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Connect Linear Space and
Graph Views of Data

+ Points in R¢ + Graph
+ via near-neighbor + Via matrix
graphs representations of

graphs

What to do if the dimension is too high?

 Embed the data into a lower-d space

e But how to deal with non-linear low-d structure?

o “Unfold” non-linear structure in the intrinsic dimension
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1-d Embedding via
the Fiedler Vector




Higher-d Embeddings

@ Embed the graph in a k-dimensional Euclidean space. The

embedding is given by the n x k matrix F = [f, f5... f;]
where the i-th row of this matrix — f(%) — corresponds to the

Euclidean coordinates of the i-th graph node v;.
@ We need to minimize (Belkin & Niyogi '03):

arg min Z w@-ij(i) — U2 with: FTF =1L
R

@ The solution is provided by the matrix of eigenvectors
corresponding to the £ lowest nonzero eigenvalues of the
eigenvalue problem Lf = \f.



Spirals Again
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In the embedded space given
by two leading eigenvectors,

clusters are trivial to separate.

Dataset exhibits complex cluster
shapes

= Direct A~-means performs very
poorly in this space due to bias
toward dense spherical clusters.
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		r62		?		-0.7086616981		-0.7055484375

		r63		?		-0.7086639898		-0.7055461356

		r64		?		-0.7086624239		-0.7055477085

		r65		?		-0.7086567914		-0.7055533658

		r66		?		-0.708646869		-0.7055633317

		r67		?		-0.708632419		-0.7055778445

		r68		?		-0.7086131892		-0.7055971571

		r69		?		-0.7085889109		-0.7056215383

		r70		?		-0.7085593		-0.7056512725

		r71		?		-0.7085240595		-0.7056866565

		r72		?		-0.7084828186		-0.7057280608

		r73		?		-0.7084366779		-0.7057743785

		r74		?		-0.708390957		-0.705820269

		r75		?		-0.7083472251		-0.7058641574

		r76		?		-0.7083055133		-0.7059060135

		r77		?		-0.7082659001		-0.705945759

		r78		?		-0.7082284555		-0.7059833247

		r79		?		-0.7081932403		-0.7060186502

		r80		?		-0.7081603089		-0.7060516815

		r81		?		-0.7081297053		-0.7060823752

		r82		?		-0.7081014652		-0.706110696

		r83		?		-0.708075616		-0.7061366171

		r84		?		-0.7080521744		-0.7061601223

		r85		?		-0.7080311482		-0.7061812042

		r86		?		-0.7080125356		-0.7061998651

		r87		?		-0.7079963227		-0.7062161192

		r88		?		-0.7079824863		-0.7062299903

		r89		?		-0.7079709909		-0.706241514

		r90		?		-0.7079617917		-0.7062507355

		r91		?		-0.7079548303		-0.7062577138

		r92		?		-0.707950037		-0.7062625185

		r93		?		-0.7079473303		-0.7062652317

		r94		?		-0.7079466149		-0.7062659488

		r95		?		-0.7079477827		-0.7062647782

		r96		?		-0.7079507126		-0.7062618413

		r97		?		-0.7079552686		-0.7062572744

		r98		?		-0.7079613021		-0.7062512264

		r99		?		-0.7079686484		-0.7062438622

		r100		?		-0.7079771278		-0.706235362

		r101		?		-0.7079865441		-0.7062259223

		r102		?		-0.7079966853		-0.7062157557

		r103		?		-0.708007322		-0.7062050921

		r104		?		-0.7080182063		-0.7061941798

		r105		?		-0.7080291962		-0.7061831614

		r106		?		-0.7063118845		0.7079007853

		r107		?		-0.7063029175		0.7079097321

		r108		?		-0.7062968639		0.7079157718

		r109		?		-0.7062922747		0.7079203506

		r110		?		-0.7062884964		0.7079241201

		r111		?		-0.7062852719		0.7079273372

		r112		?		-0.7062825715		0.7079300313

		r113		?		-0.7062805116		0.7079320864

		r114		?		-0.7062792975		0.7079332976

		r115		?		-0.7062791846		0.7079334103

		r116		?		-0.7062804516		0.7079321462

		r117		?		-0.706283395		0.7079292097

		r118		?		-0.7062883285		0.7079242876

		r119		?		-0.7062955865		0.7079170464

		r120		?		-0.7063055254		0.7079071301

		r121		?		-0.7063185242		0.7078941605

		r122		?		-0.7063349831		0.7078777378

		r123		?		-0.7063553242		0.7078574404

		r124		?		-0.7063799906		0.7078328255

		r125		?		-0.7064094427		0.7078034326

		r126		?		-0.7064441545		0.7077687875

		r127		?		-0.7064846071		0.7077284084

		r128		?		-0.7065312656		0.7076818287

		r129		?		-0.7065845548		0.7076286221

		r130		?		-0.7066447939		0.7075684669

		r131		?		-0.7067121105		0.7075012318

		r132		?		-0.7067863136		0.7074271036

		r133		?		-0.7068667561		0.7073467248

		r134		?		-0.7069522427		0.7072612859

		r135		?		-0.7070410718		0.7071724845

		r136		?		-0.7071312503		0.7070823112

		r137		?		-0.7072208586		0.7069926854

		r138		?		-0.7073083866		0.7069051183

		r139		?		-0.7073929106		0.706820536

		r140		?		-0.707474042		0.7067393295

		r141		?		-0.707551743		0.7066615392

		r142		?		-0.7076261412		0.7065870394

		r143		?		-0.7076974141		0.7065156545

		r144		?		-0.7077657317		0.7064472161

		r145		?		-0.7078312445		0.7063815749

		r146		?		-0.7078940819		0.7063186029

		r147		?		-0.7079543532		0.706258192

		r148		?		-0.7080121484		0.7062002533

		r149		?		-0.7080675411		0.7061447141

		r150		?		-0.7081205897		0.706091517

		r151		?		-0.7081713367		0.7060406206

		r152		?		-0.7082198111		0.7059919966

		r153		?		-0.7082660287		0.7059456301

		r154		?		-0.7083099936		0.7059015179

		r155		?		-0.7083516951		0.7058596716

		r156		?		-0.7083911119		0.7058201134

		r157		?		-0.70842821		0.7057828783

		r158		?		-0.7084629435		0.7057480129

		r159		?		-0.7084952553		0.7057155753

		r160		?		-0.7085250761		0.7056856358

		r161		?		-0.7085523249		0.7056582763

		r162		?		-0.7085769085		0.705633591

		r163		?		-0.7085987218		0.705611686

		r164		?		-0.7086176477		0.7055926795

		r165		?		-0.7086335567		0.7055767019

		r166		?		-0.7086463069		0.7055638963

		r167		?		-0.7086557434		0.7055544184

		r168		?		-0.708661698		0.7055484375

		r169		?		-0.7086639898		0.7055461356

		r170		?		-0.7086624239		0.7055477085

		r171		?		-0.7086567914		0.7055533658

		r172		?		-0.708646869		0.7055633317

		r173		?		-0.708632419		0.7055778445

		r174		?		-0.7086131892		0.7055971571

		r175		?		-0.7085889109		0.7056215384

		r176		?		-0.7085593		0.7056512725

		r177		?		-0.7085240595		0.7056866565

		r178		?		-0.7084828186		0.7057280608

		r179		?		-0.7084366779		0.7057743785

		r180		?		-0.7083909569		0.705820269

		r181		?		-0.7083472251		0.7058641574

		r182		?		-0.7083055133		0.7059060135

		r183		?		-0.7082659001		0.7059457591

		r184		?		-0.7082284555		0.7059833247

		r185		?		-0.7081932403		0.7060186502

		r186		?		-0.7081603089		0.7060516815

		r187		?		-0.7081297053		0.7060823752

		r188		?		-0.7081014652		0.706110696

		r189		?		-0.708075616		0.7061366171

		r190		?		-0.7080521744		0.7061601223

		r191		?		-0.7080311482		0.7061812042

		r192		?		-0.7080125356		0.7061998651

		r193		?		-0.7079963227		0.7062161192

		r194		?		-0.7079824863		0.7062299903

		r195		?		-0.7079709909		0.706241514

		r196		?		-0.7079617917		0.7062507355

		r197		?		-0.7079548303		0.7062577138

		r198		?		-0.707950037		0.7062625185

		r199		?		-0.7079473303		0.7062652317

		r200		?		-0.7079466149		0.7062659488

		r201		?		-0.7079477827		0.7062647782

		r202		?		-0.7079507126		0.7062618413

		r203		?		-0.7079552686		0.7062572744

		r204		?		-0.707961302		0.7062512264

		r205		?		-0.7079686484		0.7062438622

		r206		?		-0.7079771278		0.706235362

		r207		?		-0.7079865441		0.7062259224

		r208		?		-0.7079966853		0.7062157557

		r209		?		-0.7080073219		0.7062050921

		r210		?		-0.7080182063		0.7061941798

		r211		?		-0.7080291961		0.7061831614
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Multidimensional
Scaling



Multidimensional Scaling (MDS)

+ A “distance preserving” embedding of the data into a
Euclidean space

+ Sometimes distances are observed directly (e.g., similarity
ratings)

+ Sometimes they can be calculated from a data table (e.g.,
Euclidean distances, correlations)

Dim 2

1 dimensions

@
03® ®
X
Dim 1
e ® o4
® 02

@
Dissimilarities Configuration MDS perceptual map

—

objects
objects

A

3

3

1

objects 1 c




Formally (Metric MDS) ...

+ Given a (symmetric) matrix of pairwise “dis-similarities”
between n objects / data sets

M — (5 triangle inequality

) No need to satisfy the
' Jhxn

¢+ Find n points in low-dimensional space RY, so that their
distance matrix is as close as possible to M

+ Low d (=2,3) allows us to visualize the data directly

10



Distances and Dimensionality

+ How do distances/dissimilarities determine
dimensionality?

p—

?()f;é D 3 A o 1 11
D=|210T12 D= |3035 n_|10 11
4 9101 4 5 0 11 0 1
_43‘210_ 1 1 1 0
k=1 k=2 e

11



MDS: Motivating Example

" Travel times by train between French cities

Bor- Mar- Strassb  Tou-
deaux Brest Lille Lyon seille Nice Paris ourg louse  Tours
Bordeaux 0
Brest 9:58 0
Lille 6:39 7:11 0
Lyon 8:05 7:11 4:52 0
Marseille 5:47 8:49 6:12 1:35 0
Nice 8:30 13:36 8:20 4:33 2:26 0
Paris 2:59 4:17 1:04 2:01 3:00 S 0
Strassbourg 8:.08 10:16 6:54 4:36 704 11:15 4:01 0
Toulouse 2:02 1E5:52 9:42 4:25 3:26 6:29 5:14 10:56 0
Tours 2:36 5:38 4:17 4:21 5:13 9:04 1:13 6:03 6:06 0

" Considerations:
*= The recovered configuration (X = map) should be 2D
= NSEW not relevant to distances— may have to rotate
" Travel time not necessarily ~ map distance (TGV)

= May need to consider other relations between dissimilarity and
distance in MD space

Source: Patrick Groenen, “Past, Present, and Future of Multidimensional Scaling”, CARME, 2011 12



MDS: Motivating Example

" Travel times by train between French cities

Lille

Parisi‘i Strassbourg

Tours *

*» Bordeaux

Tou.louse

Strassbourg

., *Lyon

Bordeaux “,

Toulouse
L ]

Actual map of France

MDS recovered map

Marseille, Lille, Lyon, ... closer to Paris in travel time (TGV)

13



.

MDS: Motivating Example

ACCELERATION B i R BT /‘fr.r.r...wn
- B e
K L

DES T o
VOYAGES EN FRANCE : __,/’,,/_\
el L afd”

o | e L

DEMIE 200 ANS

+ Travel time only partially
related to map distance

Emile Cheysson (1888) —
anaphoric map, showing

decrease in time to travel
from Paris over 200 years

+ Other considerations
relating distance and
dissimilarity

14



MDS Has Many Uses

+ Psychology (perception,
cognition)

+ Political science (voting
behavior, court decisions)

+ Sociology (social network
analysis)

+ Archeology (artifact
similarity)

+ Biology/Chemistry

(molecular structure,
species analysis)

*  » »

Document retrieval &
classification

Graph layout
Pattern recognition
Dimension reduction

15



ODbtaining Dissimilarity Data

+ Direct ratings (flavor Sometimes distances are naturally

comparisons) defined — but sometimes we seek

_ subjective dissimilarities
+ Confusion data (Morse

dots and dashes)

+ Co-occurrence data
(Amazon
recommendations)

+ Sorting into groups —
+ Memory recall :

At s Cawrw | [ rom

Can every distance matrix be realized in a Euclidean space?

16



Example: Pattern Recognition

Bottom loop articulation

Top arch articulation

-

=]

. MDS of judged similarity of
handwritten “2"s

mm HEH ] B

Goal: determine features
important in pattern
L2 % recognition

N N H H;ﬂ
S LR

2],
o} E’m n N@m

B2
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Classic Metric MDS

+ Sometimes we can model our data as points in a high-
dimensional Euclidean space — and we are looking for
an embedding to a lower-dimensional space that
preserves (absolute or relative) distances (in the high-d
space) as much as possible.

+ In this case the problem has a clean geometric solution.
Dinu

terative MDS
/ sguared difference bfw
7 this and
L this distances
(or difference between
them sguared)
is being minimized

Is this the same as PCA?

PCoA (PCA) i

These residuals squared
are being minimized

(= these shoulders
squared maximized)

18



Classic Metric MDS

¢+ To go from dimension D down to dimension d
¢+ Given data X € R”"

(] |
X=X, X, ... X, and M Z(diStZ(Xi,Xj))nxn
. | )
+ We look for X, (| | )
X'=|x,/ -+ x'| e R™
\ | | J

+ We can assume the x;” are centered

19



Classic Metric MDS

+ So that we minimize || M’ - M || (related to the stress of
the system)
2
j = Rnxn

+ M’is the Euclidean distances matrix for points Xx;’.

¢+ where M'= (distz(xi',xj')) = (Hxi' —X;

min || M’ =M ||

20



The Math Detalls

2
+ |deally we want M’ = (Hxi' —X; j

\<x =X, X; =X, >)

[ (e R e (b 1%,
!
X 1 1%, % 1] [ I I % [l
!
X IE Xl (R VAN I DO 1%
— _
—

want to get rid of these

||X P+ 1% 1 = 2<%, %] >

[ /|
- 1
. X,
\— X — |
XIT

X !

21



The Magic Matrix J

22



So We Get to The Gram Matrix

Cleaning the system:

(B (b v DA A P I e 1%, |
XJ/ 1, 111 | 2 1, |l N ||X.1'|| IIX?'II IIX.n'II _oX X =M /XJ
[ v o RN [P o 1%, |
Note that X’K = KX'T =0,
1 2X'TX = IMJ as X' is centered
J=1-—K
n XTX'=-1JMJ =B
X"X'=B

So from the distance matrix we can get the Gram (inner

product) matrix. s



And Finally Use the Spectral
Hammer

We will use the spectral decomposition of B:

a 1\ 4, (| Y
X"X'=B=|v, - V_ V, -V,
\| |/\ ﬁ“n/\| |/
o (VA o Y
O MY & P
B - Al 1
\nxd O »
YT I

24



So We Get the X

So we find X’ by throwing away the last n—d eigenvalues
VAV,
NER?

X' =| ..

For this X : X’:argminHX’TX’—B
o

L2

HAHL2 = ,/Z 'Aijz
i,

This choice minimizes the
iInner product (and distance) loss

25



More General Metric MDS

+ In general, we minimize directly the square loss on distances
1

2

stress = £(d;;) = Z(@U — f(di))?/ Z d;

. f monotonic
1<J

+ Sammon mapping

A 1 di — d::)?
Sammon'’s stress(dj;) = ( )
2eckdek = dy

+ This weighting system normalizes the squared-errors in pairwise distances by
using the distance in the original space. As a result, Sammon mapping preserves
the small d;, giving them a greater degree of importance in the fitting procedure
than for larger values of d;

Generally solved by gradient descent 26



Non-Metric MDS

+ Sometimes all we can say is that (dis)similarity iIs
ordinally related to distance in MD space (only ordering
of distances matters, not the actual values)

+ If we only have ordering information, we can use
monotone (isotonic) regression to find “disparities” that
are compatible with the ordering constraints of the
dissimilarities (not unique)

+ We can then use alternating least squares (ALS) by
repeating

+# a monotone regression step, followed by
+# a metric stress reduction step

IREAES

Stress(D,X) = {
27

S (d,-e,00) }



Non-Linear
Dimensionality
Reduction

28



Non-Linear Dimensionality
Reduction

+ Many data sets contain essential nonlinear structures
that “invisible” to PCA and MDS

¢+ Must resort to some non-linear dimensionality reduction
approaches

(B) (C)
0?%% e
7] ot BTSN,
Q(%%S %’q;go% S‘o. :..'00'.. 2
24 d)gof‘%bo?.: . é.{- ..go.
we 1
M T Y S
& &S °Pee u.":‘..'.. 0
o® ge,  eSis o
L i 5 oo
0 h...t o ** :. ; %%‘?33 |
Voo s
_7?'_."“" : of 5
1 __0_ —_— 2

: : 29
Data sampled from a non-linear manifold



The Choice of Distance

__—"small
Euclidean
distance

+ We can try to capture the
manifold structure through
the right notion of distance
directly on the manifold
(geodesic distance)

30
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The Challenge of NLDR

+ An unsupervised learning

algorithm — it must
discover the global
Internal coordinates of the
manifold, without external
signals that suggest how
the data should be
embedded in low
dimensions

32



Isomap

33



ISOMAP

(J. B. Tenenbaum, V. de Silva and J. C. Langford)

+ Example of non-linear structure (Swiss roll)

+ Only the geodesic distances reflect the true low-dimensional
geometry of the manifold

+ ISOMAP (Isometric Feature Mapping)
+ Preserves the intrinsic geometry of the data
+ Uses the geodesic manifold distances between all pairs

34



ISOMAP (Algorithm Description)

Step 1

Form a near-neighbor graph G on the original data points, weighing the
edges based on their original distances d,(i, j)

Step 2

Estimate the geodesic distances d; (i, j) between all pairs of points on
the sampled manifold by computing their shortest path distances in the
graph G.

Step 3

Construct an embedding of the data in d-dimensional Euclidean space
Y that best preserves the distances (MDS).

35



Near Neighbor Graph

Step 1

- Determining neighboring points within a fixed radius based on
the input space distance d,(i, j), or use a fixed # of neighbors

- These neighborhood relations are represented as a weighted
graph G over the data points. AR

L L L L ,
-a0 -60 -20 o 20 40 60 a0

36



Shortest Path Computation

e Step 2
- Estimating the geodesic distances |d.(i, j)| between all pairs of
points on the manifold by computing their shortest path
distances in the graph G.

- Can be done using classic graph algorithms for APSPs:
Floyd/Warshall’s algorithm or Dijkstra’s algorithm

d. (i, J)=d, (i, J) neighborin g i, | i 0l
de (i, J) = othewise i

fork=1,2,....,N
de (1, J) =min{ d, (i, J), d, (i,k)+d, (k, )}

37




Euclidean Embedding

Step 3

- Constructing an embedding of the data in d-dimensional
Euclidean space Y that best preserves the inter-point distances

This is of course nothing but an MDS problem

LA . - an A
- . - -y LI . - - L .
f‘ i - i 'l"l . : 'I "i 1::"‘“"1-" 1-*"11 o't
. g e (i o P .
- . vp - . - -
1'.:q'| # YA LY :|‘ .:‘l- ! ’{5‘-': % ) & -'
1 el N v e LI - | . £ ]
L w *a . R
i
L] -’ 3 . ey )
-
[y e
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Recovery Guarantees

Isomap is guaranteed asymptotically to recover the true
dimensionality and geometric structure of non-linear manifolds.

As the sample data point density increases, the graph distances
provide increasingly better approximations to the intrinsic geodesic

distances.
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ISOMAP Examples

# Face

: face pose and illumination

Up-down pose

W
ﬂ
§I

o MR E a

07 0,25
FAY
T
oer | A1 ol
0.5 .
ﬂ.4 L ] 0.15 I
0.3 01|
02t .
\ 0,05 t
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# Hand writing

: bottom loop and top arch
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MDS : open triangles

| Isomap : filled circles
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Laplacian Eigenmaps
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Laplacian Eigenmaps
(M. Belkin, P. Niyoqi)

- Start same as Isomap, but use a spectral embedding in lieu of MDS

004r
e D B, P ®o 5o 5§ £T o
8% Bun STty 0 BB e Spplninr G o
0.03f %:Mﬁ% P £ A
o & a
Sy e ca?;?,-wwﬁinﬂi%%’%% 800 O oo
002f 308 08, ron wowe,8” by WOF oo ¢, id o
001
D-
0011
0021 B 0% %0, e n; $ ¥
88 “g0 ° 3 g i g og° £p 0% 4 af
¥ © o B 080 o T° B2 0 @ 8
008 8% 2§ 8% Socgpeis 7 sell,
8 o, S0 % a8 TR, mi S e, Tpn °F
004t ?og e o o a, %q‘g, ¢ ° o 0 go ‘:‘;on :o o 9%
’ o o o o o 20
80“£°a°° o ® cq?&oouono o : 0°°°D%°° LY ég @
005t o F T o™ oo «° o, 00 a4 o S Ge

.0-0 1 L L 1 1 1 L L 1 1
-305 004 -003 -002 -0.01 0 001 002 003 004 005

Hole distorts long geodesic distances, but affects less diffusion distances e



Locally Linear
Embeddings
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Locally Linear Embeddings (LLE)

(S. T. Rowels and L. K. Saul)

LLE .jLCQ;OFITHQ\.I . _@_Select neighbors.
+ Define neighborhood relations S S .
between points (build NN graph) VU DDA
+ k nearest neighbors - T @k %,
+ Find weights that reconstruct each NP A
data point from its peighbors: .t 7. S
Zr:nwlurll e je%i)Winj o s
j R ® (@ Map to embedded coordinates.
+ Find low-dimensional coordinates so d iy

that the same weights hold: X,,....X, €R

2
xlmlrlz.: X = D, WX;

jeN (i) 45



From Local to Global

+ The weights wj; capture the local shape

+ Invariant to translation, rotation and scale of the neighborhood

+ If the neighborhood lies on a manifold, the local mapping from the global
coordinates (R°) to the surface coordinates (Rd) Is almost linear

¢ Thus, the weights w;; should hold also for manifold (Rd) coordinate
system!

2
me'__rll Xi = Z Wi X;
j ieN ()

min > ' = > wyX;

X1 yeear X | jEN(l)
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Solving the Minimizations

+ Linear least squares (using Lagrange multipliers)

2
X—ZWX

jeN (i)

mln
=1

j

e Tofind X, ,...,x. € RY that minimize,

mmZx—wa

jeN (i)
a sparse eigenvalue problem is solved. Additional
constraints are added for conditioning:

S/ 20 % % =
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Effect of Neighborhood Size on

LLE
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I LI
OB e
ORI AR

W AT
Te g . B - i
> -Mc—._ : MW..-..AW-. 1
w paria ﬁm.ﬂ..mﬂ
ISR SR O it ) #Jo_rh“.a 3 .O-.oh-‘hs
- * - \ﬁ
. - ‘h

sa‘... o -br\ o
-o“._..’.“ X - w..'-d %”’Q-..J.
x..s...u S Ay 3 e
e n.".....v. ¥ |© s,
;:&..MN " o
ty e
{ i - -
got ‘. .
_f‘ ol
TP |
r ‘Oq-. e ¢ ..m-;ﬂ‘«‘.\h.o.f _‘u.- .- i\hfﬂﬂﬁ“.ﬁ”ﬂ“ﬂﬂfw.uoo’
o n-ﬂ... .f e .‘wg e " AN L Te )
’%f-w.-% wul > -
o . . ¥ "3 s SR
& SR, L
o EN J...o‘n!q .wm —_— qﬂhhﬁl - .“o lm..-_
" 1R r % L T 0.__. ) s % e p
e w..%. ucm% .vm._f“ e T s e LG
33 2 .
- -gt® .‘o "
\Aﬁr xhhﬂ.wq. * e o.4
Y A - Y s B o
...o, Td-oﬁog..o.ao'\ci\t Gs A i3

48



LLE Experiments
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PCA LLE
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LLE Experiments: Faces
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LLE Experiments: Words
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Based on word counts in encyclopedia
articles.

Note how LLE collocates words with
similar semantic contexts in this
continuous space.
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-SNE

Laurens van der Maaten and Geoffrey Hinton, JMLR 2008
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t-Distributed Stochastic
Neighbor Embedding

Measure pairwise similarities between high-dimensional and
low-dimensonal objects

High Dim Law Dim

NG RRNO,

__exp(=llx — xll*/207)
> ki &P(= 1% — x|/ 207)

Pjli
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Stochastic Neighbor Embedding

Converting the high-dimensional Euclidean distances into conditional
probabilities that represent similarities

@ Similarity of datapoints in High Dimension

_ep(—lxi — x]2/20%)
>zt exp(—[Ixi — xl[?/207)

@ Similarity of datapoints in Low Dimension

Pj|i

(=l — )
Zk;éi exp(—||yi — ykl|?)

qjli
@ Cost function

C=> KLPlQ)=)> > ij’og@

Minimize the cost function using gradient descent
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Symmetric SNE

@ Minimize a single KL divergence between a joint probability
distribution
C = KL(P||Q) = ZZpUlog—

@ The obvious way to redefine the pairwise similarities is

exp(—||xi — xl1°/202)
Zk#l exp(—||xi — xk||?/202)

Pij =

exp(—Ilyi — yilI°)
Zk;é/ exp(—||yr — y«||?)

However, in practice we symmetrize (or average) the conditionals

qij =

_ Pili + Piyj
Pi TN

Set the bandwidth o; such that the conditional has a fixed perplexity
(effective number of neighbors) Perp(P;) = 2H(") typical value is about 5
to 50
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t-Distribution

Use heavier tail distribution than Gaussian in low-dim space, we choose

qi o< (1+ |ly: — y11*)~

@ Similarity of datapoints in High Dimension

_exp(—llx — x12/20%)
Sz exp(—|1x1 — xc|[2/207)

@ Similarity of datapoints in Low Dimension

Pij

o — (1 + [lyi — yl1)~*
 — —
T Y (L vk = wil?)
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CoOoO~NOOO s wWwMNn =0

MNIST t-SNE
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MNIST MDS w. Sammon
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MNIST Isomap
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MNIST LLE
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Source Codes

o t-SNE (Matlab, CUDA, Binary, Python, Torch, Julia, R and
JavaScript)

e Parametric t-SNE (Matlab)
e Barnes-Hut-SNE (with C++, Matlab, Python, Torch, and R

wrappers)
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Many More Methods

62



Many NLDR

Contents [hide]
1 Related Linear Decomposition Methods
2 Applications of NLDR
3 Manifold learning algorithms
3.1 Sammen's mapping
3.2 Self-organizing map
3.3 Principal curves and manifolds
3.4 Autoencoders
3.5 Gaussian process latent variable models
3.6 Curvilinear component analysis
3.7 Curvilinear distance analysis
3.8 Diffeomorphic dimensionality reduction
3.9 Kernel principal component analysis
3.10 Isomap
3.11 Locally-linear embedding
3.12 Laplacian eigenmaps
3.13 Manifold alignment
3.14 Diffusion maps
3.15 Hessian Locally-Linear Embedding (Hessian LLE)
3.16 Medified Locally-Linear Embedding (MLLE)
3.17 Relational perspective map
3.18 Local tangent space alignment
3.19 Local multidimensional scaling
3.20 Maximum variance unfolding
3.21 Nonlinear PCA
3.22 Data-driven high-dimensional scaling
3.23 Manifold sculpting
3.24 t-distributed stochastic neighbor embedding
3.25 RankVisu
3.26 Topologically constrained isometric embedding
4 Methods based on proximity matrices
5 See also
6 References
7 External links

From Wikipedia

ethods

Caltech 101

t-Distributed Stochastic
Neighbor Embedding (t-SNE)
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MDS | PCA ISOMAP LLE Laplacian | Diffusion | KNN Hessian
Map Diffusion
Speed Very | Extremely | Extremely | Fast Fast Fast Fast Slow
slow | fast slow
Infers NO NO YES YES YES MAYBE MAYBE YES
geometry?
Handles NO NO NO MAYBE | MAYBE MAYBE MAYBE YES
non-convex?
Handles YES | YES YES YES NO YES YES MAYBE
non-uniform
sampling?
Handles NO NO YES MAYBE | YES YES YES YES
curvature?
Handles NO NO YES YES YES YES YES NO
corners?
Clusters? YES | YES YES YES NO YES YES NO
Handles YES | YES MAYBE NO YES YES YES YES
noise?
Handles YES | YES YES YES YES NO NO NO
sparsity? may crash
Sensitive to NO NO YES YES YES VERY VERY YES
parameters?
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The End
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