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The aim of this self-contained supplement is to rigorously
establish the mathematical properties of the permutohedra
lattice, to adapt it for the use in Gaussian filtering, and to
further justify its use. For discussion of a CPU implementa-
tion, applications and empirical comparison to other meth-
ods, seeABD10].

The rest of the paper is organized as follows: in Section
we give preliminary definitions of relevant terms and no-
tation; in Sectior2, we formally define the permutohedral
lattice in several ways and prove useful structural proper-
ties stemming from the definition; in Secti@hwe suggest
criteria for picking the ideal lattice with which to perform
Gaussian filtering, and present an argument that the permu-
tohedral lattice is the most appropriate choice within gdar
family of lattices; in Sectior, we discuss how to perform
each step of the Gaussian filter using the permutohedral lat-
tice. Finally, in Sectiorb, we analyze the overall algorithm
and compare it to the implementation Bfin [PDO09.

1. Preliminaries

We begin by declaring the notation used hereafter in Thble
Other standard notation suchlRsZ applies.

d The dimensionality of the underlying space.
X A vector of dimensionalityl + 1, unless spec-
ified otherwise{xg, X1, ..., X4}
i Thed + 1-dimensional vectof1,1,...,1}.
Hqg Thed-dimensional hyperplane
{x|x-1=0} c R9*L.
A The permutohedral lattice of dimensionality
d, lying insideHy.
T() The projection mapping&%*+* ontoHy along
the vectori. (See Propositio.3)
N(X;0) || Multi-variate Gaussian of covariance matrix
Ol, evaluated aX.
Uk Thek-th standard basis vector, indexed from
zero, i.ellp = {1,0,0,...,0}.

Table 1: Common notation used in the paper.

Now we may review the basic definitions that will be use-
ful in the subsequent sections. Our first definition is, not su
prisingly, the standard definition of a lattice:

Definition 1.1. A lattice Lis a discrete additive subgroup of
a Euclidean space.

An additive subgroup of a Euclidean space is closed under
addition and subtraction, and contains the origin. Henge, o
can alternatively characterize a lattice as all linear doab
tions of a set of vectors called tHieame (akin to the basis
of a vector space) with integer weights. For example, the lat
tice ¢ corresponds to the frame consisting of standard basis
vectorstp, Uy, . . ..

The fact that a lattice is an additive group immediately
gives rise to many useful properties, including transtetlo
symmetry; the local structure of a lattice around eachdatti
point is invariant. A typical way to study the local struaur
of any discrete point set is to examine its Voronoi cells:

Definition 1.2. Let X be a point in a latticé& C RY. Then the
Voronoi cellof Xis the set of points iiRY nearer tox than to
any other lattice point, i.e.

{yer! v eL, Ry <X -y}

It is clear that the Voronoi cells of a lattice are uniform and
related to one another by translation. They also tess¢liate
underlying spac&d, since any point iiRY can be associated
with a lattice point nearest to it.

Definition 1.3. A Delaunay cellof a lattice is the convex
hull of all lattice points whose Voronoi cells share a common
vertex.

The Delaunay cells are the dual of the Voronoi cells, and
yield a natural notion of “nearby” lattice points for an arbi
trary point in space. They also tessellate the space, byt the
need not be uniform. Figuredemonstrates the Voronoi and
Delaunay cells for a pair of two-dimensional lattices.

Note thatR? in the above definitions can be replaced with
any set isometric t&Y. For instanceHy is ad-dimensional
hyperplane ink%*+! and is therefore isometric t&°. Any
discrete additive subgroup bfy is a lattice, and its Voronoi
and Delaunay cells resides lity. (This is the case with the
permutohedral lattice, as we shall see shortly in Se@ipn

2. The Permutohedral Lattice

The permutohedral lattice has seen applications in many
fields ranging from crystallography to communication. It
arises ubiquitously in nature; its two-dimensional an@é¢ar
dimensional instances are the hexagonal honeycomb—see
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d
A= |J {X € Hq | Xis aremaindekpoint},  (2.3)
k=0

where we callX € Hy a remainder-kpoint for somek €
{0,...,d} iff all coordinates are congruent to modulo
d+1.

Proof.(2.2C(2.3: LetX € (d+1)2%*%. Then we can write
X = (d + 1)y for somey € Z4*1. This yields,

(d+1)(7-1)1
d+1
= (d+1)y—(y-1)1.

We see that each componentTgX) is an integer and has a
Figure 1: Voronoi and Delaunay tessellations of some two- consistent remainder modutb+ 1, namely(y- 1).
dimensional lattices. Top: the Voronoi cells & and Aj
are shown, along with lattice points. The two lattices have (2.3)C(2.1): Let X be a remaindek- point for somek €
equal density. Bottom: the Delaunay cells induced by the {0,...,d}. Then we can writ = (d + 1)y + ki for some
Voronoi cells above. All cells & are squares, whereas;A ¥ € Z9+1. To show thak/(d + 1) is in the dual ofAy, note
has hexagonal Voronoi cells and triangular Delaunay cells. that for allZ € Ag,

TX) =(d+1)y-

X k -
— 7= —1)-Z
dt1 (y+ dr1 )
Figure 1—and the face-centered cubic lattice seen in the K -
packing structure of diamond, respectively. We will define =y-Z+ —d+12- 1

the permutohedral lattice in several ways and derive itestr _y.2eZ, sincez-1— 0.
tural properties.

(2.DC(2.2: LetX/(d+ 1) be in the dual lattice of\y. Note
2 1. Definition that for alll # ], the vectortj — Uj belongs toAy, because
(G —Uj)-1=0. Hence,

Traditionally, the permutohedral lattice is defined as thald

of the root latticeAy. Note that the dual of a lattice is not the X (U —1Tj) = N X )
: : : : T ; d+1 V7d+1 d+1
vertices of its Voronoi cells, as typically intuited; seefibe
tion 2.2 Both A4 and the permutohedral lattice are typically ~ This implies that all pairs of coordinateg x; differ by mul-
embedded ity c R4+ for ease of manipulation. tiples ofd+1. Writingx = (d+1)y; +kfor somey; € Z,k €

R, we see that is the projection ofd -+ 1)y obtained by sub-
tracting a multiple of 1, ..., 1). Becaus& € Hy, this projec-
21— 0} tion must be equivalent 6. [

Definition 2.1. The root latticedy is

{X:(xo,...,xd)ezd+1

According to Propositio2.3, the simplest way to charac-
In other wordsAq = Z%+1 N Hy. Quite clearlyAq C Hg. terizeAj is to projectZ?*! along the long diagonal vector
1, with a scalar factor ofl + 1 to keep the coordinates it

as seen in Figur. From now on, we will assume the scaled
version ofAj, i.e. (2.2) or (2.3), rather than the originaP(1).

Definition 2.2. Thepermutohedral latticedenoted byAg, is
the dual lattice of\q insideHg:

Aé = {XE Hg

vy e Ag, X~VGZ}. (2.1)
For exampleA; is spanned b)(%, 3, 7%) and(%, -2, %)

We shall state two equivalent definitions &f scaled up
by d+ 1 in each dimension. The scale factor ensures tt
all coordinates will be integers, and these definitions mc
clearly elucidate the properties of the lattice.

Proposition 2.3. The following two definitions ofAj are
equivalent to 2.1) scaled up by + 1:
Figure 2: Construction of 4 in case d= 2. Left: a regular
* . d+1
Ad = {T(X) ‘ X€(d+1)Z } ’ 22) grid. The xy-plane is shown in red, along with the unit cube
in blue. Right: the same figure in orthographic projection,
seen along the vectdr Note that many of the points line up,

%1\ - indicating that they will project to the same point og.H he
T:X—X—

whereT is the projection oRR4*1 onto Hg, namely

g

L set of projected points formiAwith appropriate scaling.
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2.2. Structural Properties

As with other latticesA; induces a tessellation bfy with its
Voronoi cells. The Voronoi cells oA are polytopes called
permutohedrebecause they are obtained by permuting the
coordinates of any single vertex. The name of these poly-
topes also lends itself to this lattice.

Proposition 2.4. [CS9§ The Voronoi cell of the origin in
Ajj is a permutohedron with vertices

2 pes).

whereSy, 1 is the symmetric group od + 1 elements, i.e.
the set of all permutations.

—d
2

—d+2
2

d d-2

(o(2.952..

27

The permutohedra in the first three dimensons are a line
segment, a hexagon (Figutgand a uniform truncated oc-
tahedron (Figur@), respectively.

@ <

Figure 3: Left: the Voronoi cell of A (a permutohedron in
RS), which is also the uniform truncated octahedron. Right:
the Delaunay cell of A which is an isosceles tetrahedron.
The red sides are longer than the blue sides.

Theorem 2.5.The Delaunay cells o&j ared-simplices, and
are related via permutation and translation to¢baonical
simplexwhose vertices are the following:

(0707"'707070)7
(1,1,...,1,1,—d),
(k,....kk—(d+1),....k—(d+1)),

N——
d+1-k k
d,—1,...,—-1,-1,—1).

Proof. Because of the translational symmetry Aj, it
suffices to characterize only the Delaunay cells containing
the origin. LetX be the vertex shared by a set of Voronoi
cells, one of which is the Voronoi cell of the origin. By
Propositior2.4, X is some permutation af, 952,..., 54).
WLOG, assum& = (4,952 ... 9.

The Delaunay cells are defined by the lattice points closest
to X. By Propositior2.3, lattice points inAj are remaindek
points, having the forny = (d + 1)z+ ki wherez € z4+2,
Sincey-1 =0, consequentl§- 1= —k.

By choice ofZ, the distance betweehandy is minimized.

In particular,
argminy|[y — X = argmin, 3 |(d+ 1)z +k— x|
= argmin,  (d+ 1)°Z +2(d+ 1)z (k—x)
= argmin, 5 (d+1)°7 — 2(d + 1)z
= argmin||(d + 1)2— (d/2,...,—d/2)|/?

o,..., 1).
——

0,-1,...—
—_—
d+1-k k

Plugging this expression back info= (d + 1)Z+ ki, we
obtainy = (k, —(d+1)...,k—(d+1)), showing
that there is a unique nearest lattice point of remairider
Next, we can check in a straightforward manner that the
nearest remainddepoints for allk are all equidistant from

X. Hence, varyingk over {0,...,d} yields the canonical
simplex as stated above.

If Xis some permutatiop of . 2 , the above deriva-

tion commutes fully witlp, yieldlng a simplex that is related
to the canonical simplex vip. [J

Corollary 2.6. Each Delaunay cell contains exactly one lat-
tice point of remaindek, for eachk € {0,...,d}.

Proof. By construction, the canonical simplex contains ex-
actly one lattice point of remaindée Because other sim-
plices are obtained by permuting the components of its ver-
tices and translating them, the same holdg.]

In fact, we can significantly strengthen Coroll&s:

Corollary 2.7. For everyX € Hy, the Delaunay cell contain-
ing it is the set of the closest remaindepoint for each
ke{o,...,d}.

To demonstrate this, we first show a lemma characterizing
points near an arbitrary lattice point:

Lemma 2.8. (The Range Lemmal.et X € Hy, and lety €
Ajj be aremaindek-point. Theny is the closest remaindér-
point toX iff

miax(xi —Vi)— miin(xi —Vi) <d+1
Proof.Because of translational symmetry, it suffices to prove
the claim fory = (0,...,0). By inspection, all vertices of the
canonical simplex obey the following inequalities:

Xo> XL 2% > 2 Xg, andxg—xg <d+1  (2.4)

Since any point in the simplex is a convex combination
of the vertices, the above inequality must also hold for
any point inside. In particular, for any of thé+ 1 in-
equalities in 2.4), all but one vertex of the canonical
simplex satisfy it with equality. Since a linear inequality
is a (d — 1)-dimensional hyperplane, which is completely
determined byd points, it must be that the face formed by
thed vertices corresponds to the hyperplane. Therefore, the
region bounded by the faces (i.e. the simplex) corresponds
exactly to the set of points satisfying.4).

Hence, for anyX in the canonical simplex, max —
min; X = Xg — Xg < d+ 1. Likewise, for any simplex that
is a permutation of the canonical simplex, we haye x <
d+ 1 for somej, k wherex; = max x andx, = min;x. [



Corollary2.7then follows: ifXis in the canonical simplex,
we can easily check that the vertices given in Theogeh
satisfy the premise of the Range Lemma. Therefore, they
must be the closest remaindepoints tox as desired. Note
that the expression mgx; — y;) — min;(x; — y;) is invariant
under permutation of the components or translatiox afid
¥, so the argument applies to other simplicesil.

Corollary2.7is of main interest to us because it suggests
an efficient way to calculate the vertices of the Delaunaly cel
containing an arbitrarily specified point. It suffices to plyn
find the closest remaindérpoint for eactk € {0,...,d}.

Lemma 2.9. [CS9§ GivenX € Hy, the closest remainder-0
points inAj can be found with the following procedure:

1. Definey wherey; is the multiple ofd + 1 closest tog;.

d .
2. Compute the differenck = X— ¥, andh = zdioill .

3. If h <0, addd + 1 to eachy; whereAj is one of theh|-
largest differences. Ifi > 0, subtracd + 1 from eachy;
whereA| is one of theh-smallest differences.

Proof. Note that the set of remainder-0 pointsAfpis equiv-
alent toAq scaled up byd+ 1. Conway gives an analogous
algorithm for finding the nearest lattice point Ay with
proof [CS9§. [

Theorem 2.10.GivenX € Hq, the Delaunay cell containing
it can be found by the following procedure @(d?):

1. Find the nearest remainder-0 pajnt

2. Compute the differentidl = X — .

3. Find the permutatiop that sortsA in decreasing order.

4. For eachk, the nearest remaind&rpoint is given by
p~1(V) + Y where Vi is the remaindek point in the

canonical simplex.

Proof. The theorem follows directly from Lemm29 and
Theorem2.5. Each step runs i®(dlogd) or O(d?), so the
overall time complexity i©(d?). [

In summary, we have explored the structure of the permu-
tohedral lattice in terms of its Voronoi and Delaunay cells,
along with useful results on how to quickly locate nearby
lattice points or verify them.

We end the section by briefly discussing the volumes of
the Voronoi and Delaunay cells, as it will be necessarily in
the subsequent sections:

Proposition 2.11.The volume of a permutohedron is given
by (d + 1)4~%2. The volume of the canonical simplex is
(d+1)9-Y2/d1.

Proof. By inspection,Aj is spanned by any of the per-
mutations of(1,1,...,—d). The volume of the parallelop-
iped constructed by a basis is given by the square root of
its Gram determinant, which can be easily computed to be
(d+1)9=%2. The volume of the permutohedron must equal
this number, because both the parallelopiped and the permu-
tohedron tessellate the space with equal density, namely th
density of the lattice points in space. Lastly, a simple ¢oun
ing argument shows that there allesimplices for every per-
mutohedron. []
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3. Evaluating Lattices for High-Dimensional Filtering

There are various spatial data structures for accelerating
high-dimensional Gaussian filtering, such as the bilateral
grid [CPDO07, the Gaussian KD-treeAGDL09] and point
clusters (S91. However, their efficacy can be limited by
poor scaling behavior in both time and memory, numerical
instability and complexity.

These approaches bifurcate into two branches: one re-
lies on discretization of data and predicable placements of
points—a prime example is a lattice. The latter is more data-
dependent in its organization, e.g. trees and clusters. We
shall restrict ourselves to the former class. The use of the
permutohedral lattice can then be motivated by examining
how a Gaussian filter might be applied on lattices and iden-
tifying useful criteria.

3.1. Framework for Arbitrary Lattices

We first review the bilateral filter on a regular gﬁﬂ, gener-
alizing to an arbitrary lattice at the same time. This allows
us to identify properties that are critical for efficient szt
curate Gaussian filtering. In doing so, we adopt the terminol
ogy of [AGDLO09] for the steps in Gaussian filteringplat-
ting, blurring and slicing. For more detailed overview of
Gaussian filtering on particular data structures, §#j07
[PDOY [AGDL09] [ YDGDO3.

Splatting

The first step in Gaussian filtering is $plat, or embed, the
input signal into a higher-dimensional Euclidean space. Fo
each sample of the input signal, its value is accumulated at
one or more spatially nearby lattice points belongingd.to

In case only one point ik is chosen, the process is effec-
tively equivalent to quantization. Choosing multiple gsin
with nonnegative weights that sum to 1 corresponds to an
interpolation (for example, bilinear weights in 2D), anchge
erally improves accuracy.

For Zd, the standard multi-linear weights can be used to
splat the sample point intdjzpositions. More generally, for
arbitrary lattices, the sample can be splatted onto the ver-
tices of the Delaunay cell containing it, with an appropgiat
scheme to assign weights. See Figlifer examples.

Blurring

The value stored at each location is then blurred with those
at nearby locations ih, with weights that decay as the Gaus-
sian of theirL,-distance. This step is referred toldarring,

as it accomplishes blurring of the data held at the lattice
points. In case of., its separable nature enables us to blur
each dimension in isolation, requiring access only to neigh
bors along each axis. For other lattices, we may consider as
neighbors all vertices that share at least one Delaunay cell
with the given vertex. Unfortunately, most lattices are not
separable, complicating this process.

Slicing

Slicingis the process of sampling the data structure at the
original input locations, and is exactly analogous to splat
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4/9:

Figure 4: The splatting process G#f and A . The Delaunay
tessellations are shown in dotted guidelines. Top: a sample
point is rounded to the nearest lattice point. Bottom: a sam-
ple point is spread onto the vertices of the Delaunay celt con
taining it, using bilinear coordinates fd£? and barycentric
coordinates for A.

ting: each sample of the output signal is reconstructed from
nearby positions, with the same set of weights as in sptattin

3.2. Criteria for the Ideal Lattice

The framework in the previous section guides the desig-
nation of appropriate criteria for selecting the idealitatt
for Gaussian filtering. In forming the criteria, we concern
ourselves with numerical accuracy, computational efficyen
and generality:

e (Translational symmetry) For every poiRte RY, the
splatting, blurring and slicing kernels are spatially iriva
ant. This also ensures that the calculations will be uniform
across the space, simplifying the algorithms required and
ensuring numerical stability. By definition, lattices exii

this property.

(Even distribution) The distribution of the points in space
is as even and isotropic as possible. This requirement is in
place to ensure that the kernels will resemble the Gaussian
as much as possible.

(Fast splat and slice) Givene RY, one must be able to
quickly and systematically locate nearby lattice points, i
find the Delaunay cell containing The number of ver-
tices in the Delaunay cell should scale slowly wdth

(Fast blur) Given an arbitrary lattice point, one must be
able to quickly and systematically locate nearby lattice
points with which to blur. We prefer that the blurring step
be separable if at all possible.

(Generality) There should exist an analogous construction
of discrete sets for each dimensionality

3.3. Finding the Ideal Lattice

The classification of lattices in arbitrary dimensions is an
open research problem, and is beyond the scope of this pa-
per. However, it does happen that an important class of lat-
tices can be constructed from a rather simple set of lattices
calledroot lattices For instance, all significant lattices in 3D

5
Lattice # of vertices in Delaunay cell
Ag (51 forke {1,....d}
A d+1
By = B = 74 24
Dy 2dor 141
D}; 49/2]
Es 27
E; 8 or 56
Eg 9or 16
F4 8
Gy 3

Table 2: Classification of irreducible root lattices in finite
dimensions. The dual lattices are also given for ones that
generalize across dimensions. The right-hand column gives
the number of vertices in the Delaunay cells; some lattices
may have more than one type of Delaunay cells that occur.
Note that 4 is the only family of root lattices that general-
izes across d, tessellates the space with a uniform Delaunay
cell, and features a small number of vertices in each cell.

crystallograpy (the 14 Bravais lattices) can be decomposed
into root lattices and their duals up to affine transform.

Theorem 3.1. (Witt, 1941)[CS9§ Let L be an integral lat-
tice, meaning thatX,y € L, X-y € Z. Then, all sublattices

of L generated by vectors of norm 1 and 2 are direct sums of
root lattices.

Formally, root lattices are lattices generated by the roots
of semisimple Lie algebras$er87. Fortunately, irreducible
root lattices in finite dimensions have been fully enumetate

Theorem 3.2.[Sam69 [ Ser87 There exist exactly the fol-
lowing irreducible root lattices:

Ad; By, Dg; Eg, E7, Eg, F4 andGy.
Note thatBy is equivalent to the standard lattizd.

We may then restrict our search to these irreducible root
lattices and their duals. The Voronoi and Delaunay cells of
irreducible root lattices are given iMP92. Those of the
dual lattices can be found without much difficulty. Tal2le
lists the root lattices along with their duals, and the numbe
of vertices in each of their Delaunay cells. This number must
be small in order to support fast splatting and slicing, dued t
lattice should generalize across dimensions. As shows, onl
Aj, the permutohedral lattice, meets these criteria. (In fact
d+ 1 is the fewest number of vertices possible for ahly
dimensional Delaunay cell.)

Moreover, Aj has been shown to exhibit very efficient
packing; it is the best known lattice for sphere covering up
to d = 22 [CS99. The problem of sphere covering seeks
to place uniform spheres at lattice point to cover the entire
space, while minimizing the relative density of the lattice
This loosely indicates that the distribution of neighbadirs.o
lattice point inAj is as even and isotropic as possible.

Finally, we claim thatAj enables fast blurring by being
separable in a weak sense, as will be demonstrated in Sec-
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tion 4.2 We have already shown that nearest lattice points

are easily located iA.

In summary, the permutohedral lattia§ is the only root
lattice or dual of a root lattice that meets the criteria gukl
out in SectiorB.2 It is computationally efficient (fast splat-
ting, blurring and slicing), exhibits good packing behayvio

and generalizes across dimensions. While this does not rule
out lattices not covered by Witt's Theorem from being supe-

rior, it does strongly suggest the optimality Af.

Remark 3.3. Permutohedra fall under the family of poly-
topes calledparallelohedra which are polytopes that give

a face-to-face tiling of Euclidean space by translation- Pa

_ | (Xd—1—Xd Xd—2 —Xd—1
_K d+1 )+2( d+1 >+

d
Xo—X1
(572 |-

d+1 b
a* )k:dZHl k]

X4 —Xd-1— =X+ d%
- ld+1 ~(0=x)
_ X X1 X=X,
B d+1 M

:Xj7

as desired. Lastly, the weightg, ...,by sum to 1 by con-
struction. [

allelohedra whose Delaunay cells are simplices are called Lemmad4.1 easily generalizes to arbitrary points ity by

primitive. Voronoi proved that any primitive parallelohedon
is affinely equivalent to the Voronoi cell of some integral

lattice Mor52] [Dol07] [Rys99. This justifies our focus on
lattices, which are translation-invariant, and in patacuon
integral lattices.

4. Algorithms

Now we proceed to describe in full how to perform Gaus-

sian filtering using the permutohedral lattié§. Each of
splatting, blurring, slicing steps is discussed in detaith
pseudocode given when applicable.

4.1. Splatting

Splatting a point involves computing its neighborsAg,

namely the vertices of the Delaunay cell containing it,
and accumulating the value at the vertices with appropri-

utilizing the fact that other simplices are given by permuta
tion and translation of the canonical simplex.

Proposition 4.2.LetX be an arbitrary point iy, and letvi
be the remaindek-point in the Delaunay cell containiry
foreachk e {0,...,d}. Also, letp € §y. 1 be the permutation
that sorts the components &f= X — Vi in decreasing order.
Then, the barycentric coordinates fois given byB where

P(B)g—k = P(B)gs1-k

o TSR k+#0,
1_ P@)o—p(A)q K—0
d+1 ~’ '

Proof. The claim follows from Lemma4.1 and Theo-
rem2.10 [

Hence the barycentric coordinates of a pointHg can be
computed iD(dlogd), and ifp andvp are already available,
in O(d).

The splatting step is complete once every sample from the

ate weights. For simplices, the most natural interpolation input signal has been splatted. Algoritinsummarizes the

scheme is barycentric coordinates.

Lemma 4.1. Denote byVi the remaindek vertex of the
canonical simplex. Let be an arbitrary point in the canoni-
cal simplex, and leby, . . ., by be its barycentric coordinates
in the simplex, i.e.

d d
X= z bkvk, and z bk =1
k=0 k=0

Then,
Xd—k—xd+1—k7 K0,
by = d+1
1_X0=Xd k0.
d+1"’

Proof. Because the vertices of a (non-degenerate) simplex
span the underlying Euclidean space, a barycentric decom-
position exists and is unique. Thus it suffices to show that

the given weights do yield. Lety = S ,bV. Then,
d

yi =
2

d—j
= l:z bk | +
k=0

_ Liobkk} .

by - (Vi) j

d

b(k—(d+1
2 Dk

d

d+1 b
@ 5 o

process. Note that at each lattice point, nearby samples fro

Algorithm 1 The splatting algorithm. Given the input signal
| : X — R", whereX is the discrete subset bfy, it embeds
the signal inAj and returns the result.
Require: | : X — R".
V() —0,  WeA]
forall X e X do
y < the closest remainder-0 point¥dLemma2.9)
A—3x—y
p < the permutation that sorfsin decreasing order
for k=0tod do
Vi < the closest remainddrpoint (Lemma2.10)
by < the barycentric coordinate (Propositidrp)
V() < V() +bid (%)
end for
end for
return V:Aj —R"

the input are accumulated with weights that depend on the
offset vectoA. So the splatting process is a convolution with
a kernel inHy (followed by sampling at the lattice points.)

Proposition 4.3.The splatting process is equivalent to con-
volution with the following kernel:
max Xj — min; X

KsIX*—)l* dr1
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Proof. It suffices to examine the values accumulated at the
origin. For each Delaunay cell containing the origin, which
is obtained by permuting the dimensions of the canoni-
cal simplex, the weight associated to the origin is-1

M, wherep sortsX in decreasing order. (See

d+1 _
Propositiond.2) HenceKs(X) = 1 — &% ); j: Tmi X as de-
sired. [

Figure 5: A plot of the 3-dimensional culi@, 3], along with
points in3Z°. The plot is oriented such th&t, 1,1) is nor-
mal to the plane of the figure. Note that the flattening of the
cube along(1,1,1) yields the union of six simplices, which
equals the support for for d = 2.

The splatting kerneKs can be described as a tent whose
support is the union of the Delaunay cells meeting at the
origin. There is also a surprisingly elegant way of chanacte
izing Ks, based on one of the definitionsAf in Section2.1

Proposition 4.4.Let T : R4t — Hy be the projection onto
Hq as before. Then

1

)= gt nvarT

Myeod+ ™t T =x}).

where A is the 1-dimensional Lebesgue measure, i.e. the
length of the set. Equivalentl¥s is the density of a uni-
form cube[0,d + 1}(”1 after it is flattened ontdiy, up to a
multiplicative factor.

Proof. The set{y € [0,d + 1]*** | T(y) = X} contains ele-
ments of the formy = X+ q- 1. Sincey € [0,d + 1)9*1, it
must be that & x; +q < d-+1 for alli. This is equwalent to

—minx; < gq<d+1—maxx.
I 1

The set is a linear segment parallelipso its measure is
given by its projected length along any of the dimensions
multipled by ||1|| = v/d+ 1. Its projected length is simply
the extent ofg, which isd 4+ 1 — (max x; — min; x;). There-

fore,
1 d+1 _
@ et TE) =)
1 .
= m\/d +1(d+1- (miaxxi - milnx,))
max X; — min; X
B d+1
= Ks(X) by Propositiord.3,

as desired. [

See Figuré for illustration of Propositiort.4. This “un
flattened” representation facilitates numerical analgstae
splatting kernel, as seen in the following two results.

Corollary 4.5.

Ks(X)dx = (d+1)972

Ha

Proof.We can “unproject’Ks back into a cube with uniform
density, and the total mass would remain constant. Hence

- 1 d+1 d-1
it becomes——————(d + 1)%* d+1)%" 2 as de-
(d+1)\/d+1'( =)
sired. [
2
Proposition 4.6.The variance oKs is %

Proof. By definition,
Jhg IXI1PKs(x)dx
Jng Ks(3)dxX

The denominator is given by Corollad5. For the numer-
ator, the sum of|%||? over Hy weighted by the density of

Var(Ks) =

Ks is equivalent to an unweighted sum §T (¥)||? over
[0,d+ 19", Hence,
fosaons TGP~ —dy
Var(k = T (d+)VAET
(Ks) = (d+1)8-1/2
__ 1 2
= m/m’dH]MHT(V)H dy
2
-1 / _ 2N 1” dy
(d+1)3+1 Jig g e+t d+1
_ 1 ZYI _2xw)?
~ (d+1)dHt /0d+1]d+lz d+1 d+1 dy
1 / dyy? TV dy
(d+1)9 Jodryer d+1 d+1
d+1 yZ
deHz/ @+ 5y
_ d—1 YiYj )
(d+1>d+li;//o (g
_d(d+1)?  dd+1)?
-3 4
_d(d+1)?
- 12

as desired. [
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4.2. Blurring

A standard multi-variate Gaussian blur irdedimensional
space is separable intbGaussian blurs along each of ttie
independent axes. The advantage of uﬁﬁgas the lattice
is that the choice of thd axes is straightforward, and that
each of thed directional blurs is simple: for alt € Rd, X can
be blurred with points of the forR+ q- Uy, whereq € Z.
For Aj, however, the choice af principal axes irHg with
such property is not clear. In fact, there is no natural sef of

independent axes that align with the spatial arrangement of

points inAy. (See Figurd.)

Recall Propositior2.3 which stateg\] is obtained by ap-
plying the projectiorl on (d+1)z%+* € R4, The original
space is spanned by the vectors in the{gdt+ 1)ty }. Be-
causeT is linear, we can equivalently state tigtis spanned
by their projectionsi, i.e.

T () 1
- ~1,...,-1d,-1,...
@~ VadTD (W‘

Wi = ,—1).

The set{Wy } represents a natural choiced# 1 axes along
which to blur.

Of course {Wy} is not linearly independent, since its car-
dinality exceeds the rank of the space. Neverthetbsd, di-

Meanwhile,

912 = |3 s |
= ZSZWi - W +g_ssjvﬂvi - Wj
[ i#]

2 <5
d

It follows thatKy(Y) = (y (e )as claimed. [

Proposition4.7 demonstrates that a Gaussian blur can be
performed orHy in a “separable” fashion. To adapt this ap-
proach ontd\j, simply defineKl‘j :Hq — R as the discretiza-
tion of Gi:

KK : R § N(z-e d )6(% q-T)
b ; 00— ) -0(X—q-t),
=0 d+1

wheret = (=1,...,—-1.d,—-1,..., Note thatKE is

H—’

~1).

rectional blurs along these axes compose to form a standardnonzero only at Iattlce points along the projection ofkké

multi-variate Gaussian blur iHg, as shown in the following
proposition.

Proposition 4.7.DefineGy to be the operator that performs
Gaussian blur alongy with varianced:

gk(f):zH/Rf(z—twk)N(t; 0)dt,

wheref : Hy — R. Then,G = Ggo- - - 0G4 performs the stan-
dard multi-variate Gaussian blur iy with variancef 9.

Proof. ComposingJy, - . ., Gk yields

G(f): X — 3t Vi) N(E; O)c.

Rd+1

G is a sequence of convolutions, and thus corresponds to a

convolution kerneKy : Hy — R:
G(1): %= [ F(X=9)Ko(5)ay.
d
Equating the two expressions above, we obtain
Koly) = [, N ©)3(F tx-Wic—)

Since the equatiol ty - Wy = Y is underconstrained by a sin-
gle dimension, the set of solutions has one degree of free-
dom. By inspectiont = 3+ q- 1 wheres € Hy is a solution
andg € R. Hence we can write

o
/N§+q 1 e)qu dq
_/N (& O)N(q-1; 8)vd T 1dq

becaus@and1 are orthogonal,
~NE 9)/ N(q-1; 8)vd+ 1dq
R
=N(; ©).

standard axis. See Algorithéxfor the exact description of
the steps.

Algorithm 2 The blurring algorithm. Data stored in the per-
mutohedral lattice in the fornd : Aj — R" is blurred with
varianced and stored inW : Aj — R". In practice, the do-
main ofV andW is restricted to some finite subsét Aj.
Require: V: A} — R"
Require: Qe N
Require: 6 € R+

for k=0tod do

f—(1...,1,-d1....1)
——

k
forall X € Ag do
W(R) qu?Qv
end for
V —W
end for
return |

(X4+9-T)-N(q-T; 6(d+1)/d)

X - R"

One may realize that the compositionky, .. Kb does
not equalky, a true Gaussian blur. This is the dlscretlzatlon
error inherent to any discrete spatial data structures asch
Iattices.Kg 0.0 Kg is akin to approximating a multi-variate
Gaussian kernel by sampling it at pointsAj, up to some
discretization error.

In practice, one can use a simpler and more compact set
of weights for the directional blur, e.g.,

V(X—T) V(X V(X+T)
W(X) v + > + — (4.2)
Equation 4.1) amounts to settin@ = 1 and6 = ((;r:/f)z.
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4.3. Slicing

The output signal can be reconstructed from the permuto-
hedral lattice by sampling from nearby lattice points, as in
splatting. The splatting algorithm, given in Algorithincan

be adapted with very little change.

Algorithm 3 The slicing algorithm. Given data stored in the
permutohedral lattice in the foriw : Ay — R", the output
| : X C Hg — R"is reconstructed.
Require: W : Aj — R".
[(X) <O, vXe X
forall Xe X do
y « the closest remainder-0 point (Lem&)
A—xX—y
p < the permutation sorting in decreasing order
for k=0tod do
Vi < the closest remainddrpoint (Lemma2.10
by < the barycentric coordinate (Propositidr?)
1(X) — [(X) + bW(Y)
end for
end for
return |:X — R"

Note that for allX € X, the closest remainder-0 poipéind
the permutatiom were previously computed in the splatting
algorithm. By storing these results during the splattirepst
we can reduce the runtime complexity of the slicing step to
O(|X]|d), paying storage cost @(|X|d).

The slicing process is again equivalent to a convolution.

2
The kernel is simplKs as before, with variancg%-

4.4, Summary

All three steps are linear in the input, so their composition
can be described as a spatially-varying convolution shown
in Figure 6. To control the variance of the Gaussian blur,
one may scale the input signal appropriately before feeding
it into the pipeline. Figure visualizes the components for
d=2.

5. Analysis

For analysis of time and space complexity of Gaussian filter-
ing on the permutohedral lattice, se&BD10], which gives

an implementation using a sparse permutohedral lattide bui
on a hash table ABD10] further demonstrates that it is the
first known method for Gaussian filtering with runtime that
is linear in the number of samples and polynomial in the di-
mensionality, and showcases real-time applications.

The rest of this section is concerned with measuring the
numerical accuracy of the filter. Ideally, we would like our

process to mimic a Gaussian blur as much as possible. De-

note byKy the convolution kernel used to evalute the output
atX, i.e. using the terminology in Figui@

" Kz () -1 (X+Y)dy,

assuming has already been rotated initty. (See the last

I ”(X)

Ky
I Rotate C 3 Sample |
into Hy at Ay
K. K¢ K
- Rotate
into R?

Figure 6: Summary of Gaussian filtering withjAThe in-
put signal | resides iRY, and is reparametrized into H
via an appropriate rotation, yielding a mag 1 Hy — R".
Each component of is then convolved with &in the splat-
ting step, is sampled at positions irjj Ais convolved with
Kt?,...,Kt‘j| and Ks in the blurring step and the slicing step,
respectively, and rotated back inks' to yield an output sig-
nal I : RY — R".

plot of Figure7.) Analogously, leZy be the convolution ker-
nel atx for Z%. For convenience, we presume that the blur

kernel in each dimension i[s}l%%] , as in Equation4.1).

Proposition 5.1.
d

Zy(y—x) = |'l zZBP(Xi)BQ(Yi)b(p* a),
I=1p,ge

where
3, Xx=0,

b:X—< %, x=%1, ,Bp:x—maxl—|p—x0).
0, otherwise.

Proof. The input signal ay is splatted onto each lattice
point § with multi-linear weight |_|?:1 Bq (Vi), which is
then blurred onto every other lattice poigtwith weight
|‘|id:l b(pi — ¢). Then the output ak is reconstructed by
summing over each lattice poiptwith weight[]%_; Bp, (x).
The claim in the proposition then follows once we rewrite
the sum of product terms as the product of sums]

Proposition 5.2.

Ky = 3 By(X)Bq(y)b(p—07)

ﬁ:qug
whereBg(X) is the barycentric weight assigned to poit
for the interpolation oK, andb(-) is the appropriate blurring
kernel given by convolvingy, . .., K.

Proof. The proof is analogous to that of Proposited. [

5.1. Kernel Distance

One conceivable error metric is the squatednorm be-
tweenKy (or Zyz) and an isotropic Gaussian kernel, where
the Gaussian kernel has the same total variang & Zy).

This measure is the continuous equivalent of the Frobenius
norm for matrices, and bounds from above the relative er-
ror on arbitrary input signals. As the kernels dependXon
the L»-norm should be power-averaged over all possible

It should also be normalized by the power of the Gaussian
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Figure 7: Visualization of convolution kernels for each step
in Gaussian filtering for d= 2. Top: the splatting or slicing
kernel k. Next three: the three blur kernel k2, K2. Bot-
tom: the overall kernel forR = 0. All figures have the same
scale except for the bottommost plot.

kernel. We can consider this to be the inverse of the “signal-
to-noise ratio” (SNR) wher&y is the observed signal and
the Gaussian is the ground truth. Recall that SNR is conven-
tionally defined as,

Power of the signal
Power of the noise = observation - sighal

Our definition is fully analogous, and is formalized below:

Definition 5.3. Given a family of kernelsfy : RY - R
parametrized by € RY that approximates a Gaussian blur,
its signal-to-noiseatio (SNR) is

. JraN(¥;0)*dy .
Ex [ s (19— %)~ N(y— % 8))°dy]

where8 is the expected variance &§ over allX. Also, it is
assumed thafly is normalized to sumto 1 ovéd.

Lemma 5.4.The expected variance d@f whereX is chosen
randomly inRY is 5d/6. The expected variance Kf where
% is chosen randomly kg is 2d(d + 1)?/3.

Proof. ForZ%, the multi-linear splatting and slicing are sim-
ply thed-dimensional tent functions with variandg6. The
blur stage has varianck E(fl)2 + %(0)2+ %(12)} = %
Hence the total variance {8l/6) - 2+ (d/2) = 5d/6.

For Ay, Propositiord.6tells us that the variance of the splat-
ting and slicing step isl(d + 1)2/12 each. The variance of
the blurring step is,

(d+1)- H(ﬂ/d(dﬂ))% SO2+ %(\/d(dJrl))z} ,

which equalsi(d +1)2/2. Together, the total expected vari-
ance is 2(d + 1)?/3. The termexpectedvariance is used
because the actual variance of a particular kemedr Ky
depend orX, but the additive nature of the variances of each
step is clear from the proofs of Propositidnd and5.2. [

Note that the expected variance is the sum of variance over
all dimensions, so it should be divided Byo yield the vari-
ance of a comparable isotropic multi-variate Gaussian.

The calculation of SNR foZyz and Ky are given in Ap-
pendix B and AppendixC, respectively. FoiZy, a closed
form as a function of the dimensionalitycan be derived;
for Kg, a recipe for numerically estimating the SNR is pro-
vided.

The SNRs for the two kernels are plotted in Fig8r&he
SNRs of the two lattices are comparable, with outper-
forming Zy at low dimensionality andy outperformingKy
at higher dimensionality. This is explained by the fact #hat
sample iz is splatted to exponentially many lattice points,
whereas inA] it is splatted only to few point$d + 1). We
also compare the SNR with that of true Gaussian kernels that
are truncated at certain distances from the origin.

6. Conclusion

We have demonstrated interesting structural propertitheeof
permutohedral lattice and used them to argue that the per-
mutohedral lattice represents an appropriate choice af dat
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===Trunc. Gaussian (@1.5 std)
““““ Trunc. Gaussian (@2.0 std)
= Trunc. Gaussian (@2.5 std)
== Trunc. Gaussian (@3.0 std)

Dimensionality

Figure 8: The signal-to-noise ratio of the kernels; kind
Zgford =1,...,10, along with truncated Gaussian kernels.
Note that K exhibits SNR that is similar to that of;,Zde-
spite touching only polynomially-many verticesg; tduches
exponentially many vertices. Because of this differeree, t
SNR for K suffers slightly more when d grows high.

structure for performing Gaussian filtering. We have also de
scribed how to efficiently perform Gaussian filtering on the
permutohedral lattice, and its numerical stability refatio
that of a regular lattice.
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Appendix A: Useful Lemmas

The appendix contains proofs of several miscellaneous fact
about simplices, the Gaussian distribution and the permuto
hedral lattice, used to support AppendiandC.

Lemma A.l. Let S be ad-dimensional simplex defined
by verticess, . .., y, and letBy(X),B1(X), ..., Bq(X) be the
barycentric coordinates &ffor the vertices in the given or-

der. Thenyk, j € {0,...,d},
2 .
[sB®BiRdX _ | d+1)d+2)
dx ,
fs @rhary

Proof. Let P be the face defined by all vertices exceapt
ThenS is a pyramid with bas® and apexs;. Let h be the
height of the altitude and I§tbe the foot of the altitude. Con-
sider slicingS along a hyperplane parallel Bthat contains
(1—t) -5+t -y, for somet € [0,1]. The slice will be similar
to P with a scale factor of, and by definition of barycentric
coordinatesBy(-) will evaluate to a constant, namely-it,
across the whole slice. Therefore,

/ By (X)2dX = / / (1—t)2dx(h-dt)
1— ts,<+tP

:/0 (1-1) Utpdz} (h-dt)

- /01(1—t)2td—1Vo|(P)h.dt

b

=\oI(P)-h-

= \VoI(P )29 gt

- A.l
d(d+1)(d+2) A1)
Note that the same integral without the weight tegfim-t)?
will simply yield the volume ofS:

-h. / £~ 2dt

//dzh dt) = Vol (P
.

= \Wol(P) q

Dividing (A.1) by (A.2) yields the first of the two cases.
Whenk # j, we consider applying the same decomposition
to P: let P’ be the face oP spanned by all vertices @ ex-
cepts; andsj. ThenP is again a pyramid with bag®’ and
heighth’, andy’ the foot of the altitude. Each slice Bfpar-
allel toP’ cutting the altitude at1 —r)-Sj +r -y is again a
copy of P’ scaled byr, and the barycentric weigt;j(-) is

(A2)
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uniformly 1—r. Therefore,

/SBk(z)B,(z)dxz/1/1(14“(1,”
(vm( p/ytd-1pd- 2)(h’-dr)(h-dt)

1 1
- hh’VoI(P')/ - td”dt/ pd-2_pd-lgy
0 0
) 1
(d+1)(d+2)(d—1)d"
Without the barycentric weights,

[ o //vm

1
— hHVol(P) / t9=1qt / r9=2qr
0 0
1
) dd—1)
Dividing (A.3) by (A.4) yields the second of the two cases,
as desired. [

Lemma A.2. Let X,y € Aj. Then the number of Delaunay
cells containing botiX andy is given by

= hi'\Vol (P’ (A.3)

) (1 - (h-di)

= hi'\Vol (P’ (A.4)

if X—V is some permutation of the

(d+1—-K)'kl, remainderk vertex of the canonical
simplex,
0, otherwise.

Proof. Since every Delaunay cell is given by permuting the

coordinates of the canonical simplex and translating the
vertices, ifX — ¥ cannot be written as a permutation of a

vertex of the canonical simplex, then they must not belong
to any common Delaunay cell. So we can assumexhay

is a permutation of some vertex of the canonical simplex.

WLOG letX = 0. Then any simplex containinghas a cor-
responding permutation i ;. Among those, the number
of simplices also containingis the number of permutations
that sends the remaindkrvertex of the canonical simplex
toy. Becausg/ hasd + 1 — k coordinates of the same value,
and the remainindt coordinates also have the same value,
the number of possible permutationgds+ 1 —k)!kl. [

Lemma A.3. The power of a-dimensional Gaussian kernel
with covariancedl is (4mB) /2,

Proof.

[ ota

[ N 8)%dy
/oo exp(—yz/<ze>)2dy

210

— 00

[ ee(-2(28) T
- /— 2nd Va4 dy]
_ :\/% /_0; N(Y; e/z)dy}d

= (4m®) "2,

as desired. [
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The next pair of lemmas illustrate how to integrate arbi-
trary functions over the canonical simplex with particular
weighting schemes.

Lemma A.4. Let X be the union of Delaunay cells contain-
ing the origin inAg, and letf : X — R be a function. Then,

1
/X (R KR = s /[o,l]d+1 f (T((d + 1)2)) dx.

Proof. This is a direct consequence of Propositidrk

In short, weighted sampling corresponding Ke can be
achieved by uniformly sampling in the unit cube and pro-
jecting the sample ontdy. [

Lemma A.5. Let f : Aj — R be a function omj. Letb:
Aj — R and the vectorsi be as in Sectiod.2 Then,

t- VVk)
fe_ 101}‘”1 (Z |_|21+|tk|

Proof. The blur kernelb(X) is given by the convolution of
Kt?, e Kg. Therefore, it is the accumulation of the weights
corresponding to offsets in tlte+ 1 axes that sum t8. The
weight equal% if the offsetty in a given axis is zero, an§l

S f(@b(d)
deA;

I L . 1
if it is t, = 1. Hence we can write it succinctly azm
The claim follows. [

Appendix B: Evaluation of SNR for z8

The kernelZ; repeats periodically because of the transla-
tional symmetry ofZ%. In order to evaluate the expected
value of an expression involvingy, it suffices to consider

% € [0,1]9. In other words,

JeaN(: 5/6)°dy _
Jioae Jrs (Zx(=%) = N(¥— % 5/6))dyek
Expanding the quadratic term in the integrand, we obtain
(B.2
n=

(B.1)+(B.2 —2(B.3)’
expressions:

r‘l:

containing the following three

2
/[oﬁl]d /Rd Zy(y —X)"dydx, (B.1)
/Rd N(¥; 5/6)*dy (B.2)
/[Q]_]d /Rd Zg(§—X)N(Y—X; 5/6)dydX. (B.3)

It follows from LemmaA.3 that B.2) is (10m/3) /2.

(B.1) is similarly separable:

/ Zy(§— %)?dyax
[0.1)¢ JRd

ok |02
Lkl 2

2
(%)Baq(yi)b(p— q)] dydx
PQEZ
2 d
(y)b(pq)} dyd%

PqGZ
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Lemma C.1.
[ /[0 . L5 BelxBy (0Bay)Bg ()
owBics” ; [ Ke(9=3005 = @+ 172
d
b(p—q)b(p’ —q)dyd
(P—a)b(p' —q) yX} ProOf.
—[ b(p—q)b(p' ~ ) J Klg=R09= [ 5 By%)By($)b(B— a1y
PP .Y €Z Hap. GEA&*
d by Propositiorb. 1,
B B 7 dy/ B 7
JAL vl ] = 5 B0 [, Baway|bip-a
pdeA; Ha

Note thatBp(x) and By (x) are both nonzero only if _ d—1/2
p=p or|p—p| =1 Inthe former case, the integral of - rsq%A;; Bp(X)(d+1) b(p—d)
Bp(X)Bp () with respect tox over R is 2/3; in the latter "
case, 1/6. SimiarlyBq(y) andBy (y) are both nonzero over by Corollary4.5,
y € [0, 1] iff d, qd=0or1. Settingq = ¢ yields 1/3.for the ~ Y Bs(®(d+D) d—1/2
value of the integral, and # ¢’ yields 1/6. Summing over pEA;
all possible values op’,q,q with nonzero summands, we . -
obtain that B.1) equals smceq?Aak b(p—-d) =1,

d
5 DO, 4b(pbp—1) | bPIBP-2)| {29}" = (d+ 1742,
& 9 18 96

The last line follows because the sum of splatting weights

The cross termR.3) remains. We can similarly expand forX over all lattice points is also 1. [

the expressionlapdhcolflect ;;]roduclt tferms ir|1to the pr.O(ljuct of K, like the lattice, is translation-invariant and symmetric
sums, and exploit the fact that only few valuespog yield with respect to permutation, so it suffices to itergtever
nonzero summands. Unfortunately, because of the Gaussuemthe canonical simplex, denoted B, in order to compute

term, there is no succinct analytic expression. the expected value of tHe, distance. Recall fr%m F/’roposp
_ ' tion 2.11that the volume o€* is given by(d -+ 1)9=/2/dl.
B.3) = Zg (Y —X)N(Y — X X
B3 /[0 . /R Zey-XN(y-%; 5/6)dyd Ry
/ / |-l X)Bq (%) (d+1)"Y2/d! [y, N(¥; 2(d+1)?/3)%dy
R pqez n=

-b(P—Q)N(yi — X;; 5/6)dyaxX Jo- S (0525~ NG 200+107/3)) dox

{ / / Bp(X)Bq(Y) e (€2
pqu As before,n can be expressed ¥Dr(C2-2C3
d where the components are as follows:
-b(p—a)N(y—x 5/6)dydx}

d / /Hd Ky (Y — %)2dyd, C.1)

-3 [ ta—xpie) +xbia- 1) (a+p%me
ae (- 1012} /H N(Y; 2(d+1)2/3)2dy, (c.2)
d d
L !
Ba(YIN(Y— 5/6>dyd{ e L
== 0.30456 N —% 2(d+1)%/3)dydx. (€.3)

Corollary B.1. The SNR term foz® is /
By LemmaA.3, (C.2 equals(w> .

- 3/(10m)° 3
- d
(29/96)“| ++/3/(10m) " — 2-0.30456! Let us compute.1) without the constant term. The inte-
grand may be expanded and be simplified as follows:
Appendix C: Evaluation of SNR for A}
op Aa / / Ky (Y — %)2dyd%

The error analysis foAj is analogous to that atd, with

a few subtle changes. Fird{y does not sum to 1 over its

domain, as seen in Lemnm@.1 and should be normalized :/ /
before being compared to a Gaussian. * /Hg

dz Brﬁ(x)Bq(V)b(ﬁﬁ)] dyax
p.acA;
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: l:/H Bﬁl*q‘l(y)Bﬁzf(Tz (V)dy:| dydx
via change of variablg — @i — .

Our expression is a weighted sum with weigbtgz )b(dp).
By LemmaA.5, it is equivalent to

1 1

PL,P2€C* te {—1,0,1}%*
se{—1,0,1}9+
whereq; = Sty - Wk and = 5 S¢ - W.

Note that the first bracketed term is effectively given by
LemmaA.1l. The second term is similar, but the integral is
overHy, so we must additively consider each simplex whose
vertex contains botlp; — @i and p> — g>. The number of
such simplices is given by Lemn#a2.

(C.4) is more attractive than its original form because its
summands are now simple numerical quantities. There is no
succinct analytic expression for the sum, but it can be com-
puted numerically in a straightforward manner. The number
of summands igd + 1)2 - 32(4+1),

That leaves us with@.3). Once again, the integral is ex-
panded and manipulated:

/C* /Hd Kg(¥—XN(Y—%; 2(d+1)%/3)dydx

= Bp(X)By(Y)
rﬁﬁd%A;/ g P
b(F— Ny %...)dydx

Using LemmaA.5, we obtain

B5(%Bp:q()
peC*TG{l,o,l}dH/C* /Hd p p+d
1 .
TN % oy

whered = ¥ ti - Wik. By symmetry, we can swap oGt with

the union of Delaunay cells containing the origin. Then we
have an integral weighted bBg(X) and B, 4(¥), which
can be computed by Monte-Carlo sampling ftfee+ 1)-
dimensional unit cube, by Lemn#fa4. In summary, we it-
erate overp € C* andf € {—1,0,1}9%, and for each pair
of vectors, sampl& andy via LemmaA.4, and evaluate the

Gaussian off — X, weighted by[y Flnq Multiplying the
result by an appropriate constant yiel@s4).



