CS161: Algorithm Design and Analysis Handout #10

Stanford University Wednesday, 14 February 2018

Lecture #11.: Wednesday, 14 February 2018

Topics: Example midterm problems and solutions from a long time ag6—
Spring 1998

Problem 1. [15 points] Recurrences and Asymptotics

Give asymptotic®’ solutions for the following recurrencearguethat your solution is correct.
AssumeT (1) = 1.

(@) Ti(n) =6Ty(|n/3]) +n?Ign [2 points]
Using the Master theorem we get

a =6

b = 3
f(n) = nrflgn
nIogba _ n'°936

Sincelog; 6 < 1.64, there existg > 0 (for example,e = 0.1) such thatf (n) = n’Ign =
Q(nl°%:6+¢) and so case 3 of the Master theorem seems to apply. But weatsastheck
the regularity condition: can we findca< 1 such that

at(5) = o(3) 3

= gnz(lgn—IQS)
_ 2, 2 5
= §n Ign—:—%n lg3

is no greater than
cf(n) =cnlgn

for all sufficiently largen? Yes. Ifc = 2/3, then the regularity condition is satisfied as
long asn > 1. We conclude that

T(n) =0O(n?lgn).

Common error: Setting l0g36 = 2
Graded by Suresh.

*Note that textbook refs here are to the first edition.
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(b) To(n) =3To(|n/3])+nlg®n [2 points]
Assumingn is a power of 3, but without compromising the generality of fiwal result as
we observed in class, we use the iteration method to get

To(n) = 3T»(n/3)+nlg3n
= nlg®n+3[3Tx(n/9) +n/3-1g3(n/3) |
= nlg®n+nlg®(n/3) +9[ 3T»(n/27) +n/9-Ig3(n/9) |

: nlg®n—+nlig3(n/3) +nlg3(n/9) + --- + nlg3(n/(n/3)) + nT,(1).

The last sum in the above expression cont&@flgn) terms, each no greater thaty®n,
and sdl,(n) = O(nlg*n).

On the other hand, the first half of thg® terms — or, to be precise, the first= L'Og%”j
terms — are each at least as bigés® Vvn= (nlg3 n)/8 — or, to be precise again, at least
as big as

3 N
nlg 1

SoT,(n) = Q(nlg*n). Together we gefx(n) = O(nlg*n).

We can also get this result directly using the version of ttastdr theorem given in class,
and appearing as exercise 4.4-2 on page 72 of CLR.

It is also possible to solve this problem using the tree nubthdowever, we should be
careful to show both a lower and an upper asymptotic bountbbh. That is, arguing that
the tree has depth at ledsg;n, with each level costing at mostg® n successfully proves
thatTo(n) = O(nlg*n) — but we must also show tha@s(n) = Q(nlg*n) to conclude that
T,(n) = ©(nlg*n). This can be done by considering the cummulative cost otjalétthe
tree levels, in a manner similar to our previous derivatismg the iteration method.

Common error: We cannot apply the basic form of the Master theorem (pagd 6BR)

since
a = 3
b = 3
_ 3
f(n) = nlg®n
rllogba _ nlog33:n

and, even thoughlg®n = Q(n), it is not Q(n'*¢) for any € > 0. Why? Because if
nig®n = Q(n*¢), we could deduce thdg®n = Q(nf), which contradicts the formula on
page 35 of CLR. So case 3 does not apply.

Common error 2: When we obtain the summation
nlg®n+ nigd(n/3) +nlg3(n/9) + - +nig(n/(n/3))

in the recurrence, thisannot be approximated e@(lg3 n). A simple way to analyse this
would be to observe that each termO8g>n) and there ar®(Ign) such terms, yielding
an upper bound dd(Ig*n).



CS161: : Handout #10

(©)

(d)

Graded by Suresh.

Ta(n) = Ta(|n/2]) +T3([n/4]) +n [2 points]
Using the tree method we get the following tree

‘ n

(314 n

Note that the tree will be unbalanced and that the subtreesmonding tds(|n/2]) will
be deeper (i.e. it will have more levels). At all levels aftee shallow subtree — the
one corresponding to;(|n/4]) — becomes exhausted, each level will cost no more than

(2)'n. So we have

Common error: “Since there ar@©(lgn) levels, and each level cost¥n), the total cost
is O(nlgn)”. The problem with this argument is that it is loose. There@{lgn) levels,
but the cost at each level decreases. In fact, the cost at IEMP(%)'. Summing up, we
obtain the above bound @f(n).

Graded by Suresh.

For each function§(n) along the left side of the table below and each function
g(n) across the top, writ®, Q, or © in the appropriate box, depending on whether
f(n) =0(g(n)), f(n) =Q(g(n)), or f(n) = ©(g(n)). If there is more than one
relation betweerf (n) andg(n), write only the strongest one. The first line is a
demo solution. [1 point per entry]
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f(n) 1g(n) lgn nign 4"

n? Q Q O
Ta(n)
T2(n)
Ta(n)

The answers are:

f(n) [g(n) Ign nign 4
T(n) = ©(n*lgn) Q Q 0
T2(n) = ©(nlg*n) Q Q 0

T3(n) = ©(n) Q O 0

Common error: nlg®n is not O(nign).
Graded by Suresh.

Problem 2. [18 (3 points per question)]Potpourri
For each of the statements below:

e circle whether is RUE or FALSE
e Explain your answer in one or two sentences

(&) Anadversary places a bet that he can select an input so tleatyau run RNDOMIZED QUICK-SORT
once on his input, the algorithm will tak&(n?) steps. There is a positive (i.e, non-
zero) probability that the adversary will win his bet.

TRUE FALSE
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(b)

The answer IFRUE. In fact, the adversary does not even have to think hard: oyt i
s/he gives to randomize&@uICK-SORT has a non-zero probability of forcing the algorithm
throughQ(n?) steps. The reason is that the running time of random@eetK - SORT de-
pends on the internal, random selection of pivots; hendég nibt impossible (i.e. there is
a positive probability) that the selection will be bad atmveingle recursive step, parti-
tioning the array into subproblems of sizes 1 andl.

Also, if the input consists af repetitions of the same number, the@aicKk-SORT which
uses thePARTITION procedure shown in class willefinitely take Q(n?) steps, whether
it's deterministic or randomized.

Graded by David.

A max-based heap can be transformed intaie-based heap in linear time.
TRUE FALSE

The answer iFRUE. In fact,any array (i.e. not necessarily a heap) can be turned into a
min-based heap in linear time. The way to do this is to simplyBum.D-HEAP on the
array, which takes linear time. Here, of course, we are ugiBg@ILD-HEAP procedure
based on a neWEAPIFY which, in turn, guarantees that every parent is no greaéer th
its children.

Although it is possible to build anin-based heap by extracting the elements oftiae-
based heap in reverse sorted order, this algorithm @kekyn) steps.

It is not possible to convert max-based heap into min-based heap by reversing the
elements in the heap array. As a counterexample, considéretip stored as

514

This heap appears on the right side in the figure below. Rigxgtise contents of the array
produces

4,15

which is not anin-based heap since the root, 4, is bigger that its left child, 1
Graded by David.

(c) A preorder tree walk on a (max-)heap will output the values stored irhbep in

reverse sorted order.
TRUE FALSE

The answer i$ALSE. Or, to be more precise, not necessatrily. For example, thbdap
in the figure below produces

541

during a preorder walk, while the right heap produces

5,1,4.



(d)

(e)
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S o d %

One counterexample suffices to show the fallacy of the cléinather, more general way
to prove that no tree walk (whether inorder, preorder, otqgrder) can output the nodes
in reverse sorted order is to simply observe that a heap gigasonly that a parent is
no smaller that its children; there is no guarantee as todlfative ordering of the two
children.

Graded by David.

Hashing with chaining is preferable to open addressinggfibad factor of the
hash table is likely to get greater than 1.

TRUE FALSE

The answer iSTRUE. If we havea > 1 then the number of elements to be hashed is
greater than the number of slots available, so we can’t usa agdressing. Even when
a doesn'’t exceed but it is close tdl, chaining is much better since clustering will make
open addressing very inefficient.

Students who argued the inefficiency of open addressingt folose to 1 but didn’t say
that open addressing fails far> 1 lost only 1 point.

Graded by David.

If we know the ordered lists of keys produced byi@order and aninorder
traversal of a binary search tr@e then we have enough information to fully re-
constructr .

TRUE FALSE

The answer i RUE. In fact we don’t even need the inorder output because wedlbtle
information we need to reconstruct the tree from the preavdégput. (Actually, we could
get the inorder output by sorting the preorder output, if eadly wanted to.) Now, since a
preorder traversal outputs the root of the tree before resthbtree, then to reconstruct the
tree we only need to do the following:

1. Initialize the tree to be empty.
2. Insert the elements in the order given by the preordenutp
We'll get the original tree because the root of the origimaét(and every subtree recur-

sively) is inserted into the new tree before any of its ogisubtrees. Thus the structure
of the new tree is exactly the same as that of the original tree

Another way to think about it is the following: imagine thategy element we visit in a
preorder traversal is deleted from the tree and inserteg@tand (originally empty) tree.
It will go exactly at the same (corresponding) position frawimich it was deleted.

Graded by David.
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(f) During a Red/Black treeNSeRT, ©(logn) tree links are modified in the worst-
case.

TRUE FALSE

The answer i4=ALSE. In the worst case may we need to move all the way up the tree
from the new leaf to the root; however, the only operation fitapagates this way is the
CoLOR-FLIP operation that does not modify tree links. Balance can avimgyrestored at
the end by one or two rotations, each of which modifies onlgaHinks.

Graded by David.

Problem 3. [21 points] Non-comparative Sorts

Letn=2X—1. An arrayA[1,...,n] contains alk-bit stringsexcept one. The only operation we
can use to access the arrays “fetch the j-th bit of Afi]”, which takes constant time. Show
that we can determine the missing strindd(n) time.

In the first phase of the algorithm, we look at the least sigaift bit of each number we are given (i.e.
FETCH(X, 1) for each numbeA[i] — a total ofn probes). Le&,, b € {0,1}, be the set of numbers with
b as their least significant bit. 6| < n/2 then there must be at least one number in the rédge
which is not in the sequence of given numbers and which Haasaits least significant bit. Similarly,
if |So| < n/2, then there must be at least one number in the ré@hge which is not in the sequence of
given numbers and which ha®as its least significant bit. We now eliminate the numbersélarger
set since these numbers all differ from the number we ararigdbr in the least significant bit, and we
record the value of the least significant bit.

We now proceed to probe the second least significant bit akilmaining set of numbers (the size of this
setis less than/2), form Sy andS, as above, record the second least significant bit and agaimate
the larger set.

We continue this process until we determine all the bits efrifissing number. That is, in theth
phase of this algorithm, we look at thyeh least significant bit of the remaining numbers (at mégilslt
probes), and eliminate at least half of these numbers fonéltephase. In short, we go through a total
of k phases and deduce the missing string bit-by-bit; altarglgtive can go through— 1 phases and
determine the missing string by flipping the most signifidaihof the single member Gy U S, (i.e. the
one and only string that survived &ll- 1 phases).

Since this algorithm eliminates at least half the sequeficeimbers it looks at in each phase, it takes
at mostign phases to finish. In thgth phase, the algorithm makes at mg,%{ calls to the procedure
FETCH. Thus the total number of probes is at most:

Ign n Ign 1

Several other correct but (asymptotically) slower sohgiare possible. They all end up looking at every
bit of every string, thus takin@(kn) = ©(nlgn) time to complete; recall that, as= 2 — 1, k is by no
means a constant — inste&d= ©(lgn). Examples include:

eCreate an arrap|0,...,n| of booleans, all initialized té-ALSE. Go through all elements &,
extracting eact\[i] bit by bit and interpreting it as a binary number; then BE(i]] to TRUE.
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Finally, go through all elements dhA, and find the one, say itB[j], which is still FALSE; the
missing string is the binary representationj of

ePerformk passes oveA. During passj, extract thejth bit of all the elements of\, counting
separately the zeros and the ones. If there are more (lags) than ones, conclude the pass by
setting thejth bit of the missing string to one (zero).

eSet the missing striniy! to 0. Go through all elements &, extracting eaclA[i] bit by bit and
interpreting it as a binary number; th&©OR this number withM, storing the result back iN.
When you are donél contains the missing string.

eUse a non-compatrative sort to order the elemenks oiterpreted as binary numbers, in increasing
order. Then look at the least significant bits of adjacemnelgts in the sorted arrdy. If you ever
find two identical bits in adjacent elemerk§] andAi + 1], this means that the missing string
is A[i] + 1. To cover the cases where either the stfig. .00 or the stringll...11 is missing,
simply compare the first and last element®\afgains00...01 and11. .. 10, respectively.

Common errors:

1. Ifn=2%—1, thenk =Ig(n+ 1) # O(1). This is an error that nearly everyone made. It is essential
to note here thdt is not an independent parameter. It is defined in terms ahd since we can solve
fork =1g(n+ 1), we cannot claim tha¢ is a constant. All algorithms that run in tin@kn) run in time
O(nlgn), which is not linear.

RADIX-SORT does not run in “linear” time Givenn input numbers that ar digits long, radix sort
runs in timeO(dn+kd), wherek = O(29) is the range of each digit. In our cases Ign, hence RADIX
sort, runs in timéd(nign).

Graded by Suresh.



