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Qutline

#+ Review of last lecture: Balance trees, red-
black trees

¢ Today. Dynamic programming
+optimization problems
erecursive vs iterative solutions
#memoization

Slides modified from
e  http://www.cs.virginia.edu/~luebke/cs332/
o  http://www.cs.unc.edu/~plaisted/
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Example: RED-BLACK-TREE

5 (9 (47

_/ __E

NIL J{ NIL NIL J U NIL

¢ For convenience we use a sentinel NIL[T] to represent all
the null nodes at the leafs
¢+ NIL[T] has the same fields as an ordinary node
¢ Color[NIL[T]]= BLACK
+ The other fields may be set to arbitrary values
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Red-Black-Trees Properties

(**Satisfy the binary search tree property**)
Every node is either red or black

The root is black

Every leaf (NIL) is black

If a node Is red, then both its children are black
: : local
 No two consecutive red nodes on a simple path

from the root to a leaf

For each node, all paths from that node to descendant
leaves contain the same number of black nodes

global



Important Property of
Red-Black-Trees

A red-black tree with n internal nodes
has height at most 2lg(n + 1)

¢+ Need to prove two claims first ...
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Rotations: Local Tree
Rearrangements

Left-Rotate(T, x)

o Right-Rotate(T, y) 14

g ‘

Internal tree rebalancing operations



Another Crucial Operation:
Color Flip

Color flip:
colors get exchanged



Insertion and Deletion

+ Insertions and deletions in O(lg n time) [downwards
pass]

+ Do them as in normal BST, then fixup the RB invariants
[upwards pass]

+ Only flip propagates, then 1-3 rotations fix the tree




Dynamic Programming

+ The word “programming” is historical and
predates computer programming

+ Relates to certain “tabular” approaches

(e.qg., a
+ A very
certain

so In “linear programming”)

powerful, general tool for solving
optimization problems

+Once understood it Is relatively easy to

apply

10



A Motivating Example: Fibonacci
Numbers

«1 1, 2, 3,5, 8, 13, 21, 34, 55, 89, ...
F(O0) =1,
{ F(1) = 1;
F(n) = F(n-1) + F(n-2)

+ How to compute F(n)?

11



A Recursive Algorithm

function fib(n)
f(n==0orn==1) return 1,
else return fib(n-1) + fib(n-2);

What Is the time complexity?

12



Recursion Tree

- __F@ -

F(8) F(7)
~ AW ~ N
h=n F(7) F(6) F(6) F(5) h=n/2

<~ V7V N\ I\
F(6) F(5)F(5) F(4) F(5) F(4) F(4) F(3)

+ Time complexity between 2"2 and 2"

T(n) = F(n) = 0O(1.6") = O(¢")

golden ratio 13



An lterative Algorithm

function Fib(n)
F[O]=1; F[1]=1;
forir=2ton
F[i] = F[i-1] + F[i-2];
Return F[n];

Time complexity? O(n)

14



Recursion vs. Iteration

+ Problem with the recursive Fib algorithm:
+ The same subproblem is being solved many times ...

+ Solution: avoid solving the same subproblem more than
once
(1) pre-compute all subproblems that may be needed later

(2) Compute on demand, but memorize the solution to avoid
recomputing

+ Can one always speedup a recursive algorithm by
making it an iterative algorithm?
+ E.g., Merge Sort
+ No, since there is no overlap between the two sub-problems

15



Another Motivating Example:
Shortest Path Problem

o =

WA
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+ Find the shortest path from start to goa
+ An important graph optimization problem




Possible Approaches

+ Brute-force algorithm
+ Enumerate all possible paths and compare
+How many?

+ Greedy algorithm

+ Always use the edge that takes you closest
to the goal

+Does not necessarily lead to the optimal
solution
+ Can you think of a recursive strategy?

17



Optimal Substructure

+ Claim: If a path start—goal is optimal, any sub-path
X—Y, where X, y Is on the optimal path, is also optimal.

b c a+ b+ cis shortest

a X y @ b'<b

b’ atb'+c<a+b+c

+ Proof by contradiction
+ If the subpath b between x and y is not the shortest
+ we can replace it with a shorter one, b’
+ which will reduce the total length of the new path

+ the optimal path from start to goal is not the shortest =>
contradiction!

+ Hence, the subpath b must be the shortest among all paths
fromxtoy 18



Shortest Path Problem

SP(start, goal) = min <

 dist(start, A) + SP(A, goal)
dist(start, B) + SP(B, goal)

_ dist(start, C) + SP(C, goal)

19



A Special Shortest Path
_Problem: the Grid

S

l

G
n

Each edge has a length (cost). We need to get to G from S. Can only move
to the right or bottom. Aim: find a path with the minimum total length 20



Recursive Solution

=
| HEEN
¢+ Suppose we’ve found the shortest path \
+ It must use one of the two edges: \ =
¢ (m, n-1) to (m, n) Case 1 \\ _)%
+ (m-1, n) to (m, n) Case 2 m =g

¢ If case 1

+ find shortest path from (0, 0) to (m, n-1)

+ SP(0, 0, m, n-1) + dist(m, n-1, m, n) is the overall shortest path
+ If case 2

+ find shortest path from (0, 0) to (m-1, n)

+ SP(0, 0, m, n-1) + dist(m, n-1, m, n) is the overall shortest path
+ We don’t know which case Is true

+ But if we've found the two paths, we can compare

+ Actual shortest path is the one with shorter overall length
21



Recursive Solution

Let F(i, j) = SP(0, O, i, j). => F(m, n) is length of SP from (0, 0) to (m, n)

% A F(m-1, n) + dist(m-1, n, m, n)
\ N\ F(m, n) = min {
"\ AN F(m, n-1) + dist(m, n-1, m, n)
\\ — l Generalize
\\«»_,EE F(i-1, j) + dist(i-1, j, i, j)
77 F(, j) = min {
F(i, j-1) + dist(i, j-1, i, j)

22



+ To find shortest path from (0O,
0) to (m, n), we need to find
shortest path to both (m-1, n)
and (m, n-1)

+ If we use recursive call,
some subpaths will be
recomputed for many times

¢+ Strategy: solve subproblems
In certain order so that
redundant computation can
be avoided

23



Dynamic Programming

Let F(i, j) = SP(0, O, i, j). => F(m, n) is length of SP from (0, 0) to (m, n)
n

" F(i-1, j) + dist(i-1, j, i, j)
U*ig F(i, j) = min {
(@i, j-1) + dist(i, j-1, i, j)

i < \

Boundary condition: i =0 or j = 0. I=1.mj=1.n
Easy to figure out. l Number of unique subproblems =
m *n
(-1, )) _
Data dependency determines
(i, i-1) i order to compute: left to right, top
’ to bottom

(. )) 24



Dynamic Programming lllustration

&

i EAN
®
[H
= (@)}
\l
N
&
~/ B>/
w
HT_(H =
(00] ~l
N
N\ W
) (O/ N=Y

F(iI-1, J) + dist(i-1, J, 1, J)
F(1, ) = min{
F(1, J-1) + dist(i, J-1, 1, J)

25



Trace Back

0 3 9 :@ 1 :@ :@
5 3 3 3
L3 2 5
€ O=>O— 01—
2 3| 9 3
(D—2{(9—2 i~ @és@s)
6 2 7 4
@—3 1)@y 17 20
3
4) GI 3 1y 3
@—1 ap 2 a3 s 20

Shortest path has length 20
What is the actual shortest path?



Elements of Dynamic Programming

+ Optimal sub-structures

+ Optimal solutions to the original problem contains
optimal solutions to sub-problems

+ Overlapping sub-problems
+ Some sub-problems appear in many solutions

+ Memorization and reuse

+ Carefully choose the order that sub-problems are
solved, such that each sub-problem will be solved
for at most once and the solution can be reused

27



Two Steps to Dynamic Programming

+ Formulate the solution as a recurrence relation
on solutions to subproblems.

+ Specify an order to solve the subproblems so you
always have what you need (solved subproblem).

+ Bottom-up
+ Tabulate the solutions to all subproblems before they are used

+ \What if you cannot determine the order easily, of if not
all subproblems are needed?

¢+ Top-down
+ Compute when needed.
+ Remember the ones you’'ve computed

28



Question

+ |f Instead of shortest path, we want
(simple) longest path, can we still use
dynamic programming?

+ Simple means no cycle allowed

+Not In general, since no optimal substructure

¢«Even if s...m...tis the optimal path from s to t,
S...m may not be optimal from s to m

+Yes for acyclic graphs

29



Example Problems Solvable by
Dynamic Programming

+ Seguence alignment problem (several different
versions)

+ Shortest path in general graphs

+ Knapsack (several different versions)
+ Scheduling

+ Matrix products

+ elc.

+ We discuss alignment, matrix products, and
(certain types of) knapsack problems

+ Shortest path in graph algorithms

30



Sequence Alignment

+ Compare two strings to see if they are
similar
+\We need to define similarity
+Very useful in many many applications

+ Comparing DNA sequences, text articles,
source code, etc.

+« Example: Longest Common Subsequence
problem (LCS) 31



Common Subseguence

+ A subsequence of a string Is the string
with zero or more chars left out

+ A common subsequence of two strings:

+ A subsequence of both strings
+Ex:Xx={ABCBDAB},y={BDCABA]}

+{B C} and {A A} are both common
subsequences of x and y

32



Longest Common Subsequence

e Given two sequences x[1 .. m]and y[1..n], find a
longest subsequence common to them both.

N—

Ha” not che”

N

X: A/B (‘3 B\D AI\ B >EgSB(')A(\:)
vy B D C A B A 4

functional notation,
but not a function

33



Brute-Force LCS Algorithm

Check every subsequence of x[1 .. m] to see
If It Is also a subsequence of y[1..n].

Analysis

« 2™ subsequences of x (each bit-vector of length m
determines a distinct subsequence of x).

* Hence, the runtime would be exponential !

Towards a better algorithm: a DP strategy

« Key: optimal substructure and overlapping sub-
problems

 First we find the length of LCS. Later we modify the
algorithm to find LCS itself.

34



Optimal Substructure

+ Notice that the LCS problem has optimal substructure:
parts of the final solution are solutions of subproblems.

¢ If z = LCS(X, y), then any prefix of z is an LCS of a prefix of

x and a prefix of y.
:i m

JARNVARN

J

X

+ Subproblems: “find LCS of pairs of prefixes of x and y”

35



Recursive Thinking

m

LN/ ]

¢+ Case 1: xIm]=y[n]. There is an optimal LCS that matches
X[m] with y[n]. — Compute LCS (x[1..m-1], y[1..n-1])

+ Case 2: x[m]
¢ Case 2.1: x
¢ Case 2.2y

#Yy[n]. At most one of them is in LCS
‘m] notin LCS —— Compute LCS (x[1..m-1], y[1..n])

n]notinLCS  ____, compute LCS (x[1..m], y[1..n-1])

36



Recursive Thinking

TN /T ] .

y i

¢ Case 1: X[m] :y[n] _ Reduce both sequences by 1 char
¢« LCS(X, y) = LCS(X[1..m-1], y[1..n-1]) || X[ m]

+ Case 2: x[m] =y[n] Noncatonate
¢« LCS(X, y) = LCS(x[1..m-1], y[1..n]) or

LCS(x[1..m], y[1..n-1]), whichever Is longer

~

Reduce one sequence by 1 char &



Finding Length of LCS

: i
ARINVAN N

y i

¢ Let c[l, |] be the length of LCS(X[1..1], y[1..]])
=> c[m, n] is the length of LCS(X, y)

¢ If Xm] = y[n]
c[m,n] =c[m-1,n-1] +1

¢ If x[m] '=y[n]

c[m, n] = max { c[m-1, n], c[m, n-1] }

38



Generalize: Recursive Formulation

o c[i-1, j-1]+1 iIf x[1] = y[l,
cli, 11 = { max{c[i-1, j], c[i, 11}  otherwise.

39



Recursive Algorithm for LCS

LCS(X, vy, 1, ])
It x[1] = y[ J]
thencli, J]] « LCS(x,y, I-1, J-1) + 1
else c[i, j] « max{LCS(x,y, i-1, j),
LCS(x, Y, i, j-1) }

Worst-case: x[i] # y[ JI, in which case the
algorithm evaluates two subproblems, each
with only one parameter decremented.

40



Recursion Tree
=3.n=4 @
@ same @
subproblem

1y g 23) . (3g) men
139) (22 1) (22

Height = m + n = work potentially exponential,
but we’re solving subproblems already solved!

41



DP Algorithm

+ Key: find out the correct order to solve the sub-
problems

+ Total number of sub-problems: m * n

o c[i-1,j-1]+1 iIf x[1] = y[l,
cli, )] = { max{c[i-1, j], c[i, j-11}  otherwise.

0 ] n

i Lcii)




DP Algorithm
LCS-Length(X, Y)
1. m = length(X) // get the # of symbols in X
2.n = length(Y) // get the # of symbols in 'Y
3.fori=1tom c[1,0] =0 //special case: Y|0]
4.forj=1ton c[0,j)]=0 // special case: X|0]

b.fori=1tom [/ for all X[i]

6. forj=1ton /[ for all Y[j]
/ It (X[1]==Y[])

8. c[i,j] =c[i-1,j-1] + 1

9 else cl1,J] = max( c[i-1,j], c[i,J-1] )

10. return c

3



LCS Example

We’ll see how LCS algorithm works on the following
example:

+ X = ABCB
+Y = BDCAB

What is the LCS of X and Y?

LCS(X, Y) = BCB
X=AB C B
Y= BDCAB

a4



LCS Example (O
3 4

ABCB

i . BDCAB
i Y[j] B D C A B
0 X[]
1 A
2 B
3 C
A

X=ABCB; m=|X|=4
Y = BDCAB; n =|Y|
Allocate array c[5,6]

45



LCS Example (1) ~2B5¢B
' 1 2 3 4

BDCAB

] O 5

Y] B D C A B

0 Xl o | 0] oo | o o
Al
B 1o
Clo
0

e N CS N NS

fori=1tom c[1,0] =0
forj=1ton c[0,)] =0

46



A~ 0w

J
X[1]

®

B

C

LCS Example (2) ~2B5¢B
3 4

- BDCAB

vil (B) b ¢ A B

0 0 0 0 0 0

—

0 0

0

0

If(Xi==Y;)
C[Ijj—C[I -1,)-1]1 +1
else c[i,J] = max( c[i-1,j], c[i,}-1]

47



e N CS N NS

J
X[i]
A

B

C

LCS Example (3
2 3 4

ABCB

- BDCAB

Y] B D C A B
0 0 0 0 0 0
0 0 0 0
0
0
0
if (X;==Y;)

j—c[|111]+1

else c[i,J] = max( c[i-1,j], c[i,})-1] )

48



A~ 0w

LCS Example (4

J

X[i]

o

o O

Y[j] B D

ABCB

- BDCAB

CmB

0 0 0 0 0

\
0 0 0 0 1

0

0

0

if (X, ==Y;)
C[Ijj—C[I -1,]- 1]+1
else c[i,J] = max( c[i-1,j], c[1,J-1] )

49



e N CS N NS

LCS Example (5

ABCB
BDCAB

i 0o 1 2 3 4
Y] B D Cc A (B

X[i]

®

B

C
B

N

0 0 0 0 0 0

0 0 0 0 1 — 1

0

0

0

If(Xi==Y;)
C[Ijj—C[I -1,)-1]1 +1
else c[i,J] = max( c[i-1,j], c[i,})-1] )

50



A w0 N

ABCB
jL(OIS Exazmpgle (46 ADOAR
vl (B)

5
D C A B
Xlol 0ol o | ol o | o
Alolofo|o |11
™
®) o1
C lo
B | o

if (X, ==Y;)
C[Ijj—C[I -1,]- 1]+1
else c[i,J] = max( c[i-1,j], c[1,J-1] )

51



A w0 N

ABCB
| L(OIS 1Exa2mple (7 _BDCAB

vil. 8 D 55

0 0 0 0 0

X[i]

Alololo |l o |.1 |1

e —tp —tp —»‘
0 1 1 1 1

C lo
B

0

If(Xi==Y;)
C[Ijj—C[I -1,)-1]1 +1
else c[i,J] = max( c[i-1,j], c[i,})-1] )

52



A w0 N

LCS Example (8

ABCB
BDCAB

i 0 1 2 3 4
Y] B D C A (B

X[i]

A

C

Co

®

0 0 0 0 0 0

0] 0|0 |0 |11
N

0| 1|1 |1 |1 ]2

0

0

if (X, ==Y;)

C[Ijj—C[I -1,]- 1]+1
else c[i,J] = max( c[i-1,j], c[1,J-1] )

53



e N S\

LCS Example (9) ~25¢B

i 0 o 3 4 s5BDCAB
YIi] @ C A B
XWll o oo o0 | 0 o
Alololo | o | 1|1
B

o
0| 17T1

B | o

If(Xi==Y;)
C[Ijj—C[I -1,)-1]1 +1
else c[i,J] = max( c[i-1,j], c[i,})-1] )

54



e N S\

LCS Example (10) BB

i 0 1 2 , ~ 5BDCAB

Y] B D A B
Xlo 0ol o] ol o o
Alololo |l o] 1|1
B lo 1|11 |12

>
@ o | 1] 1 | 2
B | o
if (X ==Y

C[Ijj—C[I -1,]- 1]+1
else c[i,J] = max( c[i-1,j], c[1,J-1] )

55



e N CS N NS

J
X[i]
A

B

©

LCS Example (11) BB
3

BDCAB

Y] B8 D ¢ (A B

T~
0 0 0 0 0 0

0 0 0 0 1 1

0| 1|1 |1 |1 |,
}

0| 1|1 | 2T 272

0

if (X, ==Y;)

C[Ijj—C[I -1,)-1]1 +1
else c[i,J] = max( c[i-1,j], c[i,})-1] )
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N

J
X[i]
A

LCS Example (12
3 4

ABCB
BDCAB

5
YjljfBY D Cc A B
0

if (X, ==Y;)
C[Ijj—C[I -1,]- 1]+1
else c[i,J] = max( c[i-1,j], c[1,J-1] )

57



N

J
X[i]
A

LCS Example (13) BB
34

BDCAB

5
Y[jl B CD CDB
0

0 0 0 0 0

0 0 0 0 1 1

0 1 1 1 1 2

0| 1| 1 |2
0| 171 | 2

If(Xi==Y;)
C[Ijj—C[I -1,)-1]1 +1
else c[i,J] = max( c[i-1,j], c[i,})-1] )

58



N

LCS Example (14) ~2B¢B

i o 1 2 3 a4 5BDCAB
Y] B D C A

XMool oo ] o] o

Alololo|o |11

Blol 1|1 |1 |12

Clo | 1] 1 |2 | 22

@011 22 0)

if (X, ==Y;)
C[Ijj—C[I -1,j-1]1 + 1
else c[i,j] = max( c[i-1,j], c[i,})-1] )

59



LCS Algorithm Running Time

+ LCS algorithm calculates the values of each
entry of the array c[m,n]

+ S0 what Is the running time?

O(m™n)

since each c[1,J] is calculated in
constant time, and there are m*n
elements in the array

60



How to Find Actual LCS

¢ The algorithm just found the length of LCS, but not LCS itself.
+ How to find the actual LCS?
¢ For each c[i,J] we know how it was computed:

. jeli=1 j-1]+1 It x[i]=yl[1].
el J1= { max(cli. j—1],cfi -1, j]) otherwise

+ A match happens only when the first equation is taken

+ So we can start from c[m,n] and go backwards, remember
X[1] whenever c[1,]] = c[i-1, J-1]+1.

2\ 2 For example, here
e . o
2 | 3 c[1,j] =c[i-1,)-1] +1 = 2+1=3 61




Finding LCS
1 2 3

i 0 4 5
i Yj] B D C A B
0 XU o | 0| o 0 | 0o
1 A o\o o | o | 1|1
2 B 10 11y 1| 1
3 Clo| 1] 1 | 2«2y 2

N

4 0| 1| 1 2 2

Time for trace back: O(m+n).



Flndlng LCS (2)

| 4
i Y[j] B D cC) A (B
X[i] N N
0 0| 0| O 0 0 0
1 Alolol ol o | 1|1

5w N
o
H
H
N
1
|
N
N

LCS (reversed order): B C B

LCS (straight order): BCB
(this string turned out to be a palindrome)

63



LCS as a Longest Path Problem

B

A

C

D

B

N

()

N

O
O

)

S

()
N

7
m N N
) K\N\C N
mj ™ X N
U UL
mj N N
) yan,

—i
N ™ {
m\ R anY, /u

< m O m

OO
N

- Y
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LCS as a Longest Path Problem

ve
,
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Matrix-Chain Multiplication

¢ Suppose we have a sequence or chain

A, A, ..., A, of n matrices to be
multiplied

+ We want to compute the product AA,... A,

¢+ There are many possible ways

(parenthesizations) for computing the
product — matrix multiplication Is
associative

66



Matrix-Chain Multiplication ..cond

+ Example: consider the chain A, A,, A;,
A, of 4 matrices

+ Let us compute the product A;AAZA,
¢ There are 5 possible ways to group:

1. (A(Ax(AzA,)))

2. (A((AZA5)A,))

3. ((A1A)(AzAY))

4. ((A(AZA3)A,)

5. (((A1A2)A3)A,)

67



Matrix-Chain Multiplication ..cond

¢+ To compute the number of scalar
multiplications necessary, we must know:

¢ Algorithm to multiply two matrices
¢ Matrix dimensions

¢+ How do we multiply two matrices?

68



Algorithm to Multiply 2 Matrices

Input: Matrices A, and B, (with dimensions pxq and gxr)
Result: Matrix C,,, resulting from the product A-B

MATRIX-MULTIPLY(A ., Byxr)

1. fori<—1top

2. forj<—1tor

3. Cli,j]] <0

4. fork<—1tog

5, Cli, J]1 < C[i, j] + Al K] - BLK, J]

6. returnC

Scalar multiplication in line 5 dominates time to compute C.
Number of scalar multiplications = pqr

69



Matrix-Chain Multiplication ..cond

+ Example: Consider three matrices
A10x1000 B1ooxs, @and Cg,s9
¢ There are 2 ways to parenthesize
¢ ((AB)C) = Djpys5 - Couso
¢ AB = 10-100-5=5,000 scalar multiplications 5 Total:
¢ DC = 10-5-50 =2,500 scalar multiplications J 7,500

¢ (A(BC)) = A1ox100 - E100xs0
¢+ BC = 100-5-50=25,000 scalar multiplications }

¢« AE = 10-100-50 =50,000 scalar multiplications
Total: .

75,000



Matrix-Chain Multiplication

...contd

+ Matrix-chain multiplication problem

+ Given a chain A, A,, ..., A, of n matrices,
where for I=1, 2, ..., n, matrix A; has
dimension p,_;Xp;

¢+ Parenthesize the product AA,...A, so that

the total number of scalar multiplications is
minimized

+ Brute force method of exhaustive search
takes time exponential in n

71



Dynamic Programming Approach

¢ The structure of an optimal solution

¢ Letus use the notation A; ; for the matrix that

results from the product A; A, ... A

¢+ An optimal parenthesization of the product
A A,...A, splits the product between A, and
A.., for some integer k where1 <k <n

+ First compute matrices A, , and A, ,; then
multiply them to get the final matrix A, |
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Dynamic Programming Approach

...contd

¢+ Key observation: parenthesizations of the
subchains A/A,... A and A, A, .»...A,must
also be optimal if the parenthesization of the
chain AA,...A, Is optimal (why?)

¢+ That Is, the optimal solution to the problem
contains within it the optimal solution to
subproblems
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Dynamic Programming Approach

...contd

# Recursive definition of the value of an
optimal solution

&

Let m[i, j] be the minimum number of scalar
multiplications necessary to compute A, ;

Minimum cost to compute A, , Is m[1, n]

Suppose the optimal parenthesization of A,
splits the product between A, and A, ., for
some integer kK where 1 < k <]
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Dynamic Programming Approach

...contd

* Ai..j = (Ai Ai+1"'Ak)'(Ak+1Ak+2"'Aj): Ai..k ' Ak+1..j

¢ Cost of computing A; ; = cost of computing
A; x T cost of computing A, ; + cost of
multiplying A; , and A, ;

¢ Cost of multiplying A; , and A, ;IS pi.1Px P,

¢ mfi,J]=mli, k] +m[k+1, ]+ pipe P
fori<k <]

¢ mll,1]=0fori=1,2,...,n
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Dynamic Programming Approach

...contd

+ But... optimal parenthesization occurs at
one value of k among all possible i =k <]

+ Check all these and select the best one

0
il 115 { min {M[i, k] + m[k+1, ] | + p;1Py P; }

| < k<]

i i=]

If 1<)

76



Dynamic Programming Approach

...contd

To keep track of how to construct an

O

S
S

ntimal solution, we use a table s
1, ] ] = value of k at which A, A, ... A /IS

J
nlit for optimal parenthesization

Algorithm: next slide

&

&

&

First computes costs for chains of length 1=1
Then for chains of length 1=2,3, ... and so on
Determine the optimal cost bottom-up
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Algorithm to Compute Optimal Cost

Input: Array p[0...n] containing matrix dimensions and n
Result: Minimum-cost table m and split table s

MATRIX-CHAIN-ORDER(p[ ], n)

fori—1ton Takes O(n3) time
mli, i] < 0 |
for | <~ 2 ton Requires O(n?) space
fori < 1ton-1+1
j —i+l-1
mIi, j] <= oo
fork <—itoj-1
q < m[i, k] + m[k+1, j] + p[i-1] p[K] p[]]
if g<mli,j]
mli, J] < ¢
s[i, j] — k

return mand s
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Constructing Optimal Solution

¢+ QOur algorithm computes the minimum-
cost table m and the split table s

¢+ The optimal solution can be constructed
from the split table s

¢+ Each entry sji, | |=k shows where to split the
product A; A, ... A for the minimum cost
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Example

Show how to multiply
this matrix chain
optimally

Solution
¢« Minimum cost 15,125

¢+ Optimal parenthesization
((A1(A2A3)) (A4 As)Ag))

Matrix | Dimension
A, 30%35
A, 35%15
A, 15x5
A, 5x10
Ac 10x20
Ag 20%25
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Principal split points & i.e. Ao A= (As.. A )(Ajs1...4))
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mat dim

A; |30 X35

Ay 35X15

A; [15X5

Ay [5X10

As 10X 20

As |20 X 25

Here A, 1s of size p, ;p; the
product 4; ... A; 1s of size p;.;p; and
the product 4;.; ... 4; of size py.p;
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Knapsack Problem

 Each item has a value and a weight
» Objective: maximize value
» Constraint: knapsack has a weight limitation

Three versions;

0-1 knapsack problem: take

f
— each item or leave it
Fractional knapsack problem:
items are divisible
) Unbounded knapsack problem:
unlimited supplies of each item.

Which one is easiest to solve?

We study the 0-1 problem today.
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Formal Definition (O-1 problem)

+ Knapsack has weight limit W
¢ |ltems labeled 1, 2, ..., n (arbitrarily)

+ [tems have weights wy, w,, ..., W,
+ Assume all weights are integers
+ For practical reason, only consider w; < W
+ [tems have values v, v,, ..., v,
+ Objective: find a subset of items, S, such that
2is W <W and 2;_. v; is maximal among all
such (feasible) subsets
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Naive Algorithms

+ Enumerate all subsets.
+ Optimal. But exponential time

+ Greedy 1: take the item with the largest value
+ Not optimal
+ Give an example
+ Greedy 2: take the item with the largest
value/weight ratio
+ Not optimal
+ Give an example
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Greedy Not Always Good

] 0

30 $80

item 3 30| $120 ,

item 2 + 301 $120

20| $100 20| $100

item 1 30 - 7 ks

20 201 $100
10] $60 10] $60 10] $60
$60 $100 $120 knapsack = $220 =$160 =$180 = $240
(a) (b) (©)
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A DP Algorithm

+ Suppose we have found the optimal solution
S
+Case 1: item n Is included

#Case 2: item n i1s not included

Total weight limit: Total weight limit:
W W
Find an optimal solution using items Find an optimal solution using items

1, 2, ..., n-1 with weight limit W - w_ 1, 2, ..., n-1 with weight limit W



Recursive Formulation

¢+ Let V[I, w] be the optimal total value when items 1, 2, ..., i
are considered for a knapsack with weight limit w

=> V[n, W] is the optimal solution

V[n-1, W-w_] + v,
V[n, W] = max{
V[n-1, W]

1 Generalize

V[i-1, w-w;] +v; itemiis taken
max{

VI[i, w] =
{ V[i-1, w] item i not taken
V[i-1, w] ifw; >w item i not taken

Boundary condition: V[i, 0] = 0, V[0, w] = 0. Number of sub-problems = ? 88



Example

+N = 6 (# of items)
+W = 10 (weight limit)
¢ [tems (weight, value):

2

oON O W b

2

© B~ O W W
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S o1 B 0D

o N o w o=

w 0 1 2 3 4 5 7 8 9 10
v, 000|000 0/]010|0
2 |0

3|0 W,

3 0 V[i-1, w-w.] V[i-1| w]

§) 0 V[i, W]

4 |0

9 [0

V[i, w] = {

V[i-1, w-w;] +v; itemiis taken

V[i-1, w]

V[i-1, w] ifw; >w

item 1 not taken

item 1 not taken
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item 1 not taken
item 1 not taken

V[i-1, w-w;] +v; itemiis taken

max{ _
V[i-1, w]
V[i-1, w] ifw; >w

|

Vi, w]
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Optimal value: 15

ltem: 6,5, 1

Weight: 6 + 2 + 2 =10
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Value: 9+4+2 =15



Time Complexity

¢ O (NW)
+ Polynomial?
+ Pseudo-polynomial
+ Works well if W is small
+ Consider following items (weight, value):
(10, 5), (15, 6), (20, 5), (18, 6)

+ Weight limit 35

+ Optimal solution: item 2, 4 (value = 12). Iterate: 24 = 16
subsets

+ Dynamic programming: fill up a 4 x 35 = 140 table entries
+ What's the problem?

+ Many entries are unused: no such weight combination
+ Top-down may be better 93



Use DP to Solve New Problems

¢ Directly map a new problem to a known
problem

+ Modify an algorithm for a similar task

+ Design your own
+ Think about the problem recursively

+ Optimal solution to a larger problem can be
computed from the optimal solution of one or more
subproblems

¢+ These sub-problems can be solved in certain
manageable order

+ \Works nicely for naturally ordered data such as
strings, trees, some special graphs

+ Trickier for general graphs
¢ The text book has some very good exercises. 94
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