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Motivation and Goal

Carry. over algorthmic results ter doukling
MELrics.

One way. Is 10 construct a hierarchical
decompositien off the metric space.

s Recalllthe Euclidean case — e.g. compressed
guadirees.




Net-Tree Basics

IRl albstract MEc spaces, We need nets;

x Usually’ a seguence. of increasingly. refined
subsets ofi P.

= At a given resolution, there isian element il the
Seguence that represents the structure of Pin
that reselution.

We will" consider the construction of a net-
tree,




Net-Tree Basics

Eeimally;, et P e an n-poeint mMeurc space.
A net-tree for P Is a tree T s.t. :
» the set off leaves Is P

= EaChINEdE U ofi IF has a representative rep,, of P
and a level l(u)

s the levels satisty |(w)<I(p(u)) and I(u)==-91 1 U Is
a leal|

= each internal node of I has; at least 2 children

s for every non-leal U, there exists a child v of
Ui s.t. rep,=rep,




Net-Tree Basics

et B, e el Set off Ieavestin the subtree
jooted at Uiy Let 19 e Seme: constant.
We' further require: thait:

s Covering: ferall ueT,

/
B repu,z—bb'(“)j > P,
b-1

s Packing: for all nen-reet U,

b5
2(b—1)

b'(p(“)“]m PcP

B(repu,




An lllustration
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From Net-Tree to Net

Let N(h={rep, - l(L)=<ISl(p(u))}:

Claim: N()ris a net inl the fiellowing Sense.
=or every p,aeN(), d(p,g)=bi /4. Alse, we
nave Pc | JB(p4b')

peN(l)
Oro0l:

s Consider B,=B(p;r,); B,=B(p;r,); where p,geN(l);
U,V are the corresponding nedes in the net-tree,
espectively, and r, i, are the packing radii:

r = 070 piewr,

Ao




From Net-Tree to Net

Prool (con't):
= Now, B;APEP) and B, APEP),.

= SINCE: Uy are onrdifferent lsranches; and P, amnd
R, alie disjeint:

x TThen, d(p;a)=max{ir, i, }=0"4/4.

x [lhe covering preperty cam e proven in a
similar fiashien:




Doeubling Dimension

The deubling dimensioniof P. (denoeted
dim(P)) Is the least m s.t. fier alll P &R, there
exist Z,,....Z . S.t. diam(Z;)sdiam(P")/2 and

Pl Z,

et 1=2" lve tlhie deubling constant:.

The packing and coverng propertes: imply.
that each ueT has I°®ichildren.




Application: WSPD

Recall the definition off an WSPD:

= A collection of pairsi{(A,B1)s:--, (A, B S.1t.

eveny pailli of peints IS represented in exactly’ one
pair;

fior every I=1,..:;mj; A: and B can e respectively,
enclesed by two balls' ofi diameter D, s.t. the
distance hetween the balls isiat least s, for seme
glokalls>0.




Application: WSPD

Theorem: Eer O=<esd,; ani(1/e)-WSPID: ofi size
neCem can be constructed in expected time

Proel: Inveke: genl/SePPithat takes, a pair

(U,V) eff nedes of the net-tree as inpurt.
x Assume l(u)=<I(v). Else, swap themn.
a If 82260 <z d(ren,.ren,) , return {(u,v)}.

s Else; et uy,... ;U e the children of U, and return

U genWSPD(u,,v)
=1




Application: WSPD

Preol (Cont): We need 1o check thalt:

= (1) every: pair of points IS covered by: a pair of
susets (Py,P,) of tieralgorithms;

= () the Aumber of pairs outpult by, the algoertam

IS as aeVertised:
Eer (1), 1et (U,V) be an’ eutput pair, and
assume genWSPD(u,v)r wasrissued 13y
genWSPDB(U,p(v)): As in the Euclidean case,

We chiarge this tor p(V).




Application: WSPD

Prool (Con't):

x Fix v e . |t IS charged by pairs of the form
(U,v) withr p(V)=Ve.

x Sincerwe split p(v) Inf gen\WSEPD(U;p(V)), We have

I(V)=I(w).

x Since we split p(u) 1mrgenWsSEPD(p(u);pv)), we
alse ave l(pup)=I(ve):

s Since (U,ve) Is net generated, We have

2b .
8—b'" > ¢.d(rep ,rep.
b 1 (9 ( pU pV)




Application: WSPD

Prool (con't):

s Consider 2b
U = {WZ I(p(w))>1(v')>1(w),d(rep,,rep, ) <8 b'(V')}

e(b-1)

s It contains u, and Uls;a subset off N(I(Vv))-
bl(v')—l

Now, for distinct u;,u,eU, we have d,.r,)==,
s Thus;, by const. doubling, we have: [U|sgeodim);
x Thus, v© is enly charged! by pairs in UxC(v),
where C(v7) Is the children of V.
s But [C(v)|&200m) “and the: tree has only: O(n)
nodes.




Construction of Net-Trees

Tasks:

x Construct a pseudoe-net via a greedy.
clustenng algortam.

x [[Urn the pseudoe-net nte a net-tree.

Goal: De all eff the abeve fiast. In
particular, Wwe want te remeve the
dependence on spread.




Greedy Clustering

Goenzalez s algentham

x| Rick: an amlditrany’ point py Inf P to e the first
center, set r;=max,d(p;p,):

= In the k-th iteration, for qeP, let ! = min d(q, p,)
k
q

1<i<k-1

= The k-th center Is then p, =argmaxa
RIS yields a pemmutation ..., 2, ol P and
numbers r,;>...2r,=0 s.t. p | Js(p.1,)

I partictiar, It hass seme Version| of the
COVErINg Property.




Greedy Clustering: lllustration
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Greedy Clustering: lllustration




Greedy Clustering

Question: How: te get a fast
Implementation off Genzalez's algorhn?

Pefine a priase of theralgerthm: as) fellows.
A phase starting at the I-th teration ends
at the: J=th iteration Ifi I:8i/2.




Greedy Clustering

We maintain 4 data structures:
s for each peP the center that serves It;

s & Max-Neap that nmaitains; for each CENnter By,
the peint p; P that Isffurthest fromiit; as well
as Its a Valle;

u| [OIF each CEnter pry, maintain a fifiends list that
contains, all the' centersiwithin 61, from:p; at
the end off the k=thi Iiteration;

= for each center p;, maintainiits sernving center
2 phases ago, together with 1ts fiiends list at
that time.




Greedy Clustering: Observations

SEME guick OlRSEeRations:

= The size of the friends list is 1°(1),
= By definition,, 1= % —19,1'k”1d(q i) | Thus, if

d(g,p)>r., then e =, . In particular, we
enly: need te con3|der these geP that are

WITHIN . fifem pp WheR Updating e, -




Greedy Clustering: Update Rules

(Eind_the New: Center) Extract frem the
meax-heap, Set pj tor e the new: center.
Let c([p,) 9eritS previeus Serving Center:

(Update a) Scani the peints currently

Seved By’ c(pj )’ o by the: Centers In the
finends; list of ¢(p;)rand update i
RAECEessany.

x WY IS thisy sUficient?




Greedy Clustering: Update Rules

We needl ter snew. that all oeP with
d(@,p)8M. . are scanned by the algerthm.

[ir g RIS sernved by c(jp)), Werare done.

Othgrwise_, et cqe{pl,...zpk_l} Der thercenter
SEVing g Justetore p, IS CheSsen:

We' then ha :
i o
d(c(a),c(n,)) 83 .

%

S




Greedy Clustering: Update Rules

(Update: Clusters) Move: the: relevant
POINLS 1N P ter the new cluster anal update
;" for each prinrthe: fiiends list of c(py):

(Upeate Ernends Lists) Scanithe old frienads
liIst o p; = (I-e. thercenters 2 phases ago):

s it a scanned point p; is within 6p; of i, then
add p; te p;’s friendsilist and vice versa.

s For eachi p; In the friiendsilist ofi p, ™ , scan the
current friends list of p; and update
accordingly.




Greedy Clustering: Update Rules

Wy is this suificient? We need ter shew
that the set S={p:: I<K, d(]p;,p,)S6I; } IS
scanned. The preofiis By Induction.

Let p:eS;, and et 1, Be the radius 2
phases ago. Then, 2r <r <4r,

[17p; IS added before p;; then werare
done, since d(p;, p;)<d(p;, p,)+d(p,. py)<6r, +1, <6r;

O/W; wWe' needl to; shew that there exists: a
center p; added before p,” (or Is equal to
p, ) S-t. the friends list of p; contains p;.




Greedy Clustering: Update Rules

Thefellewing guarantees the: existence: of
Pj-

O O O O O Current set of centers.

> ‘ » P 79
i p‘] “ max radius = r,<4r,

. @ e o All remaining points’ rc?,spective serving
centers are at most 7,”away.

By induction; thetiniends list ot p; contains
19




Greedy Clustering: Update Rules

BUit then werhave: the fellewing| situation:

P;

IHEnce; Werhaver d(p:,p, " )sSbr,  as desired.

Of ceurse: we still' need toe; shrink the
friends lists, bUt this can e done ina lazy.

fashion.




Greedy Clustering: Runtime

Consider geP. It s scanned Il the k=th
[teration L ISAWILRIA 71, Off SOME’ CENLEL:.

s Fhus, within each phase, everny/ gek is
scanned at moest I times.

» Since; there are at most leg E phases, the
scanning takes 1°Ynilog F time.

The max-heap can be maintainedtin 1°%in
log i time.

Updating the friends lists take 1°%n time
In total.




Greedy Clustering: Runtime

Theorem: Let P e anl n-point metric
space wWith doukling constant I.. IHen;, a
greedy permutation ofi P cani be compuied
in (1Y nileg (Fh)) time and O(1°Yn)
S[PACe.

Question: Can we: remeve: the dependence
QNI spread?




A Special Case: Ultrametrics

Slippese that the underlying metrc IS an
Ultrametnc;, ILe. for all x,y,zeP, We have

a(%,z)Smaxyd(x,y),d(Y;2)5-
It 1S knoewn that the class; of ultrametrics

COINCIAEs Withrthe: class ol /i/erarchical
well-separated trees (IHSHF).




A Special Case: Ultrametrics

Definition: An IHSIFIS a metric space
defined on the leaves of a rooted tree 1.
EVEerRy ueirhas arlahelf¥0is:t. =01 U
istalleafi Ifiuris a child eV, thent 2.S0..
Jihe distance Petween twoleaves; Is U, V.
defined BY: B -

x \We assume WIEOG that 1F IS Binany.-

s EACH NedE UEll as a representativerrep),
WhICH IS an arbitrary leal eff the subtree
rooted at u. As befere, we enforce an
INhEertance property.




Greedy Clustering Revisitead

ldea: Use the tree structure off If to help
US find “wWide* separating rnngs and guide
OUIF greedy’ algeritam.

We apply: the greedy: clusternng algoentam
10 & ayramicpeInt set thatwill correspoend
10 a levell of the: IHSH.

x AS the algoenthm pregresses, the: peint set will
grew untiiit Includes the entire set P.




Greedy Clustering Revisitead

SUpPPeSEe We hiave a max=heap Hi that
maintains; the nedes ofi the HSTF serted by,
the Ds.

Initially;, the dynamic peint Set CoNsIStS of
1P rep(uy); WHEre: py IS an aibltrany CEnter;
and U Isi the reot of the HSIT.

\We alserkeep’ a max-heap HF that
maintalns the' distances of the peInts in
the current set to thellr centers.




Greedy Clustering Revisitead

Let I, Derthe current meax cluster radius,
UFRE! the! result oi anf extraction firem H.

it D81, /N8 D, y, theniwe proceedias in
the greeady: algeritam.

O/, We: replace u by s, children v, w.

= (1) Add {rep,,rep, A\irep, ) to the cluster p; If rep,
9EleNgS to) ;.

= () Update the nearest centers by scanning
tne frends list of p;.

= (1) Insert {rep,,rep, \irep, ) tor ="




Greedy Clustering Revisitead

Let r. =mind(p....n). We observe that:
PcUB( [+n?) )

I particular, thls shiews that It sufifices toe
scan the friends st of p; inr Stepr(Ir):

Hoew about the runtime?

m AS before, we divide the execution ofi the
algorthm Into; PhaSES.

x Inrthe I-th phase, the algenithn handles
clusters withi radii in the: range

[diam(P)2- "0, diam(P)2")




Greedy Clustering Revisitead

Consider a peint peelP: It IS/ Inserted When a
nede ueel is split.. Let p,g e the
representatives ofi the 2 children. We
charge u for the werk demne: oni p,d in; the
next L.=6 log n; phases.

NOW,, ConRsider: the Work dene 6n [ hefere
it UnAEergees anether split event.

[T priS; at moest = phases: away. firom Iits split
event at uj, then' urpays for It.




Greedy Clustering Revisitead

Thus, consider p at' =1L phases away. firom
itS split event at u. Note that:

= pIrepresents a point Set of diam: Si
N rcur§Du/n4.
Fhese imply: that:

PB(p,r, n?)c P B(p,A—;’jc PA B(p,rc—“;)
n n

? -
c:ur/n 3

Where the second meclusiont follows fifom
the structure of the HST:. y




Greedy Clustering Revisitead

Thus;, all the poeints representead: by [ IS far
aWwely/ fromf therrest off P Infterms ofi It -

x Intuitively, there Is a wide separating ring

o)U]]
= In

t INto; the structure of the HSIF Wit -
particular, the frnends lists donrt Interfere!

mpC

@ES! Not reguirerany Work.

IHence, every node in|the HSIF s charged

With

1°OH0g n work, whichryields a total

funtime of O(1°®n login).




Greedy Clustering Revisitead

Eer the general case, we need to embed
(fiast) ol metrc inte an HSTE (WhICHh IRcurs

distertion)).

Sketeh: This Invelves two steps.
= Build a sparse: (roughly: O(1°@nilog n)edges)

Spanner on
= Embed the

The first ste
runtime of t
linearly on t

the Underlying metrc.
spanner inter an HS.

9IS needed hecause the
1e second step depends

1e number off edges.




Construction of Net-Tree

e tree constructed fior py,...,p, Will e
denoted by T, We want T=T1".

s IR particular, we: build I inductively:

We maintain for each uen® a set: of
“close-hy™ vertices Rel(u):

Rel(u)= v e T 1 1(v) < 1(u) < 1(p(v)), d(rep,, rep,)< 130"}




Construction of Net-Tree

Let ik =mingr-1S)Sij:
ThE K=th peint |, IS added as a leaf; and
Sel the palameters accoeradingly.

Let 1=log, r., | andlh be the largest index

S.1. (ogIO rh_ﬂ> ;
Let qapy,. .-, ) 0€! the clesest point to p;.

Consider the leaf off T corresponding to
g, andilet U=p(q).




Construction of Net-Tree

We get T as follows.

x Case 1: l(uy=l i
u:l(u)=1 Vr(ifc)\i)::ql ’ O\

—

g
= Case 2: l(u)=I

RO w:l(u)=l
A A
q q Py




Construction of Net-Tree

The main algerthmic tasks are:
= find q
» Update the sets Rel(’).






