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Abstract

This paper proposesa new methodfor isotropic remeshingof tri-

angulatedsurfacemeshesGivena triangulatedsurfacemesho be
resampledind a userspeci eddensityfunctionde ned over it, we
r stdistributethe desied numberof samplesy genealizing error
diffusion,commonlyusedin image halftoning to work directly on
meshtrianglesand featue edges. We thenusethe resultingsam-
pling asaninitial con guration for building a weightedcentioidal
Voronoi tessellationin a conformal parameterspace whee the
speci ed densityfunctionis usedfor weighting We nally create
the meshby lifting the correspondingconstained Delaunaytrian-

gulationfromparameterspace A precisecontmol overthesampling
is obtainedthrougha exible designof the densityfunction, the
latter beingpossiblylow-pass Iter edto obtaina smoothemgrada-
tion. We demonstate the versatility of our approad throughvari-

ousremeshingxamples.

Keywords: Surfacesampling,error diffusion, centroidalVVoronoi
tessellationconstrainedelaunaytriangulation,parameterization,
optimal cutting, polygonalschema.

1 Introduction

Mary applicationsn simulation,visualization,or computergraph-
ics requirea modelof 3D surfacegeometry The mostcommonly
usedrepresentatioiis the triangle mesh. Suchmeshesanbe the
resultof carefuldesignusingmodelingsoftware,or may comeas
an outputof a scanningdevice, associatedvith reconstructioror
computevision algorithms.

In this paper we make theassumptiorthatgeometriadetailsare
capturedaccuratelyin the given model. The original meshcanbe
seenas one particularinstanceof the surface geometryof inter
est.We aim atgeneratingiew instancege.g., new trianglemeshes)
of this surfacegeometrythat better t userspeci ed demandson
compleity, sampling regularity, connecwity, gradationandqual-
ity. For example,a laserscannernften performsa uniform sam-
ple acquisitionwhile sweepinga line or point-basedeam,with-
out ary a priori knowledgeof the surfacecontent. This may lead
to undersamplingor oversamplingof certainregions, mainly de-
pendingon the anglebetweenthe laserbeamandthe surfacenor-
mal. Suchdrawbacksare often alleviated by tuning the sampling
rate sufciently high. Note thatthe sameproblemsarisefor sur
faceextractionfrom volumedatausingmarchingcubesalgorithms,
wherechoosinga sufciently ne grid mayleadto overly comple
modelsanda vertex distribution not consistentvith respecto sam-
pling theory In general simpli cation techniquesrethenapplied
to reducethecompleity andbetteradapthesamplingto geometry
Thelackof e xibility foundin the (re-)samplingstratgiesof most
simpli cation algorithmsmotivatesthis work.

Ourgoalisto providea e xible techniqueo remeshriangulated
surfacesso that the remeshednodelsare bettersuitedto a subse-
guentprocesse.g.visualization, nite elementsimulation,storage,
transmissioror ary meshprocessingechnique. SeeFigure 1 for
exampleresultsof the proposedemeshingechnique.

1.1 Related Work

Mesh generationreceved much attentionfrom various interest
groupsrangingfrom ComputerGraphicsover Numerical Analy-
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Figure 1: Top left: the Darmstadtbentimark model. Bottom:
two examplesof uniform and curvatue-adaptedemeshingf the
Darmstadtbentimarkmodelwith 5k and 10k verticesrespectively
Top right, two close-upof the weightedcentoidal Voronoi tessel-
lation computedin a conformal parameterspaceto producethe
sampling

sis to ComputationalGeometry Finite elementmeshgeneration
usuallyamountsto nd a partition of a given domainthatis opti-

mal accordingo somecriteriarelatedto shapeof elementsangles,
sizesor complity (see[3, 4]). In mostcasenly the frontier of

thedomainhasto begiven,thegoalbeingto discretizethis domain
in accordancevith animportanceunction. Our problemis slightly

differentsinceit is dealingwith surfaceremeshing The domain
to discretizeis now given by an original surfacemeshthat hasto

bere-discretizegothattheresultbestmatchesomeuserspeci ed

properties.

Meshes for numerical analysis Numerical analystsessen-
tially focuson meshquality, sinceit impactsthe numericalaccu-
ragy of computationgperformedon the meshelementq3, 4]. We

distinguishbetweertechniqueshatusea parametespaceandtech-
niguesthat act on an explicit mesh. The key idea of the rst is

to partition a parametedomaininto setsof adjacenelementghat
have thesamespeci ed propertieq14, 50, 23]. Thekey ideaof the

seconds to progressiely adaptanexplicit meshby performingel-

ementanoperation®nits elementantil it matchesomespeci ed

propertied12,44,8,7,21,46,9].

Meshes for graphics Computergraphistsmainly focus on
remeshingfor efcient visualizationor geometryprocessing25,
49]. In anearlywork, Turk [52] proposedare-tiling techniquethat
resamplesan input meshby rst applyinga relaxationmethodto
initially randomlyplacepoints,by theninsertingthosepointsinto
themesh,andby nally removing theoriginal vertices.We should
alsomentionmeshsimpli cation [22, 38,28,56] andre nement[5]

methodswhichalsogenerat@nen meshstartingfrom agivenone.
Suchschemesgrimarily aim atadaptinghe compleity of themesh
toanacceptabléevel for graphicsvisualizatiorhardwareor simula-
tion algorithms.For ef cient meshprocessingmostpreviouswork
havefocusednsemi-rgularremeshing36, 34, 26,33, 29], thelat-



ter techniqueoftenrequiringa rst simpli cation stage. Kobbelt
et al. focuson featuresensitve remeshingechniqueg54, 10, 11]
to reducethe artifactsproducedvhencornverting a givengeometry
into atrianglemesh.

More recently Gu et al. [24] proposeda techniquefor regular
remeshingof suracemeshes.Surfacesof arbitrarygenusare rst
cut into patchesthen parameterizedising a signal-adaptedech-
nique[48], and nally representedsa setof imagesthatstorethe
geometrythenormalsandary attributesusedfor visualizationpur
pose.Sucha storages compactanddrasticallysimpli es theren-
deringpipelinesinceall cacheindirectionsfoundin usualirregular
meshrenderingare simply removed. In a recentwork, we have
proposedaninteractive samplingtechniqug?2]. A meshis decom-
posedinto a setof disk-like patchesandeachpatchis parameter
ized. We thenmeasuresomegeometricand differential quantities
andgenerate setof mapsinsertedin a pipelineof signalprocess-
ing algorithms.Theoutputof this pipelineis adensitymap,interac-
tively resampledisinganerrordiffusiontechniquecommonlyused
for gray level imagehalftoning. Althoughthe techniquedescribed
in [2] offersafairly goodlevel of e xibility, its main dravbackis
the pixel grid layout constraintthat turns out to be memorycon-
sumingfor complex modelswith a high rangeof areadistortion.

1.2 Goals and Contrib utions

Basedon the above obsenations, the goal of this paperis to re-

move the constrainitcomingfrom the regularanduniform structure
of imagesfor both samplingand optimization. This led usto ex-

tendthe conceptof directerror diffusion onto triangle meshedor

sampling. The motivation of this paperbeingalsoto formulatethe
issueof surfacesamplingwith a larger setof ComputationalGe-
ometrytools at hand,we demonstratehe relevanceof building a
weightedcentroidalVoronoitessellatiorfor repartitioninga setof

samplesn accordancevith a speci ed densityfunction. Another
motivation of this paperis to move from the unit lengthparadigm
usedfor numericalanalysig[23] to the unit cell tiling, well suited
for targetedapplication,i.e.surfaceshapemodeling.The rst tech-
nigueaim at generatingnesheswith unit edgelengthmeasuredn

a control spacemetric, while our algorithmtendsto partition the
surfacewith unit densityintegrated over the cells of a centroidal
Voronoi tessellation. The latter propertyis indeedintricately re-

latedto the notion of isotropic sampling

1.3 Overview of the algorithm

The rst stageof our algorithm provides an initial geometryre-
samplingby performinganerror diffusionprocesslirectly overthe
original trianglemesh(seeSection3). The secondstagecomputes
a conformalparameterizatiorf the original model over a planar
domain, connectsthe samplesusing a constrainedDelaunaytri-
angulationbuilt in parametespace then optimizesthe sampling
by building aweightedcentoidal Voronoitessellatiorin parameter
spacegseeSectiond). Figure2 shavs the tasksrequiringa param-
eterspace.

Sampling: Liftin
1. calibration > Parameterization 9 —> Stitching
2. error diffusion (back to surface)

1. Meshing:

constrained Delaunay triangulation

2. Optimization

weighted centroidal Voronoi tessellation

|:| performed in
parameter space

Figure2: Remeshingipeline

2 Preliminaries

All meshesconsideredn this paperare presumedo be oriented
manifoldsof arbitrarygenusandpossiblywith boundary They are

seenas an approximationof a underlyingpiecevise smoothsur
face.Theinputof thealgorithmis aset(M ; F ;ds; d; ), whereM
is a triangularmesh,F is a setof featureedges(de ned below),
ds : M ! R is animportancefunction that speci esthe ideal
samplingdensityfor every surfacepointandd; : F ! Risanim-
portancefunctionthat speci esthe densityfor every point located
onafeatureedge.

We assumehedensityfunctionsds andd: to bespeci edby the
useror deducedrom geometricquantitiesmeasuredn the given
model. In our experimentswe usediscretedifferentialgeometry
techniqueg42] to approximatdhe curvatureon every vertex or on
the wedgessurroundinga corneror a creasevertex. We alsopro-
vide someoptionsfor the userto specifya transferfunction (typ.
agammafunctionasdescribedn [2]) andthe amountof low-pass

Itering overthedensityfunctionsto controlthe nal meshgrada-
tion. Beforediffusingtheerrorusingtheresultingdensityfunction,
we extracta setof featuesedgesfrom the original meshwhichre-
ceive specialtreatmentduringthe subsequenprocessingThey are
of threetypes:

the sharp edgesrepresenthe main featuresof the object; they

areclassi ed usingdihedralanglethresholdingyet a more so-

phisticatedapproachcould be used(seee.g. [30, 55] to cite a

few);

theboundaryedgesareincidentto exactly oneface;

thecutedgesareadditionaledgesvhichwe alsoneedto consider

separatelyfor parameterizationf closedor genus> 0 models

(seeSectiord.1).

Similarly to BotschandKobbelt[10], we thenchainthe setof in-
cidentfeatureedgesas a setof backbones.The resultingfeature
skeletonwill beresampledisa setof curves(seeFigure3).

Figure3: Twomodelsandtheir featue skeleton madeof bothopen
andclosedbadbones.

3 Error Diffusion

Becauseof its simplicity and ef ciency, the error diffusion algo-
rithm recevedmuchattention53, 43] sinceits introductionin 1976
by Floyd and Steinbeg [20]. Beforedescribingour algorithm,let
us review the conceptof error diffusion whenusedfor grey level
halftoningof images.

3.1 Concept

The core principle of error diffusionin image halftoning consists
of processingeachpixel of aninput signalimageaccordingto a
path:every pixelis binaryquantizedaccordingo agiventhreshold.
The sighedquantizatiorerroris thendistributedto its unprocessed
neighborsaccordingto errordistribution coefcients. Theartof er
ror diffusion,amongothers,consistof nding the bestprocessing
pathandchoosinghebestdistribution coefcients sothatthe sam-
pling spectrumexhibits a so-calledblue noisepro le (see[43, 31]
for moredetails). One of the mostappealingoropertyof this con-
ceptfor our applicationlies in the global conseration of density
offeredby the errordiffusion. Sucha propertymeanghatthe aver
agegrey level of thediscretizedmageis closelyequalto theoneof



the originalimage. We shavedin [2] thatthis guaranteean exact
vertex budgetfor ary speci ed sampling.

In our context, the taskof the samplerconsistsof distributing a
setof sample®ntheoriginalmeshtrianglesor featureedgessothat
they locally matchthe speci ed density If onelooksatthe density
asaninput signalto discretize this taskis not far from theissueof
imagehalftoning. It hasbeenshavedin [2] thatrecenterror diffu-
siontechniqueg43] work fairly well for a certainclassof models.
In this paperwe remove the discreteconstraintof theimagepixel
grid layout by generalizingthe conceptof error diffusion directly
over the original meshtriangles. This taskis achiezed by orga-
nizing a uency over the meshtrianglesfor the smoothparts(i.e.,
2D errordiffusion)andalongthe backbone®sf the featureskeleton
(i.e., 1D errordiffusion).

Before performingerror diffusion, the userspeci es a number
of verticesV to distribute on the original mesh. The total integral
of the densityfunctions,de ned both on smoothpartsandon the
featureskeleton, representshe amountof densityto equally dis-
tributeamongtheV samplesTo t theexactbudgetwe rst need
to calibratethe sampler

3.2 Sampling Calibration

Recallthatwe have a densityfunctionds andd; over the surface
andthefeaturesrespectrely, which specifywhatwould bethelo-

calidealdistribution of the samplesBy summingthe densityfunc-
tion over the surfaceand the features,we obtain somequantities
with differentunit. This requiresto de ne two distinct sampling
rates: Rs, expressedn #sampleger unit amountof surfaceden-
sity andR; , in #sampleperunit amountof featuredensity

Uniform sampling  For uniform sampledistribution, the den-
sity functionsds andd; simplify to equally constants. Uniform

samplingmeanshatevery surfacesampleideally coversthe same
amounbf areaandthateveryfeaturesamplecoversthesamdength
of featurecurve. Sincewe seekisotropic sampling,the triangles
canbe consideredasbeingideally equilateralallowing to deduce
the local ideal edgelength onceeachtriangle areais known, and
therefordink thesamplingratesRs andRy .

Figure4: Uniform planetiling with triangles.

Let us considera perfectuniform isotropictiling of the plane
with atrianglemesh(Figure4). By Euler's formula,the numberof
trianglesT perareaunit is equalto twice the numberof samples
perareaunit, namelyT = 2 Rs. Theidealareaof every triangle
is thereforeequalto A = 1=(2Rs). Fromgeometryof equilateral
trianglewe know:

a’p -
A= 3
4
wherea is the triangleedgelength. FromtherelationR; = 1=a
we deduce:

2
Rs = 2«%%:

We now write the repartitionof resourcebetweensmoothparts,
featuresandcornersto be presered:

Z Z
Rs ds(u; v) dudv+ R¢

sur f ace

d (u)du+C =V (1)

f eatur es

whereC denotesthe total numberof cornersandV denotesthe
global vertex budget. Practically the densityfunctionsds andds
are linearly interpolatedover the meshtrianglesand the feature
edges.Thenumberof cornersbeingknown, aswell asthetriangle
areasandthefeatureedgedengthswe deduceRs andR¢ required
for the uniform samplingprocess.The sameformulais performed
for thenon-uniformcaseafter suitedcorversion.

3.3 Diffusion over triangles

We replacethe pixelsof a standarcerrordiffusiontechniqueby the
meshtriangles andorganizeuponthema uency thatgoesthrough
theiredgeqseeFigureb). Thenext taskisto nd aprocessingpath
over the trianglesso that ary residualerror teleportis minimized
andto build a setof distribution coefcients.

A

trifluent (seed) difluent confluent cap (end)

Figure5: A uency is organizedover the meshtriangles. Eac tri-
angleis classi edaccodingto its numberofinputandoutputedges
during theerror diffusionprocess.

For genusO modelswith at mostone boundary the processing
pathis trivial. The algorithm picks an arbitrary seedface (on the
boundaryif thereis) andprocessedy extendinga region triangle
by trianglewithout generatingary split onits edgeboundary(sim-
ilarly to the skipregime describedn [1]). Theunprocessedegion
beingtopologicallyequivalentto a disk, it is consideredasa trian-
gulated simplepolygon.If this polygoncontainsnointerior vertex,
thenit hasat leasttwo so-calledeartriangles[41] thatwe usedto
expandtheprocessedegion. If this polygoncontainssomeinterior
vertices thenwe searctfor eartrianglesanduseoneof thoseif ex-
ist. If thereis no, we deducethatthereexists at leastonetriangle
with exactly oneedgeincidentto theboundaryandoneinteriorver
tex, usedto expandthe processedegion. The diffusionalgorithm
thenproceedssfollows for every currentfacef :

1. readthetotalamountof densityonf ;

2. from the samplingrate describedin Section3.2, deducethe
numberof sampledo distribute on the currentface(the dis-
tribution inside a triangleis describedater). This numberis
roundedto the nearesinteger value,sucha roundinggener
ating a signedquantizationerror e, translatedn amountof
density to diffuseonincidentunprocessethces;

3. the error e is diffusedto the unprocessedacesincidentto f
throughthe correspondingedgesand proportionallyto their
length. This heuristicmimics the notion of “geometricaper
ture” for diffusion;

4. ag f asprocessed;

5. pick thenext faceto proceedandrestartfrom stepl if ary, stop
otherwise.

Insteadof choosingan arbitrarytriangleamongthe valid candi-
datesfor expansionwe put theminto a priority queuesortedby a
region compacityscore. The compacity(ar ea=perimeter ) of the
expandingregion is computedbeforeand after simulatingthe ex-
pansionandthefacecorrespondingo themaximumsignedchange
of compacityis choserfor diffusion. Notethatseveralsamplesnay
be distributedon a face,the latter caseoccurringoftenin the case
of over-sampling.In the uniform casethey arerandomlysampled
in the currenttriangle using Turk's techniqug/51], combinedwith
alow-discrepang Sobolsequencéor ef ciency. Thenonuniform
casds correctlyhandledusinganadaptatiorof Rocchinietal. tech-
nigue[47] aftersuiteddiscretizatiorof the densityfunction.



Surfaces with handles and boundaries  For modelswith
genus> 0, or with atleasttwo boundariesthe traversaldescribed
above endsup with a connectedsetof unprocessettianglestrips,
onwhich someerrorhasbeendiffusedduringtheregion expansion
process. We describenow a techniqueto samplethesetriangles
without errorteleport.

By dualizationwelook attheseunprocessettianglesasthever
ticesof agraph.First,we computeaspanningreeof thisconnected
graph,rootedat an arbitrary triangle. Thenwe samplethe trian-
glesby diffusing the errorsfrom the endleafsto the root. More
precisely assumehat eachunprocessedrianglet hasreceved a
signederrore(t) in the previous partof the algorithm;to samplea
giventrianglet:

recursvely samplethechildrenof t;

computethe ideal ( oat) numberof sampledo distribute on't,

androundit. Theidealnumberof sampless computedby sum-

ming up theideal densityof t andtheresultof up to two errors
distributeduponit at distinctmomentsin time during the error
diffusionprocess;

transmittheexcesor lossof samplebtainedwith therounding

tothefatherf of t, by increasingrdecreasing(f ) accordingly

We run this procesdrom the root of the tree. All unprocessed
triangleswill besampledecursiely; attheend,therootis sampled
andno errorhasbeenteleportechor droppedmatchingthustheex-
actvertex budget.Oncethesmoothpartsaresampledthealgorithm
movesto thefeatureskeletonfor samplingalongits backbones.

3.4 Diffusion over feature edges

As for the trianglesof surface parts, we designan error diffu-
sion algorithm that distributes some samplesalong every back-
bone, the processingpath being deducedfrom the orderingover
its halfedged32]. Thediffusion processstartshy picking the rst

edgeof afeaturebackboneanddo the following for every current
edge:

1. readthetotal amountof densityontheedge;

2. from the samplingrate describedin Section3.2, deducethe
numberof samplesto distribute on the currentedge. This
numberis roundedto the nearestntegervalue,sucharound-
ing generatinga signed quantizationerror e, translatedin
amountof density to diffuse on the next unprocesse@dge
sittingonthecurrentbackbonelf thecurrentsamplededgeis
thelastof the processedackboneahenwe countthe number
of unprocessetkatureedgesconnectedo its endvertex (the
latter may be a cornerfor an openbackbone)anddistribute
theerrorto eachof themwith equalrepartition.If thereis no
unprocesseddgeconnectedo theendvertex, weteleportthe
errorto the rst edgeof the next backbonepicked for sam-

pling;

3. pickthenext edgein thecurrentbackboneo proceedf ary, else
move to the next unprocessebtlackbonewhile giving priority
to ary of abackboneonnectedo theendvertex of thecurrent
edge. When possible,the latter heuristicreducesthe error
teleport;

4. restartfrom stepl if next featureedgeexists.

Thefeatureskeletonbeingpossiblynot connectedthe error dif-
fusionalgorithmjumpsfrom onefeaturebackboneo the otherand
teleportghevery lasterroron another In asensehisis notconsis-
tentwith the rst goal of diffusingonly on nearbyareasyet such
a teleportallows to matchthe exact vertex budgetand providesa
way to repartitionthe samplesbetweenfeatures,cornersand sur
facepartsof theoriginal modelto remestsinceno erroris dropped
duringtheprocess.

Consistent boundar y Itering  Notice that sucha diffusion
techniquenffersonedirectwayto interlease boundaryltering with
the samplingprocess. If one considersa smoothmodel with B
boundariesthe featureskeletonis composedof B closedback-
bones.Eachbackbonecorrespondso a certainamountof density
i.e., a oating pointnumberof samplesonceconvertedby the cali-
brationprocesgnotethatthis numbemaybe negative oncea neg-
ative error hasbeendiffusedfrom anotherbackbone).After com-
pletediffusionoverthebackbonethetotal numberof verticessam-
pledmaybelowerthan3, which leadsto aclosureof theboundary
In otherterms,reducingthe vertex budgetmay Iter somebound-
ariesin a consistenmannerwith respecto the samplingprocess.
Thelatteris anappealingeaturefor applicationssimilarin spirit to
topology Itering asdescribedn [27].

3.5 Discussion

The samplesare sitting on the trianglesof the original meshfor

the smoothpartsof the surface, and on the edgesof the feature
skeleton.The presengeneralizatiorof directerrordiffusionovera
trianglemeshdoesnot provide a samplingwith ablue-noisepro le

spectrunsuchase.g. [43]. Thisis dueto theuniform samplingper

formedinsideeachtrianglewith no dependenprobability nor ary

other sophistication(i.e., white-noisepro le), andto the heuris-
tic chosenfor distributing the error throughthe edges. Neverthe-
less,andthanksto the coreprinciple of errordiffusiontheresulting
samplingis consistentwith respectto the speci ed densityfunc-
tion sinceary errorteleportis minimized. The error diffusionthus
provides a simple way to distribute the samplesbetweenbound-
ary loops,featuresandconnecteccomponent®f smoothareas.It

alsosenesasthe initial guessfor building a weightedcentroidal
Voronoitessellationwhich is the actualmechanisrusedto place
thesamples.

4 Centroidal Voronoi Tessellation

Beforeimproving the samplingby building a (weighted)centroidal
Voronoi tessellationwe rst needto meshthe samplesso that it
generatesin orientedmanifold. The meshingis performedby pa-
rameterizinghe original meshontoa planardomain(possiblywith
holes),thenapplying 2D constrainedDelaunaytriangulationover
thenewly sampledvertices.If the meshis closedor of genus> 0,
sucha correspondencbetweenthe surfaceand a planardomain
doesnot exist, andwe needto cutthesurface rst.

4.1 Cutting

We discusshelov several waysto cut the original surfaceinto a

genus0 surface. Note that, althoughthe cutting is necessarpnly

at this point of the remeshingorocessthe edgeswhich have to be

cut are computedin the r st stageof the algorithm, even before
theerrordiffusionprocesssincethey have to be marked asfeature
edgesasdescribedn Section2. Sinceall cutedgesareconsidered
asfeaturesand needto be sampledseparatelylik e the sharpand

boundaryedgespur goalis to minimize the total lengthof the cut

andto snapcorrespondingeut graphonto the featureskeletonas

much as possible. We rst describeour currentimplementation,
thenexplain how recenttheoreticalresultsmay helpusto improve

our cuttingalgorithm.

4.1.1 Our current implementation

In [24], theauthorsusea simplealgorithmto cutthe surfaceinto a
genuszerosurface;after that, they describea way to improve the
cut graph. We implementedh retractiontechniquesimilar in spirit
to the rst partof their method. Note that cutting a meshalonga
seamingoackbonegenerateswo instancef it in parametrispace
andoneor moreinstance®f the branchingnodesencounteredn



the cutgraph(Figure6). To guarantee perfectstitching,we tem-
porary split the feature,resp. branchingsamplesinto two, resp.
their multiplicity, during the error diffusion processand the uni-
variateLloyd relaxationalongthe seamingoackbones.

Figure6: Left: the cut graphof thetorusis composeaf two pairs
of twin badkbonesf a; a%g and f b; b°g, intentionally sepaated for
better visualizationpurpose Middle: closeupon the branding
nodeof the cut graph. Verticesare labeledaccoding to their mul-
tiplicity. Right: the torus has beenparameterizedon a disk-like
domain, 4 instancesof the branching node have beengeneated
andwill later be meigedduring the stitching.

4.1.2 Promising approaches

Somerecentwork in ComputationalGeometryexpressinterestin
the problemof cutting a surfacealonga setof curvesto obtaina
topologicaldisk. Thelatteris calleda polygonalschema because
theedgeonits boundarycanbepairwiseidenti ed to re-obtainthe
surface;seeFigure7. Sucha polygonalschemas reducedif the
cunesaresimpleloops,meetingat a commonvertex vo, andpair
wise disjoint exceptat this vertex. Notethat, for our cutting stage,
we cansimulatethatwe work on a surfacewithout boundaries:ll
its holes,cutthis surface(withoutenteringthe lled holes)with ary
cuttingalgorithm,thenre-opentheholes.

Figure7: From an orientablesurfaceto a polygonalschema: the
torus.

Erickson and Har-Peled [18] have focused on nding the
shortesipolygonalschemaof a surface(possiblynon-orientecand
with boundary). They have proved that this problemis NP-hard,
yet they describea greedyalgorithm that outputsa O(log? g)-
approximationof the minimum schema. To our knowledge, no
experiment has been done to see whetherit yields a visually
acceptableesult,andit would beworth implementingt (thoughit
is not so easy)for our purposes.Becauset is desirableto cut the
surfacealongsharpedgeswe adviseto simulatethat theseedges
areconsideredshorter

In contrastto the NP-hardnes®sf the above problem,Colin de
VerdiereandLazarugq13] give apolynomialalgorithmwhich com-
putesthe shortesreducedbolygonalschemahomotopicto a given
reducedpolygonalschemgcomputede.g., with the help of [35]).
Thealgorithmdescribedn [13] consistof iteratingelementaryop-
timization steps eachof them optimizing the currentschemaby
shorteningoneloop while maintainingthe otherones x ed; stabil-
ity is reachedaftera nite numberof steps. The loopsdravn on
the edgesof the manifold canpartly overlap, yet they are consid-
eredasdisjointif we imaginethatthey arespreadapartwith athin
space.We believe this algorithmis bettersuitedto our purposes.
In particular in our context, it maybedesirableo furthergenerate
overlappingsof loopson edgeshecausehis decreasethe number
of distinctcutedges.This canbeeasilyachiezedby arti cially de-
creasingthe lengthsof the edgesthat containloops at elementary

steps.It remaingo describehow we dealwith multiple loopsonan
edgeduringtheparameterizatioandsamplingorocessedf several
loopsgo alonga given edge,this createsstrips of in nitely small
area,andno sampleshouldgo insidethem. In orderto achieve this
goal, thesestrips are given a densityof zeroin parameteispace.
Moreover, in this case,a given edgeof the original meshcancor-
respondto an arbitrarylarge (even) numberof boundaryedgesin
parametespaceall theseedgesheingsampledconsistentlybefore
stitching.

4.2 Parameterization

Thegoalof surfaceparameterizatiois to remove theembeddindy
attening the original meshon a plane. Our goal beingto build an
isotropic samplingtechnique we adwocatefor usinga conformal
parameterizatio45, 17] with free boundariessinceit is knovn
to be both angle-peservingandlocally isotropic (see[37, 15] for
more detailson the technique). Thosetwo propertiesare of cru-
cial importancefor the meshingand optimizationstagessincethe
latter operationsare performedonly from parameteispace. This
way every decisionon parametespacemakes sensewith respect
to the original mesh,at leastfor the two presered properties.In-
tuitively, locally isotropicandangle-preservingneanghata small
circle mappedon the surfacewill be transformednto a circle in
parametespacgseeFigure8). Henceawell-shapedrianglein pa-
rameterspacewill notbedeformedtoo muchoncelifted backinto
R3, exceptfor its size. Onedistortionremains:the area-stretching.
This onebeingisotropic,it caneasilybe compensatedy modify-
ing the densityfunction expressedn parametespacefor the opti-
mizationstageasexplainedin Section4.4, contraryto a shearing
deformationthatwould bemuchmoredif cult to compensatéor.

4.3 Meshing

Every samplenow livesin parameteispace be it on a corner on
a featureedgeor on a faceof the original mesh. We performa
2D constrainedelaunaytriangulation[19] in parametespaceso
thatevery sgmentjoining two consecutie verticessampledalong
a featurebackbones addedto the list of constrainededges(see
Figure9).
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Figure9: ConstainedDelaunaytriangulation.

4.4 Construction

With a Delaunaytriangulation,we can alreadydeducean initial
VoronoiTessellatiorf6]. Fromthis, we aim at building aweighted
centoidal Voronoitessellatior{16] to improve theinitial sampling
obtainedby errordiffusion.

De nition A weighted centroidal Voronoi tessellationis a
Voronoi diagramsuchthat the associatedites coincide with the
centerof massof the corresponding/oronoicells. In the current
stateof the algorithm,we know the densityfunction andthe posi-
tion of the samplesn parametespace. The goalis to determine



Figure8: Conformalparameterizatiorof the David headmodelover a disk-like domain.Thetwo texturesmappedntothe modelillustrates
thetwo main propertiesof conformalparameterizationpreservatiorof anglesandlocal isotropy.

the nal locationsof thesamplesothatthey coincidewith thecen-
troids of the corresponding/oronoiregions;the centroidshave to

beevaluatedbverthedensityfunctionexpressedn parameterspace
ratherthanon thesurface.

Density Function in Parameter Space Similarly in spirit
to[2], we computeastretchingractorfor every vertex asaweighted
averagingover the stretchingfactorsof its incident faces. The
weight being equal to the areaof every face measuredn pa-
rameterppace,the strgtchingfactor s of a vertex v is equalto:
s(v) = area(fi)= areay (fi), wherethe sumsiterateover
its incidentfacesandary subscriptuv denotes quantitymeasured
in parametespace. The correcteddensity expressedn a vertex
in parametespaceds now the productof its stretchingfactorby its
densityexpresseanthesurface:d,, (v) = s(v) d(v). Suchaden-
sity functionis linearly interpolatedover the verticesin parameter
spaceandusedfor weightingthe centroidaMoronoitessellation.

4.4.1 2D Lloyd relaxation

Oneway to build sucha tessellationis to useLloyd's relaxation
method[16]. The Lloyd algorithmis a deterministic, x ed point
iteration[40]. Givenadensityfunctionandaninitial setof n sites,
it consistof thefollowing steps:

1. build the Voronoitessellatiorcorrespondingo then sites;

2. computethe centroidsof then Voronoiregionswith respecto
the densityfunction expressedn parametespaceandmove
then sitesontotheir respectie centroid;

3. repeatstepsl and?2 until satishctoryconvergenceis achieved.

Computingthe centroid(i.e., centerof mass)of every cell is the
mostdelicatepart of the algorithm. Let us recall thatthe original
meshis now parameterizedndthata densityfunctionlivesin pa-
rameterspace. The nev meshhasbeencreatedusing constrained
Delaunaytriangulationover the new samplebtainedby errordif-
fusion. The Voronoi regions are computedover the nev samples
andwe aim at computingtheir centroidevaluatedover the density
function sitting over the original mesh. This requiresto compute
theintersectionbetweeneachcell andthe setof overlappedrian-
gles,thencomputethe centerof massof the setof resultingpoly-
gonson which the correcteddensity function is piecevise linear
(seeFigurel0). Figurellillustratesseveraliterationsof the Lloyd
algorithm over the mushoom model uniformly sampledwith 3k
vertices. The variabledensitycompensatefor ary areadistortion
dueto parameterizatiorgndthe nal tiling tendsto make eachcell
cover the sameamountof density Notice how the mainimprove-
mentis alreadyachieved after 10 iterationsof Lloyd algorithm,the
samplingbeingthenpolishedwith additionaliterations.

Cell Clipping Clipping the Voronoi cells with constrained
edgeq39] allows to disconnectwo smoothregions separatedy
a backbonealuringthe computatiorof the centroid. This leadsto a
nice quality of the samplingin thevicinity of thefeaturesThelat-
teris obtainedthrougha non-symmetridoehaior of the algorithm
in the sensehatthe boundaryandthe featurebackbone$n uence
the surfacesamplesdut theinverseis nottrue. Intuitively, two sam-
plesincidentin the Voronoitessellatiorbut separatedby a feature
arenotin uencing eachotheranymore,andthe samplesclosedto
a boundaryor from a featurebackboneareratherrepulsedby the
constraints(seeFigure 12). Indeed,clipping a cell by the set of
constraintanay remove someregionsfrom the computatiorof the
centroid,makingthe Lloyd relaxationconsistentwith respecto the
constraints.

4.4.2 1D Lloyd relaxation

Thegoalis to distributeon eachfeaturebackboneanumberof sam-
plessothateachof themcoversthesameamountof density To pro-
ceed,we parameterizeachbackbondndependentiyon a sggment
without ary length distortion, then apply univariate Lloyd relax-
ationon thedensityfunctionsitting on every parameterizefeature
backboneA specialcareis takenfor seamingbackbonesthe twin

samplesheingre ected on oppositehalfedgego guarantee per

fect stitching during the lifting. For the sale of consisteng with

theasymmetridn uence betweerfeatureandsurfacesamplesthe
univariaterelaxationdescribechereis applied rst, thenthefeature
samplesare not moved ary more during the 2D Lloyd relaxation
processreviously described.

4.5 Lifting and Stitc hing

The lifting stagerestoresback the embeddingby locating every
vertex in its associatedriangle in parameterspaceand comput-
ing its barycentriccoordinates.We then projectback every ordi-
narysampleontoits correspondindrianglein R® andeveryfeature

Figure 10: Left: the Voronoi cell surroundinga sampleoverlaps
the original mesh. Right: closeupon the intersectioncomputed
betweera Voronoi cell and the original mesh. The new centioid

(lled) of the cell is computedas a weightedcontribution of the

centoidscomputedn thelinearly interpolatedpolygons.
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Figure 11: Top row: original mushroommodelto resampleand
its boundary-fee parameterizatioron a disk-like domain. Row2:
initial uniform samplingof 3k verticesgeneated by direct error
diffusion(300ms).Row3: r stiteration of LIoyd algorithmwith a
variabledensitycomingfromthe areadistortiondueto parameter
ization(1.2s). Row4: 10" iteration of Lloyd algorithm(8 s). Row
5: 100" iteration of Lloyd algorithm(55s).

sampleonto its correspondindgeatureedgeor corner For closed
or genus> 0 objects,a stitching stageis required. It involvesto
meige eachsetof twin verticeswith a multiplicity > 1 generated

for meshingin parametespace. This weldsthe modelandwraps
up the completeremeshingpipeline.

5 Results

Figure 13 illustrates a uniform remeshingof the Michelangelo
David headmodel. Themodelconsideredor remeshindghasacom-
plexity of 25k vertices,andthe new remeshednodelhas50k ver
tices. After 100iterationsof Lloyd relaxationperformedn param-
eter space,the weightedcentroidalVoronoi tessellationprovides
a satishctory uniform samplingafter lifting. Runningtimes are
the following on a PlIl 1GHz: 7 s for the meshparameterization,
400 msfor differentialgeometryanalysis 850 msfor samplercal-
ibration, 2.8 s for errordiffusion,and26 minutesfor polishingthe
samplingusing100iterationsof LIoyd algorithm.Notethatstarting
fromiteration20theresultis alreadyvery similarto thepresenbne.
As showvn by Figure 11, our techniqueis in a senseprogressie in
termsof samplingquality sincethe Lloyd algorithm progressiely
improvestherepartitionof the densityfunctionamongall VVoronoi
cells. Figure 14 illustratesthreecurvature-adaptedemeshingof
theDavid headusing30k vertices.The curvature-adaptedehaior
is obtainedby specifyingavariable > 0 to thetransferfunction
x appliedovertheinitial densityfunction,relatedo absolutenean
discretecurvature. Increasing from 0 (Figure 13) to 2:5 on our
examplesallows usto vary continuouslyfrom uniformto curvated-
adaptedemeshingwhile matchingtheexactdesiredvertex budget.

Figure 15 illustratesuniform remeshingof the bottomlessfan-
disk modelwith 10k vertices. The Lloyd algorithm optimizesthe
samplepositionsboth alongbackbonegunivariaterelaxation)and
on the surface. Therepartitionof samplesetweencorners back-
bonesand smoothpartsexactly matcheghe vertex budgetthanks
to thesamplercalibrationdescribedn Section3.2. A few closeups
nearbythe featuresshav the consistenbehaior dueto cell clip-
ping with the constraineadges.

Figure 16 illustrates uniform remeshingof the genus-1rotor
modelwith 10k vertices.Theinitial meshis cutandparameterized
on a disk-like domain. The cut graph (highlighted)is composed
of several seamingbackbone®n which cune samplingtechnique
is applied,asdonefor ordinaryfeatures.Although the pairing of
seamingbackbonesand samplesallow a perfectstitching of the
remeshednodel,we believe thatthe seamgyeneratedby univariate
samplingof the cut graphlimit the proposedemeshingechnique
to theclassof low-genussurfaces.

Figure 17, top illustratesuniform remeshingof the pig model
with 15k vertices. This modelhas7 boundariesandgenerategn

constrained edges

centroid

without clipping clipping

Figure12: Left: a Voronoi tessellationin parameterspacewith a
featule skeleton.All thecellsare drawnaccodingto thecircumcir
cle property Computingthe centoid without clipping by the con-
straints malkes the samplinginconsistentwhile the effect of clip-
ping is to repulsethe samplesfrom the boundaryor sharpedges,
the centioid beingcomputedon the truncatedcell. A constained
edge sepaating two sampleshusactsasa barrier [39] annihilat-
ing their mutualin uence asexpected.



Figure13: Weightedcentoidal Voronoi tessellatiorbuilt with 100iterationsof Lloyd relaxation,and nal remeshingvith 50kvertices

Figurel14: Curvatue-adaptedemeshingising30kverticeswith = 1,

extremerangeof areadistortionin parameteispace. Notice that
the longestboundaryhasbeenautomaticallychosenfor parame-
terization(foot boundaryis highlighted). Due to cell clipping us-
ing constrainededges,the Lloyd relaxationis guaranteedo cor
rectly handlemodelswith severalboundariesThedensityfunction
computedn parametespacecorrectlycompensatetheareadistor
tion dueto attening. Figure17, bottomillustratesfour curvature-
adaptedemeshing®f the pig modelwith exactly 30k verticesand

= 3 setin thetransferfunction. The only differencebetweerthe
modelslies into the meshgradationprogressiely smoothedwith
respectrely 0, 3, 10, and 100 iterationsof low-pass Itering over
the densityfunction. A few closeupof the earshows the effect of
smoothingthe densityfunctionover the nal meshgradation.This
resultillustratesthekey conceptdemonstrateih this paperi.e., the
usercanact on someparametersintil the densityfunction ts his
desirein termsof samplingdistributionandgradatioronthesurface
andthefeatures.

= 2and = 2:5respectively

6 Conclusions and Future Work

We have presentec new techniquefor isotropicremeshingof tri-
anglemeshesOur approacttonsistof specifyinga densityfunc-
tion over the surfaceto be repartitionedbetweena setof samples
sothateachof themcoversthe sameamountof densityon aneigh-
borhoodascompactaspossible.This taskis performedusingtwo
algorithms:the rst oneperformsafastmeshresamplindoy gener
alizing the coreprinciple of error diffusion over the original mesh
triangles. The secondtool is a Lloyd relaxationusedto build a
weightedcentroidalVoronoitessellatiorin a conformalparameter
space Thelatter, commonlyusedfor optimalclustering[16], tends
to optimally distribute the densityfunctionbetweerall the samples
both on the featureskeletonand on smoothpartsof the models.
The weak part of the algorithmis the needfor cutting closedor
genus> 0 surfaces.Sucha cut generates seamingbackboneon
which curvesamplings appliedinsteadbf surfacesampling which
is notconsistentf the cutgraphdoesnot coincidewith asetof fea-



Figure 15: Uniform remeshingf the fandiskmodelwith 10k vertices. Top row: Initial samplingcomputedby direct error diffusion,and
samplingobtainedafter 20 iterationsof Lloyd relaxation.Bottomrow: closeupover the Voronoi tessellatiorafter Lloyd corvergence global

view of theremeshednodel,and several closeupshearbythefeatuies.

Figure16: Uniform remeshingf the genus-1rotor modelwith 10k vertices.Fromleft to theright: cut graph(colored) andfeature skeleton
(light grey); mestparameterizatioron a disk-like domain,andassociategharameterizedeature skeleton(boundarybadkboneswith identical
colors are associatedairwise). Far right, top to bottom: original, and remeshednodel. Two closeupsover the cut graphillustrate the

univariatesamplingperformedalongseamingbadbones.

ture edges.Suchanapproximatiorbecomesinacceptabléor high
genussurfaceswhich would requirea complex cutgraph.

As future work we plan to remove the cutting and parameteri-
zationstagesandcomputea geodesicversionof the weightedcen-
troidal Voronoitessellatiorto handlesurfacesof high genus.As a
separatéssuewe would lik e to investicatethe conditionsover the
densityfunctionto guarante¢hecorvergenceof Lloyd's algorithm.
Beingableto remeshvolumemeshewith errordiffusionandcen-
troidal Voronoidiagramis alsoof someinterest.
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Figure17: Top: uniformremeshingf the pig modelwith 15k ver-
tices. Themodelhasbeenparameterizedrom the longestbound-
ary andundegoesa highrange of areadistortiondueto attening.
Bottom: curvatue-adaptedemeshingvith 30k vertices. Thegra-
dationis more and more smoothedy specifying0, 3, 10 and 100
iterationsfor low-passltering thedensityfunction.



