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Abstract

Thispaperpresentsan algorithmfor renderingof point-
sampledCSGmodels.The approad workswith arbitrary
CSGtreesof surfel modelswith arbitrary samplingden-
sities. Edges and corners are rendeed by reconstructing
theinvolvedsurfacesepaately Thereconstructegdurfaces
are clippedat intersectionsThisway; blurring at anymag-
ni cation is avoided Asopposedo existingmethodswhich
resamplesurfacesclose to object intersections,the pro-
posedapproach preserveshe original object representa-
tion. Sincenoresamplings neededdynamicscenesanbe
handledvery exible. Comple intersectionsinvolving any
numberof objectscanberendeed.

1. Intr oduction

CSG operationsare amongthe mostimportantmodel-
ing methods.Consequentlythe topic hasbeenextensiely
studiedfor polygonalmeshesspline patchespr volumet-
ric data.However, little work hasbeenpublishedregarding
CSGrenderingfor point-sampledbjects.

Point-sampledbjectsare usuallyrenderedoy splatting
the individual samplessuchthat eachsamplecontritutes
its color and depthinformationto a small area[13]. Each
sampleis blendedwith its neighbors.This surfacerecon-
structionmethodblurs sharpfeaturesin texture or geome-
try. However, a crucial partof CSG modelingis the ability
to represensharpedgesgcreasesndcorners.

We presentan algorithm that allows renderinga CSG
treethat combinesseveral point-sampledbjects.Samples
areconsideredircular disks,so-calledsurfels Surfelsbe-
longingto the sameprimitive objectareblendedn orderto
generat@smoothsurface surfelsbelongingto differentob-
jectsclip accordingo the CSGoperatiorappliedto the ob-
jects.

Duringrenderingglipping partnersareidenti ed andthe
disksareclippedaccordingly Eachsurfelcanbeclippedby
multiple clipping partners.Clipping is evaluatedfor each
pixel.

Themaincontribution of this paperis arenderingmech-
anismthatis ableto renderarbitrary CSG treesof point-
sampledobjects.Sharpfeaturescreatedby the CSGopera-

tionsarepreseredindependenbf the magni cation level.
The original samplingdensity of the objectscanvary ar-
bitrarily, the presentedalgorithm preseres this sampling.
This is an advantageespeciallyin dynamicsceneswhere
the resultof a CSG operationhasto be computedfor ev-
eryframe.

2. RelatedWork

The problemsarisingwhenrenderingobjectscreatecby
CSG operationshave beenintensiely studied.For polyg-
onal models, referencesinclude, but are not limited to
[4,5,7,9,10,11].

Recently there has been signi cant work on point-
sampledobjectsas a modeling primitive [12]. Two pub-
lications also addressCSG operations[1, 6]. Since the
reconstructiormechanismcommonly usedto rendersur
facesfrom point samplesblurs edgesthe algorithmspro-
posedin [1] and[6] resamplethe edgescreatedby CSG
operationsn orderto avoid blurring artifacts.

AdamsandDutré[1] resample¢heareaaroundtheedges
using very small surfelsin orderto pushthe blurred area
belov the pixel area.This methodis fastestbut cannever
completelyconcealthe point-samplechatureof the edge.
Magnifying theedgewill resultin blurring.

Pauly et al. [6] introducea specialsurfel classthat ex-
plicitly representanedge.This surfelcarriestwo normals,
andis renderedastwo clipping surfelswith identical cen-
ters. This surfel is moved onto the edge,and the affected
areais resampledo Il holes.Thismethodalwaysprovides
sharpedges but doesnot supportmore comple intersec-
tion typeslik e corners.

In contrasto [1] and[6], the proposednethoddoesnot
performresamplingof thesurfaces.

Zwicker etal. [14] presenthardwarerendereifor point
sampledgeometrythat can clip surfelswith one or more
clipping planes.However, when more than two clipping
planesaffect one surfel, the resultsare ambiguous.Thus,
comple intersectionannot be representedvith this ap-
proach.Our algorithmresohestheseambiguitiesand cor-
rectly rendersarbitrarily complec surfaceintersections.
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Figure 1. Overview of the algorithm. The CSG op-
eration classies surfels into edge and surface
surfels. Edge surfels are passed to our edge ren-
dering algorithm. Surface surfels can be rendered
with any point renderer .

3. Algorithm

We presentan algorithm capableof renderingsharp
edgesandcornerscreateddy aseriesof CSGoperationsp-
plied to point-samplecbbjects.Surfelsthat are closeto a
surfaceintersectiorareclippedduring rendering All other
surfelsarerenderedusing an arbitraryrenderer The CSG
algorithmis modi ed to classify surfelsaccordingly(see
Section3.1). Thosesurfelsthatneedto be clippedareren-
deredin atwo-passenderingsetup.n a rst passclipping
partnersaredeterminedwhich arestoredin lists alongwith
thesurfels(seeSection3.2).In thesecongass EWA splat-
ting is usedto renderthe surfels honoringtheclipping part-
ners.Thisis discusseth Section3.3.Figurelillustratesthe
renderingsetup.

3.1. CSG Operations

CSGoperationganbereducedo aninside/outsideest.
Considertwo objectsA andB with surfacesSa andSg, re-
spectvely. The surfaceresultingfrom the CSG operation
A B is constitutedof the partsof surface Sy thatarein-
sideB combinedwith the partsof surfaceSg insideA:

S B S B s A )
Theunionoperationis analogous:
S S B S A (2)

To improve the readabilityof the algorithmdescription,
we only consideunionandintersectioroperationsin Sec-
tion 4, we discusshow to assembl®theroperationsuchas
differenceusingintersectiorandunion.

Our primitives are patches i.e. point sampledobjects
withoutsharpedgesOneCSGoperationcancreateobjects
with sharpedgestwo or moremight createcornersOur al-
gorithmis ableto rendertheseedgesandcornerswith high
quality without changinghe objectrepresentation.

In orderto representomplex objects,we storea CSG
tree T. The leavesof this treerepresenpatchesthe inner
nodesstoreCSGoperatorsEachinnernodethusrepresents
the resultof its CSG operationappliedto its child nodes.
We usethe CSGtreeto resoleinside/outsideestsfor com-
plex objects(seeSection3.3).

In theremaindeof this paperwe usethefollowing nota-
tion: for anobjectA, Sy denotests surfaceand Ty the CSG
tree noderepresentinghis surface.If A is a primitive, Pa
denoteghe correspondingpatch,i.e. the setof surfelsrep-
resentingSa.

3.1.1. Inside/Outside Classi cation It is commonprac-
tice to reducethe inside/outsideclassi cation for a point-

sampledbjectA to afront-face/back-dicetestwith respect
totheclosessurfelin P [1]. In orderto determingf apoint

x is insideA, only its closestsurfels Pj is usedfor clas-
si cation. x is considerednsideA if its nearesnheighbors

doesnotclip x:

x insideA sclipsx

X C ns O 3)

Here,cs denoteshe center ng thenormalof theclosestsur
feltoxin A and thedotproduct.

As illustratedin Figure2 (a), this leadsto classi cation
errors.For mary applicationstheseerrorsare acceptable.
However, in our casethey would leadto jaggededges.n
[6], the MLS projectionoperatoris usedto obtainan ex-
actclassi cation.As thismethodis too computationallyex-
pensveto beevaluatedsereraltimesfor eachfragmentwe
remedythe problemby usingthetwo closestsurfelss; and
s, for classi cation. Theinside/outsideestaccordingo (3)
is performedor bothsurfels yieldingresultsn; andiny, re-
spectvely. Thesearecombineddependingnthecon gura-
tion of theclosesturfels:We call two surfelss; ands, with
centers; andc; concavef s; clipsc, ands; clips c;. Oth-
erwise,they arecalledcornvex. Figure 3 illustratesthe con-
gurations.

We de ne the inside/outsideclassi cation with respect
to anobjectA usingthetwo closestsurfelss; » of apointx:
If s; ands, areconcave,then

x insideA s clipsx s, clipsx (4)

otherwisejf s; ands, arecorvex,
X insideA

s1 clipsx s, clipsx (5)

Figures2 (b) and(c) shaw the effect of our classi cation
method.Note that one canconstructsituationswhereeven
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Figure 2. (a) Using only the closest surfel for in-
side/outside classication leads to classi cation
errors. (b) The edge created by an inter section of
two diff erently sampled surfaces, rendered using
only the closest surfel for classication. (c) the
same edge rendered with our inside/outside test.
The yellow surfel is clipped by ten clipping part-
ners.
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Figure 3. (a) Two conca ve surfels. Each surf el cen-
ter C1 2 is on the front facing side of the other sur-
fel. (b) Two convex surfels. At least one of C15 is
on the back facing side of the other surfel.

the use of the two closestsurfels for classi cation leads

to non-intuitive clipping resultscontainingdiscontinuities.

However, in practice thesesituationsarevery rare,andthe

resultingartifactsare only noticeablein extremecloseups.

Thus,usingevenmoresurfelsfor classi cationdoesnotjus-
tify the additionalcost. This problemis also discussedn
Section5.2.

3.1.2. Surface Reconstruction For point-sampled ob-
jects, the setsSy and Sz are representeds discretesets
of samplepoints Py and Ps. A corventional CSG opera-
tion classi es the samplepointsinto two sets:points that
areontheresultingsurface,andthosethatarenot.

Due to the surfacereconstructiormethodusedto ren-

@ (b)

Figure 4. (a) The edge of a cube, with surfels dis-
carded by a conventional CSG operation marked
red. Note their contrib ution to the surface . (b) The
cube rendered without these surfels. Holes appear
along the edge.

derpoint-sampledurfaced8, 13], sampleghat contritute
to the resultingobjectarediscardedcby the CSGoperation
(seeFigured). To make surethatthesurfacecanbeproperly
reconstructedyve modify the CSGoperationto classifythe
surfelsinto four setsinsteadof two, dependingon the sur

fel radiusr andthe distanceto the the surfaceof the other
object,d. For anarbitraryCSGoperationA B, theclassi -

cationis asfollows:

surfacesurfels: surfelsin Sy g, r d

inside edge surfels: surfelsin Sy g that might be
clipped,ie.r d

outsideedgesurfels: surfelsnotin Sa g, but closeto
the edge,so they might contribute to the surface,i.e.
r d

outside surfels: surfelsthat do not contribute to the
resultingsurface.

Surfacesurfelscanbe renderedvith any point renderer
Insideandoutsideedgesurfelsarerenderedisingour edge
renderingalgorithm,outsidesurfelsarediscardedThus,the
edgerenderingalgorithmhandlesall pointthatarecloseto
theedgej.e.r d.

3.2. Finding Clipping Partners

In a rst renderingpasstheedgesurfelsaresplattednto
a frameluffer storing a setof surfelsC,, for eachcell
(pixel), the clip buffer. The clip buffer hasthe samesize
astheviewport,andthe sameviewing andprojectiontrans-
formationsareused.

Wheneerafragmentof asurfelsfrom patchP, is added
toaclip buffercell xy , it isapotentialclipping partnerof
all surfelst C,, belongingto patchesPs with Pa  Ps.



If sandt arecloseenoughto clip, t is addedto the clip-

ping partnerlist of s andvice versa.We considersurfels
closeenoughto clip if their Euclideandistanceis smaller
thanthe sum of their radii. This resultsin more clipping

planesthannecessarHowever, the computationatostin-

volved in exactly determiningwhetheror not two surfels
clip is too high comparedto the gain. FunctionaddFrag-
mentis a pseudocodegersionof theprocedure.

Function addFragment(int, int y, Surfels)
/* addsa fragmentof sto thecell (x,y) */

C cellSurfelsk, y);
foreacht C do
if (t.Patch s.Ratch and distanceg, t) <s.r+t.r) then
s.addClippingRrtner¢)
t.addClippingRrtnerg)

3.3. Clipped Splatting

After clipping partnershave beendeterminedor all sur
fels,thesurfacecanberenderedClippingis performeddur-
ing ellipserasterizationObjectspacecoordinatesarecom-
putedfor eachfragment.Thesearethenusedto determine
whetheror not the fragmentlies on the surfaceresulting
from the CSGoperationsasstoredin the CSGtree.

We considera fragmentx createdby a surfelfrom patch
Pa. Thisfragmentis partof the surfaceSa of theobjectrep-
resentedby theleafnodeTx of the CSGtree.Thealgorithm
hasto determindf x is partof the surfaceof the objectrep-
resentecby the root nodeof the CSGtree. Therefore,we
traversethe treebottomup, startingat the leaf Ta, until the
root nodeis reached.Tp andits sibling Tg are combined
with the CSGoperatoistoredin theirfathernodeT . To de-
terminewhetherx lies onthe surfacerepresentetdy T , we
apply (1) and(2). As x is partof thesurfaceS,, theseequa-
tionscanbesimpli ed to

X SaB
X Sas

x insideB (6)
xinsideB @)

If x is onthesurfacerepresentetby T , we continueup
the tree. Otherwise x canbe discarded Functionclipped
is a pseudocodeversion of this algorithm (seealso Ap-
pendix A). Note that the inside/outsideclassi cation can
yield thevaluestrue, falseandunknownTheunknowrclas-
si cation is usedif thereareno clipping partnergto repre-
senta patch.This caseis discussedn Section3.3.1.

We now needan insideTree-predicatéo determineif a
position x is inside the object representedy a CSGtree
T. Using the operatorstoredin T, we canrecursvely de-
scendinto T andthusreducethe problemto nding anin-
side/outsideclassi cationwith respecto the leaf nodesof

Function clipped(Fragment, ObjectA)
/* determinewvhetherfragmentx of ObjectA is clipped*/

T  ndNode(A)
on true
while (on  isRoot(T)) do
T, getSibling{)
in insideTreek, T»)
T T.Father
if in = unknavnthen
continue
else
switch T.Opeumtor
case :on in
case : on in
end while
return on

T. At eachnode thefollowing operationsareapplied:

xinsideA B
xinsideA B

x insideA
x insideA

xinsideB  (8)
xinsideB  (9)

A pseudocodeersionof the tree traversalis shovn in
FunctioninsideTree.TheinsideRatchpredicatamplements
theinside/outsideclassi cationasde nedin Section3.1.1.
It is discussedbelow.

Function insideTree(Fragment, CSGTreeT)
/* determinewhetherfragmentx is inside or outsidethe
objectrepresentedy T */

if isLeaf(T) then
return insideRatch, T.Patch)

else
switch T.Opeumtor
case : returninsideTee(T.Left)
insideTree(T.Right)
case : returninsideTee(T.Left)
insideTree(T.Right)

3.3.1. Unknown Classi cations Whenclippingasurfels,
we canonly useclipping partnersstoredwith s, i.e. surfels
thathave beenidenti ed asclipping partnersn the rst ren-
deringpass However, duringtreetraversal,we might need
inside/outsideclassi cationsfor all patchesNot all patches
arerepresentedith clipping partnerdor s. Hence somein-
side/outsideslassi cationsremainunknownn.

A pseudocodeersionof the extendedclassi cationin-
cluding the unknownvalue is shavn in Functioninside-
Patch.

An unknownclassi cationdoesneverleadto discarding
afragment(seeFunctionclipped).Considerafragmentx of
asurfel s. If theinside/outsideclassi cationfor x with re-
spectto a patchP cannotbe determinedno surfelsof P are
clipping partnersof s, i.e. P doesnotintersects. Thus,sis
eithercompletelyinsideor completelyoutsideP. If ary of



Function insideRatch(Fragment, PatchP)
/* determinewhetherx is insideor outsideP */
/* nd all clipping partnersthatare part of patch P */
C getClippingRartnersOfRtchi.Surfe] P)
switch C
case0: return unknowvn
casel: return clips(Co, X)
else
sortForDistanceC)
if corvex(Cy, Cy) then

return clips(Co, X) clips(Cq, X)
else
return clips(Co, X) clips(Cy, x)

thefragmentof s neededo bediscardediueto P, swould
have beendiscardecentirely by the CSGoperation.

If the inside/outsideclassi cationfor a complec object
is computedand the classi cation for one of the involved
patchesis unknown, we needto deal with unknownas a
valuein FunctioninsideTee.In orderto evaluate(8) and

(9),the and operatorsare extendedto handlethe un-
knownvalue:

A unknown A

A unknown A
forall A true falseunknown .

The reasonfor usingthesepropagatiorrulesis asfol-
lows: We checkthe clipping for a fragmentof the surfels.
If the inside/outsideclassi cation for patchPa yields un-
known s is not affectedby Pa. Thus,if P, andPg form a
comple object,we canusetheclassi cationreturnedoy Pg
for thecombinationof Py andPg. Only if theinside/outside
statusfor both P, andPs is unknown, the classi cationfor
their combinationis unknavn aswell.

Figure5 shovn an example.Imaginean objectde ned
bytheCSGtree A B C. Weconsidetwo surfelss; s,
Pc. In orderto determinewhich fragmentsto discard,we
needinside/outsideclassi cationswith respectto the ob-
ject A B. Accordingto the CSGtree, xinsideA B
xinsideA xinsideB . Becauses; intersectgshesurfaces
of both A andB, this expressioncanbe evaluatedfor frag-
mentsof s;. s, doesnot intersectthe surfaceof B, andthe
classi cationcannotbecomputedThevalueof xinsideB
is unknown In this case the classi cation becomesnde-
pendenif B: xinsideA B xinsideA unknown
xinsideA .

4. Implementation

We implementeda test application using our algo-
rithm. Surfacesurfelsare splattedusing a hardware splat-
ting algorithm presentedin [3]. The software-rendered
edgesare stored in a texture that is meiged with the
hardware-renderedurfacesin the third passof the hard-

Pa

Figure 5. A cross-section of an object consisting

of three patc hes. The patch Pc is parallel to the im-
age plane . The inside is shaded. For s; Pc, the in-
side/outside classi cation with respect to both Pp
and Pg can be computed. For s, P, the classi-
cation with respect to Pg yields unkno wn. Thus,
the decision whic h fragments to discar d only de-
pends on Pha.

ware renderer That way, no additional renderingpassis
needed.

4.1. CSGOperations

For point-sampledbjects theinside/outsideestis usu-
ally implementedusinganapproximatiorof the signeddis-
tancefunction. Hencethe classi cation in edgeand non-
edgesurfelsis availableat no additionalcost.

Throughoutthe descriptionof our algorithm we only
discussedhe union andintersectionoperationsFor point-
sampledbjectstheinvertedobjectA is obtainedby invert-
ing all normal orientations.Using thesethree operations,
ary Booleanoperationcanbeassembled/Vhena CSGtree
originally containsotheroperatorghanunionandintersec-
tion, we rekuild it asfollows: First, we breakotheropera-
tions down to combinationsof union, intersectionandin-
version.Then,all inversionoperationsarepropagatedown
the CSG tree until the CSG tree only containsinversion
operationsat its leaf nodes.At leaf nodes,inversionis
achieved by inverting the normal orientationof all surfels
in thepatch.Considerfor exampletheCSGtreeA B C.
Rewriting the operatoryieldsA B C . Theinversion
is thenpropagatedo the leafnodes:A B C , whichis
anexpressiorthatcanbeevaluatedusingour algorithm.

4.2. Rendering

For softwaresplatting,the algorithmdescribedn [8] is
used.Thealgorithminvolvescomputingthe matrix inverse
of the splatspaceto screenspacemappingM. When this
mappings closeto singulari.e.whenthesplatnormalis al-
mostperpendiculato the viewing direction,numericalin-
stabilitiesmake the matrix inverseunreliable.



In [8], suchsplatsare discardedSincethey are almost
perpendicularito the viewing plane,the resultingartifacts
are hardly noticeable However, we usesplattingto deter
mine clipping partnersMissing a clipping planecanresult
in seriousartifacts,independenof thedirectionof theclip-
ping plane.lt is henceimperatie thatall potentialclipping
partnersare consideredTherefore we cannot simply dis-
cardsurfelswith almostsingularM. Insteadathick line is
drawn into the clip buffer, completelycoveringthe ellipse.
Thismightresultin clipping partnerdeingaddedo surfels
thatdo notoverlapin theclip buffer. As only theclosessur
fels aretakeninto accountwhencomputinginside/outside
classi cations,addingtoo mary clipping partnersdoesnot
causeary problems.Surfelsthat are clipping partnersal-
thoughthey do not overlapin theclip buffer areneverused
for aninside/outsidelecision.

5. Discussion

Therearetwo alternatve algorithmsfor edgerendering
afterCSGoperationon surfel-baseabjects[1, 6]. In con-
trastto our approachbothrely onresamplingWe rst dis-
cussboth methodsbeforegiving a more detailedcompar
ison with our algorithmin termsof speedin Section5.1.
Limitationsof our algorithmarediscussedn Section5.2.

Adamsand Dutré [1] focuson interactve CSG opera-
tions. The main focus of the paperis an acceleratedn-
side/outsideclassi cation for surfel-basedbject,so asto
achieve interactvity. Sharpedgesaredravn by resampling
thesurfacescloseto theedgesThesurfelscloseto theedge
arereplacedvith smallersurfelsin orderto minimizeblend-
ing betweenthe two surfaceparts.Only the closestsurfel
is usedfor inside/outsideclassi cation,andtherecanonly
be oneclipping planeper surfel. After the CSG operation
is complete,the resolutionof the edgeis arbitrarily high,
but x ed.Zooming on the edgewill eventuallyreveal its
blendedhature.

Pauly et al. [6] alsoresamplethe edgesafter a CSG
operation.They usethe MLS projection operatorfor in-
side/outsideclassi cation. After the CSG operation,the
edgesare resampledas follows: Along the edge,pairs of
surfelsareidenti ed. Eachof thesepairsis movedto apoint
on the edge,and the two surfelsare fusedinto a special
surfel storingtwo normals.This surfelwill be renderedas
two half-surfels.The holesin the surfacethat are created
by moving the surfelsareclosedby resamplinghe affected
areasand insertingsurfelswherenecessaryThe edgecan
be re ned arbitrarily, and corvergestoward the edgethat
would have beencreatedby the CSG operationappliedto
the MLS reconstructiorof thesurfelsets,as rst de nedin
[2]. Astheedgesarecreatedby thespeciahalf-surfelsthey
remainsharpevenwhenzoomingin to the edge Whenap-
plying morethanone CSGoperationtheresultingcorners

cannotberepresentethis way.

CSG operationsbetweenobjectswith highly different
samplingdensitiesposeproblemsfor both algorithms.As
notedin [6], theseproblemscanberesohedby upsampling
theareasloseto edgesheforethe CSGoperation.

The algorithm presentecherein doesnot resamplethe
edgescreatedby CSG operations.Instead,surfels along
the edgesare interpretedas circular disks, which arethen
clipped.Thatway, we areableto renderarbitraryCSGtrees
appliedto point-sampledbjects.The samplingdensityof
theparticipatingsurfacescanvary arbitrarily. Complex cor-
nersor saddlepointscanberenderedAs asinglesurfelcan
be clipped by mary others,alsovery sharpedgesand de-
generateasesasseenin Figure7 canberenderedvithout
artifacts.

Note that arbitrary cornerscannotbe renderedwith [6]
or [14]. Storingseveralclipping planespersurfelis notsuf-

cient to represent surfaceintersectiorcreatecby a CSG

operationHence,in [14], cornersaregenerallyassumedo
be corvex: a fragmentis discardedf it is clippedby ary
one of the clipping planes.This is not correctin the gen-
eralcaseseeFigure2 for anexampleof anedgethatis nei-
thercorvex nor fully concae.

5.1. Performance

Thecostlyedgerenderingalgorithmis only usedfor sur
fels closeto theedge . Therenderingimeis thusmainly de-
pendenbn the numberof viewport pixels coveredby edge
surfels.Usually, edgesurfelsonly amountfor a smallfrac-
tion of all surfels,and only cover a small portion of the
screenThus,atiming comparisoris dif cult, asfor corven-
tional renderersrenderingtime dependsn the total num-
berof surfelsandthetotal numberof pixelscoveredby the
model.

Thefollowing tableshavsrenderingperformancdor the
sceneshavn in Figures?7, 8 and9, at differentzoomlev-
els. Thetimingsweretakenon a 3GHz PCwith a GeForce
FX5900graphicsboard.

Figure #surfels #edge #edge FPS
surfels  pixels

7 (b) 1871 972 7189 9.09
33404 2.63

8(a) 20 20 8763 8.3
47469 2.27

9(a) 116650 2272 12234 5.55
69450 2.0

The data supportsthe assumptiorthat renderingtime
is linearly dependenbn the numberof visible edgepix-
els,while the total numberof surfelshasalmostno impact
on computatiortimes.The depthof the CSGtreehasonly
minor in uence on compleity, asthe CSGtreeis rarely
fully traversedSpatialcoherenceanbeexploitedto further



viewing plane

Figure 6. Artifact created by our classication
method. Shown is a union operation on patches
A and B. Surfel s should be clipped at its inter -
section with Sgg. However, as the center of Sgg is
far away, Sg1 and Sgp are used for classi cation of
the pixels in question. sa “bleeds” into the surface
of B.

speedup the CSGtreetraversal.Pastresultsof the traver-
sal canbe cachedandreusedfor new fragmentswith new
perpatchclassi cationresults.

Our two-passrendererperformingedgeclipping is sig-
ni cantly slowerthanahardwaresplattersuchas[3]. How-
ever, thelattercannot performary edgeclipping. Onegreat
adwantageof [1] is thattheresamplingprocessloesnot re-
sultin surfelsrequiringspecialtreatmentAfter a CSGop-
erationwasappliedtheresultingobjectcanberenderedis-
ing hardwaresplatting.Theresamplingensuresharpedges
up to a magni cation at which the surfacereconstruction
visibly blursedgescreatedoy smallsurfels.

The combinedhardware/softvare rendering presented
hereinis fasterthan the software rendererprovided with
Pointshop306], aslong asedgesonly Il asmallfraction
of the screen.Renderingtimes are similar when approxi-
matelyonefourth of all pixelsshav edges.

Our rendering algorithm offers advantagesespecially
whentherenderedcendncludesdynamicCSGoperations.
If the CSGresultneedsto be computedevery frame,edge
resamplinghasto be performedfor every frame.Our ren-
deringalgorithmcanbedirectly appliedaftera CSGclassi-
cation, makinga potentiallycostlyresamplingstepunnec-
essary Which algorithmis actually fasterhighly depends
onthescenesettingandview.

5.2. Limitations

Using the two closestsurfels for classi cation yields
muchbetterresultsthanonly usingthe closestsurfel. How-
ever, the classi cation is not perfect. Figure 6 shavs a
schematicdrawing of a situationresultingin an artifact.
In orderto avoid theseartifacts,a smoothsurfacerecon-

structionmethodik e the MLS projectionoperatotasto be
used.We chosenotto useMLS projectionfor performance
issuegseeSection3.1.1).In practice suchartifactsarevery
rare. They only occursif one of the patchess very irreg-
ularly sampled.Even then, only singularpixels alongthe
edgesare affectedandthe problemis only visible at large
magni cations,andonly from very few viewpoints.

Notethatjustasotherapproachefl, 6, 14], our method
suffersfrom numericainstabilities.Whentwo clipping sur
fels arealmostcoplanaythe frontface/bacldcetest(3) be-
comesunreliable. This mayleadto jaggededgesat surface
intersections.

6. Conclusion

CSGis animportantmodelingmethodthatonly recently
hasbeenimplementedor point-sampledbjects.We have
presentedhe rst generalapproacho renderingof point-
sampledCSGmodelsthatpreseresthe original objectrep-
resentationlt is possibleto renderCSGtrees,includingar
bitrarily complex edgesandcorners Edgerenderings per
formedby clipping surfelsthatcontributeto anedge Clip-
ping partnersaredeterminedduring rendering preprocess-
ing is limited to the CSG classi cation. Thereis no need
to changethe original objectrepresentatiom orderto dis-
play the edgesthe edgesarenot resampledThis is anad-
vantageespeciallyin dynamicsceneswherea CSG oper
ation is computedfor every frame.Renderingof arbitrary
CSGtreesis possibleat frame ratescomparableto exist-
ing softwaresplattingalgorithms.
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A. Correctnessof Function clipped

Functionclipped determinesvhetheror not a fragment
x createdby a surfel belongingto an objectA needsto be
clipped. The algorithmtraversesthe CSG tree bottomup,
startingat the leaf noderepresentingd. The algorithmal-
waysterminateseitherif on  false orwhentherootnode
is reached.

To shav the correctnessof the algorithm, we use
a slightly modied but equvalent version of Func-
tion clipped,which simpli es theargument.

Function clipped2(Fragment, ObjectA)
/I determinavhetherfragmentx of ObjectAis clipped
T  ndNode(A)
on true
1 while ( isRoot(T)) do
T, getSibling()
in insideTreek, T>»)

T T.Father
if in = unknavn then
continue
else
switch T.Opeator
2 case : on on in
3 case : on on in
end while
return on

We arti cially extendthe loop to traversethe tree un-
til we reachthe root node,alsoin caseon becomedalse.

Hence, the condition of the while loop is changedto
isRod T . Theequations

X SaB X Sa XinsideB (10)
X Sag X Sa x insideB (12)

replaceequationg6) and(7) in lines 2 and 3. Note that if
X  Sa, (6) and(7) areequialentto (10) and(11).

It is easilyveri ed thattheabove algorithmis equivalent
to the oneshawn in Functionclipped.If Functionclipped
returns false so doesthe clipped2function: In this case,
the loop terminatesvhenreachingthe root node,thusthe
changederminationconditionin line 1 doesnotchangehe
outcomeof thealgorithm.Whencomputinganew valuefor
on, onis neverfalse.Thereforejt canbeignoredin thecon-
junctionsin lines2 and3, leadingto the sameequationsas
usedin Functionclipped.

If Functionclipped returnstrue, so doesthe clipped2
function: In this case,on true only holdsup to someit-
eration.Beforethat point, the two algorithmsbehae iden-
tical, asdemonstratecbove. Functionclipped terminates
assoonason false It is sufcient to shov thatin Func-
tion clipped2,onceon false onis notchangedny more.
As onitselfis oneoperandf theconjunctionsn lines2 and
3, thesealwaysyield false Thus,on falseuntil theroot
nodeis reachedandtrueis returnedasrequired.

The algorithmreturns on, thereforeit is correctif we
canshaw that

on true xisOnOt (12)

is aninvariantof thewhile loop. Ot denoteghe objectrep-
resentedby thetreenodeT, x isOnOr means'x is onthe
surfaceof Ot”, i.e.Xx So;.

This can be easily shavn by induction. The condition
holdsatthebeginningof the rst iteration:sincex is partof
asurfelof objectAandA Ot dueto theinitialization of
T, xisOnOv; onis initializedto true.

Giventhat(12) holdsat the beginningof someiteration,
we show thatit alsoholdsattheend.We denotethevalueof
T atthebeginningof theloop T;. Its valueattheendof the
loopis T , the fathernodeof T; andT,. Since(12) holds,
xisOn Or,. Therearetwo casedo considerdependingon
theinside/outsidelassi cationfor Ty, i.e.dependingnthe
valueof in.

1. If in  unknown onremainsin the samestateit was.
There are no clipping partnersfrom the object Or,,
hencexisOnOy iff xisOnT;. ThereforexisOnOr .
(12) holds.

2. If in trueorin false the value of on depends
on the operatorstoredin T . The logic directly fol-
lowsequationg10) and(11),whichimplement(1) and
(2). Thus,afterevaluation, on true xisOnOr ,
whichis theinvariant.
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Figure 7. (a) A union of ve spheres. (b) The same spatial setup, rotated. The green and cyan spheres are now sub-
stracted from the central white sphere . The spheres just touc h, thus an extremel y thin structure is created. (c) Sam-
pling of the resulting object. (d) Close-up of the spikes. Top: normal view, bottom: sampling.
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Figure 8. () An ikosahedr on created by the inter section of 20 half-spaces. (b) Sampling. Each face is represented
with one surfel. (c) A cube with diff erently sampled faces. (d) Sampling of the cube: The faces are represented with
1, 25, and 900 surf els, respectivel .

(b) (©

Figure 9. (a) A femural head minus two spheres. (b) Closeup of a 3-surface inter section. The edges can be magni ed
inde nitel y without blurring. (c) Sampling. Note the diff erent sampling densities. Surfels are clipped into shape to
accuratel y represent the edges.



