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Last Time: Neural Nets for 
Volumes/Point Sets
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O-CNN



Graph Representation

Graph representation is more common, and 
more effective to encode fine details.
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Graph Representation



Graph CNN
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Deep neural nets exploit:
- Translational invariant (weight sharing)













- No order in neighborhood.
Graph isomorphism



- No order in neighborhood.

- The numbers of neighbors are different.



















Apply the same transformation
matrix for all neighbor nodes.
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' degree matrix: A diagonal matrix which contains information
about the degree of each vertex.





































Geodesic CNN
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Convolution on Manifold
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Convolution on Manifold
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Locally plane
- Can define orientations (circular order).



Convolution on Manifold
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Locally plane
- Can define orientations
- Can compute distances on the surface.



Patch Operator
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Patch Operator
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!"? !$?

How to specify
x-/y-axis?



Constructing convolution kernels:
Local system of geodesic polar coordinate. 
Radial coordinate    - geodesic distance (truncated)
Angular coordinate    - direction of geodesics (origin choice)

Geodesic CNN

Jonathan Masci et al 2015



Geodesic CNN
Output: features on vertices

Jonathan Masci et al 2015



Geodesic CNN
Input: features on polar grid

Jonathan Masci et al 2015



Geodesic CNN
Input: features on polar grid
Approximate from vertex features.

Jonathan Masci et al 2015



Geodesic CNN

Jonathan Masci et al 2015



Geodesic CNN



Geodesic CNN

Jonathan Masci et al 2015



Geodesic CNN

Jonathan Masci et al 2015

rotation ambiguity



Geodesic CNN

Jonathan Masci et al 2015

rotation ambiguity



Geodesic CNN

Jonathan Masci et al 2015
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Learning deformation-invariant 
correspondence 
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Blended Intrinsic Map
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Geodesic CNN



Geodesic CNN

Issues:
Requires lots of preprocessing.
Requires to have clean two-manifold meshes.



Spectral CNN

62



Orthonormal basis : complex “waves” 

Fourier analysis

Spatial
Domain

Frequency
Domain

Fourier Transform

Inverse Transform
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Inner product for L2 function space



Convolution Theorem

Convolution in one domain (e.g., space domain) 
equals point-wise multiplication in the other 
domain (e.g., frequency domain).
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Convolution Theorem
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Low-frequency filter



Convolution Theorem
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Low-frequency filter



Convolution Theorem
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Convolution Theorem
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1-D Euclidean Space Proof

!×! square matrix



Convolution Theorem
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1-D Euclidean Space Proof

• All circulant matrix have
the same eigenvectors.

• Laplace operator is a
circulant matrix.



Convolution Theorem
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1-D Euclidean Space Proof



Convolution Theorem
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1-D Euclidean Space Proof



Convolution Theorem
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1-D Euclidean Space Proof



Convolution Theorem
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Spectral Transform on Mesh 
Surface

The second derivative of sine/cosine function is 
the same with itself (except for the coefficient).

Laplacian is a second derivative operator.
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Convolution Theorem
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Spectral transform diagonalizes the convolution operator.



Spectral CNN
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Spectral CNN
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Spectral CNN
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Spectral CNN
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Spectral CNN
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Spectral CNN

image from Jonathan Masci et al



Spectral CNN

Joan Bruna et al.  2013

Observation:
In Fourier analysis, smoothness and sparsity 
are dual notions.



Spectral CNN

83



Spectral CNN
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E.g. Cubic-spline parameterization

2: (5×7) +: (7×1)(7 ≪ 5)



Spectral CNN

85

!" = ΦWΦ&

= ΦDiag Bα Φ&

=-
./0

1
α.(ΦDiag 3. Φ&)

=-
./0

1
α.∆.



Spectral CNN
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Spectral CNN
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Spectral CNN
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Spectral CNN
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Filtering in Different Bases

Eigenmode switching:
Perturbation theory predicts that when 
eigenvalues move close to each other, the 
corresponding eigenvectors may switch order.
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Filtering in Different Bases
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Filtering in Different Bases
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Bases Synchronization
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Bases Synchronization
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Bases Synchronization
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Bases Synchronization
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Generalize to Fuzzy Permutation Matrix
– called Functional Map



Functional Map (Intro)
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Functional Map (Intro)
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Shape ! Shape "

#$ #%
Spatial Domain

&$ &%
Spectral Domain

Forward
Transform



Functional Map (Intro)
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Functional Map (Intro)
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SyncSpecCNN
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SyncSpecCNN
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What if no mapping is provided?



SyncSpecCNN
What if no mapping is provided?
: Let the neural network synchronize them!
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SyncSpecCNN

Spatial Transformer Network [Jaderberg et al., 2015]

Reduce the variation of input data.
Can be plugged into any architecture.
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SyncSpecCNN
Spectral Transformer Network
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Synchronization visualization

Li Yi et al.  2017



Li Yi et al.  2017

SyncSpecCNN

part segmentation key point prediction



Anisotropic CNN
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Isotropic filters are less descriptive, in 
analogy to circular filters in image CNN

Homogeneous Diffusion

circular filters

edge filters



Heat kernel - isotropic diffusion

Homogeneous Diffusion

Davide Boscaini et al.  2016



Heat kernel - isotropic diffusion

Homogeneous Diffusion

Davide Boscaini et al.  2016



Heat kernel - anisotropic diffusion

Davide Boscaini et al.  2016

Anisotropic Diffusion



Anisotropic Diffusion

Davide Boscaini et al.  2016



Anisotropic Diffusion

Davide Boscaini et al.  2016



Anisotropic Diffusion

Davide Boscaini et al.  2016
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Blended Intrinsic Map
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Geodesic CNN



Anisotropic Heat Kernels

Davide Boscaini et al.  2016
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Anisotropic CNN



Discussion
Spatial construction is usually more efficient 
but less principled.

Spectral construction is more principled but 
usually slow (computing Laplacian 
eigenvectors for large scale data could be 
painful).

On going research tries to bridge the gap.
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The End
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