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Last Time: PCA
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Principal Components Analysis 
(PCA)

Introduced by Pearson (1901) 
and Hotelling (1933) to 
describe the variation in a set 
of multivariate data in terms of 
a set of uncorrelated variables.
PCA looks for a single lower 
dimensional subspace that 
captures most of the variation 
in the data.
Specifically, we aim to 
minimize the error introduced 
by projecting the data into this 
linear subspace. 3



Last time: PCA, KPCA
Use spectral analysis of the covariance matrix C of the 
data
For any integer p, the error-minimizing p-dimensional 
subspace is the one spanned by the first p eigenvectors 
of the covariance matrix
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Kernel PCA (KPCA)
Assumption behind PCA is that the data points x are well 
represented by a small-dimensional Euclidean subspace

Often this assumption does not hold …

However, it may still be possible that a non-linear 
transformation φ(x) “linearizes” the data -- then we can 
perform PCA in the space of φ(x)

Kernel PCA performs this “lifted” PCA; however, 
because of “kernel trick,” it never computes the mapping 
φ(x) explicitly.
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Shared Structure
Across

Different Data Sets
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Different Views of the Same 
Data
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Cluster by appearance similarity

Cluster by content similarity



Covariance and 
Correlation
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Covariance and Correlation

Pearson correlation coefficient between two random 
variables X, Y

Note that, by the Cauchy-Schwarz inequality

so

9
mean standard deviation



Covariance and Correlation

Correlation measures a linear association between X, Y

Note that, X, Y independent, then corr(X,Y) = 0
but the opposite is not true

High correlation not the same as causality

10

[U uniform in [0,2π], X = sin U, Y = cos U]



Empirical Correlation

Empirical version, for n measurements xi, yi of X and Y

We’ll use centered versions, 
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Canonical Correlations
for Two Sets of Variates
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Canonical Correlations

Canonical correlation analysis seeks a pair of linear 
transformations, one for each of the sets of variables X, 
Y, such that when the set of variables is transformed, the 
corresponding coordinates are maximally correlated.

Consider projections of X and Y

So we get
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1st Canonical Correlation

We choose wx, wy to maximize the correlation between 
these two vectors

Or, in empirical form, if we write

We can re-write the correlation expression as 
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Covariance Formulation

Can re-write as 

so that

If we now write

we get 
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Solution by Eigenanalysis

Note that the he expression

is invariant to re-scalings of wx or wy

We can therefore solve the optimization problem

subject to the constraints

16



Lagrange Multipliers

Setting derivatives of L to 0 w.r.t. wx, wy we get (after 
some manipulation)
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multiply by wx
T,       multiply by wy

T

subtract



Lagrange Multipliers

Leading to

Assuming Cyy is invertible, we can use the second 
derivative constraint above to get

so now from the first derivate constraint we get

or 18



Eigenvalue Problem

A generalized eigenvalue problem

Can symmetrically also get

On can go back and forth between wx and wy
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Solving the Eigenvalue Problem
If Cxx is invertible, then can reduce to a standard 
symmetric eigenvalue problem

Numerically, all these inversions and multiplications lose 
precision
Alternate approach:

Cxx and Cxx are symmetric positive definite; use complete 
Cholesky decomposition – Rxx lower triangular so that

Now let 
Can re-write
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For more on the numerics, see the Weenik article



Centered Variables,
CCA vs PCA

For centered variates, the covariance
Canonical correlation analysis attempts to answer the 
question “which directions accounts for most of the 
covariance between the two data sets?” The goal is to 
find directions wx, wy so as to maximize

subject to

In PCA we have a single variate and seek the direction 
that “maximizes the variance in the data”

subject to  21



CCA vs PCA
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PCA

CCA



Example 1
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CCA Example 1: Scores Data
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CCA Example 1: Scores Data
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Higher Order CCA
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Higher-Order Canonical 
Correlates

We defined the 1st canonical correlation ρ1 through the 
projection vectors / directions 

Given the first k-1 directions, the k-th canonical 
correlation is defined via vectors                     , so that we 
maximize

but under orthogonality constraints to the previous 
directions

27



Other CCA 
Formulations,
Computation
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Equivalent CCA Formulations
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Principal Angles Between 
Subspaces

Goal: capture geometric configuration of two subspace 
with few and intuitive numbers
Principal angles intuition

Measure angles between ‘most similar’ directions within 
subspaces
Capture relative ‘orientation’ of two subspaces
Recursive definitions with decreasing similarity

Consider subspaces spanned by the cols of X and Y
respectively
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CCA and Principal Angles
CCA between RVs in column form → principal angles of 
row spaces spanned by data matrices

For i = 1, 2, … 

Note 1: The number of canonical directions/variates is

Note 2: 
If X and Y are orthogonal (XTY = 0) then all principal angles are 
90o and the corresponding canonical correlations are 0
If X and Y intersect in a d-dimensional subspace, then the first d
principal angles are 0
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Sphering/Whitening
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Transformed Problem
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SVD to the Rescue
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More Examples
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CCA Example 2: Object 
Recognition

36



CCA Example 3: KCCA for 
Matching People

Lisanti, Giuseppe, Iacopo Masi, and Alberto Del Bimbo. "Matching people across 
camera views using kernel canonical correlation analysis." Proceedings of the 
International Conference on Distributed Smart Cameras. ACM, 2014.
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Common Subspace Through 
KCCA
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Homework Policies
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CS233 Homework Policies
Collaboration groups allows, of up to three 
students

Two free late periods available – after that 
20% penanty for each late periof, but no 
more than two (100% penalty after that)

All homeworks must be submitted by the 
last day of the course, Wed, June 6  
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The 1st Assignment
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Assignment 1: PCA + CCA

Problem 1 (PCA): Face 
Reconstruction/Recognition: Eigenfaces

Problem 2 (CCA): Word Image 
Recognition
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PCA
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Face Recognition

Photo organization

Surveillance

…

Has to be coupled with 
face detection
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Detection

Recognition “Sally”



Recognition: Embed!
Treat image pixels as a long vector

Face recognition by nearest neighbor
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x

nyy ...1

xy −= T
k

k
k argmin



Eigenfaces (PCA on Face Images)

Compute covariance matrix of face images

Derive the principal components (“eigenfaces”)
K eigenvectors with largest eigenvalues

Represent all face images in the dataset as linear 
combinations of eigenfaces

Perform nearest neighbor on these coefficients
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M. Turk and A. Pentland, Face Recognition using Eigenfaces, CVPR 1991

http://www.cs.ucsb.edu/%7Emturk/Papers/mturk-CVPR91.pdf


Training Images
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Eigenfaces
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Top eigenvectors: u1,…uk

Mean: μ



Eigenface Visualization

49

Principal component (eigenvector) uk

μ + 3σkuk

μ – 3σkuk



CCA
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Camera Text Recognition
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Scanned

In this chapter, we review some important
background material regarding key concepts
from probability theory, information theory,
and graph theory…

1n this chapter we FBViEW SUIHC
important background mated-M regarding
WY cnncepn 5mm probability theory
information theory and Efaph theory…

Camera



Why OCR Fails

OCR reads text character by character, but character 
segmentation can be challenging. 

View perspective distortions
Uneven lighting
Presence of noise and blur
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Word Recognition via Image 
Retrieval
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Query Recognized

Huizhong Chen, Visual Word Recognition with Large-Scale Image Retrieval
Stanford EE Ph.D. Thesis, 2015 



If Font Is Known,
Task is Easier
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Inter-font Similarities

Some fonts have visual similarities (e.g., Arial, 
Helvetica).
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THE QUICK BROWN FOX JUMPS OVER THE LAZY DOG
THE QUICK BROWN FOX JUMPS OVER THE LAZY DOG

the quick brown fox jumps over the lazy dog
the quick brown fox jumps over the lazy dog

Source: www.fonts.com



Compact Data Base 
Representation
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WORD

WORD

WORD

Shared 
representation

For a K-font cluster: 
reduce database size by K

Font 
Clustering

Feature 
Aggregation

Aggregation by
Descriptor Averaging



Motivation for CCA
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Font 1 Font 2

Different

Similar

Words in the lexicon

Database 
features



Two View vs. Multi-View 
CCA
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The End
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