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Éric Colin deVerdi�ere
ENSParis

Olivier Devillers
INRIA Sophia-Antipolis

Martin Isenburg
UNC atChapelHill

Abstract

This paperproposesa new methodfor isotropic remeshingof tri-
angulatedsurfacemeshes.Givena triangulatedsurfacemeshto be
resampledanda user-speci�eddensityfunctionde�nedover it, we
�r st distributethedesirednumberof samplesbygeneralizingerror
diffusion,commonlyusedin image halftoning, to work directlyon
meshtrianglesand feature edges. We thenusethe resultingsam-
pling asan initial con�guration for building a weightedcentroidal
Voronoi tessellationin a conformalparameterspace, where the
speci�eddensityfunctionis usedfor weighting. We �nally create
themeshby lifting thecorrespondingconstrainedDelaunaytrian-
gulationfromparameterspace. A precisecontrol overthesampling
is obtainedthrough a �exible designof the densityfunction, the
latter beingpossiblylow-pass�lter edto obtaina smoothergrada-
tion. We demonstratetheversatility of our approach throughvari-
ousremeshingexamples.

Keywords: Surfacesampling,error diffusion, centroidalVoronoi
tessellation,constrainedDelaunaytriangulation,parameterization,
optimalcutting,polygonalschema.

1 Intr oduction
Many applicationsin simulation,visualization,or computergraph-
ics requirea modelof 3D surfacegeometry. Themostcommonly
usedrepresentationis the trianglemesh. Suchmeshescanbe the
resultof carefuldesignusingmodelingsoftware,or may comeas
an outputof a scanningdevice, associatedwith reconstructionor
computervisionalgorithms.

In this paper, wemake theassumptionthatgeometricdetailsare
capturedaccuratelyin thegivenmodel. Theoriginal meshcanbe
seenas one particular instanceof the surfacegeometryof inter-
est.Weaimatgeneratingnew instances(e.g., new trianglemeshes)
of this surfacegeometrythat better�t user-speci�ed demandson
complexity, sampling,regularity, connectivity, gradation,andqual-
ity. For example,a laserscanneroften performsa uniform sam-
ple acquisitionwhile sweepinga line or point-basedbeam,with-
out any a priori knowledgeof the surfacecontent. This may lead
to under-samplingor oversamplingof certainregions,mainly de-
pendingon theanglebetweenthe laserbeamandthesurfacenor-
mal. Suchdrawbacksareoften alleviatedby tuning the sampling
ratesuf�ciently high. Note that the sameproblemsarisefor sur-
faceextractionfrom volumedatausingmarchingcubesalgorithms,
wherechoosinga suf�ciently �ne grid mayleadto overly complex
modelsandavertex distributionnotconsistentwith respectto sam-
pling theory. In general,simpli�cation techniquesarethenapplied
to reducethecomplexity andbetteradaptthesamplingto geometry.
Thelackof �e xibility foundin the(re-)samplingstrategiesof most
simpli�cation algorithmsmotivatesthiswork.

Ourgoalis to providea�e xible techniqueto remeshtriangulated
surfacesso that the remeshedmodelsarebettersuitedto a subse-
quentprocess,e.g.visualization,�nite elementsimulation,storage,
transmissionor any meshprocessingtechnique.SeeFigure1 for
exampleresultsof theproposedremeshingtechnique.

1.1 Related Work
Mesh generationreceived much attention from various interest
groupsrangingfrom ComputerGraphicsover NumericalAnaly-

Figure 1: Top left: the Darmstadtbenchmark model. Bottom:
two examplesof uniform and curvature-adaptedremeshingof the
Darmstadtbenchmarkmodelwith 5kand10kverticesrespectively.
Top right, two close-upsof theweightedcentroidal Voronoi tessel-
lation computedin a conformalparameterspaceto producethe
sampling.

sis to ComputationalGeometry. Finite elementmeshgeneration
usuallyamountsto �nd a partition of a given domainthat is opti-
malaccordingto somecriteriarelatedto shapeof elements,angles,
sizesor complexity (see[3, 4]). In mostcasesonly the frontier of
thedomainhasto begiven,thegoalbeingto discretizethisdomain
in accordancewith animportancefunction.Ourproblemis slightly
different sinceit is dealingwith surfaceremeshing. The domain
to discretizeis now given by an original surfacemeshthat hasto
bere-discretizedsothattheresultbestmatchessomeuser-speci�ed
properties.

Meshes for numerical analysis Numericalanalystsessen-
tially focuson meshquality, sinceit impactsthe numericalaccu-
racy of computationsperformedon the meshelements[3, 4]. We
distinguishbetweentechniquesthatuseaparameterspaceandtech-
niquesthat act on an explicit mesh. The key idea of the �rst is
to partitiona parameterdomaininto setsof adjacentelementsthat
have thesamespeci�edproperties[14, 50, 23]. Thekey ideaof the
secondis to progressively adaptanexplicit meshby performingel-
ementaryoperationson its elementsuntil it matchessomespeci�ed
properties[12, 44,8, 7, 21,46,9].

Meshes for graphics Computergraphistsmainly focus on
remeshingfor ef�cient visualizationor geometryprocessing[25,
49]. In anearlywork, Turk [52] proposeda re-tiling techniquethat
resamplesan input meshby �rst applyinga relaxationmethodto
initially randomlyplacepoints,by theninsertingthosepointsinto
themesh,andby �nally removing theoriginal vertices.We should
alsomentionmeshsimpli�cation [22,38,28,56]andre�nement[5]
methods,whichalsogenerateanew meshstartingfrom agivenone.
Suchschemesprimarily aimatadaptingthecomplexity of themesh
toanacceptablelevel for graphicsvisualizationhardwareorsimula-
tion algorithms.For ef�cient meshprocessing,mostpreviouswork
havefocusedonsemi-regularremeshing[36,34, 26,33, 29], thelat-



ter techniquesoften requiringa �rst simpli�cation stage.Kobbelt
et al. focuson featuresensitive remeshingtechniques[54, 10, 11]
to reducetheartifactsproducedwhenconvertinga givengeometry
into a trianglemesh.

More recently, Gu et al. [24] proposeda techniquefor regular
remeshingof surfacemeshes.Surfacesof arbitrarygenusare�rst
cut into patches,thenparameterizedusinga signal-adaptedtech-
nique[48], and�nally representedasa setof imagesthatstorethe
geometry, thenormalsandany attributesusedfor visualizationpur-
pose.Sucha storageis compactanddrasticallysimpli�es theren-
deringpipelinesinceall cacheindirectionsfoundin usualirregular
meshrenderingare simply removed. In a recentwork, we have
proposedaninteractive samplingtechnique[2]. A meshis decom-
posedinto a setof disk-like patches,andeachpatchis parameter-
ized. We thenmeasuresomegeometricanddifferentialquantities
andgeneratea setof mapsinsertedin a pipelineof signalprocess-
ing algorithms.Theoutputof thispipelineis adensitymap,interac-
tively resampledusinganerrordiffusiontechniquecommonlyused
for gray level imagehalftoning. Althoughthetechniquedescribed
in [2] offersa fairly goodlevel of �e xibility , its maindrawbackis
the pixel grid layout constraintthat turnsout to be memorycon-
sumingfor complex modelswith ahigh rangeof areadistortion.

1.2 Goals and Contrib utions
Basedon the above observations,the goal of this paperis to re-
move theconstraintcomingfrom theregularanduniformstructure
of imagesfor both samplingandoptimization. This led us to ex-
tendthe conceptof direct error diffusion onto trianglemeshesfor
sampling.Themotivationof this paperbeingalsoto formulatethe
issueof surfacesamplingwith a larger setof ComputationalGe-
ometry tools at hand,we demonstratethe relevanceof building a
weightedcentroidalVoronoi tessellationfor repartitioninga setof
samplesin accordancewith a speci�ed densityfunction. Another
motivationof this paperis to move from theunit lengthparadigm
usedfor numericalanalysis[23] to the unit cell tiling, well suited
for targetedapplication,i.e.surfaceshapemodeling.The�rst tech-
niqueaim at generatingmesheswith unit edgelengthmeasuredin
a control spacemetric, while our algorithmtendsto partition the
surfacewith unit densityintegrated over the cells of a centroidal
Voronoi tessellation. The latter propertyis indeedintricately re-
latedto thenotionof isotropicsampling.

1.3 Overview of the algorithm
The �rst stageof our algorithm provides an initial geometryre-
samplingby performinganerror diffusionprocessdirectlyover the
original trianglemesh(seeSection3). Thesecondstagecomputes
a conformalparameterizationof the original modelover a planar
domain, connectsthe samplesusing a constrainedDelaunaytri-
angulationbuilt in parameterspace,then optimizesthe sampling
by building aweightedcentroidal Voronoi tessellationin parameter
space(seeSection4). Figure2 shows thetasksrequiringa param-
eterspace.

Sampling:
1. calibration
2. error diffusion

Parameterization
Lifting

(back to surface)
Stitching

1. Meshing:
constrained Delaunay triangulation
2. Optimization
weighted centroidal Voronoi tessellation

performed in 
parameter space

Figure2: Remeshingpipeline.

2 Preliminaries
All meshesconsideredin this paperare presumedto be oriented
manifoldsof arbitrarygenusandpossiblywith boundary. They are

seenas an approximationof a underlyingpiecewise smoothsur-
face.Theinput of thealgorithmis a set(M ; F ; ds ; df ), whereM
is a triangularmesh,F is a setof featureedges(de�ned below),
ds : M ! R is an importancefunction that speci�es the ideal
samplingdensityfor everysurfacepointanddf : F ! R is anim-
portancefunction thatspeci�esthedensityfor every point located
ona featureedge.

Weassumethedensityfunctionsds anddf to bespeci�edby the
useror deducedfrom geometricquantitiesmeasuredon the given
model. In our experiments,we usediscretedifferentialgeometry
techniques[42] to approximatethecurvatureon every vertex or on
the wedgessurroundinga corneror a creasevertex. We alsopro-
vide someoptionsfor the userto specifya transferfunction (typ.
a gammafunctionasdescribedin [2]) andtheamountof low-pass
�ltering over thedensityfunctionsto control the�nal meshgrada-
tion. Beforediffusingtheerrorusingtheresultingdensityfunction,
weextractasetof featuresedgesfrom theoriginalmesh,whichre-
ceive specialtreatmentduringthesubsequentprocessing.They are
of threetypes:
� the sharpedgesrepresentthe main featuresof the object; they

areclassi�ed usingdihedralanglethresholding,yet a moreso-
phisticatedapproachcould be used(seee.g. [30, 55] to cite a
few);

� theboundaryedgesareincidentto exactlyoneface;
� thecutedgesareadditionaledgeswhichwealsoneedto consider

separatelyfor parameterizationof closedor genus> 0 models
(seeSection4.1).

Similarly to BotschandKobbelt[10], we thenchainthesetof in-
cident featureedgesasa setof backbones.The resultingfeature
skeletonwill beresampledasasetof curves(seeFigure3).

Figure3: Twomodelsandtheir featureskeleton,madeof bothopen
andclosedbackbones.

3 Error Diffusion
Becauseof its simplicity and ef�ciency, the error diffusion algo-
rithmreceivedmuchattention[53, 43] sinceits introductionin 1976
by Floyd andSteinberg [20]. Beforedescribingour algorithm,let
us review the conceptof error diffusion whenusedfor grey level
halftoningof images.

3.1 Concept
The coreprinciple of error diffusion in imagehalftoningconsists
of processingeachpixel of an input signal imageaccordingto a
path:everypixel is binaryquantizedaccordingto agiventhreshold.
Thesignedquantizationerror is thendistributedto its unprocessed
neighborsaccordingto errordistributioncoef�cients. Theartof er-
ror diffusion,amongothers,consistsof �nding thebestprocessing
pathandchoosingthebestdistributioncoef�cients sothatthesam-
pling spectrumexhibits a so-calledbluenoisepro�le (see[43, 31]
for moredetails).Oneof themostappealingpropertyof this con-
cept for our applicationlies in the global conservation of density
offeredby theerrordiffusion.Suchapropertymeansthattheaver-
agegrey level of thediscretizedimageis closelyequalto theoneof



theoriginal image.We showedin [2] that this guaranteesanexact
vertex budgetfor any speci�edsampling.

In our context, the taskof thesamplerconsistsof distributing a
setof samplesontheoriginalmeshtrianglesor featureedgessothat
they locally matchthespeci�eddensity. If onelooksat thedensity
asaninput signalto discretize,this taskis not far from theissueof
imagehalftoning.It hasbeenshowedin [2] thatrecenterrordiffu-
siontechniques[43] work fairly well for a certainclassof models.
In this paperwe remove thediscreteconstraintsof theimagepixel
grid layout by generalizingthe conceptof error diffusion directly
over the original meshtriangles. This task is achieved by orga-
nizing a �uency over themeshtrianglesfor thesmoothparts(i.e.,
2D errordiffusion)andalongthebackbonesof thefeatureskeleton
(i.e., 1D errordiffusion).

Beforeperformingerror diffusion, the userspeci�es a number
of verticesV to distributeon theoriginal mesh.The total integral
of the densityfunctions,de�ned both on smoothpartsandon the
featureskeleton,representsthe amountof densityto equallydis-
tributeamongtheV samples.To �t theexactbudgetwe �rst need
to calibratethesampler.

3.2 Sampling Calibration
Recallthatwe have a densityfunctionds anddf over thesurface
andthefeatures,respectively, which specifywhatwould bethelo-
cal idealdistributionof thesamples.By summingthedensityfunc-
tion over the surfaceand the features,we obtainsomequantities
with differentunit. This requiresto de�ne two distinct sampling
rates:Rs , expressedin #samplesper unit amountof surfaceden-
sity andR f , in #samplesperunit amountof featuredensity.

Unif orm sampling For uniform sampledistribution, the den-
sity functionsds and df simplify to equally constants.Uniform
samplingmeansthatevery surfacesampleideally coversthesame
amountof areaandthateveryfeaturesamplecoversthesamelength
of featurecurve. Sincewe seekisotropicsampling,the triangles
canbeconsideredasbeingideally equilateral,allowing to deduce
the local ideal edgelengthonceeachtriangleareais known, and
thereforelink thesamplingratesRs andR f .

a

a

a

Figure4: Uniformplanetiling with triangles.
Let us considera perfectuniform isotropic tiling of the plane

with a trianglemesh(Figure4). By Euler's formula,thenumberof
trianglesT per areaunit is equalto twice the numberof samples
perareaunit, namelyT = 2 � Rs . Theidealareaof every triangle
is thereforeequalto A = 1=(2Rs ). Fromgeometryof equilateral
triangleweknow:

A =
a2

4

p
3

wherea is the triangleedgelength. From the relationR f = 1=a
wededuce:

Rs = 2
R f

2

p
3

:

We now write the repartitionof resourcesbetweensmoothparts,
featuresandcornersto bepreserved:

Rs �
Z

sur f ace

ds (u; v) du dv+ R f �
Z

f eatur es

df (u) du+ C = V (1)

whereC denotesthe total numberof cornersand V denotesthe
global vertex budget. Practically, the densityfunctionsds anddf

are linearly interpolatedover the meshtrianglesand the feature
edges.Thenumberof cornersbeingknown, aswell asthetriangle
areasandthefeatureedgeslengths,wededuceRs andR f required
for theuniform samplingprocess.Thesameformula is performed
for thenon-uniformcaseaftersuitedconversion.

3.3 Diffusion over triangles
Wereplacethepixelsof astandarderrordiffusiontechniqueby the
meshtriangles,andorganizeuponthema�uency thatgoesthrough
theiredges(seeFigure5). Thenext taskis to �nd aprocessingpath
over the trianglesso that any residualerror teleportis minimized
andto build asetof distributioncoef�cients.

trifluent (seed) difluent confluent cap (end)

Figure5: A �uency is organizedover themeshtriangles.Each tri-
angleis classi�edaccordingto its numberof inputandoutputedges
during theerror diffusionprocess.

For genus0 modelswith at mostoneboundary, the processing
pathis trivial. The algorithmpicks an arbitraryseedface(on the
boundaryif thereis) andprocessesby extendinga region triangle
by trianglewithout generatingany split on its edgeboundary(sim-
ilarly to theskipregimedescribedin [1]). Theunprocessedregion
beingtopologicallyequivalentto a disk, it is consideredasa trian-
gulated,simplepolygon.If thispolygoncontainsnointeriorvertex,
thenit hasat leasttwo so-calledear-triangles[41] thatwe usedto
expandtheprocessedregion. If thispolygoncontainssomeinterior
vertices,thenwesearchfor ear-trianglesanduseoneof thoseif ex-
ist. If thereis no, we deducethat thereexists at leastonetriangle
with exactlyoneedgeincidentto theboundaryandoneinteriorver-
tex, usedto expandtheprocessedregion. Thediffusionalgorithm
thenproceedsasfollows for everycurrentfacef :
1. readthetotal amountof densityon f ;
2. from the samplingrate describedin Section3.2, deducethe

numberof samplesto distribute on the currentface(the dis-
tribution insidea triangleis describedlater). This numberis
roundedto the nearestinteger value,sucha roundinggener-
ating a signedquantizationerror e, translatedin amountof
density, to diffuseon incidentunprocessedfaces;

3. the error e is diffusedto the unprocessedfacesincident to f
throughthe correspondingedgesandproportionallyto their
length. This heuristicmimics thenotionof “geometricaper-
ture” for diffusion;

4. �ag f asprocessed;
5. pick thenext faceto proceedandrestartfrom step1 if any, stop

otherwise.

Insteadof choosinganarbitrarytriangleamongthevalid candi-
datesfor expansion,we put theminto a priority queuesortedby a
region compacityscore.Thecompacity(ar ea=perimeter ) of the
expandingregion is computedbeforeandafter simulatingthe ex-
pansion,andthefacecorrespondingto themaximumsignedchange
of compacityis chosenfor diffusion.Notethatseveralsamplesmay
bedistributedon a face,the lattercaseoccurringoften in thecase
of over-sampling.In theuniform casethey arerandomlysampled
in thecurrenttriangleusingTurk's technique[51], combinedwith
a low-discrepancy Sobolsequencefor ef�ciency. Thenonuniform
caseis correctlyhandledusinganadaptationof Rocchinietal. tech-
nique[47] aftersuiteddiscretizationof thedensityfunction.



Surfaces with handles and boundaries For modelswith
genus> 0, or with at leasttwo boundaries,thetraversaldescribed
above endsup with a connectedsetof unprocessedtrianglestrips,
onwhichsomeerrorhasbeendiffusedduringtheregionexpansion
process. We describenow a techniqueto samplethesetriangles
withouterrorteleport.

By dualization,welook attheseunprocessedtrianglesasthever-
ticesof agraph.First,wecomputeaspanningtreeof thisconnected
graph,rootedat an arbitrary triangle. Thenwe samplethe trian-
glesby diffusing the errorsfrom the end leafs to the root. More
precisely, assumethat eachunprocessedtriangle t hasreceived a
signederrore(t) in thepreviouspartof thealgorithm;to samplea
giventrianglet:
� recursively samplethechildrenof t;
� computethe ideal (�oat) numberof samplesto distribute on t,

androundit. Theidealnumberof samplesis computedby sum-
ming up the idealdensityof t andtheresultof up to two errors
distributeduponit at distinct momentsin time during the error
diffusionprocess;

� transmittheexcessor lossof samplesobtainedwith therounding
to thefatherf of t , by increasingor decreasinge(f ) accordingly.
We run this processfrom the root of the tree. All unprocessed

triangleswill besampledrecursively; at theend,theroot is sampled
andnoerrorhasbeenteleportednordropped,matchingthustheex-
actvertex budget.Oncethesmoothpartsaresampled,thealgorithm
movesto thefeatureskeletonfor samplingalongits backbones.

3.4 Diffusion over feature edges
As for the trianglesof surface parts, we designan error diffu-
sion algorithm that distributes somesamplesalong every back-
bone, the processingpath being deducedfrom the orderingover
its halfedges[32]. Thediffusionprocessstartsby picking the �rst
edgeof a featurebackboneanddo the following for every current
edge:

1. readthetotal amountof densityon theedge;

2. from the samplingrate describedin Section3.2, deducethe
numberof samplesto distribute on the currentedge. This
numberis roundedto thenearestintegervalue,sucha round-
ing generatinga signedquantizationerror e, translatedin
amountof density, to diffuse on the next unprocessededge
sittingonthecurrentbackbone.If thecurrentsamplededgeis
thelastof theprocessedbackbonethenwe countthenumber
of unprocessedfeatureedgesconnectedto its endvertex (the
latter may be a cornerfor an openbackbone),anddistribute
theerrorto eachof themwith equalrepartition.If thereis no
unprocessededgeconnectedto theendvertex, weteleportthe
error to the �rst edgeof the next backbonepicked for sam-
pling;

3. pick thenext edgein thecurrentbackboneto proceedif any, else
move to thenext unprocessedbackbonewhile giving priority
to any of abackboneconnectedto theendvertex of thecurrent
edge. When possible,the latter heuristic reducesthe error
teleport;

4. restartfrom step1 if next featureedgeexists.

Thefeatureskeletonbeingpossiblynot connected,theerrordif-
fusionalgorithmjumpsfrom onefeaturebackboneto theotherand
teleportsthevery lasterroronanother. In asensethis is notconsis-
tent with the �rst goalof diffusingonly on nearbyareas,yet such
a teleportallows to matchthe exact vertex budgetandprovidesa
way to repartitionthe samplesbetweenfeatures,cornersandsur-
facepartsof theoriginalmodelto remeshsincenoerroris dropped
duringtheprocess.

Consistent boundar y �ltering Notice that sucha diffusion
techniqueoffersonedirectwayto interleaveboundary�ltering with
the samplingprocess. If one considersa smoothmodel with B
boundaries,the featureskeleton is composedof B closedback-
bones.Eachbackbonecorrespondsto a certainamountof density,
i.e., a �oating point numberof samplesonceconvertedby thecali-
brationprocess(notethatthis numbermaybenegative oncea neg-
ative errorhasbeendiffusedfrom anotherbackbone).After com-
pletediffusionover thebackbone,thetotalnumberof verticessam-
pledmaybelower than3, which leadsto aclosureof theboundary.
In otherterms,reducingthevertex budgetmay �lter somebound-
ariesin a consistentmannerwith respectto the samplingprocess.
Thelatteris anappealingfeaturefor applicationssimilar in spirit to
topology�ltering asdescribedin [27].

3.5 Discussion
The samplesare sitting on the trianglesof the original meshfor
the smoothpartsof the surface,and on the edgesof the feature
skeleton.Thepresentgeneralizationof directerrordiffusionovera
trianglemeshdoesnotprovideasamplingwith ablue-noisepro�le
spectrumsuchase.g. [43]. This is dueto theuniformsamplingper-
formedinsideeachtrianglewith no dependentprobabilitynor any
other sophistication(i.e., white-noisepro�le), and to the heuris-
tic chosenfor distributing the error throughthe edges.Neverthe-
less,andthanksto thecoreprincipleof errordiffusiontheresulting
samplingis consistentwith respectto the speci�ed densityfunc-
tion sinceany errorteleportis minimized.Theerrordiffusionthus
provides a simple way to distribute the samplesbetweenbound-
ary loops,features,andconnectedcomponentsof smoothareas.It
alsoservesas the initial guessfor building a weightedcentroidal
Voronoi tessellation,which is theactualmechanismusedto place
thesamples.

4 Centr oidal Voronoi Tessellation
Beforeimproving thesamplingby building a(weighted)centroidal
Voronoi tessellation,we �rst needto meshthe samplesso that it
generatesanorientedmanifold. Themeshingis performedby pa-
rameterizingtheoriginalmeshontoaplanardomain(possiblywith
holes),thenapplying2D constrainedDelaunaytriangulationover
thenewly sampledvertices.If themeshis closedor of genus> 0,
sucha correspondencebetweenthe surfaceand a planardomain
doesnotexist, andweneedto cut thesurface�rst.

4.1 Cutting
We discussbelow several ways to cut the original surfaceinto a
genus0 surface. Note that,althoughthecutting is necessaryonly
at this point of the remeshingprocess,theedgeswhich have to be
cut are computedin the �r st stageof the algorithm, even before
theerrordiffusionprocess,sincethey have to bemarkedasfeature
edgesasdescribedin Section2. Sinceall cut edgesareconsidered
as featuresandneedto be sampledseparately, like the sharpand
boundaryedges,our goal is to minimizethetotal lengthof thecut
and to snapcorrespondingcut graphonto the featureskeletonas
much as possible. We �rst describeour currentimplementation,
thenexplain how recenttheoreticalresultsmayhelpusto improve
ourcuttingalgorithm.

4.1.1 Our current implementation

In [24], theauthorsusea simplealgorithmto cut thesurfaceinto a
genuszerosurface;after that, they describea way to improve the
cut graph.We implementeda retractiontechniquesimilar in spirit
to the �rst part of their method. Note that cutting a meshalonga
seamingbackbonegeneratestwo instancesof it in parametricspace
andoneor moreinstancesof the branchingnodesencounteredin



thecut graph(Figure6). To guaranteea perfectstitching,we tem-
porarysplit the feature,resp. branchingsamples,into two, resp.
their multiplicity, during the error diffusion processand the uni-
variateLloyd relaxationalongtheseamingbackbones.

Figure6: Left: thecut graphof thetorusis composedof two pairs
of twin backbonesf a; a0g and f b; b0g, intentionallyseparatedfor
better visualizationpurpose. Middle: closeupon the branching
nodeof thecut graph. Verticesare labeledaccording to their mul-
tiplicity. Right: the torus has beenparameterizedon a disk-like
domain,4 instancesof the branching nodehavebeengenerated
andwill later bemergedduring thestitching.

4.1.2 Promising appr oaches

Somerecentwork in ComputationalGeometryexpressinterestin
the problemof cutting a surfacealonga setof curvesto obtaina
topologicaldisk. The latter is calleda polygonalschema, because
theedgesonits boundarycanbepairwiseidenti�ed to re-obtainthe
surface;seeFigure7. Sucha polygonalschemais reducedif the
curvesaresimpleloops,meetingat a commonvertex v0 , andpair-
wisedisjoint exceptat this vertex. Notethat,for our cuttingstage,
we cansimulatethatwe work on a surfacewithout boundaries:�ll
its holes,cutthissurface(withoutenteringthe�lled holes)with any
cuttingalgorithm,thenre-opentheholes.

Figure7: From an orientablesurfaceto a polygonalschema: the
torus.

Erickson and Har-Peled [18] have focused on �nding the
shortestpolygonalschemaof a surface(possiblynon-orientedand
with boundary). They have proved that this problemis NP-hard,
yet they describea greedyalgorithm that outputsa O(log2 g)-
approximationof the minimum schema. To our knowledge, no
experiment has been done to see whether it yields a visually
acceptableresult,andit would beworth implementingit (thoughit
is not soeasy)for our purposes.Becauseit is desirableto cut the
surfacealongsharpedges,we adviseto simulatethat theseedges
areconsideredshorter.

In contrastto the NP-hardnessof the above problem,Colin de
Verdi�ereandLazarus[13] giveapolynomialalgorithmwhichcom-
putestheshortestreducedpolygonalschemahomotopicto a given
reducedpolygonalschema(computede.g., with the help of [35]).
Thealgorithmdescribedin [13] consistsof iteratingelementaryop-
timization steps, eachof them optimizing the currentschemaby
shorteningoneloop while maintainingtheotherones�x ed;stabil-
ity is reachedafter a �nite numberof steps. The loopsdrawn on
the edgesof the manifold canpartly overlap,yet they areconsid-
eredasdisjoint if we imaginethatthey arespreadapartwith a thin
space.We believe this algorithmis bettersuitedto our purposes.
In particular, in our context, it maybedesirableto furthergenerate
overlappingsof loopson edges,becausethis decreasesthenumber
of distinctcut edges.This canbeeasilyachievedby arti�cially de-
creasingthe lengthsof the edgesthat containloopsat elementary

steps.It remainsto describehow wedealwith multiple loopsonan
edgeduringtheparameterizationandsamplingprocesses.If several
loopsgo alonga given edge,this createsstripsof in�nitely small
area,andnosampleshouldgo insidethem.In orderto achieve this
goal, thesestrips are given a densityof zero in parameterspace.
Moreover, in this case,a givenedgeof theoriginal meshcancor-
respondto an arbitrarylarge (even) numberof boundaryedgesin
parameterspace,all theseedgesbeingsampledconsistentlybefore
stitching.

4.2 Parameterization
Thegoalof surfaceparameterizationis to removetheembeddingby
�attening theoriginal meshon a plane.Our goalbeingto build an
isotropicsamplingtechnique,we advocatefor usinga conformal
parameterization[45, 17] with free boundariessinceit is known
to be both angle-preservingandlocally isotropic (see[37, 15] for
moredetailson the technique). Thosetwo propertiesareof cru-
cial importancefor the meshingandoptimizationstagessincethe
latter operationsareperformedonly from parameterspace. This
way every decisionon parameterspacemakessensewith respect
to the original mesh,at leastfor the two preserved properties.In-
tuitively, locally isotropicandangle-preservingmeansthata small
circle mappedon the surfacewill be transformedinto a circle in
parameterspace(seeFigure8). Henceawell-shapedtrianglein pa-
rameterspacewill not bedeformedtoo muchoncelifted backinto
R3 , exceptfor its size.Onedistortionremains:thearea-stretching.
This onebeingisotropic,it caneasilybecompensatedby modify-
ing thedensityfunctionexpressedin parameterspacefor theopti-
mizationstage,asexplainedin Section4.4, contraryto a shearing
deformationthatwouldbemuchmoredif�cult to compensatefor.

4.3 Meshing
Every samplenow lives in parameterspace,be it on a corner, on
a featureedgeor on a faceof the original mesh. We perform a
2D constrainedDelaunaytriangulation[19] in parameterspaceso
thatevery segmentjoining two consecutive verticessampledalong
a featurebackboneis addedto the list of constrainededges(see
Figure9).

Figure9: ConstrainedDelaunaytriangulation.

4.4 Construction
With a Delaunaytriangulation,we can alreadydeducean initial
VoronoiTessellation[6]. Fromthis,we aim at building a weighted
centroidal Voronoitessellation[16] to improve theinitial sampling
obtainedby errordiffusion.

De�nition A weighted centroidal Voronoi tessellation is a
Voronoi diagramsuchthat the associatedsitescoincidewith the
centerof massof the correspondingVoronoi cells. In the current
stateof thealgorithm,we know thedensityfunctionandtheposi-
tion of the samplesin parameterspace.The goal is to determine



Figure8: Conformalparameterizationof theDavid headmodelover a disk-like domain.Thetwo texturesmappedontothemodelillustrates
thetwomainpropertiesof conformalparameterization:preservationof anglesandlocal isotropy.

the�nal locationsof thesamplessothatthey coincidewith thecen-
troidsof thecorrespondingVoronoi regions; thecentroidshave to
beevaluatedoverthedensityfunctionexpressedin parameterspace
ratherthanon thesurface.

Density Function in Parameter Space Similarly in spirit
to [2], wecomputeastretchingfactorfor everyvertex asaweighted
averagingover the stretchingfactorsof its incident faces. The
weight being equal to the area of every face measuredin pa-
rameterspace,the stretchingfactor s of a vertex v is equal to:
s(v) =

P
ar ea(f i )=

P
ar eauv (f i ), wherethesumsiterateover

its incidentfacesandany subscriptuv denotesaquantitymeasured
in parameterspace. The correcteddensityexpressedon a vertex
in parameterspaceis now theproductof its stretchingfactorby its
densityexpressedonthesurface:duv (v) = s(v) �d(v). Suchaden-
sity function is linearly interpolatedover theverticesin parameter
spaceandusedfor weightingthecentroidalVoronoitessellation.

4.4.1 2D Llo yd relaxation

One way to build sucha tessellationis to useLloyd's relaxation
method[16]. The Lloyd algorithmis a deterministic,�x ed point
iteration[40]. Givena densityfunctionandaninitial setof n sites,
it consistsof thefollowing steps:

1. build theVoronoitessellationcorrespondingto then sites;

2. computethecentroidsof then Voronoi regionswith respectto
thedensityfunctionexpressedin parameterspace,andmove
then sitesontotheir respectivecentroid;

3. repeatsteps1 and2 until satisfactoryconvergenceis achieved.

Computingthecentroid(i.e., centerof mass)of every cell is the
mostdelicatepart of the algorithm. Let us recall that the original
meshis now parameterizedandthata densityfunction livesin pa-
rameterspace.The new meshhasbeencreatedusingconstrained
Delaunaytriangulationover thenew samplesobtainedby errordif-
fusion. The Voronoi regionsarecomputedover the new samples
andwe aim at computingtheir centroidevaluatedover thedensity
function sitting over the original mesh. This requiresto compute
the intersectionbetweeneachcell andthe setof overlappedtrian-
gles,thencomputethecenterof massof thesetof resultingpoly-
gonson which the correcteddensityfunction is piecewise linear
(seeFigure10). Figure11 illustratesseveraliterationsof theLloyd
algorithm over the mushroom model uniformly sampledwith 3k
vertices.Thevariabledensitycompensatesfor any areadistortion
dueto parameterization,andthe�nal tiling tendsto makeeachcell
cover thesameamountof density. Noticehow themain improve-
mentis alreadyachievedafter10 iterationsof Lloyd algorithm,the
samplingbeingthenpolishedwith additionaliterations.

Cell Clipping Clipping the Voronoi cells with constrained
edges[39] allows to disconnecttwo smoothregionsseparatedby
a backboneduringthecomputationof thecentroid.This leadsto a
nicequality of thesamplingin thevicinity of thefeatures.Thelat-
ter is obtainedthrougha non-symmetricbehavior of thealgorithm
in thesensethat theboundaryandthefeaturebackbonesin�uence
thesurfacesamplesbut theinverseis not true. Intuitively, two sam-
plesincidentin theVoronoi tessellationbut separatedby a feature
arenot in�uencing eachotheranymore,andthesamplesclosedto
a boundaryor from a featurebackboneareratherrepulsedby the
constraints(seeFigure 12). Indeed,clipping a cell by the set of
constraintsmayremove someregionsfrom thecomputationof the
centroid,makingtheLloyd relaxationconsistentwith respectto the
constraints.

4.4.2 1D Llo yd relaxation

Thegoalis to distributeoneachfeaturebackboneanumberof sam-
plessothateachof themcoversthesameamountof density. Topro-
ceed,we parameterizeeachbackboneindependentlyon a segment
without any length distortion, then apply univariateLloyd relax-
ationon thedensityfunctionsittingoneveryparameterizedfeature
backbone.A specialcareis takenfor seamingbackbones,thetwin
samplesbeingre�ected on oppositehalfedgesto guaranteea per-
fect stitchingduring the lifting. For the sake of consistency with
theasymmetricin�uence betweenfeatureandsurfacesamples,the
univariaterelaxationdescribedhereis applied�rst, thenthefeature
samplesarenot moved any moreduring the 2D Lloyd relaxation
processpreviouslydescribed.

4.5 Lifting and Stitc hing
The lifting stagerestoresback the embeddingby locating every
vertex in its associatedtriangle in parameterspaceand comput-
ing its barycentriccoordinates.We thenprojectbackevery ordi-
narysampleontoits correspondingtrianglein R3 andevery feature

Figure 10: Left: the Voronoi cell surroundinga sampleoverlaps
the original mesh. Right: closeupon the intersectioncomputed
betweena Voronoi cell and the original mesh. Thenew centroid
(�lled) of the cell is computedas a weightedcontribution of the
centroidscomputedon thelinearly interpolatedpolygons.



originalmodel

initial sampling(300ms)

1st iteration(1.2s)

10th iteration(8 s)

100th iteration(55s)

Figure 11: Top row: original mushroommodel to resampleand
its boundary-freeparameterizationon a disk-like domain. Row2:
initial uniform samplingof 3k verticesgenerated by direct error
diffusion(300ms).Row3: �r st iteration of Lloyd algorithmwith a
variabledensitycomingfromtheareadistortiondueto parameter-
ization(1.2s). Row4: 10th iterationof Lloydalgorithm(8 s). Row
5: 100th iterationof Lloydalgorithm(55s).

sampleonto its correspondingfeatureedgeor corner. For closed
or genus> 0 objects,a stitchingstageis required. It involvesto
merge eachsetof twin verticeswith a multiplicity > 1 generated

for meshingin parameterspace.This weldsthe modelandwraps
up thecompleteremeshingpipeline.

5 Results
Figure 13 illustrates a uniform remeshingof the Michelangelo
David headmodel.Themodelconsideredfor remeshinghasacom-
plexity of 25k vertices,andthenew remeshedmodelhas50k ver-
tices.After 100iterationsof Lloyd relaxationperformedin param-
eter space,the weightedcentroidalVoronoi tessellationprovides
a satisfactory uniform samplingafter lifting. Runningtimes are
the following on a PIII 1GHz: 7 s for the meshparameterization,
400msfor differentialgeometryanalysis,850msfor samplercal-
ibration,2.8s for errordiffusion,and26 minutesfor polishingthe
samplingusing100iterationsof Lloyd algorithm.Notethatstarting
from iteration20theresultisalreadyverysimilarto thepresentone.
As shown by Figure11, our techniqueis in a senseprogressive in
termsof samplingquality sincetheLloyd algorithmprogressively
improvestherepartitionof thedensityfunctionamongall Voronoi
cells. Figure14 illustratesthreecurvature-adaptedremeshingsof
theDavid headusing30kvertices.Thecurvature-adaptedbehavior
is obtainedby specifyinga variable
 > 0 to thetransferfunction
x 
 appliedovertheinitial densityfunction,relatedtoabsolutemean
discretecurvature. Increasing
 from 0 (Figure13) to 2:5 on our
examplesallowsusto varycontinuouslyfrom uniformto curvated-
adaptedremeshing,while matchingtheexactdesiredvertex budget.

Figure15 illustratesuniform remeshingof the bottomlessfan-
disk modelwith 10k vertices. The Lloyd algorithmoptimizesthe
samplepositionsbothalongbackbones(univariaterelaxation)and
on thesurface. The repartitionof samplesbetweencorners,back-
bonesandsmoothpartsexactly matchesthe vertex budgetthanks
to thesamplercalibrationdescribedin Section3.2. A few closeups
nearbythe featuresshow the consistentbehavior dueto cell clip-
pingwith theconstrainededges.

Figure 16 illustratesuniform remeshingof the genus-1rotor
modelwith 10k vertices.Theinitial meshis cut andparameterized
on a disk-like domain. The cut graph(highlighted)is composed
of several seamingbackboneson which curve samplingtechnique
is applied,asdonefor ordinaryfeatures.Although the pairing of
seamingbackbonesand samplesallow a perfectstitching of the
remeshedmodel,webelieve thattheseamsgeneratedby univariate
samplingof thecut graphlimit theproposedremeshingtechnique
to theclassof low-genussurfaces.

Figure 17, top illustratesuniform remeshingof the pig model
with 15k vertices. This modelhas7 boundariesandgeneratesan

without clipping
 clipping


centroid

constrained edges

Figure12: Left: a Voronoi tessellationin parameterspacewith a
featureskeleton.All thecellsaredrawnaccordingto thecircumcir-
cle property. Computingthecentroid withoutclipping by thecon-
straints makes the samplinginconsistent,while the effect of clip-
ping is to repulsethe samplesfrom the boundaryor sharpedges,
the centroid beingcomputedon the truncatedcell. A constrained
edge separating two samplesthusactsasa barrier [39] annihilat-
ing their mutualin�uenceasexpected.



Figure13: Weightedcentroidal Voronoi tessellationbuilt with 100iterationsof Lloyd relaxation,and�nal remeshingwith 50kvertices

Figure14: Curvature-adaptedremeshingusing30kverticeswith 
 = 1, 
 = 2 and
 = 2:5 respectively.

extremerangeof areadistortion in parameterspace. Notice that
the longestboundaryhasbeenautomaticallychosenfor parame-
terization(foot boundaryis highlighted). Due to cell clipping us-
ing constrainededges,the Lloyd relaxationis guaranteedto cor-
rectlyhandlemodelswith severalboundaries.Thedensityfunction
computedin parameterspacecorrectlycompensatestheareadistor-
tion dueto �attening. Figure17, bottomillustratesfour curvature-
adaptedremeshingsof thepig modelwith exactly 30k verticesand

 = 3 setin thetransferfunction.Theonly differencebetweenthe
modelslies into the meshgradationprogressively smoothedwith
respectively 0, 3, 10, and100 iterationsof low-pass�ltering over
thedensityfunction. A few closeupsof theearshows theeffect of
smoothingthedensityfunctionover the�nal meshgradation.This
resultillustratesthekey conceptdemonstratedin thispaper, i.e., the
usercanacton someparametersuntil thedensityfunction �ts his
desirein termsof samplingdistributionandgradationonthesurface
andthefeatures.

6 Conc lusions and Future Work

We have presenteda new techniquefor isotropicremeshingof tri-
anglemeshes.Our approachconsistsof specifyinga densityfunc-
tion over the surfaceto be repartitionedbetweena setof samples
sothateachof themcoversthesameamountof densityonaneigh-
borhoodascompactaspossible.This taskis performedusingtwo
algorithms:the�rst oneperformsafastmeshresamplingby gener-
alizing thecoreprincipleof errordiffusionover theoriginal mesh
triangles. The secondtool is a Lloyd relaxationusedto build a
weightedcentroidalVoronoi tessellationin a conformalparameter
space.Thelatter, commonlyusedfor optimalclustering[16], tends
to optimallydistributethedensityfunctionbetweenall thesamples
both on the featureskeletonand on smoothpartsof the models.
The weak part of the algorithm is the needfor cutting closedor
genus> 0 surfaces.Sucha cut generatesa seamingbackboneon
whichcurvesamplingis appliedinsteadof surfacesampling, which
is notconsistentif thecutgraphdoesnotcoincidewith asetof fea-



Figure15: Uniform remeshingof the fandiskmodelwith 10k vertices. Top row: Initial samplingcomputedby direct error diffusion,and
samplingobtainedafter20 iterationsof Lloyd relaxation.Bottomrow: closeupover theVoronoi tessellationafterLloydconvergence, global
view of theremeshedmodel,andseveral closeupsnearbythefeatures.

Figure16: Uniform remeshingof thegenus-1rotor modelwith 10kvertices.Fromleft to theright: cut graph(colored)andfeature skeleton
(light grey); meshparameterizationona disk-likedomain,andassociatedparameterizedfeatureskeleton(boundarybackboneswith identical
colors are associatedpairwise). Far right, top to bottom: original, and remeshedmodel. Two closeupsover the cut graph illustrate the
univariatesamplingperformedalongseamingbackbones.

tureedges.Suchanapproximationbecomesunacceptablefor high
genussurfaces,whichwould requireacomplex cutgraph.

As future work we plan to remove the cutting andparameteri-
zationstagesandcomputea geodesicversionof theweightedcen-
troidal Voronoi tessellationto handlesurfacesof high genus.As a
separateissuewe would like to investigatetheconditionsover the
densityfunctionto guaranteetheconvergenceof Lloyd'salgorithm.
Beingableto remeshvolumemesheswith errordiffusionandcen-
troidalVoronoidiagramis alsoof someinterest.
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Figure17: Top: uniformremeshingof thepig modelwith 15kver-
tices. Themodelhasbeenparameterizedfromthe longestbound-
ary andundergoesa highrangeof areadistortiondueto �attening.
Bottom: curvature-adaptedremeshingwith 30kvertices.Thegra-
dation is more andmore smoothedby specifying0, 3, 10 and100
iterationsfor low-pass�ltering thedensityfunction.


