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We introduce a practical framework for synthesizing bubble-based water
sounds that captures the rich inter-bubble coupling effects responsible for
low-frequency acoustic emissions from bubble clouds. We propose coupled-
bubble oscillator models with regularized singularities, and techniques to re-
duce the computational cost of time stepping with dense, time-varying mass
matrices. Airborne acoustic emissions are estimated using finite-difference
time-domain (FDTD) methods. We propose a simple, analytical surface-
acceleration model, and a sample-and-hold GPU wavesolver that is simple
and faster than prior CPU wavesolvers.

Sound synthesis results are demonstrated using bubbly flows from in-
compressible, two-phase simulations, as well as procedurally generated
examples using single-phase FLIP fluid animations. Our results demonstrate
sound simulations with hundreds of thousands of bubbles, and perceptually
significant frequency transformations with fuller low-frequency content.
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1 INTRODUCTION

Water is ubiquitous in our daily lives. Whether pouring a cup of
tea, taking a bath, or sitting near a stream or ocean, we see, and
hear water daily. Much research has gone into the realistic visual
simulation and rendering of fluids. However, it is only within the
last decade or so that efficient methods for the simulation of water
sound have been explored.

The majority of water sound is the result of volumetric oscillation
of bubbles. Once excited, bubbles vibrate (harmonically, in the case
of a spherical, isolated bubble), giving off pressure waves that prop-
agate through the fluid and cause the water surface to vibrate (as if
it is a shape-changing loudspeaker). Previous simulation methods
have explored this phenomenon and some of its complexities: the
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oscillation frequency is affected by bubble size, shape, and position
relative to interfaces; several different mechanisms are responsi-
ble for exciting the bubble vibrations; the radiation of pressure
fields between the liquid and air is a complex problem that requires
time domain methods for realism (transient effects are strong even
though ideal bubbles vibrate harmonically). All these mechanisms

combine to produce the familiar “blooo®P” sound of a dripping
faucet, and so much more.

Uncoupled

Fig. 1. Better with Coupled Bubbles: (Left) By simulating the collective
oscillations of entrained bubble clouds, richer fluid sounds can be achieved
with fuller, low-frequency acoustic emissions. (Right/Top) Spectrograms of
the fluid sound before bubble coupling lack low-frequency content, whereas
(Right/Bottom) those after bubble coupling exhibit a lower and wider range
of frequencies. (Procedural bubbles added to a Houdini FLIP simulation.)

One fluid sound effect that has not yet been synthesized for fluid
animations is an emergent phenomenon wherein clouds of tiny
bubbles coordinate to produce low-frequency acoustic emissions.
While the “bloop” of a single bubble and the low-frequency roar of
the ocean sound quite different, they are both produced by bubble
vibrations. Previous simulation methods have modeled bubbles as
independent, but in reality, the pressure radiated from one bubble
has a forcing effect on other bubbles. With small numbers of bubbles,
this coupling effect is weak. But as the number of bubbles increases,
the effect strengthens, so that even clouds of tiny bubbles can col-
lectively oscillate to produce dramatic high- and low-frequency
sounds such as the ocean roar. We present a method to efficiently
simulate these collective oscillations for bubble clouds arising in
fluid animation.

Our main contribution is a regularized coupled-oscillator model
based on a dynamic dense mass matrix, along with methods for
efficiently time-stepping the system at audio rates. The coupling
forces are modeled assuming spherical bubbles; unfortunately, this
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can lead to singularities when applied to realistic bubble data, as
nonspherical bubbles can become closer to each other than would
otherwise be possible with their spherical equivalents. We introduce
a method to regularize these singularities, allowing spherical cou-
pling to be applied robustly to realistic bubble shapes as well as ad
hoc procedural bubble animations. Furthermore, our regularization
method ensures the positive-de niteness of the mass matrix for
numerical stability, which we exploit to speed up numerical integra-
tion by interpolating inverses of the mass matrix. For large problems
(thousands of bubbles or more per timestep), we also propose an
approximate scheme based on low-rank updates to the Cholesky fac-
torization. Finally, we explore both monopole- and dipole-coupling
models, where the latter helps reduce over-coupling of bubbles near
the uid-air interface to those deep in the uid. We demonstrate
that our coupled-bubble framework can enhance the sound quality
of both (1) expensive two-phase bubbly ows from previous works,
and (2) low-cost procedural bubble animations more easily gener-
ated using single-phase liquid animation solvers commonly used in
the computer animation community.

Finally, the airborne acoustic emissions of the bubbly ows are
estimated using a GPU nite-di erence time-domain (FDTD) wave-
solver, building on prior CPU-based sound-source rendering ap-
proaches [Wang et aR018]. Such approaches can produce high-
quality uid sounds, but (a) they can require specialized uid-boundary
acceleration data, (b) the cut-cell FDTD CPU computations are slow,
and (c) the higher-order cut-cell computations, while capable of
low-noise sound synthesis, require the rasterized interfaces to be
well-resolved spatiotemporally to avoid numerical artifacts a chal-
lenge for many audio-rate uid animation examples. To address the
rst point (a), we introduce a simple analytical surface acceleration
shader that can be rapidly computed on the CPU or GPU for ar-
bitrary bubbly ows. Second, we propose an approximate FDTD
scheme with sample-and-hold geometry that is (i) simple, fast, and
easy to GPU accelerate; (ii) low noise due to piecewise constant
geometry; and (iii) robust to rapidly changing and complex, (po-
tentially) under-resolved uid-air interfaces expected in computer
animation work ows. We synthesize compelling uid sounds at a
fraction of the cost, with improved robustness.

2 RELATED WORK

There are multiple ways that uids can make sound, but the most
prominent in common scenarios is through bubble vibrations. In-
vestigations into bubble sound date back over a century [Bragg
1920; Rayleigh 1917]. Minnaert [1933] calculated the frequency of
an isolated, spherical bubble, which vibrates harmonically at a spe-
ci ¢ frequency dependent on its size. Strasberg [1953] extended the
frequency calculation to account for bubble shape and surround-
ing geometry. Coupled oscillations have long been of interest in
oceanography and military studies since the frequencies of indepen-
dent/isolated bubbles are insu cient to describe the characteristic,
low-frequency sound (roar) of ocean waves despite being produced,
predominantly, by collections of small bubbles [Bolin and Abom
2010; Etter 2018; Knudsen et 8948; Leighton 2012; Medwin and
Beaky 1989]. In their pioneering work, Lu et.&1.990] used nor-
mal mode analysis of coupled bubbles to show that signi cantly
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lower frequencies could be produced by bubble clouds than by the
bubbles in isolation, and these frequencies could account for wind-
dependent noise observed in the ocean; later works also analyzed
and modeled collective bubble oscillations to explain low-frequency
acoustic radiation of breaking waves [Deane and Stokes 2010; Means
and Heitmeyer 2001; Oguz 1994]. Many subsequent mathematical
models of multiple scattering and self-consistent coupled-bubble
dynamics have been studied to understand time-domain bubble
phenomena important for sound synthesis, and Feuillade [2001]
concluded that so-called self-consistent models, as used herein, are
e ective for coupled air bubble vibrations in water.

In a fascinating paper by Leroy et g2005], both theoretical
models and experimental measurements were combined to analyze
the vibration properties of instrumented bubble clouds, including
cases wheré bubbles were held at xed locations by an under-
water net (see Figure 2 for one such example, withe 53). They
concluded that the dynamics of the bubble cloud are found to be well
approximated by aw -DoF (degrees of freedom) harmonic oscillator
with incompressible inter-bubble coupling forces similar to those
used herein, and analyzed the eigenmodes and eigenfrequencies
of the coupled system. Interestingly, they show clear evidence of
emergent low-frequency phenomena, e.g., the lowest fundamental
frequency of a 3D bubble cloud scaled%®s’# where 5§ is the un-
coupled Minnaert frequency of the identical bubbles, ahds the
number of bubbles in the cloud. Therefore, perceptually signi cant
frequency changes can be produced by coupled bubbles, and large
# can produce strong low-frequency modal contributions, e.g., a
thousandfold increase in bubbles can produce a tenfold decrease
in frequency. We later show (in Y4.2) that our regularized coupling
model's computed eigenfrequencies approximately matches those
computed and measured by Leroy et al. [2005].

Fig. 2. Leroy bubble cloud: (Le ) The original photograph of the 53-bubble
cloud from Leroy et al[2005] is shown. (Right) Using image analysis, we
estimate bubble position and radii from the photograph and recompute the
eigenmodes of the coupled system. Colors indicate signed volume pulsations
and show strong collective oscillations.

Fluids are important in graphics, and as such there has been much
work on their simulation and visual rendering. Early work focused
on free surface methods [Bridson 2008; Enright e28l02; Osher
and Fedkiw 2006; Stam 1999], which only simulate the uid vol-
ume (treating air as a massless void) and therefore cannot simulate
bubbles directly. Single-phase PIC/FLIP methods [Jiang. 20dl5;
Zhu and Bridson 2005] are the most common commercial mod-
els used in graphics. E cient, practical, and ad hoc methods have
been explored for adding bubbles to uid simulation [Goldade et al
2020; Greenwood and House 2004; Kim 2010; Thirey. 20al7],
although they fail to capture the full range of multiphase e ects.
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