translation 2 additions per
camera

Table 4.2: A comparisonof the amount of computation required per cameraper
pixel for di�eren t con�gurations.

4.3.1 Exp erimen tal Setup

Our prototype consists 30 camerasfrom our array [48]. Each video stream is

grayscale, runs at 30 frames/secand has resolution 320 � 240. The processing

pipeline is shown in Fig. (4.5). The video stream from each camerais sent to its

capture board. The FPGA applies the initial homography required for projection

onto the referenceplane using a precomputedlookup table stored in RAM. For ev-

ery pixel (x; y) in the warped image,the lookup table storesthe corresponding pixel

(truncated to integer coordinates) (x0; y0) in the incoming cameraframe.

The warped framesare shifted, MPEG compressedand transmitted to the host PC.

Each host PC receivesstreamsfrom 15 cameras,which are decoded,addedand sent

over the network to a master PC. The master PC adds the streamsfrom the hosts

and displays the �nal synthetic aperture video. It can also perform a homography

on the �nal image, as required for the Scheimp
ug con�guration. The user can

move the focal plane back and forth with a slider which changesthe shifts being

performedin the FPGAs.

Since the homographiesfor projection on the referenceplane do not changewith

the focal plane, we can precomputeand cache them in a lookup table. This saves
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us the e�ort of having to computehomographiesin the FPGAs which would require

additions and divisions for every pixel, and may not be possibleto �t in modest

per-camerahardware. A lookup table is relatively easyto realize in memory and

freesroom in the FPGAs for the frame bu�ers. It can also let us apply arbitrary

warps, such as lens distortion correction in conjunction with a homography. The

trade-o� is that this approach restricts the family of planeswe can focuson.

4.3.2 Results

We show two examplesof our systemin action. The �rst sceneconsistsof a person

moving forward towards the cameras,with peoplewalking in front of him (Fig. 4.6).

By adjusting the focal plane with a slider as the subject moves, the user is able to

keephim in focuswhile the peopleoccluding him are blurred out.

The secondsceneconsistsof a suitcaseplacedat an angleto the cameraarray (Fig.

4.7). It is not possibleto bring the entire suitcaseinto good focususingfrontoparallel

planes. Using tilted focal planesfrom a Scheimp
ug con�guration we can bring the

entire suitcaseinto focus, while peoplein front of it are blurred out. (We urge the

reader to view a video demonstrating the capabilities of our system in action at

http://gr aphics.stanford.edu/papers/shear-warp/a3diss.avi).
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(a) Our array of 30 cameras with a 1m aperture.

(d) Corresponding frames from the synthetic aperture video, keeping the subject in focus.

(b) Screenshot showing person to be tracked.

(c) Frames from one camera, showing the subject being tracked as people move in front of him.

Capture boards
Cameras

slider

video
aperture
synthetic

subject

subject
subject

Figure 4.6: Real-time synthetic aperture video being usedto track a personmoving
through a crowd.
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passes through the person in front. In the remaining two images, the focus is on the suitcase.

(d) Left: frontoparallel planes used in (c). Right: tilted planes in Scheimpflug configuration used in (b).

Reference Plane

Focal Planes

(a) Frames from one camera showing a person moving in front of a tilted suitcase.

Focal Planes

Reference Plane

l

(b) Corresponding frames from synthetic aperture video using tilted focal planes. Left: the focal plane

(c) Using frontoparallel focal planes, we cannot get the complete suitcase in good focus.

suitcase

suitcase

Figure 4.7: Focusingon tilted planes.



Chapter 5

Reconstructing Focal Surfaces

This chapter explorescomputation of synthetic aperture imageswhere the focal

depth and aperture for each pixel can be chosenindependently of the remaining

pixels. We have thus far restricted ourselvesto synthetic aperture imagesthat are

focusedon a plane, using all the camerasof the array. In these imagespoints o�

the focal plane are blurred out. The large synthetic apertures we useresult in an

extremely shallow depth of �eld; this can be much smaller than the depth variation

of the object (or objects) we wish to focuson. To view objects away from the focal

plane - or parts of an extendedobject that extrude the focal plane - we must move

the focal plane back and forth. If we useda focal surfacethat coincidedwith the

surfaceof the object we wish to focus on, we would be able obtain a clearer view

of the entire object in a single synthetic aperture image. An exampleof focusing

on a curved surfacethat coincideswith the object surfaceis shown in Fig. (5.1).

In general,we would like to estimate the correct focal depth for each pixel in the

synthetic aperture imageand usethe estimateddepth map as our focal surface.

In addition to reconstructingper-pixel focal depths, we can alsouseper-pixel aper-

tures to improve the contrast and clarity of synthetic aperture images.Supposewe

wish to focus on an object which is concealedbehind someoccluders in the fore-

ground. The resulting synthetic aperture imagehasa highly blurred (or defocused)

imageof the foregroundoccluderssuperimposedon the focusedimageof the desired

47
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(a) Images of a toy sheriff concealed behind a crowd of toy soldiers.

Focal Surfaces

(b) (c) (d) (e)

Figure 5.1: Focusingon a cylindrical surface.(a) 3 imagesfrom a sceneconsistingof
a toy sheri� behind toy soldiers.A total of 60 camerapositions in a ring around the
scenewere used. (b) Synthetic aperture imagefocusedon a plane passingthrough
the sheri�. (c) Synthetic aperture on a cylindrical focal surfacecircumscribing the
sheri�. The face is in better focus than (b). (d) Cross section of the sheri� (in
black) showing the focal surfacesused. The red focal plane was used to compute
(b), the blue cylindrical focal surfacefor (c). (e) Unoccludedview of sheri�.

object. This reducesthe contrast of the object in focus. Instead of integrating the

all the rays from all the cameras(which is what we have done to compute all the

synthetic aperture imagesso far), we could ignore the rays which are incident on

the occludersand integrate only thoserays which are incident on the object. Specif-

ically, for each point on the focal surface,we integrate rays only from camerasin

which that point is not occludedby a foregroundobject. By choosing a subsetof

camerarays for each point, we are e�ectiv ely shapingthe aperture for each pixel in

the synthetic aperture so as to mask out the occluder. This greatly improves the

contrast, as illustrated in Fig. (5.2). To achieve this, we needto be able to estimate
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(a) (b)

(c) (d)

P
Focal Surface

Occluder

Figure 5.2: Using per-pixel shaped aperturesto maskout occluders. (a) Imagefrom
one of 90 camerasof two students behind densefoliage. (b) Illustration of shaped
apertures. For a point P on the focal surfacewe userays only from thosecameras
in which it is visible. Using a subsetof camerasamounts to shapingthe aperture for
each point. (c) Synthetic aperture imagefocusedon the students. (d) The synthetic
aperture imagein which rays incident on the foliagewereexcluded. This was done
by computing per-cameramattes for the foliageusing blue screeningand using per-
pixel shaped apertures as shown in (b). Images(c) and (d) werecomputedusing a
frontoparallel focal plane at the depth of the students.
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the desiredaperture for every pixel.

5.1 Di�erences with Prior Work

To synthesizethe clearestpossiblesynthetic aperture view of an occluded object,

we needto

1. Reconstruct the 3D surfaceof the object from the cameraimages.

2. Distinguish betweenthe pixels corresponding to the foregroundoccludersand

the occludedobject.

This requiresa 3D reconstructionanda foreground-backgroundsegmentation. These

are two challenginginverseproblemsin computervision for which accuratesolutions

are di�cult to obtain, especially for sceneswith denseocclusion.

Fortunately, to improve the clarity of synthetic aperture imageswe do not always

requirea perfect reconstructionand segmentation. For example,texturelesssurfaces

are an ambiguouscasefor 3D reconstruction: there can be di�eren t surfaceswhich

yield the sameimages.However, for this very reasonthe di�eren t surfacehypotheses

yield the samesynthetic aperture images:we do not have to do any disambiguation.

Thus, texturelesssurfacesare lessof problem for synthetic aperture imaging than

for a complete3D reconstruction. Likewise,a completeforeground-background seg-

mentation is not necessaryaswe do not needto identify all the rays incident on the

object we wish to focuson, a non-empty subsetsu�ces.

In this chapter, we comparetwo approachesfor reconstructing 3D surfaces:shape

from synthetic aperture focusand shape from stereo. We show that shape from fo-

cus requiresa stronger surfacetexture for accuratereconstruction than shape from

stereo;but for su�cien tly textured surfacesfocus performs better than stereo. We

alsodescribe two variants of stereowhich increaseits robustnessto occlusionsbased
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on color mediansand histogram entropy.

A crucial di�erence between our work and prior approaches is that we desire to

reconstruct surfacesthat are occluded in many of the camera images. This is a

harder problem than classicalmulti-view stereoin which occlusionsare ignored[31].

One approach to handling occlusionsis to useshiftable windows and view selection

developed by Kang et al [21]. However, this method reconstructsthe depthsof only

those points which are visible in a referenceview. Our method of reconstruction

using color mediansgeneralizesthis sovisibilit y in a referenceview is not required.

Several algorithms for 3D reconstruction work by partitioning the sceneinto layers

at di�eren t depths [44, 3, 55]. Translucent layers were consideredin [37]. These

approaches begin by �rst estimating the foreground layer and using residuals to

estimate the rest. For complex foregroundoccluderswhosereconstruction may be

error-prone,errors in foregroundestimation canseverely degradethe reconstruction

of the background. Since we seekto develop cost functions robust to occluders

(which are consideredoutliers), we do not require an initial reconstruction of the

foregroundlayer. In our experiments, we restrict the search for the occludedobjects

to depths behind the foreground.

Algorithms basedon voxel coloring [34] attempt a complete scenereconstruction

using a front-to-back sweep. Sincea threshold is typically usedto commit to fore-

groundoccluders,erroneousassignments result in background pixelsmarkedasfore-

ground or foregroundpixels not deleted in background reconstruction. Both cases

degradethe reconstruction of the background. Thresholding e�ects can be ame-

liorated to an extent using iterativ e probabilistic variants [6], but these are not

guaranteed to converge. In Section5.4, we compareour approach with voxel color-

ing.
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Figure 5.3: Stereo vs. focus for a surfaceat depth d0 with a constant intensity
gradient. (a) Cameralayout, and rays consideredfor depth hypothesesd = d0 and
d = d1. (b) The intensity pro�les of the mean of cameraimages,projected on to
depth planesd = d0 (top) and d = d1 (bottom). (c) Comparing the responseof
stereo(variance)and focus. The variancehasa parabolic pro�le, with the minimum
at the correct depth d0. The mean imagedoesnot vary with depth, so shape from
focus is not able to reconstruct depth accurately.

5.2 Stereo versus Focus

We begin by analytically comparingshape from synthetic aperture focusand shape

from stereo. A commonframework to describe the two is the space-sweepapproach

of Collins [4]. This involvessweepinga plane over a range of depths in the scene.

At each depth (more precisely, disparity) d we computea cost value for every pixel

(x; y) on the plane,creating a disparity space image(DSI) D(x; y; d) [37]. The main

di�erence betweenstereoand focusmethods is that they usedi�eren t cost functions

in constructing the DSI. A depth map d(x; y) is computedby �nding the minimum

cost surfacefrom the DSI:

d(x; y) = argmin
d

D(x; y; d)

Let us now de�ne the cost functions usedby stereoand focus. For simplicity, we
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work in 
atland: the camerasare recti�ed line camerasand the depth of a pixel

determinesits horizontal disparity with respect to a referenceview [31]. Let I i;d (x)

denote the image from camerai projected on the plane corresponding to disparity

d. The meanand varianceof the warped imagesfrom the N camerasare given by

I d(x) =
1
N

X

i

I i;d (x) (5.1)

vd(x) =
1
N

X

i

(I i;d (x) � I d(x))2 (5.2)

Shape from stereousesthe varianceof rays vd(x; y) through the 3D point (x; y; d) as

the cost function. Shape from focususesthe sharpnessof the synthetically focused

imageI d(x) as the cost function. The measureof sharpnesswe useis the gradient

of the focusedimage:

f d(x) = �
�

@I d(x)
@x

� 2

(5.3)

Which method is better? One straightforward observation we can make is that

focus is less sensitive to sensornoise (due to averaging) and varying bias across

cameras(sinceit computesa spatial derivative) than stereo. While both would fail

for texturelesssurfaces,we can show that there are textured surfaceswhich can be

reconstructedaccurately by stereobut not by focus (Fig 5.3).

Theorem. Shape from stereo can reconstruct the depth of di�use surfaces whose

2nd and higher order spatial derivativesof radiance vanish, whereas shape from fo-

cus requires the radiance to havenon-zero 3rd-order spatial derivatives.

Pro of. Consider a frontoparallel surfaceat disparity d0 with intensity given by

I (x). We compute the responseof stereoand focus at a point x0 for disparity d1.

Let � = d1 � d0 and x i the displacement of camerai from the central view. Given
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recti�ed images,we can compute I i;d 1 (x) using a Taylor seriesexpansion:

I i;d 1 (x0) = I (x0 + x i � )

= I (x0) + (x i � )I x (x0) +
(x i � )2

2
I xx (x0) + : : :

Using Eqs. 5.1,5.2,5.3 and
P

i x i = 0, we can compute the mean image, variance

and focus to be

I d1 (x0) = I (x0) + I xx (x0)� 2
X

i

x2
i =N + O(� 3);

vd(x0) = � 2I 2
x (x0)

X

i

x2
i =N + O(� 4); and

f d(x0) = � [I x (x0) + � 2I xxx (x0)
X

i

x2
i =N + O(� 4)]2

We seethat for a non-zerogradient I x (x0), stereohasa minimum at � = 0, enabling

accurate reconstruction. However, if the 3rd order derivative I xxx (x0) is zero, the

focusresponsewill be approximately constant as� varies. This completesthe proof.

The behavior of stereoand focusfor a the specialcaseof a constant gradient texture

I (x) is shown in Fig. (5.3). A weaker result for single lensapertures was proved in

[7], where they showed that shape from focus requirestextures with nonzero2nd-

order gradients.

In the analysis above, we have ignored occlusions. How would the response of

stereoand focus change if the surfacewe are trying to reconstruct is occluded in

someviews? In general,the responsewould depend on the nature of the occluder.

For shape from focus, the mean image will have a blurred image of the occluder

superimposedon it at the correct depth hypothesis. If the aperture is wide, the

blurred image should be approximately constant and should not contribute to the

spatial derivatives. However, the focus responsewill be attenuated by the cameras

that do not observe the surfacebeing reconstructed. For shape from stereo, the
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variancewill not approach zeroat the correct depth and may not attain a minimum

there unlessthe occluder is of a fairly uniform color. In Section 5.4 we will show

experimental comparisonsof stereoand focus for reconstructingoccludedsurfaces.

5.3 Median and Entrop y

One problem with stereo and focus is that both methods assignequal weightage

to all rays through the 3D point (x; y; d) in constructing the DSI; this corresponds

to using the full aperture for every pixel. When reconstructing occludedsurfaces,

many of theserays will actually hit occludersand should therefore be rejected as

outliers (which amounts to shapingthe aperture). In this section,we introducetwo

variants of stereo that try to mitigate the e�ects of outliers due to occlusionson

depth and color reconstruction.

5.3.1 Shape from median

This approach is inspired by the observation that amongstmeasuresof central ten-

dency, the median is more robust to outliers than the mean. Consider the case

of grayscale images. Suppose that a surfacepoint (x; y; d) corresponds to pixels

S = f I i;d (x; y) : 1 � i � N g in the N input images. If the point is occluded in

someimages,the median I M = median S will be a better estimator for the sur-

face intensity than the mean. This is preciselywhy median colors have beenused

in matte extraction [45]. However, in addition to estimating the surfaceintensity

we needa cost function to quantify the accuracyof the depth estimate. The cost

function we usefor constructing the DSI is the mediandistanceof all the rays from

I M , i.e.,

D(x; y; d) = medianfj I i;d (x; y) � I M j : 1 � i � N g

When a surfacepoint is visible in morethan half the cameras,the mediancolorat the

correct depth shouldcorrespond to the color of the occludedsurface.As the number

of occludedcamerasincreasesover 50%,the estimateof the medianbeginsto break
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down. An interesting questionis how to extend shape from medianto color images.

There are many ways to generalizethe notion of median to higher dimensions[1].

We have experimented with the component-wise median and the L1 median, and

observed they yield similar results. We prefer to use the component-wise median,

sinceit can be computed in O(N ) time.

5.3.2 Shape from entrop y

Let us considerthe distribution of intensitiesof the rays through the point (x; y; d),

which may be visualizedby plotting a histogram. If the depth hypothesisd is incor-

rect, theserays will hit di�eren t points on the foregroundoccludersand background

surface.Given textured surfaces,we would expect the histogram to be spreadover

a wide range of intensities. If the depth hypothesisd is correct, rays hitting the

background surfacewill be clusteredover a small range of intensities, while those

hitting the occluder will still be spreadout resulting in a more peaked histogram.

This suggeststhat we can use the Shannonentropy of the intensity histogram as

a cost function for constructing the DSI. The entropy is maximized for a uniform

distribution and decreasesas the intensities are clusteredtogether.

For 8-bit grayscaleimages,we divide the intensity range into K = 16 bins. If the

number of rays in bin i is bi , the entropy estimate is given by

H = �
KX

i =1

bi

N
log

bi

N
:

(For color images,we use entropy of a color histogram where bins correspond to

cubes in RGB space). The entropy cost function penalizesrays that fall into dif-

ferent bins. Unlike stereo,the penalty does not increasewith the distance between

di�er ent ray colors. This helps mitigate the in
uence of outliers on depth recon-

struction.
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There are two interesting properties of shape from entropy we would like to men-

tion. First, given N rays, the entropy can vary in increments of 1
N from 0 to logN .

Thus, the precision of entropy is O( 1
N ), making it more preciseas the number of

views increases.Secondly, sincewe are binning the rays, entropy doesnot usethe

lower bits of the intensity values(for K = 16 bins, we useonly 4 bits per channel

to compute the bin index for a pixel). This could be exploited for saving storageor

bandwidth, and alsomakesentropy lesssensitive to color miscalibration.

Both entropy and shape from median retain the desirableproperty of shape from

stereoof being sensitive to �rst-order texture derivatives. Both of thesestart to fail

when the occluder is of a fairly uniform color and the amount of occlusionexceeds

50%| in this case,the reconstructedcolor is the color of the occluder rather than

the background surface.

5.4 Exp erimen tal Results

We have comparedthe performanceof the four cost functions|stereo (variance),

focus,median,and entropy on reconstructingoccludedobjects in two acquiredlight

�elds of complicated scenesand one synthetic scene. As we are avoiding explicit

reconstructionof the occluders,we limit our search to a rangeof depths behind the

occluders.The accuracyof the depth mapscomputedby each method is compared

with ground truth. To visualize the reconstructedappearanceof the occludedsur-

faces,we construct synthetic aperture imagesfocusedon the reconstructedsurfaces.

In shape from focusand stereo,the meancolor of all the rays through a point on the

estimatedsurfaceis usedasits color. This correspondsto using the entire synthetic

aperture. In shape from median, we use the median color rather than the mean.

For entropy, we usethe modal color from the color histogram. This corresponds to

a per-pixel aperture consistingof the cameraswhoserays fall in the tallest bin of

the color histogram for that pixel.
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(a) Background layer (c) 49% occlusion,(b) 31% occlusion, (d) 64% occlusion,
uniform occluder white noise occluder pink noise occluder

Stereo Median Entropy Focus

(e) Reconstruction of background obtained for the scene of (b)

(f) Reconstruction of background obtained for the scene of (c)

(g) Reconstruction of background obtained for the scene of (d)

Figure 5.4: Experiment 1: Reconstructionsobtained with synthetic scene. (a) A
textured plane which we seekto reconstruct. (b)-(d) Someof the occludersused.
The amount of occlusion was varied from 19% to 75% by changing the spacing
betweenthe bars. (e)-(g) The reconstructionsof the background planeobtained for
the scenesin (b)-(d) using stereo,median,entropy and focus.
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Figure 5.5: Experiment 1: Reconstructionaccuracyfor the synthetic sceneof Fig.
(5.4). The plots show the percentage of pixels on the background reconstructed
within one disparity level of ground truth versusthe amount of occlusion for uni-
formly colored occluders(top), white noiseoccluders(middle) and pink noiseoc-
cluders(bottom).
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5.4.1 Exp erimen t 1: Synthetic scene

To measurethe performanceof our cost functions (stereo, focus, median, entropy)

under varying amounts of occlusion, we experimented with a synthetic scenewith

preciselycontrolled amounts of occlusion. The sceneconsistsof two planes. The

background plane (Fig. 5.4a) has the CVPR logo composited with white noiseto

ensurethere is su�cien t texture at each point. The foregroundoccluderis composed

of horizontal and vertical bars. We control the amount of occlusion(between19%

and 75%) by varying the spacingbetween the bars. We have experimented with

three di�eren t textures on the foregroundbars: white noise(strong texture), pink

noise(weak texture, obtained by convolving white noisewith a 5� 5 box �lter) and

uniformly coloredbars (Fig. 5.4 b-d).

For reconstruction,we used81 viewsof this scene.The camerapositions wereon a

9 � 9 planar grid perturbed by random o�sets. This is to avoid producing a strong

correlation betweenvisibilit y and camerapositions, which rarely arisesin practice

and would introduce addition errors in reconstruction, contaminating our simula-

tion. The two planeswereseparatedby a disparity of 40 pixels acrossthe synthetic

aperture. We measuredhow accuratelyeach of the four cost functions reconstructed

the background plane.

Over the rangeof occlusiondensitiesand foregroundtextures in our experiments, en-

tropy doesbest, with near-perfect reconstructionsup to 65%occlusion. Shape from

median starts to fail as the occlusiondensity crosses50%. For all three foreground

textures, the fraction of background points correctly reconstructedby focusis about

15%higher than that for regular stereo.This suggeststhat givenan adequatelytex-

tured surface,focus does better than variance in the presenceof occlusions. Note

that real scenescould have surfacetextures that stereocan reconstruct but not fo-

cus;in which casestereowould obviously do better. Plots of reconstructionaccuracy

versusamount of occlusionfor the three occluder textures are shown in Fig. (5.5)
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5.4.2 Exp erimen t 2: CD case behind plan ts

This light �eld wasacquiredusinga singlecameraon a computer controlled gantry.

The camerapositions span a 21 � 5 grid (synthetic aperture size60cm by 10cm).

Our goalwasto reconstructa picture of the StraussCD casebehind the plants (Fig.

5.6 a). For ground truth, the depth of the CD casewas estimated manually. To

estimate the amount of occlusion for the CD case,we captured an identical light

�eld of the samescenewithout the occluding plants and used image di�erencing

to determine which pixels were occluded. We can thus compute an occlusionmap

image,whereeach pixel in the occlusionmap storesthe number of views in which

the corresponding pixel on the CD is occluded(Fig. 5.6 b). Given ground truth and

an occlusionvalue, we determine for each of the four cost functions the percentage

of pixels reconstructedcorrectly (within one disparity level) for di�eren t amounts

of occlusion(Fig. 5.6 c). The histogram indicates that stereo,median,and entropy

start to perform poorly asthe amount of occlusionincreases,with entropy perform-

ing best. The median-basedcost function starts to fail oncethe amount of occlusion

exceeds50%. Depth from focusdoesnot do well on the whole, but it overtakesthe

stereo-basedapproachesas occlusionincreasesbeyond 60%.

The synthetic aperture imagesfrom each cost function are shown in the top row

of Fig. (5.7). The text on the CD caseis most legible for entropy and median.

The bottom row shows the reconstruction of the CD obtained by voxel coloring

after reconstructingand deleting the occluding plants. Voxel coloring usesa thresh-

old to commit to foregroundoccludersso that pixels corresponding to the occluder

are deleted prior to reconstructing the background. Note that there is no single

threshold for which the CD is reconstructedproperly. At low thresholds,all fore-

ground pixels are not deleted; at higher thresholds, many background pixels are

reconstructedas foregroundand deleted.
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100%

50%

0%

(b) Occlusion map on the CD case, showing the

percentage of views each point is occluded in

the Strauss CD case behind the plants (inset)

(a) Two images from the light field. We wish to reconstruct (c) Performance of the four cost functions on the

the Strauss CD case.

Figure 5.6: Experiment 2: Comparisonof cost functions for reconstruction of the
CD casebehind the plants using a 105 imagelight �eld.

5.4.3 Exp erimen t 3: Dense Foliage

This light �eld (Fig. 5.8a) was captured using an array of 88 cameras. The scene

consistsof a person and a statue behind a denseivy wall. We computed a per-

cameramatte for the occluder using standard blue screentechniques. While we do

not have ground truth for this scene,we can estimatevisibilit y near the true depths

using the occluder mattes. The objects behind the ivy are occluded in about 70%

of the cameras. Entropy, median and voxel coloring all failed to reconstruct any

part of the occludedobjects accurately. This is due to the high degreeof occlusion,

the relatively uniform color of the occluder and di�erences amongst that cameras'

colorimetric responsewhich persistedafter color calibration. Focus doessomewhat

better than stereo | it is able to reconstruct the statue's torch and the person's
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MedianEntropy Focus Stereo

Voxel coloring (threshold increases left to right)

Figure 5.7: Experiment 2: Reconstructingthe StraussCD casebehind plants (Fig.
5.6). The top row shows the reconstructedsurfaceand color using entropy, median,
focus and stereo. The bottom row shows the reconstruction using voxel coloring:
theseimagesare obtained by deleting all voxels up to the depth of the foreground
occluders,projecting the rest into the central cameraand computing the meancolor
of the projected voxels. For low thresholds,somepoints on the CD surfaceare not
reconstructed at all. At high thresholds, the computed depth for points on the
CD casecan be much closer to the camerasthan the true depth, causing them
to be deleted with the occluders. These two e�ects causethe holesvisible in the
reconstruction.

facewherestereofailed (Fig. 5.8 b,c).

5.5 Discussion

We have studied four cost functions for reconstructingoccludedsurfacesusing syn-

thetic apertures. Most existing algorithms usecost functions developed for recon-

structing the (unoccluded) foreground. We have studied an alternative approach:

designingcost functions that leveragea large synthetic aperture and large number

of viewsto be robust to occlusions.This is usefulwhenthe foregroundis di�cult to
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(a) Image from one camera(b) Stereo reconstruction(c) Focus reconstruction (d) Unoccluded objects

Figure 5.8: Experiment 3: Reconstruction of a personand statue behind a dense
wall of arti�cial ivy. The high occlusion (about 70%) and uniform color of the
occluder makes this a failure casefor median and entropy. Focus does somewhat
better than stereoon the right part of the statue and the person'sface (shown in
blue circles). Image (d) was createdby manually compositing layers after deleting
the occludedpixels using blue screening.

reconstruct accurately (see,for example,Fig. (5.8) and in applications like surveil-

lanceof crowdedareaswherereconstructingthe appearanceof occludedobjectsmay

be of primary interest.

While the cost functions we have developed show encouragingresults, we believe

we have merely scratched the surfaceof this designspace.We would like to explore

ways to combine information from di�eren t costfunctions to gain better results. Our

approach could alsobe combined with existing multi-layer estimation algorithms to

improve reconstruction of all layers. One limitation of our work is that we have

not enforcedany spatial regularization. We would like to �nd ways of extending

algorithms based on graph cuts or belief propagation to handle outliers due to

denseocclusion. While our focus in this work has been on di�use surfaces,we

believe robust cost functions like median and entropy may also be useful for the

reconstructionof non-Lambertian surfacessincespecularhighlights, like occlusions,

may be regardedas outliers.
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Conclusion

In this thesis, we have studied the geometry underlying synthetic aperture image

formation. We have demonstratedthe useof our geometricanalysisfor calibration

of camera arrays, real-time synthetic aperture focusing and 3D reconstruction of

partially occludedsurfaces.This chapter reviewsthesecontributions, discussessome

limitations and potential strategiesfor overcoming them, and somedirections for

future work.

6.1 Calibration

We have characterized the minimum calibration required to compute a synthetic

aperture imagefocusedon an arbitrary plane:

1. Homographiesfor projecting cameraimageson to a referenceplane.

2. The location of epipoles(in a referencecamera).

3. The � -vector.

This requiresobservation of at least of four points on a referenceplane,and at least

two points not on the referenceplane in all cameras[12]. When the cameracenters

are known to lie in a plane (which is often the case),it su�ces to observe a single

point not on the referenceplane. This con�guration is useful since we can solve

65
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for the calibration parameters(speci�cally, the epipoles)using linear optimization,

which doesnot require any initial guess.

A keyassumptionwehavemadeis that the camerasarestationary andsynchronized.

One can think of situations where this may not be true: for example,the cameras

may be mounted on di�eren t vehicles moving independently or even on human

soldiers. In such cases,calibration becomessigni�cantly more challenging. Some

simpli�cation may be achieved by having GPS or inertial sensorsattached to the

camerasto obtain their relative poses. However it is not possibleto achieve pixel

accurate alignment in this way which meansone would have to resort to general

structure-from-motion methods. A promisingapproach for this would be the system

developed by Snavely et al [36] which performs incremental structure from motion

using robustly matched SIFT features.

6.2 Real-time Focusing

We have derived a classi�cation of camera arrangements and focal planes corre-

sponding to di�eren t families of image warps required for focusing. The key idea

to project the camera imageson to a �xed referenceplane: this computationally

demandingstep needsto be doneonly once. We have characterizedthe con�gura-

tions where we can move the focus from the referenceplane to other focal planes

via a�ne or simpler warps (Table 4.2). Of particular interest are the con�gurations

where changing the focal plane requires simply shifting the images(Fig. 3.4c,d).

Sinceshifts are relatively easyto implement in per-camerahardware, this facilitates

a real-time focusing system for frontoparallel focal planesand focal planes in the

Scheimp
ug con�guration.

While our cameraarray hardware may not be able support focusing on arbitrary

planesand surfacesin real-time, onecanconceiveof other cameraarray architectures

that can. One approach would be to leveragethe rendering capabilities of modern

GPUs, which have speedsof several giga
ops and canhold entire light �elds in their
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texture memory. Computing synthetic aperture imageson GPUs is straightforward:

onesimply needsto texture map the cameraframeson to the desiredfocal surface

and accumulate the renderedimagesin the A-bu�er. Sincesynthetic aperture imag-

ing bene�ts from large numbers of cameras,it is important to maintain scalability

and minimize the cost per camera. The key challengesin using a GPU-basedar-

chitecture would include maximizing the bandwidth betweenthe camerasand GPU

texture memory and supporting as many camerasper GPU as possible.

6.3 3D Reconstruction

We have shown how to improve the 3D reconstructionof partially occludedsurfaces

given a large, denselysampledsynthetic aperture. Instead of using classicalshape

from stereoor shape from synthetic aperture focus, we have show we can achieve

better reconstructionusingcolor mediansand modal colors. Unlike focusand stereo,

which are basedon the mean and variancerespectively, the median and mode are

more tolerant of outliers, such as those causeddue to occlusion. Experiments in-

dicate theserobust approachescan achieve accurate3D reconstruction of surfaces

occluded in over 50% of the cameras. This is facilitated by a synthetic aperture

wider than the occluders in the scenewhich enablesseeingaround the occluders,

and a large number of camerasto sampleenoughrays that are incident on the par-

tially occludedsurfaceto be reconstructed.

The performanceof theserobust methods suggestsa di�eren t approach to matching

rays from di�eren t camerasfor 3D reconstruction. Most existing methods seekto

either match rays acrossall views - assumingno occlusionsor specularities [31],

or explicitly reconstructing occludersand deleting them [34, 24]. The former are

restricted to a limited classof scenes,the latter make hard decisionsabout recon-

struction of occluders,and are sensitive to errors in the initial reconstruction. Our

work suggestsit that given rays from a large number of cameras(typically � 100),

it su�ces to match a subsetof them while treating the remaining rays as outliers.

This yields accurateresults, avoids making hard decisions(like deleting occluders)
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and doesnot require explicit modeling of view-dependent e�ects like occlusionsand

non-Lambertian surfaces.

One limitation of our approach is the use of a single depth map to represent the

scenewe wish to reconstruct. While a single depth map may be an adequateto

represent a focal surfacefor synthetic aperture focusing,there are many surfacesit

cannot represent completely. An alternative approach would be to computea depth

map for every view (or a subsetof views) in the manner of [20] while continuing

to userobust methods to tolerate occlusions. Thesedepth maps could be merged

volumetrically to yield a complete3D model [10]. In contrast to our approach which

leveragesall available viewsto overcomeocclusions,they construct a depth map for

every view using normalized cross-correlationacrossa small number (typically 5)

views. Con�dence weighted volumetric mergingof thesedepth mapsyield accurate

and near-complete3D models. Theseare far superior to our single-depth-mapas a

representation of 3D shape, but are time-consumingto compute(computation time

variesfrom hours to days) and incur somelossof accuracynear depth edgesdue to

window-basedcorrelation. An appealing approach would be to designa hybrid of

their approach and ours, using the robust cost functions to minimize errors due to

windowing and reducecomputation time by pruning the search space.

One could alsotry to improve the quality of our reconstructionsby applying spatial

regularization. In our implementation, wehavereconstructedthe depth of each pixel

independently of its neighbors. Barring surfacediscontinuities, the depths nearby

pixels are similar. One would alsoexpect a strong correlation betweenthe cameras

deemedoutliers for two neighboring pixels: if surfacepoint is occludedin onecamera

it is likely that nearby points are also occluded in that camera. Exploiting this

spatial coherencein shape and outliers - perhaps using Markov random �elds -

should improve the accuracyof reconstruction,especially in regionsof low texture.
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SurfaceP

Occluders

Rays from P

Cameras

Figure 6.1: Visibilit y analysisfor a surfacepoint P behind occludersbeingobserved
by a camera array. Larger occluders shadow out larger chunks of the synthetic
aperture. The visibilit y of P is the fraction of rays from P which avoid the occluders,
indicated in red. When the occludersare large, there is a strong correlation between
the visibilit y of adjacent rays.

6.4 Future Work

Wewould like to concludeby describingtwo important directionsfor future research:

analyzing the relation between camera layout, sceneoccludersand visibilit y, and

augmenting cameraarrays with arrays of projectors.

6.4.1 Visibilit y Analysis and Camera Arrangemen ts

Our abilit y to reconstruct an imageof (or reconstruct the shape of) a partially oc-

cluded surfacepatch using synthetic aperture imaging depends on the fraction of

camerasin which it is visible. A large aperture enablesseeingaround large occlud-

ers. A large number of camerasenablessampling a larger number of rays which
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avoid the occludersand are incident on the surfacewe wish to seeor reconstruct.

For the designerof a synthetic aperture imagingsystemwho wishesto maximizethe

visibilit y surfacesunder a wide variety of occluders,understandingthe the relation-

ship between surfacevisibilit y, aperture size, number of camerasand their layout

and distribution of occluder sizesis imperative.

An obvious constraint on the aperture size is that is must be larger than any of

the occludersin the scene.The sizeof the aperture also determinesthe minimum

distancebetweenan occluderof a given sizeand the surfacepoints which we seekto

observe. Fig. (6.1) shows the shadow cast by an occluderon the synthetic aperture.

If the distancebetweenP and the occludersis reduced,the fraction of the cameras

in shadow will increase.Thus, the aperture sizeplacesan upper bound on the size

of occludersin the sceneand a lower bound on the separationbetweenthe surface

to be seenand the occluders.

It would be useful to have boundson the number to camerasrequired to observe a

surfacepoint with someminimum probability. This turns out to be non-trivial for

most occluders. Consider the set of rays from a surfacepoint P as shown in Fig.

(6.1). Supposewe know (from the averageocclusion density) that the fraction of

rays starting from P which passthrough the occludersis � . Can we compute the

minimum number of camerasN required so that the probability P will be visible

in at least one view is greater than a given threshold p ? It is tempting to assume

the visibilit y of a ray starting from p is independent of the other rays, in which

casethe ray visibilities have a binomial distribution and we can obtain a bound on

the minimum number of samples(i.e. cameras)required as a function of p and � .

However, this assumptionof independenceis incorrect for most occluders;asshown

in Fig. (6.1), there is a strong correlation between nearby rays owing to the size

of the occluder. Analyzing the relation betweennumber of camerasand visibilit y

for di�eren t classesof occludersas a function of occluder density and occluder size

distribution remainsan open question for the designof synthetic aperture imaging

systems.
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(a) Single view (b) Synthetic aperture
image

(c) Confocal image (d) Synthetic aperture
confocal image

Figure 6.2: Synthetic aperture confocal imaging using an array of 16 (virtual) cam-
erascamerasand projectors [25]. (a) A toy soldier behind foliage. (b) A synthetic
aperture image focusedon the toy soldier in which the foliage is blurred out. (c)
A confocal image in which illumination is synthetically focusedon the toy soldier.
There is almost no light on the the foliage,leaving it dark. (d) A synthetic aperture
confocal image obtained by combining (b) and (c). The occluding foliage is both
dark (due to confocal illumination) and blurry (due to synthetic aperture focusing),
resulting in better contrast and clarity.

6.4.2 Synthetic Ap erture Illumination

We can augment an array of cameraswith an array of projectors. A projector is

a dual of a camera; just as we can usean array of camerasfor synthetic aperture

imaging we can use an array of projectors for synthetic aperture il lumination. A

suitably pre-warped imageis displayed from each projector sothat all the projected

imagescomeinto alignment on a chosenfocal plane(analogousto the focal plane in

synthetic aperture imaging). The projectorse�ectiv ely behave likea singleprojector

with a large synthetic aperture and consequently shallow depth of �eld.

Using this synthetic aperture projector, we can project any patterned illumination

- such as high frequency texture - into the scenesuch that the illumination is in

focus at the desireddepth and blurred (low frequency)everywhereelse. Just as a

large synthetic aperture of a cameraarray enablesus to seeobjects behind dense
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occlusion, a large synthetic aperture spannedby a projector array enablesus to

project patterned il lumination on to objects behind denseocclusions. Levoy et al

have shown that by switching o� projector pixels which correspond to rays that are

incident on the occluder (i.e. shaping the aperture per pixel), we can illuminate

partially occluded objects without lighting up the occluder [25]. This can greatly

increasethe contrast of synthetic aperture images;we show one of their results in

Fig. (6.2). They also showed how synthetic aperture illumination may be usedfor

3D surfacereconstructionwherethe large synthetic aperture makesthe reconstruc-

tion more tolerant to occlusionthan most structured light systems.

To compute shaped apertures, Levoy et al adapted techniques from confocal mi-

croscopy [49]. The resulting method is rather slow, in that it requiresa large num-

ber of coded patterns to be projected on the sceneand imaged. In particular, the

number of coded patterns required to get provably correct results is of the order of

the number of pixels in the projector. Sincethesecodesweredeveloped in confocal

microscopy for single lens aperture, they do not exploit the fact that we multiple

camerasimaging the scene. Designing coded patterns which can leverageimages

from multiple views to help resolve decoding ambiguities should lead to greater ef-

�ciency and shorter acquisition times.

A second,morebasicchallengeis to build projector arrays that match the total reso-

lution and aperturesachievablewith cameraarrays. Levoy et al useda singlecamera

and projector aimed at planar mirrors in their experiments, trading o� spatial res-

olution (of the images)for angular resolution (number of camerasand projectors).

Projectors, like cameras,are decreasingin cost and size, while improving in their

energye�ciency , making it feasibleto build large arrays of digital projectors. De-

signing and building large projector arrays to augment existing cameraarrays will

provide a platform for exciting research in synthetic aperture imaging and synthetic

aperture illumination.



App endix A

Error Analysis for Non-planar

Cameras

For many of our results, such as parallax-basedcalibration and real-time focusing

we have assumedthe cameracenters lie on a plane. The camerasare mounted on a

rigid, planar framework so that the cameracenters do not deviate from a plane by

more than 5cmfor the telephoto lensesusedin outdoor imaging and more than 1cm

for the lensesusedindoors in our real-time system. We will now quantify the error

incurred in synthetic aperture focusingassumingplanar cameracenters and verify

under what conditions this is a reasonableassumption.

Considerthe scenariodepicted in Fig. (A.1). This shows the referencecameraC0,

a \camera plane" on which all cameracenters are assumedto lie. C1 is a camera

which is actually somedistance � Z from the cameraplane. Supposewe wish to

focusat the depth of somepoint P. To do so, we will needto shift the imagefrom

camera C1 by an amount equal to the parallax of P, which is � p1 + � p. If we

assumecameraC1 is located on the cameraplane, we will compute the parallax to

be � p1. This error in parallax will manifest itself as a misalignment of � p when

focusingon P. We will now computep in terms of the cameralayout and focal dis-

tancesand show whenit is small enoughto justify the assumptionof planar cameras.

73
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Z0

DZ

C1

Dp1

pD

C0 PX
Dx

C'1

P

Reference Plane

ZP

X1

Camera

Plane

Figure A.1: Quantifying the error incurred by assumingthe cameracenters lie on
a plane. C0 is the referencecamera,C1 is another camerawhich is at a distance
� Z from the assumedplane of camerasshown in red. If we assumecameraC1 is
actually locatedat position C0

1, the parallax of P will be � p1. The error in parallax
will causea misalignment of � p when focusingon P.
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From similar triangles, we have

� x
� Z

=
X 1 + � x � X P

ZP

and

� p
� x

=
ZP � Z0

ZP

Eliminating � x and solving for � p we obtain

� p =
� z(X 1 � X P )

ZP � � Z
(1 �

Z0

ZP
) (A.1)

In general,the misalignment � p can be arbitrarily large, such as when ZP � 0 or

ZP � � Z . In most experimental conditions, including ours, we can show that the

misalignment is smaller than a singlepixel. We make two observations:

1. We focuson surfacesthat arewithin the �eld of view of most cameras.In Fig.

(A.1), we require P to be within the �eld of view of cameraC1. If the angular

�eld of view is 2� , this yields:

jX P � X 1j � (ZP � � z) tan � (A.2)

2. We focus at depths of the order of Z0 - at depths distant from Z0, there is

little or no overlap amongst the �elds of view of di�eren t cameras. In our

experiments, we have

2Z0

3
� ZP � 2Z0

which yields

j1 �
Z0

ZP
j �

1
2

(A.3)
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We are now ready to obtain a bound on � p.

j� pj = j
� z(X 1 � X P )

ZP � � Z
(1 �

Z0

ZP
)j from Eq. (A.1)

� j
� z

ZP � � Z
j:(ZP � � z) tan � :

1
2

from Eq. (A.2) and (A.3)

=
� z tan �

2
(A.4)

To convert this bound from metric units to pixels, supposethat our camerashave

imagesR pixelswide. On the referenceplane(i.e. at the depth � p is de�ned), these

R pixels are distributed over a length of 2Z0 tan � sowe have R
2Z0 tan � pixels per unit

length. Thus, we have

j� pj � j
R� z
4Z0

j (A.5)

For our outdoor imaging setup (Fig. 4.2), we have R = 640 pixels, Z0 = 28m,

� z � 5cm which yields

� p � 0:29 pixels

For our real-time systemusedin the laboratory, we have R = 320pixels, Z0 = 2m,

� z � 1cm which yields

� p � 0:4 pixels

This amount of misalignment still permits us to obtain fairly sharp synthetic aper-

ture images,as we have seenin our experiments.

Note that Eq. (A.5) is only an upper bound on the misalignment. The misalignment

is greatestnear the periphery of the �eld of view (where the bound from Eq. (A.2)

is tight) and becomessmaller towards the center. In Fig. (A.1), if P were directly

above C1 sothat X P = X 1, the misalignment � p would be zero. On the other hand,

the misalignment increaseswith the sensorresolution and with the distanceof the

focal plane from the referenceplane.



Bibliograph y

[1] G. Aloupis. On computing geometricestimators of location. Master's thesis,

School of Computer Science,2001. 56

[2] H. Baker, D. Tanguay, and C. Papadas.Multi-viewp oint uncompressedcapture

and mosaicking with a high-bandwidth pc camera array. In Proceedings of

OMNIVIS (6th Workshop on Omnidirectional Vision, Camera Networks and

Non-classical Cameras), 2005. 10

[3] S. Baker, R. Szeliski, and P. Anandan. A layered approach to stereo recon-

struction. In IEEE Conference on Computer Vision and Pattern Recognition,

pages434{441,1998. 51

[4] R. Collins. A spacesweepapproach to true multi-image matching. In IEEE

Conference on ComputerVision and Pattern Recognition, pages358{363,1996.

26, 52

[5] H. S. M. Coxeter. Projective Geometry. SpringerVerlag, 2003. 27

[6] J. de Bonet and P. Viola. Roxels: Responsibility weighted 3d volume recon-

struction. In International Conference on Computer Vision, pages418{425,

1999. 51

[7] P. Favaro and S.Soatto. Observingshape from defocusedimages.International

Journal of Computer Vision, 52(1):25{43,2003. 11, 54

77



78 BIBLIOGRAPHY

[8] P. Favaro and S. Soatto. Seeingbeyond occlusions(and other marvels of a

�nite lens aperture). In IEEE Conference on Computer Vision and Pattern

Recognition, pages(2), 579{586,2003. 11

[9] G. Garg, E. Talvala, M. Levoy, and H. Lensch. Symmetric photography: Ex-

ploiting data-sparsenessin re
ectance �elds. In Eurographics Symposium on

Rendering, pages251{262,2006. 2

[10] M. Goesele,S. Seitz, and B. Curless. Multi-view stereo revisited. In IEEE

Conference on ComputerVision and Pattern Recognition, pages2402{ 2409(2),

2006. 68

[11] S. J. Gortler, R. Grzeszczuk,R. Szeliski,and M. F. Cohen. The lumigraph. In

Proceedings of ACM SIGGRAPH, pages43{54, 1996. 10

[12] R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision.

Cambridge University Press,2000. 12, 16, 20, 26, 32, 65

[13] S. Hasino� and K. Kutulak os. Confocal stereo. In European Conference on

Computer Vision, pages620{634,2006. 11

[14] Integrated systemsdevelopment, s. a. http://www.isd.gr. 10

[15] M. Irani, P. Anandan, and M. Cohen. Direct recovery of planar parallax from

multiple frames. In Vision Algorithms: Theory and Practice, pages85{99.

SpringerVerlag, LNCS vol. 915,1999. 12

[16] M. Irani, P. Anandan, and D. Weinshall. From referenceframes to reference

planes:Multi-view parallax geometryandapplications.In European Conference

on Computer Vision, pages829{845,1996. 12

[17] A. Isaksen,L. McMillan, and S. Gortler. Dynamically reparametrized light

�elds. In Proceedings of ACM SIGGRAPH, pages297{306,2000. 12

[18] T. Kanade. Carnegie mellon goes to the super bowl.

http://www.ri.cm u.edu/events/sb35/tksup erbowl.html, 2001. 1, 10



BIBLIOGRAPHY 79

[19] T. Kanade,H. Saito, and S. Vedula. The 3d room: Digitizing time-varying 3d

events by synchronizedmultiple videostreams.Technical Report CMU-RI-TR-

98-34,Robotics Institute, CarnegieMellon University, 1998. 1

[20] S. B. Kang and R. Szeliski. Extracting view-dependent depth maps from a

collectionof images.International Journal of ComputerVision, 58(2):139{163,

2004. 68

[21] S. B. Kang, R. Szeliski,and J. Chai. Handling occlusionsin densemulti-view

stereo. In IEEE Conference on Computer Vision and Pattern Recognition,

pages103{110,2001. 51

[22] R. Kingslake. Optics in Photography. SPIE, 1992. 4, 7

[23] E. Krotk ov. Focusing.International Journal of ComputerVision, 1(3):223{237,

1987. 11, 14

[24] K. Kutulak os and S. Seitz. A theory of shape by spacecarving. International

Journal of Computer Vision, 38(3):199{218,2002. 67

[25] M. Levoy, B. Chen, V. Vaish, M. Horowitz, I. McDowall, and M. Bolas. Syn-

thetic aperture confocal imaging. In Proceedings of ACM SIGGRAPH, pages

825{834,2004. 2, 8, 71, 72

[26] M. Levoy and P. Hanrahan. Light �eld rendering. In Proceedings of ACM

SIGGRAPH, pages31{42, 1996. 10, 12, 26

[27] R. Magid. Technobabel. American Cinematographer, pages46{55, April 1999.

1, 10

[28] K. Mileshosky. What is synthetic aperture radar ?, 2005.

http://www.sandia.go v/RAD AR/whatis.h tml. 12

[29] Y. Ng. Fourier slice photography. In Proceedings of ACM SIGGRAPH, pages

735{744,2005. 8, 27



80 BIBLIOGRAPHY

[30] Y. Ng, M. Levoy, M. Bredif, G. Duval, M. Horowitz, and P. Hanrahan. Light

�eld photography with a hand-heldplenoptic camera.Technical Report CSTR

2005-02,Computer ScienceDepartment, Stanford University, 2005. 2

[31] M. Okutomi and T. Kanade. A multiple-baselinestereo.IEEE Transactionson

Pattern Analysis and Machine Intel ligence (PAMI) , 15(4):353{363,1993. 14,

51, 53, 67

[32] Y. Schechner and N. Kiry ati. Depth from defocus vs. stereo: How di�eren t

really are they ? International Journal of Computer Vision, 39(2):141{162,

1993. 3, 12

[33] S. Seitz, B. Curless,J. Diebel, D. Scharstein, and R. Szeliski. A comaprison

and evalutaion of multi-view stereo reconstruction. In IEEE Conference on

Computer Vision and Pattern Recognition, pages519{526,2006. 13

[34] S. Seitz and C. Dyer. Photorealistic scenereconstructionby voxel coloring. In

IEEE Conference on Computer Vision and Pattern Recognition, pages1067{

1073,1997. 51, 67

[35] P. Sen,B. Chen,G. Garg, S.Marschner, M. Horowitz, M. Levoy, and H. Lensch.

Dual photography. In Proceedingsof ACM SIGGRAPH, pages745{ 755,2005.

2

[36] N. Snavely, S.Seitz,and R. Szeliski.Photo tourism: Exploring photo collections

in 3d. In Proceedings of ACM SIGGRAPH, pages835{846,2006. 66

[37] R. Szeliskiand P. Golland. Stereomatching with transparencyand matting.

International Journal of Computer Vision, 32(1):45{61,1999. 26, 51, 52

[38] B. Triggs. Plane+ parallax, tensorsand factorization. In European Conference

on Computer Vision, pages522{538,2000. 20

[39] V. Vaish. Light �eld camera calibration.

http://graphics.stanford.edu/pro jects/array/calibration/, 2003. 37



BIBLIOGRAPHY 81

[40] V. Vaish. The stanford calibration grid detector.

http://graphics.stanford.edu/soft ware/�ndgrid/, 2006. 32

[41] V. Vaish, G. Garg, E. Talvala, E. Antunez, B. Wilburn, M. Horowitz, and

M. Levoy. Synthetic aperture focusingusing a shear-warp factorization of the

viewing transform. In Proc. of Workshopon Advanced 3D Imaging for Safety

and Security, in conjunction with IEEE Conference on Computer Vision and

Patern Recognition, 2005. 1, 8, 32

[42] V. Vaish, R. Szeliski,C. L. Zitnick, S. B. Kang, and M. Levoy. Reconstructing

occluded surfacesusing synthetic apertures: Stereo, focus and robust meth-

ods. In IEEE Conference on Computer Vision and Pattern Recognition, pages

(3),2331{2338,2006. 8

[43] V. Vaish, B. Wilburn, N. Joshi, and M. Levoy. Using plane + parallax to

calibrate densecameraarrays. In IEEE Conference on Computer Vision and

Pattern Recognition, pages(1) 2{9, 2004. 1, 7, 31

[44] J. Wang and E. Adelson. Layeredrepresentation for motion analysis. In IEEE

Conference on ComputerVision and Pattern Recognition, pages361{366,1993.

51

[45] Y. Wexler, A. Fitzgibbon, and A. Zisserman. Bayesian estimation of layers

from multiple images.In European Conference on ComputerVision, pages(3),

487{501,2002. 55

[46] R. Wheeler. Notes on view camera geometry.

http://www.b obwheeler.com/photo/ViewCam.pdf, 2003. 25

[47] B. Wilburn, N. Joshi, V. Vaish, M. Levoy, and M. Horowitz. High speedvideo

using a densecamera array. In IEEE Conference on Computer Vision and

Pattern Recognition, pages(2) 294{301,2004. 10

[48] B. Wilburn, N. Joshi, V. Vaish, E. Talvala, E. Antunez, A. Barth, A. Adams,

M. Levoy, and M. Horowitz. High performanceimaging using large camera



82 BIBLIOGRAPHY

arrays. In Proceedings of ACM SIGGRAPH, pages765{776,2005. 1, 2, 8, 10,

11, 26, 42

[49] T. Wilson, R. Juskaitis, M. Neil, and M. Kozubek. Confocal microscopy by

aperture correlation. Optics Letters, 21(3):1879{81,1996. 72

[50] J. C. Yang, M. Everett, C. Buehler, and L. McMillan. A real-time distributed

light �eld camera.In EurographicsWorkshopon Rendering, pages77{86, 2002.

1

[51] L. Zelnik-Manor and M. Irani. Multi-frame alignment of planes. In IEEE

Conference on Computer Vision and Pattern Recognition, pages(1), 149{156,

1999. 13

[52] L. Zelnik-Manor and M. Irani. Multi-view subspaceconstraints on homogra-

phies. In International Conference on Computer Vision, pages(2), 710{715,

1999. 13

[53] C. Zhang and T. Chen. A self-recon�gurablecameraarray. In Eurographics

Symposium on Rendering, 2004. 1

[54] Z. Zhang. A 
exible new technique for cameracalibration. IEEE Transactions

on Pattern Analysisand MachineIntel ligence (PAMI) , 22(11):1330{1334,2000.

37, 40

[55] C. L. Zitnick, S.B. Kang, M. Uyttendaele, S. Winder, and R. Szeliski. High-

quality video view interpolation using a layeredrepresentation. In Proceedings

of ACM SIGGRAPH, pages600{608,2004. 1, 10, 51


	Abstract
	Acknowledgments
	Introduction
	Synthetic aperture imaging
	Differences with Geometric Optics
	Contributions

	Related Work
	Camera Arrays
	Finite Aperture Imaging
	Multiple View Geometry
	3D Shape Reconstruction

	Geometric Foundations
	Focusing on a Plane
	Refocusing with Homologies
	Simpler Configurations
	Applications

	Proof of -vector theorem

	Synthetic Aperture Focusing System
	Camera Calibration
	Finding Homographies
	Camera Positions from Parallax
	Focusing on Frontoparallel Planes
	Focusing on Tilted Planes
	Minimal Calibration Requirements

	Experiments
	Comparison with Metric Calibration

	Real-time Focusing
	Experimental Setup
	Results


	Reconstructing Focal Surfaces
	Differences with Prior Work
	Stereo versus Focus
	Median and Entropy
	Shape from median
	Shape from entropy

	Experimental Results
	Experiment 1: Synthetic scene
	Experiment 2: CD case behind plants
	Experiment 3: Dense Foliage

	Discussion

	Conclusion
	Calibration
	Real-time Focusing
	3D Reconstruction
	Future Work
	Visibility Analysis and Camera Arrangements
	Synthetic Aperture Illumination


	Error Analysis for Non-planar Cameras

