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Some Companies
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Some Textbooks
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Topology
Studies

Connectivity
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The bridges of
Köningsberg Leonhard Euler

… and obstructions to connectivity



Invariances
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Coordinate-free

A    A
Deformation-invariant

Topology does not take distances too seriously 






2-Manifolds: Ordinary Surfaces

We are allowed to stretch and shrink
Homeomorphism: 1-1, onto, bi-continuous

But we care about cutting, puncturing, stitching, gluing …

Note: connectivity information is indexed by dimension
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2-Manifold Zoo
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Sphere

Torus



More Exotic Animals
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Möbius strip

Projective plane

Klein bottle

Cross cap + disk



Projective Plane
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Topology Aims to Classify
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Connected Sums

Classification Theorem of 2-Manifolds (1860): Every closed 
connected compact surface is a connected sum of a sphere 
with a number of tori and projective planes (sphere + handles 
+ cross cups)
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Klein bottle = sphere + 2 cross cups

Handle Cross cup



J. Conway’s ZIP Proof
(Zero Irrelevancy Proof)
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Cup

Cross cup

[Francis and Weeks, AMM, 1999]



Algebraic Topology
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Henri Poincaré

Luitzen Egbertus Jan Brouwer

Emmy Noether

Heinz Hopf
Leopold Vietoris



Topology and Topology Inference

Unlike geometry, topology studies global structure

Getting to topology via algebra
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Topological
Spaces

Algebraic 
structures: 

vector spaces, 
groups, rings

Sampled 
approximations, 

complexes

algebraic topology

Data TDA



From Data to Algebraic Objects
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Algebraic objects as
data descriptors



Sampled Spaces

19



TDA Studies Sampled Spaces

“The Shape of Data”
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Regression Cluster FlaredLoop



Recovering “Shape” from Sampled 
Data

21Aim: recover the topology of the underlying space from which the data was sampled



Example: The Space of 
Natural Images
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Example: The Space of Natural Images
(Carlsson, Ishkanov, de Silva, Zomorodian IJCVC 2008)

Lee-Mumford-Pedersen investigated whether a statistically 
significant difference exists between natural and random 
images
Natural images form a “subspace” of all images. Dimension of 
ambient space e.g. 640 x 480 = 307 200
This space of natural images should have:

high dimension: there are many different images
even higher co-dimension: random images look nothing like natural 
ones

Data is a collection of black-and-white images used in 
cognitive science research
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Natural 3 x 3 Patches

Instead of studying entire images, we consider the 
distribution of 3 x 3 pixel patches
Most of these are roughly constant in natural images -- they 
drown out structure
L.M.P. chose 8,500,000 patches with high contrast
Each 3 x 3-patch is considered a vector in R9

Normalize brightness: R9 → R8

Normalize contrast: R8 → S7
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High-Density Areas
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highest density

next highest density



Klein Bottle of Pixel Patches
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Klein Bottle Structure
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Applications of the Analysis

An efficient way to parametrize image patches.

Image compression: a 3 x 3-cluster may be described using 4 
values:

2x : Position of its projection onto the Klein bottle
1x : Original brightness
1x : Original contrast

Texture analysis: textures yield distributions of occurring 
patches on the Klein bottle. Rotating the texture corresponds 
to translating the distribution.

Deep nets: regularization of initial layers 28



Simplicial Complexes:
Combinatorial Topology
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Point Clouds Have No
Higher-d Topology
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Connect the points into simplicial
complexes

Simplicial homology



A Simplex
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d=0 d=1 d=2 d=3



Faces / Subsimplices
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Simplicial Complexes
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Meshes are 2-d Complexes
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Size of a Simplex
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Binomial coefficients



Abstract Simplicial Complexes
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Natural partial order structure



The Nerve of a Finite Cover
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Continuous to Discrete Link:
Triangulations
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Orientability

39



Orientability
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Euler Characteristic: A Topological 
Invariant
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More on Euler

42denotes connected sum



Topological Classification via 
Invariants
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Summary: Simplicial Complexes
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Useful Complexes
on Point Clouds
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𝜖𝜖-Balls

46



A Model Space
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Complex Zoo
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Čech Alpha Rips

Combinatorial complexes provide discrete representations
of the underlying space

Must choose which simplices to introduce



Čech Complex
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Čech Complex
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Čech Complex
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Čech Complex

52Can be hard to compute …



General Čech Complex = Nerve
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General Čech Complex
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Rips-Vietoris Complex
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The “poor man’s” alternative
to the Čech

This is a common complex
For computations



Rips vs. Čech
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Alpha Complex
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Alpha Complexes on the Stanford 
Bunny
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Algebraic Structures:
Group Theory

59



Groups

60



Subgroups

61



Cosets
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Factor / Quotient Groups
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Example
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Homomorphisms
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Decompositions for
Finitely Generated Abelian Groups
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Algebraic Topology: 
Homology
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Topology of Simplicial Complexes
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Chain Groups
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Other coefficient
fields/rings also OK



Boundary Operator
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Boundary Examples
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Boundary Theorem
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Chain Complex

73



Cycle Group
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Boundary Group
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Boundaries are Cycles!

76

Nesting behavior



Equivalent Cycles

77

Cosets!



Simplicial Homology
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To Repeat
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In Vector Spaces
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Homology of 2-Manifolds
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Why is H0(S2) = Z ?
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A 0-chain is an assignment of
integers f(v) to each mesh vertex v.

The mesh is connected, so all
pairs of vertices are homologous.

So we can pick a specific vertex o
and use paths from o to each other
v to “cancel” f at v.

o
v

o v
f(v)

f(o)

o v
0

f(o)-f(v)



Homology Groups
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Betti Numbers βi

Ranks of the free part of homology groups Hi

β0 counts the number of connected components

β1 counts the number of independent loops

β2 counts the number of independent voids

…

84Topology is fundamentally a tool for classification



Invariance of Homology Groups
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Euler Revisited
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Euler - Poincaré
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Homological Algebra:
Functors and Categories
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Saunders MacLane

Samuel Eilenberg

Herni Cartan



Categories
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Example Categories
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Functors
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Functoriality
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Persistent Homology

93



Sampled Data Has “Shape”
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Sampled Data Has “Shape”
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We do so by building various complexes on the point cloud



Filtrations
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How to Choose 𝜖𝜖? 

How to determine the topology of the underlying space from 
a point cloud approximation?
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How to Choose 𝜖𝜖? 

How to determine the topology of the underlying space from 
a point cloud approximation?
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How to Choose 𝜖𝜖? 

How to determine the topology of the underlying space from 
a point cloud approximation?
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How to Choose 𝜖𝜖? 

How to determine the topology of the underlying space from 
a point cloud approximation?
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Filtrations

101
Sub-simplices of a simplex must be added before the simplex!



The Sub-Level Set Filtration
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Persistent Homology:
Do not choose an 𝜖𝜖! 
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Standard Homology
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We Can Track Topological Features 
in a Filtration
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The inclusion map among the complexes translates to a homomorphism
between the homology groups



Persistent Homology is
Functorial Homology
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Homology of the entire filtration

Homomorphisms at the homology level allow us
to track homology classes – i.e., topological features

⊆ ⊆ ⊆ ⊆ ⊆



Persistence of Homology Classes

107Lifetime of γ



Barcodes are the Lifetimes of 
Topological Features

108Barcodes are the output of persistent homology



Another View: Persistence 
Diagrams

109Map 1-D intervals to points in 2-D 

long barcodes =
points away from 
the diagonal =
robust features

Short barcodes =
points near
the diagonal =
noise

a b

(a,b)

persistence
barcode

persistence
diagram



Persistence Provides a Pairing:
Birth and Death of a Top Feature

Sublevel sets of a function example
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Persistence Provides a Pairing

Sublevel sets of a function example
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Persistence Provides a Pairing

Sublevel sets of a function example
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Persistence Provides a Pairing

Sublevel sets of a function example
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Persistence Provides a Pairing

Sublevel sets of a function example
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Persistence Provides a Pairing

Sublevel sets of a function example
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Persistence Provides a Pairing

Sublevel sets of a function example

Pair thresholds that create components with those that 
destroy them 116



Persistence Provides a Pairing

That pairing is the persistence diagram

The diagonal is always included
117



The End

118
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