
TexPoint fonts used in EMF.  
Read the TexPoint manual before you delete this box.: AAA A A A A A A AAA AA  

CS 468, Spring 2013 
Differential Geometry for Computer Science 
 

Justin Solomon and Adrian Butscher 

http://www.sciencedirect.com/science/article/pii/S1053811909002663 



p

N

S



N

°

S

N : S ! S2

p



Ap(V; W) = ¡ hDNp(V);W i

DNp : TpS ! TpS



p
T1

T2

N

°

S
Tµ

· µ = · 1 cos2 µ+ · 2 sin2 µ



Curvature completely 
determines local surface 

geometry. 



http://graphics.ucsd.edu/~iman/Curvature/ 



Linear Surface Reconstruction from Discrete Fundamental Forms on Triangle Meshes 
Wang, Liu, and Tong 

Computer Graphics Forum 31.8 (2012) 



Triangular Surface Mesh Fairing via 
Gaussian Curvature Flow 

Zhao, Xu 
Journal of Computational and Applied 

Mathematics 195.1-2 (2006) 



http://www.cs.rutgers.edu/~decarlo/pubs/npar07.pdf 

Highlight Lines for Conveying Shape 
DeCarlo, Rusinkiewicz 

NPAR (2007) 



Anisotropic Polygonal Remeshing 
Alliez et al. 

SIGGRAPH (2003) 
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ÁEigenvectors are ὔ, Ὕ, and Ὕ 

ÁEigenvalues are ‖ ‖ and ‖ ‖ 
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Divided difference 
approximation 



http://iristown.engr.utk.edu/~koschan/paper/CVPR01.pdf 

Local estimates are noisy 



 

local data 
 



ENGINEERING 

DISGUISED AS 

MATH 



Use application to 
motivate choice of 

curvature. 
Simulation, smoothing, analysis, 

meshing, nonphotorealistic ÒÅÎÄÅÒÉÎÇȟ ȣ 
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Least-squares 
Figure from the paper 



ÁRotate tangent plane about 
cross product of normals 
 
ÁAverage using Voronoi 
weights 









Structure preservation 
[struhk-cher pre-zur-vey-shuhn]: 
 

Keeping properties from the 
continuous abstraction exactly 
true in a discretization. 
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Change is in 
normal 
direction 

Turning angle 
integrated 
curvature 



Figure from the paper 
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DEFINITION: 
Gaussian curvature integrated over region V 

is given by 

Divide by area for curvature estimate 



V ¡ E + F = Â
Â = 2 ¡ 2g

g = 0 g = 1 g = 2



Closed mesh:  Easy estimates! 

V ¡ 1

2
F = Â

Ȱ%ÁÃÈ ÅÄÇÅ ÉÓ 
adjacent to two 
faces.  Each face 
ÈÁÓ ÔÈÒÅÅ ÅÄÇÅÓȢȱ 

2E = 3F
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¡ · N
decreases 
length the 

fastest. 



http://multires.caltech.edu/~keenan/pdf/spinxform.pdf 

E (M ) = Area(M )

r E (p) = H ~n
ȰVariational ÄÅÒÉÖÁÔÉÖÅȱ 

Minimal surfaces 

r E(p) ´ 0 8p 2 int M



Area : R3V ! R
http://upload.wikimedia.org/wikipedia/commons/f/fb/Dolphin_triangle_mesh.png 
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DEFINITION: 
The mean curvature normal integrated over  

region V is given by 

Divide by area for curvature estimate 



ÁCompute integrated H, K 
 
 

ÁDivide by area of cell for 
estimated value 



4ÁÕÂÉÎȭÓ method with 
different weights.  
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1

2
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K = · 1· 2



Used for triangulation applications 
J.A. Bærentzen et al., Guide to Computational Geometry Processing (2012) 
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Used for triangulation applications 
J.A. Bærentzen et al., Guide to Computational Geometry Processing (2012) 
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Cotan Theirs 





ÁLocally fit a smooth surface 
What type of surface?  How to fit? 
 
 

ÁDifferent formula 
Function of curvature?  Where on mesh?  
Convergence of approximation? 
 

ÁLearn curvature computation 
Tune for application?  Training data? 



Try as many as you can. 
Most are easy to implement! 
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