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Abstract

Thispaperpresentsanalgorithmfor renderingof point-
sampledCSGmodels.Theapproach workswith arbitrary
CSGtreesof surfel modelswith arbitrary samplingden-
sities. Edges and corners are rendered by reconstructing
theinvolvedsurfacesseparately. Thereconstructedsurfaces
areclippedat intersections.Thisway, blurring at anymag-
ni�cation is avoided.Asopposedto existingmethods,which
resamplesurfacesclose to object intersections,the pro-
posedapproach preservesthe original object representa-
tion. Sincenoresamplingis needed,dynamicscenescanbe
handledvery �exible. Complex intersectionsinvolvingany
numberof objectscanberendered.

1. Intr oduction

CSG operationsare amongthe most importantmodel-
ing methods.Consequently, the topic hasbeenextensively
studiedfor polygonalmeshes,splinepatches,or volumet-
ric data.However, little work hasbeenpublishedregarding
CSGrenderingfor point-sampledobjects.

Point-sampledobjectsareusuallyrenderedby splatting
the individual samplessuch that eachsamplecontributes
its color anddepthinformationto a small area[13]. Each
sampleis blendedwith its neighbors.This surfacerecon-
structionmethodblurs sharpfeaturesin textureor geome-
try. However, a crucialpartof CSGmodelingis theability
to representsharpedges,creasesandcorners.

We presentan algorithm that allows renderinga CSG
treethat combinesseveral point-sampledobjects.Samples
areconsideredcirculardisks,so-calledsurfels. Surfelsbe-
longingto thesameprimitiveobjectareblendedin orderto
generateasmoothsurface,surfelsbelongingto differentob-
jectsclip accordingto theCSGoperationappliedto theob-
jects.

Duringrendering,clippingpartnersareidenti�ed andthe
disksareclippedaccordingly. Eachsurfelcanbeclippedby
multiple clipping partners.Clipping is evaluatedfor each
pixel.

Themaincontributionof thispaperis a renderingmech-
anismthat is able to renderarbitraryCSG treesof point-
sampledobjects.Sharpfeaturescreatedby theCSGopera-

tionsarepreservedindependentof themagni�cation level.
The original samplingdensityof the objectscan vary ar-
bitrarily, the presentedalgorithm preserves this sampling.
This is an advantageespeciallyin dynamicscenes,where
the resultof a CSGoperationhasto be computedfor ev-
ery frame.

2. RelatedWork

Theproblemsarisingwhenrenderingobjectscreatedby
CSGoperationshave beenintensively studied.For polyg-
onal models, referencesinclude, but are not limited to
[4, 5, 7, 9, 10,11].

Recently, there has been signi�cant work on point-
sampledobjectsas a modelingprimitive [12]. Two pub-
lications also addressCSG operations[1, 6]. Since the
reconstructionmechanismcommonlyusedto rendersur-
facesfrom point samplesblurs edges,the algorithmspro-
posedin [1] and [6] resamplethe edgescreatedby CSG
operationsin orderto avoid blurringartifacts.

AdamsandDutré[1] resampletheareaaroundtheedges
usingvery small surfelsin order to pushthe blurredarea
below the pixel area.This methodis fastest,but cannever
completelyconcealthe point-samplednatureof the edge.
Magnifying theedgewill resultin blurring.

Pauly et al. [6] introducea specialsurfel classthat ex-
plicitly representsanedge.This surfelcarriestwo normals,
andis renderedastwo clipping surfelswith identicalcen-
ters.This surfel is moved onto the edge,and the affected
areais resampledto �ll holes.Thismethodalwaysprovides
sharpedges,but doesnot supportmorecomplex intersec-
tion typeslikecorners.

In contrastto [1] and[6], theproposedmethoddoesnot
performresamplingof thesurfaces.

Zwickeretal. [14] presenta hardwarerendererfor point
sampledgeometrythat can clip surfelswith one or more
clipping planes.However, when more than two clipping
planesaffect one surfel, the resultsare ambiguous.Thus,
complex intersectionscannot be representedwith this ap-
proach.Our algorithmresolvestheseambiguitiesandcor-
rectly rendersarbitrarilycomplex surfaceintersections.
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Figure 1. Overview of the algorithm. The CSG op-
eration classi�es surf els into edge and surface
surf els. Edge surf els are passed to our edge ren-
dering algorithm. Surface surf els can be rendered
with any point renderer .

3. Algorithm

We presentan algorithm capableof renderingsharp
edgesandcornerscreatedby aseriesof CSGoperationsap-
plied to point-sampledobjects.Surfelsthat arecloseto a
surfaceintersectionareclippedduringrendering.All other
surfelsarerenderedusingan arbitraryrenderer. The CSG
algorithm is modi�ed to classify surfelsaccordingly(see
Section3.1).Thosesurfelsthatneedto beclippedareren-
deredin a two-passrenderingsetup.In a �rst pass,clipping
partnersaredetermined,whicharestoredin listsalongwith
thesurfels(seeSection3.2).In thesecondpass,EWA splat-
ting is usedto renderthesurfels,honoringtheclippingpart-
ners.Thisis discussedin Section3.3.Figure1 illustratesthe
renderingsetup.

3.1. CSG Operations

CSGoperationscanbereducedto aninside/outsidetest.
Considertwo objectsA andB with surfacesSA andSB, re-
spectively. The surfaceresultingfrom the CSG operation
A

�

B is constitutedof the partsof surfaceSA that are in-
sideB combinedwith thepartsof surfaceSB insideA:

SA � B �

�

SA
�

B���

�

SB
�

A� (1)

Theunionoperationis analogous:

SA � B �

�

SA
�

B̄���

�

SB
�

Ā�
	 (2)

To improve thereadabilityof thealgorithmdescription,
weonly considerunionandintersectionoperations.In Sec-
tion 4, wediscusshow to assembleotheroperationssuchas
differenceusingintersectionandunion.

Our primitives are patches, i.e. point sampledobjects
withoutsharpedges.OneCSGoperationcancreateobjects
with sharpedges,two or moremightcreatecorners.Oural-
gorithmis ableto rendertheseedgesandcornerswith high
qualitywithout changingtheobjectrepresentation.

In order to representcomplex objects,we storea CSG
treeT. The leavesof this treerepresentpatches,the inner
nodesstoreCSGoperators.Eachinnernodethusrepresents
the resultof its CSGoperationappliedto its child nodes.
WeusetheCSGtreeto resolveinside/outsidetestsfor com-
plex objects(seeSection3.3).

In theremainderof thispaper, weusethefollowingnota-
tion: for anobjectA, SA denotesits surfaceandTA theCSG
treenoderepresentingthis surface.If A is a primitive, PA
denotesthecorrespondingpatch,i.e. thesetof surfelsrep-
resentingSA.

3.1.1. Inside/Outside Classi�cation It is commonprac-
tice to reducethe inside/outsideclassi�cation for a point-
sampledobjectA to a front-face/back-facetestwith respect
to theclosestsurfelin PA [1]. In orderto determineif apoint
x is insideA, only its closestsurfel s � PA is usedfor clas-
si�cation. x is consideredinsideA if its nearestneighbors
doesnot clip x:

�

x insideA
�� �

�

s clipsx


�

���

x � cs��� ns �

0
�	 (3)

Here,cs denotesthecenter, ns thenormalof theclosestsur-
fel to x in A, and � thedotproduct.

As illustratedin Figure2 (a), this leadsto classi�cation
errors.For many applications,theseerrorsareacceptable.
However, in our casethey would leadto jaggededges.In
[6], the MLS projectionoperatoris usedto obtain an ex-
actclassi�cation.As thismethodis toocomputationallyex-
pensiveto beevaluatedseveraltimesfor eachfragment,we
remedytheproblemby usingthetwo closestsurfelss1 and
s2 for classi�cation.Theinside/outsidetestaccordingto (3)
isperformedfor bothsurfels,yieldingresultsin1 andin2, re-
spectively. Thesearecombineddependingonthecon�gura-
tion of theclosestsurfels:Wecall two surfelss1 ands2 with
centersc1 andc2 concaveif s1 clipsc2 ands2 clips c1. Oth-
erwise,they arecalledconvex. Figure3 illustratesthecon-
�gurations.

We de�ne the inside/outsideclassi�cation with respect
to anobjectA usingthetwo closestsurfelss1 � 2 of apointx:
If s1 ands2 areconcave,then

�

x insideA
����

�

s1 clipsx
����

�

s2 clipsx
�� (4)

otherwise,if s1 ands2 areconvex,
�

x insideA
����

�

s1 clipsx
����

�

s2 clipsx
�	 (5)

Figures2 (b) and (c) show the effect of our classi�cation
method.Note thatonecanconstructsituationswhereeven
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Figure 2. (a) Using onl y the closest surf el for in-
side/outside classi�cation leads to classi�cation
errors. (b) The edge created by an inter section of
two diff erentl y sampled surfaces, rendered using
onl y the closest surf el for classi�cation. (c) the
same edge rendered with our inside/outside test.
The yello w surf el is clipped by ten clipping par t-
ners.

c1 c2 c1 c2

(a) (b)

Figure 3. (a) Two conca ve surf els. Each surf el cen-
ter c1 � 2 is on the front facing side of the other sur -
fel. (b) Two con vex surf els. At least one of c1 � 2 is
on the back facing side of the other surf el.

the useof the two closestsurfels for classi�cation leads
to non-intuitive clipping resultscontainingdiscontinuities.
However, in practice,thesesituationsarevery rare,andthe
resultingartifactsareonly noticeablein extremecloseups.
Thus,usingevenmoresurfelsfor classi�cationdoesnotjus-
tify the additionalcost.This problemis also discussedin
Section5.2.

3.1.2. Surface Reconstruction For point-sampledob-
jects, the setsSA and SB are representedas discretesets
of samplepoints PA and PB. A conventionalCSG opera-
tion classi�es the samplepoints into two sets:points that
areon theresultingsurface,andthosethatarenot.

Due to the surfacereconstructionmethodusedto ren-

(a) (b)

Figure 4. (a) The edge of a cube , with surf els dis-
carded by a con ventional CSG operation marked
red. Note their contrib ution to the surface . (b) The
cube rendered without these surf els. Holes appear
along the edge.

derpoint-sampledsurfaces[8, 13], samplesthatcontribute
to the resultingobjectarediscardedby theCSGoperation
(seeFigure4).To makesurethatthesurfacecanbeproperly
reconstructed,we modify theCSGoperationto classifythe
surfelsinto four setsinsteadof two, dependingon thesur-
fel radiusr andthedistanceto the thesurfaceof theother
object,d. For anarbitraryCSGoperationA  B, theclassi�-
cationis asfollows:

! surfacesurfels: surfelsin SA " B, r
�

d
! inside edge surfels: surfels in SA " B that might be

clipped,i.e. r # d
! outsideedgesurfels: surfelsnot in SA" B, but closeto

the edge,so they might contribute to the surface,i.e.
r # d

! outside surfels: surfelsthat do not contribute to the
resultingsurface.

Surfacesurfelscanberenderedwith any point renderer.
Insideandoutsideedgesurfelsarerenderedusingour edge
renderingalgorithm,outsidesurfelsarediscarded.Thus,the
edgerenderingalgorithmhandlesall point thatarecloseto
theedge,i.e. r # d.

3.2. Finding Clipping Partners

In a�rst renderingpass,theedgesurfelsaresplattedinto
a framebuffer storing a set of surfelsC$ x � y%

for eachcell
(pixel), the clip buffer. The clip buffer hasthe samesize
astheviewport,andthesameviewing andprojectiontrans-
formationsareused.

Wheneverafragmentof asurfelsfrom patchPA is added
to aclip buffer cell

�

x � y� , it is apotentialclippingpartnerof
all surfelst � C$ x � y%

belongingto patchesPB with PA &�

PB.



If s andt arecloseenoughto clip, t is addedto the clip-
ping partnerlist of s and vice versa.We considersurfels
closeenoughto clip if their Euclideandistanceis smaller
than the sum of their radii. This resultsin more clipping
planesthannecessary. However, thecomputationalcostin-
volved in exactly determiningwhetheror not two surfels
clip is too high comparedto the gain. FunctionaddFrag-
mentis a pseudocodeversionof theprocedure.

Function addFragment(intx, int y, Surfels)
/* addsa fragmentof s to thecell (x,y)*/
C ' cellSurfels(x, y);
foreacht � C do

if (t.Patch
&�

s.Patch and distance(s, t) < s.r + t.r) then
s.addClippingPartner(t)
t.addClippingPartner(s)

3.3. Clipped Splatting

After clippingpartnershavebeendeterminedfor all sur-
fels,thesurfacecanberendered.Clippingis performeddur-
ing ellipserasterization.Objectspacecoordinatesarecom-
putedfor eachfragment.Thesearethenusedto determine
whetheror not the fragmentlies on the surfaceresulting
from theCSGoperationsasstoredin theCSGtree.

We considera fragmentx createdby a surfelfrom patch
PA. This fragmentis partof thesurfaceSA of theobjectrep-
resentedby theleafnodeTA of theCSGtree.Thealgorithm
hasto determineif x is partof thesurfaceof theobjectrep-
resentedby the root nodeof the CSGtree.Therefore,we
traversethetreebottomup,startingat the leaf TA, until the
root nodeis reached.TA and its sibling TB are combined
with theCSGoperatorstoredin their fathernodeT ( . To de-
terminewhetherx lieson thesurfacerepresentedby T

(
, we

apply(1) and(2). As x is partof thesurfaceSA, theseequa-
tionscanbesimpli�ed to

�

x � SA � B 
)�

�

x insideB
�� (6)
�

x � SA � B 
)� �

�

x insideB
�	 (7)

If x is on thesurfacerepresentedby T ( , we continueup
the tree.Otherwise,x can be discarded.Functionclipped
is a pseudocodeversion of this algorithm (seealso Ap-
pendix A). Note that the inside/outsideclassi�cation can
yield thevaluestrue, falseandunknown. Theunknownclas-
si�cation is usedif thereareno clipping partnersto repre-
senta patch.Thiscaseis discussedin Section3.3.1.

We now needan insideTree-predicateto determineif a
position x is inside the object representedby a CSG tree
T. Using the operatorstoredin T, we canrecursively de-
scendinto T andthusreducetheproblemto �nding an in-
side/outsideclassi�cationwith respectto the leaf nodesof

Function clipped(Fragmentx, ObjectA)
/* determinewhetherfragmentx of ObjectA is clipped*/
T ' �ndNode(A)
on ' true
while (on �*� isRoot(T)) do

T2 ' getSibling(T)
in ' insideTree(x, T2)
T ' T.Father
if in = unknown then

continue
else

switch T.Operator
case

�

: on ' in
case� : on '�� in

endwhile
return � on

T. At eachnode,thefollowing operationsareapplied:

�

x insideA � B
��

�

x insideA
��

�

x insideB
�� (8)
�

x insideA
�

B
��

�

x insideA
��

�

x insideB
�	 (9)

A pseudocodeversionof the tree traversalis shown in
FunctioninsideTree.TheinsidePatchpredicateimplements
theinside/outsideclassi�cationasde�ned in Section3.1.1.
It is discussedbelow.

Function insideTree(Fragmentx, CSGTreeT)
/* determinewhetherfragmentx is inside or outsidethe

objectrepresentedbyT */
if isLeaf(T) then

return insidePatch(x, T.Patch)
else

switch T.Operator
case

�

: return insideTree(T.Left) �

insideTree(T.Right)
case� : return insideTree(T.Left) �

insideTree(T.Right)

3.3.1. Unknown Classi�cations Whenclippingasurfels,
we canonly useclipping partnersstoredwith s, i.e. surfels
thathavebeenidenti�ed asclippingpartnersin the�rst ren-
deringpass.However, duringtreetraversal,we might need
inside/outsideclassi�cationsfor all patches.Not all patches
arerepresentedwith clippingpartnersfor s. Hence,somein-
side/outsideclassi�cationsremainunknown.

A pseudocodeversionof theextendedclassi�cationin-
cluding the unknownvalue is shown in Function inside-
Patch.

An unknownclassi�cationdoesnever leadto discarding
afragment(seeFunctionclipped).Considerafragmentx of
a surfel s. If the inside/outsideclassi�cation for x with re-
spectto apatchP cannotbedetermined,nosurfelsof P are
clipping partnersof s, i.e. P doesnot intersects. Thus,s is
eithercompletelyinsideor completelyoutsideP. If any of



Function insidePatch(Fragmentx, PatchP)
/* determinewhetherx is insideor outsideP */
/* �nd all clippingpartners thatare part of patch P */
C ' getClippingPartnersOfPatch(x.Surfel, P)
switch + C +

case0: return unknown
case1: return � clips(C0, x)
else

sortForDistance(C)
if convex(C0, C1) then

return � clips(C0, x) �*� clips(C1, x)
else

return � clips(C0, x) �*� clips(C1, x)

thefragmentsof sneededto bediscardeddueto P, swould
havebeendiscardedentirelyby theCSGoperation.

If the inside/outsideclassi�cation for a complex object
is computedandthe classi�cation for oneof the involved
patchesis unknown, we needto deal with unknownas a
value in FunctioninsideTree.In order to evaluate(8) and
(9), the � and � operatorsareextendedto handlethe un-
knownvalue:

A � unknown
�

A �

A � unknown
�

A

for all A �-, true� f alse� unknown. .
The reasonfor using thesepropagationrules is as fol-

lows: We checktheclipping for a fragmentof thesurfels.
If the inside/outsideclassi�cation for patchPA yields un-
known, s is not affectedby PA. Thus,if PA andPB form a
complex object,wecanusetheclassi�cationreturnedby PB
for thecombinationof PA andPB. Only if theinside/outside
statusfor bothPA andPB is unknown, theclassi�cationfor
theircombinationis unknown aswell.

Figure5 shown an example.Imaginean objectde�ned
by theCSGtree

�

A
�

B�

�

C. Weconsidertwo surfelss1 � s2 �

PC. In order to determinewhich fragmentsto discard,we
needinside/outsideclassi�cationswith respectto the ob-
ject A

�

B. According to the CSGtree,
�

x insideA
�

B
/�

�

x insideA
0�

�

x insideB
 . Becauses1 intersectsthesurfaces
of bothA andB, this expressioncanbeevaluatedfor frag-
mentsof s1. s2 doesnot intersectthesurfaceof B, andthe
classi�cationcannotbecomputed.Thevalueof

�

x insideB


is unknown. In this case,the classi�cation becomesinde-
pendentof B:

�

x insideA
�

B
��

�

x insideA
1� unknown�

�

x insideA
 .

4. Implementation

We implementeda test application using our algo-
rithm. Surfacesurfelsaresplattedusinga hardwaresplat-
ting algorithm presentedin [3]. The software-rendered
edgesare stored in a texture that is merged with the
hardware-renderedsurfacesin the third passof the hard-

s1

s2

PA

PB

Figure 5. A cross-section of an object consisting
of three patc hes. The patc h PC is parallel to the im-
age plane . The inside is shaded. For s1 � PC, the in-
side/outside classi�cation with respect to both PA
and PB can be computed. For s2 � PC, the classi-
�cation with respect to PB yields unkno wn. Thus,
the decision whic h fragments to discar d onl y de-
pends on PA.

ware renderer. That way, no additional renderingpassis
needed.

4.1. CSGOperations

For point-sampledobjects,theinside/outsidetestis usu-
ally implementedusinganapproximationof thesigneddis-
tancefunction. Hencethe classi�cation in edgeand non-
edgesurfelsis availableat noadditionalcost.

Throughoutthe descriptionof our algorithm we only
discussedtheunionandintersectionoperations.For point-
sampledobjects,theinvertedobjectĀ is obtainedby invert-
ing all normal orientations.Using thesethreeoperations,
any Booleanoperationcanbeassembled.WhenaCSGtree
originally containsotheroperatorsthanunionandintersec-
tion, we rebuild it asfollows: First, we breakotheropera-
tions down to combinationsof union, intersectionand in-
version.Then,all inversionoperationsarepropagateddown
the CSG tree until the CSG tree only containsinversion
operationsat its leaf nodes.At leaf nodes,inversion is
achieved by inverting the normalorientationof all surfels
in thepatch.Considerfor exampletheCSGtreeA 2

�

B � C � .
Rewriting the 2 operatoryields A

�

�

B � C� . The inversion
is thenpropagatedto the leaf nodes:A

�

�

B̄
�

C̄ � , which is
anexpressionthatcanbeevaluatedusingour algorithm.

4.2. Rendering

For softwaresplatting,thealgorithmdescribedin [8] is
used.Thealgorithminvolvescomputingthematrix inverse
of the splatspaceto screenspacemappingM. When this
mappingis closeto singular, i.e.whenthesplatnormalis al-
mostperpendicularto theviewing direction,numericalin-
stabilitiesmake thematrix inverseunreliable.



In [8], suchsplatsarediscarded.Sincethey arealmost
perpendicularto the viewing plane,the resultingartifacts
arehardly noticeable.However, we usesplattingto deter-
mineclipping partners.Missinga clipping planecanresult
in seriousartifacts,independentof thedirectionof theclip-
ping plane.It is henceimperative thatall potentialclipping
partnersareconsidered.Therefore,we cannot simply dis-
cardsurfelswith almostsingularM. Instead,a thick line is
drawn into theclip buffer, completelycoveringtheellipse.
Thismight resultin clippingpartnersbeingaddedto surfels
thatdonotoverlapin theclip buffer. As only theclosestsur-
fels aretaken into accountwhencomputinginside/outside
classi�cations,addingtoo many clipping partnersdoesnot
causeany problems.Surfelsthat are clipping partnersal-
thoughthey donot overlapin theclip buffer areneverused
for aninside/outsidedecision.

5. Discussion

Therearetwo alternative algorithmsfor edgerendering
afterCSGoperationsonsurfel-basedobjects[1, 6]. In con-
trastto our approach,bothrely on resampling.We �rst dis-
cussboth methodsbeforegiving a moredetailedcompar-
ison with our algorithm in termsof speedin Section5.1.
Limitationsof ouralgorithmarediscussedin Section5.2.

AdamsandDutré [1] focus on interactive CSG opera-
tions. The main focus of the paperis an acceleratedin-
side/outsideclassi�cation for surfel-basedobject,so as to
achieve interactivity. Sharpedgesaredrawn by resampling
thesurfacescloseto theedges.Thesurfelscloseto theedge
arereplacedwith smallersurfelsin orderto minimizeblend-
ing betweenthe two surfaceparts.Only the closestsurfel
is usedfor inside/outsideclassi�cation,andtherecanonly
be oneclipping planeper surfel. After the CSGoperation
is complete,the resolutionof the edgeis arbitrarily high,
but �x ed. Zooming on the edgewill eventually reveal its
blendednature.

Pauly et al. [6] also resamplethe edgesafter a CSG
operation.They use the MLS projection operatorfor in-
side/outsideclassi�cation. After the CSG operation,the
edgesare resampledas follows: Along the edge,pairs of
surfelsareidenti�ed. Eachof thesepairsis movedto apoint
on the edge,and the two surfelsare fused into a special
surfel storingtwo normals.This surfel will be renderedas
two half-surfels.The holesin the surfacethat are created
by moving thesurfelsareclosedby resamplingtheaffected
areasandinsertingsurfelswherenecessary. The edgecan
be re�ned arbitrarily, and convergestoward the edgethat
would have beencreatedby the CSGoperationappliedto
theMLS reconstructionof thesurfelsets,as�rst de�ned in
[2]. As theedgesarecreatedby thespecialhalf-surfels,they
remainsharpevenwhenzoomingin to theedge.Whenap-
plying morethanoneCSGoperation,theresultingcorners

cannotberepresentedthis way.
CSG operationsbetweenobjectswith highly different

samplingdensitiesposeproblemsfor both algorithms.As
notedin [6], theseproblemscanberesolvedby upsampling
theareascloseto edgesbeforetheCSGoperation.

The algorithm presentedhereindoesnot resamplethe
edgescreatedby CSG operations.Instead,surfels along
the edgesare interpretedascircular disks,which are then
clipped.Thatway, weareableto renderarbitraryCSGtrees
appliedto point-sampledobjects.The samplingdensityof
theparticipatingsurfacescanvaryarbitrarily. Complex cor-
nersor saddlepointscanberendered.As asinglesurfelcan
be clippedby many others,alsovery sharpedgesandde-
generatecasesasseenin Figure7 canberenderedwithout
artifacts.

Note that arbitrarycornerscannotbe renderedwith [6]
or [14]. Storingseveralclippingplanespersurfelis notsuf-
�cient to representa surfaceintersectioncreatedby a CSG
operation.Hence,in [14], cornersaregenerallyassumedto
be convex: a fragmentis discardedif it is clippedby any
oneof the clipping planes.This is not correctin the gen-
eralcase,seeFigure2 for anexampleof anedgethatis nei-
therconvex nor fully concave.

5.1. Performance

Thecostlyedgerenderingalgorithmis only usedfor sur-
felscloseto theedge.Therenderingtime is thusmainlyde-
pendenton thenumberof viewport pixelscoveredby edge
surfels.Usually, edgesurfelsonly amountfor a small frac-
tion of all surfels,and only cover a small portion of the
screen.Thus,atimingcomparisonis dif�cult, asfor conven-
tional renderers,renderingtime dependson the total num-
berof surfelsandthetotal numberof pixelscoveredby the
model.

Thefollowing tableshowsrenderingperformancefor the
scenesshown in Figures7, 8 and9, at differentzoomlev-
els.Thetimingsweretakenon a 3GHzPCwith a GeForce
FX5900graphicsboard.

Figure # surfels # edge # edge FPS
surfels pixels

7 (b) 1871 972 7189 9.09
33404 2.63

8 (a) 20 20 8763 8.3
47469 2.27

9 (a) 116650 2272 12234 5.55
69450 2.0

The data supportsthe assumptionthat renderingtime
is linearly dependenton the numberof visible edgepix-
els,while thetotal numberof surfelshasalmostno impact
on computationtimes.Thedepthof theCSGtreehasonly
minor in�uence on complexity, as the CSG tree is rarely
fully traversed.Spatialcoherencecanbeexploitedto further
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Figure 6. Ar tifact created by our classi�cation
method. Shown is a union operation on patc hes
A and B. Surf el sA should be clipped at its inter -
section with sB0. However, as the center of sB0 is
far away, sB1 and sB2 are used for classi�cation of
the pix els in question. sA “b leeds” into the surface
of B.

speedup the CSGtreetraversal.Pastresultsof the traver-
sal canbe cachedandreusedfor new fragmentswith new
per-patchclassi�cationresults.

Our two-passrendererperformingedgeclipping is sig-
ni�cantly slowerthanahardwaresplatter, suchas[3]. How-
ever, thelattercannotperformany edgeclipping.Onegreat
advantageof [1] is thattheresamplingprocessdoesnot re-
sult in surfelsrequiringspecialtreatment.After a CSGop-
erationwasapplied,theresultingobjectcanberenderedus-
ing hardwaresplatting.Theresamplingensuressharpedges
up to a magni�cation at which the surfacereconstruction
visibly blursedgescreatedby smallsurfels.

The combinedhardware/software renderingpresented
herein is fasterthan the software rendererprovided with
Pointshop3D[6], aslong asedgesonly �ll a small fraction
of the screen.Renderingtimes are similar when approxi-
matelyonefourthof all pixelsshow edges.

Our renderingalgorithm offers advantagesespecially
whentherenderedsceneincludesdynamicCSGoperations.
If theCSGresultneedsto be computedevery frame,edge
resamplinghasto be performedfor every frame.Our ren-
deringalgorithmcanbedirectlyappliedafteraCSGclassi-
�cation, makingapotentiallycostlyresamplingstepunnec-
essary. Which algorithm is actually fasterhighly depends
on thescene,settingandview.

5.2. Limitations

Using the two closestsurfels for classi�cation yields
muchbetterresultsthanonly usingtheclosestsurfel.How-
ever, the classi�cation is not perfect. Figure 6 shows a
schematicdrawing of a situation resulting in an artifact.
In order to avoid theseartifacts,a smoothsurfacerecon-

structionmethodlike theMLS projectionoperatorhasto be
used.We chosenot to useMLS projectionfor performance
issues(seeSection3.1.1).In practice,suchartifactsarevery
rare.They only occursif oneof the patchesis very irreg-
ularly sampled.Even then,only singularpixels along the
edgesareaffectedandthe problemis only visible at large
magni�cations,andonly from very few viewpoints.

Notethatjustasotherapproaches[1, 6, 14], ourmethod
suffersfrom numericalinstabilities.Whentwo clippingsur-
fels arealmostcoplanar, thefrontface/backfacetest(3) be-
comesunreliable.This mayleadto jaggededgesat surface
intersections.

6. Conclusion

CSGisanimportantmodelingmethod,thatonly recently
hasbeenimplementedfor point-sampledobjects.We have
presentedthe �rst generalapproachto renderingof point-
sampledCSGmodelsthatpreservestheoriginalobjectrep-
resentation.It is possibleto renderCSGtrees,includingar-
bitrarily complex edgesandcorners.Edgerenderingis per-
formedby clipping surfelsthatcontributeto anedge.Clip-
ping partnersaredeterminedduringrendering,preprocess-
ing is limited to the CSG classi�cation.Thereis no need
to changetheoriginal objectrepresentationin orderto dis-
play theedges,theedgesarenot resampled.This is anad-
vantageespeciallyin dynamicscenes,wherea CSGoper-
ation is computedfor every frame.Renderingof arbitrary
CSG treesis possibleat frame ratescomparableto exist-
ing softwaresplattingalgorithms.
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A. Corr ectnessof Function clipped
Functionclippeddetermineswhetheror not a fragment

x createdby a surfel belongingto an objectA needsto be
clipped.The algorithmtraversesthe CSGtreebottomup,
startingat the leaf noderepresentingA. The algorithmal-
waysterminates,eitherif on

�

f alse, or whentherootnode
is reached.

To show the correctnessof the algorithm, we use
a slightly modi�ed but equivalent version of Func-
tion clipped,whichsimpli�es theargument.

Function clipped2(Fragmentx, ObjectA)
// determinewhetherfragmentxof ObjectA is clipped
T ' �ndNode(A)
on ' true

1 while ( � isRoot(T)) do
T2 ' getSibling(T)
in ' insideTree(x, T2)
T ' T.Father
if in = unknown then

continue
else

switch T.Operator
2 case

�

: on ' on � in
3 case� : on ' on ��� in

endwhile
return � on

We arti�cially extend the loop to traversethe tree un-
til we reachthe root node,also in caseon becomesfalse.

Hence, the condition of the while loop is changedto
� isRoot

�

T � . Theequations
�

x � SA� B
3�

�

x � SA � x insideB
�� (10)
�

x � SA� B
3�

�

x � SA �4�

�

x insideB
5
�	 (11)

replaceequations(6) and(7) in lines 2 and3. Note that if
x � SA, (6) and(7) areequivalentto (10)and(11).

It is easilyveri�ed thattheabovealgorithmis equivalent
to the oneshown in Functionclipped.If Functionclipped
returns f alse, so doesthe clipped2function: In this case,
the loop terminateswhenreachingthe root node,thusthe
changedterminationconditionin line 1 doesnotchangethe
outcomeof thealgorithm.Whencomputinganew valuefor
on, onis neverfalse.Therefore,it canbeignoredin thecon-
junctionsin lines2 and3, leadingto thesameequationsas
usedin Functionclipped.

If Functionclipped returnstrue, so doesthe clipped2
function: In this case,on

�

true only holdsup to someit-
eration.Beforethatpoint, the two algorithmsbehave iden-
tical, as demonstratedabove. Functionclipped terminates
assoonason

�

f alse. It is suf�cient to show that in Func-
tion clipped2,onceon

�

f alse, onis notchangedany more.
As onitself is oneoperandof theconjunctionsin lines2 and
3, thesealwaysyield f alse. Thus,on

�

f alseuntil theroot
nodeis reached,andtrueis returnedasrequired.

The algorithmreturns � on, thereforeit is correctif we
canshow that

�

on
�

true
��

�

x isOnOT 
 (12)

is aninvariantof thewhile loop.OT denotestheobjectrep-
resentedby the treenodeT, x isOnOT means“x is on the
surfaceof OT ”, i.e. x � SOT .

This can be easily shown by induction.The condition
holdsat thebeginningof the�rst iteration:sincex is partof
a surfelof objectA andA

�

OT dueto the initialization of
T, x isOnOT ; on is initialized to true.

Giventhat(12) holdsat thebeginningof someiteration,
weshow thatit alsoholdsat theend.Wedenotethevalueof
T at thebeginningof theloop T1. Its valueat theendof the
loop is T ( , the fathernodeof T1 andT2. Since(12) holds,
x isOnOT1. Therearetwo casesto consider, dependingon
theinside/outsideclassi�cationfor T2, i.e.dependingonthe
valueof in.

1. If in
�

unknown, on remainsin thesamestateit was.
Thereare no clipping partnersfrom the object OT2,
hencex isOnOT 6

if f x isOnT1. Therefore,x isOnOT 6

.
(12)holds.

2. If in
�

true or in
�

f alse, the value of on depends
on the operatorstoredin T ( . The logic directly fol-
lowsequations(10)and(11),whichimplement(1) and
(2). Thus,afterevaluation,

�

on
�

true
��

�

x isOnOT 
 ,
which is theinvariant.



(a) (b) (c) (d)

Figure 7. (a) A union of �ve spheres. (b) The same spatial setup, rotated. The green and cyan spheres are now sub-
stracted from the central white sphere . The spheres just touc h, thus an extremel y thin structure is created. (c) Sam-
pling of the resulting object. (d) Close-up of the spikes. Top: normal view, bottom: sampling.

(a) (b) (c) (d)

Figure 8. (a) An ikosahedr on created by the inter section of 20 half-spaces. (b) Sampling. Each face is represented
with one surf el. (c) A cube with diff erentl y sampled faces. (d) Sampling of the cube: The faces are represented with
1, 25, and 900 surf els, respectivel y.

(a) (b) (c)

Figure 9. (a) A femural head min us two spheres. (b) Closeup of a 3-surface inter section. The edges can be magni�ed
inde�nitel y without blurring. (c) Sampling. Note the diff erent sampling densities. Surf els are clipped into shape to
accuratel y represent the edges.


