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Abstract

Computing and maintaining proximity information between objects are crucial tasks in

modeling and simulating the world around us, as in robotic motion planning, physics-based

simulation, molecular dynamics, etc. The information is important as objects in real life do

not normally penetrate and most of the interactions between objects happen when they are

near each other.

Popular methods for answering proximity and collision queries use bounding volume

hierarchies (BVHs). In these methods a bounding volume hierarchy is constructed for

each object so that the object is captured in more and more details as one goes down the

hierarchy. When answering a proximity query between two objects, their hierarchies are

traversed from top down and the proximities of their bounding volumes are examined.

Bounding volume hierarchies allow one to determine quickly if two objects are not in close

proximity. The further apart the objects are, the less traversal the methods have to do and

thus the less work in determining the proximity between the objects.

Current bounding volume hierarchy methods use explicit bounding volumes like spheres,

axis aligned bounding boxes (AABB), oriented bounding boxes (OBB), k-discrete oriented

polytopes (k-DOP), and rectangle swept spheres (RSS), etc. All these bounding volumes

have simple geometry and are defined explicitly with respect to the ambient space contain-

ing the objects. While working well for rigid objects, existing bounding volume hierarchies

do not work well when the objects deform substantially.

This dissertation presents results that show the power of implicit bounding volumes

and implicit bounding volume hierarchies for proximity queries and collision detection.

The first part of the dissertation studies the use of zonotopes (Minkowski sums of line seg-

ments) as bounding volumes. By defining bounding volumes implicitly through generating

v



segments, complicated shapes can be captured tightly with a small number of segments.

Efficient algorithms for computing exact and approximate optimal bounding volumes, as

well as algorithms to detect interference between zonotopes are provided.

The second part of this dissertation studies a way to exploit prior structure of the un-

derlying objects in constructing implicit bounding volume hierarchies that are stable when

the objects undergo large deformations. More specifically, the linear structure of deforming

necklaces is exploited to construct wrapped bounding sphere hierarchies attached to the ob-

jects. The bounding sphere hierarchies bound the necklaces tightly yet do not change often

when the necklaces deform. The hierarchies offer the first sub-quadratic time self-collision

detection for predefined hierarchies on necklaces.

The third part of this dissertation studies a geometric data structure called the discrete

center hierarchy. The structure can be thought of as an implicit bounding volume hierarchy,

and can be efficiently constructed and maintained under motion, giving the first lightweight

maintainable bounding sphere hierarchy for a set of moving points. The structure naturally

provides other maintainable proximity structures such as an(1 + ε)-well separated pair

decomposition and an(1+ ε)-spanner for anyε > 0, an approximate Voronoi diagram, and

an approximate k-center structure.
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Chapter 1

Introduction

Simulating objects around us to understand and to predict their motion and behavior is a

major goal of many disciplines. With our growing desires to model complicated objects, to

simulate physical laws governing our world accurately, and to interact with the simulations

in real time, we need not only more computational power but also new efficient algorithms.

Physical objects often have the simple property that they do not overlap or interpen-

etrate. While objects in nature effortlessly bounce off each other upon contact, avoiding

overlapping each other, virtual objects in our computations do not automatically do so. We

instead have to spend great effort to detect collisions between virtual objects and handle

the collisions when they happen. Collision detection is a bottleneck in many computations,

including those in physical simulations, robotic motion planning, virtual surgery, etc.

A more general problem that is closely related to the collision detection problem is that

of proximity query. Given a collection of objects, we are interested in finding all pairs of

objects that are within some distance threshold from each other. The collision detection

problem is a specific case of the proximity query problem when the distance threshold is

zero. The proximity problem is of great interest because objects in nature often influence

other objects near them. Take for example, in molecular dynamics simulations, forces

asserted by atoms on each other are significant only when the atoms are close enough,

within some threshold distance called the Lennard-Jones cut off distance. Forces between

pairs of atoms further apart can be safely ignored to reduce the computation cost without

affecting too much the quality of the simulations.

1



2 CHAPTER 1. INTRODUCTION

While being more general, the proximity query problem is essentially a collision detec-

tion problem, as checking whether two objects are within some distance threshold from one

another is the same as checking appropriately fattened copies of the objects for collision.

In this dissertation, we treat the two problems identically and focus mostly on the collision

detection problem.

Collision detection is often done in two phases. In thebroad phasewhen there are

many objects in the scene, fast and simple heuristics are used to identify pairs of objects

that potentially overlap. In this phase, objects are projected on one or more axes, and

only pairs of objects having their projections in all axes overlap are selected for further

collision checking [CLMP95, PML97]. In thenarrow phase, pairs of objects identified in

the broad phase are examined more closely to find out whether they indeed overlap. In this

dissertation, we mainly concern with the narrow phase. Specifically, given two objects, we

would like to check whether they intersect one another. When the objects are deformable,

our primary interest is to check for self-collision, i.e. collision between different parts of

the same object.

Virtual objects in simulations are often modeled as collections of primitive elements

such as spheres, triangles, quadric patches, etc. As the primitive elements have simple

shapes, the more complex the objects are, the more primitive elements that the objects con-

tain. To verify that two virtual objects do not overlap, we could naively check each primitive

element in one object against each primitive element in the other object. For self-collision,

we could check for collision between each primitive element against all other primitive el-

ements in the object. The cost of this naive approach to collision detection grows quadrati-

cally when object complexity increases, making collision detection prohibitively expensive

for complex objects. Fast and efficient algorithms are thus desirable to handle the collision

detection needs in large scale applications.

Typically two objects only collide with each other at a small number of locations, and

most pairs of primitives from the two objects are far apart. We can attempt to identify

quickly most pairs of elements that cannot possibly intersect and naively check remaining

pairs of objects for collision.
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1.1 Bounding volume hierarchies

A popular and effective way to filter out most non-colliding pairs of elements without

spending a lot of computation is to usebounding volume hierarchies. A bounding volume

hierarchy covering an object is simply a tree in which each node is associated with a bound-

ing volume, see Figure 1.1. The bounding volume at the root node of the hierarchy covers

the whole object, and the bounding volumes at the children of each node together cover

the portion of the object that the bounding volume at that node covers. The collection of

bounding volumes in each level of a bounding volume hierarchy covers the entire object,

and each successive level of the hierarchy gives a tighter and tighter covering of the object.

Figure 1.1: A bounding sphere hierarchy of a closed polyline. The top level
sphere is a coarse approximation of the object, and the collection of spheres
at the leaves of the hierarchy provides a much tighter approximation. In this
example, the bounding volumes at the leaves of the hierarchy are diametral
spheres, and each interior bounding volume is the smallest sphere containing
the bounding volumes of their children.

Bounding volume hierarchies have been used in practice for a long time. Clark [Cla76]

suggested to use bounding volume hierarchies as a way to represent virtual objects in a

scene in a hierarchical fashion to render them quickly from any particular view point. This

representation enables efficient clipping algorithm to identify parts of the scene that is not in

the viewing window so that no further work is spent on rendering them. The representation

also allows efficient sorting of objects in a scene according to their distance to the view

point, enabling fast computation of the visible surface. Bounding volume hierarchies are

also used to compute quickly the point where a light ray first intersects a scene, speeding
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up rendering in ray tracing [RW80, WHG84, KK86].

When used for collision detection, bounding volume hierarchies allow us to find out

quickly many pairs of elements that cannot possibly intersect. Given two objects and their

bounding volume hierarchies, if we check the bounding volumes at the root nodes of the

two hierarchies for intersection and find that these two bounding volumes do not intersect,

we can quickly conclude that all pairs of elements from the two objects do not intersect.

If the top bounding volumes intersect, the objects potentially intersect. In that case, we

can refine one of the two hierarchies, replacing the hierarchy by its subtrees rooted at

the children of its original root node, effectively recursively check for collision between

one object and components of the other object that are covered by the bounding volume

hierarchies rooted at the children nodes, see Algorithm 1.

Algorithm 1 Detect collision between BVHsH1 andH2

1: B1 ← root(H1)
2: B2 ← root(H2)
3: if B1 does not intersectsB2 then
4: RETURN FALSE
5: else
6: if B1 is bigger thanB2 then
7: SWAPB1 andB2 {EnsureB2 is bigger thanB1}
8: end if
9: {Refine the big bounding volume hierarchyB2}

10: for all child C of B2 do
11: if Detect collision betweenC andB1 then
12: RETURN TRUE
13: end if
14: end for
15: RETURN FALSE
16: end if

When the objects are far from each other and the bounding volumes tightly bound the

objects, we often do not have to refine the hierarchies too many times before knowing for

sure that the objects do not intersect. If the objects are overlapping or close to each other, we

may have to traverse the hierarchies all the way to the leaf nodes where collisions between

the objects may be detected. We then perform the naive collision checking between pairs

of elements for those pairs of leaf nodes. The work involved in the collision detection is
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much less than the quadratic running time as in the naive collision checking algorithm for

many practical cases.

While the concept behind bounding volume hierarchies is simple, there is a huge litera-

ture on the topic. Work on this topic often addresses one or more issues from the following

major topics on bounding volume hierarchies: the choice of bounding volumes used in the

hierarchies, the construction of bounding volume hierarchies, the update of the bounding

volume hierarchies under motion (and more generally, deformation), and the exploitation

of motion coherence in updating the bounding volume hierarchies. As the literature is so

vast, and our approach is more theoretical in nature than most of the previous work, we

do not attempt to give a complete survey of the topic but rather give a brief introduction

to each of the topics in the following subsections. Interested readers are recommended to

read [LG98, HEV+04, LM04, TKZ+04] for surveys.

1.1.1 Bounding volume shapes

One major issue in designing a bounding volume hierarchy for a particular application

is selecting the shape of bounding volumes used in the hierarchy. A number of shapes

have been used in practice: spheres [Qui94, Hub95, PG95], axis-aligned bounding boxes

(AABB) [CLMP95, vdB97, Zac02], arbitrarily oriented bounding boxes (OBB) [GLM96],

k-discrete oriented polytopes (k-DOPs) [KHM+98], line and rectangle sweep spheres [LGLM00],

convex hulls [EL01, OL03], quantized orientation slabs with primary orientation (Qu-

OSPO) [He99], spherical shells [KGL+98], cylinders [Bes03], etc., see Figure 1.2. Each

shape has been shown to be effective for some particular scenarios.

Figure 1.2: Popular bounding volumes. From left to right, the bounding vol-
umes are sphere, axis aligned bounding box, oriented bounding box,k-DOP,
line sweep sphere, and convex hull.

The effectiveness of using a given class of shapes in bounding volume hierarchies in
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general depends on the ability of that class of shapes to bound tightly objects in the appli-

cation being considered and the efficiency of collision checking between two shapes in that

class. On the one hand, the more tight the bounding volumes, the less we encounter false

positives during collision detection – cases when two bounding volumes intersect but the

corresponding parts of the objects covered by the bounding volumes do not. Tight bound-

ing volumes also decrease the number of levels needed in a bounding volume hierarchy to

approximate an object to a given error threshold, and thus reduce the cost of traversing the

hierarchy during collision detection.

On the other hand, tight bounding volumes often have complicated shapes, leading to

costly collision checking between the bounding volumes. To lower the cost of collision

checking between the bounding volumes, simple shapes such as spheres are more favor-

able. The choice of a particular class of shapes in bounding volume hierarchies involves a

complex trade off between the tightness and the collision complexity of that class of shapes.

1.1.2 Construction of bounding volume hierarchies

Once we have selected a particular shape for the bounding volumes, we can construct

bounding volume hierarchies with bounding volumes of that shape. One way to do so,

see [Qui94, GLM96], is to use a top-down divide and conquer algorithm. Given an object,

we can split it into two or more roughly equal components, then recursively construct a

bounding volume hierarchy for each of those components. The bounding volume of the

root can then be chosen so that it covers tightly the entire object, or so that it covers all

the bounding volumes of its children in the hierarchy. While computing a bounding vol-

ume covering only the object in the subtree gives a tighter bounding volume, computing a

bounding volume covering all children bounding volumes is cheaper and allows interrupt-

ible collision detection in time-critical application [Hub96].

Bounding volume hierarchies can also be constructed bottom-up [BCG+96]. Each ele-

ment in the objects are first covered by a bounding volume, then nearby bounding volumes

are merged together to create bounding volumes at higher levels until only one bounding

volume is left.

Other approaches have been proposed to build bounding volume hierarchies, exploiting
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more the geometry of the objects to obtain tight bounding volumes. Tan et al. [TCL99]

and Otaduy and Lin [OL03] use model simplification to merge leaf level bounding vol-

umes from bottom up in the construction of bounding volume hierarchies of objects. Hub-

bard [Hub95] and Bradshaw and Sulivan [BO04] adaptively compute the medial axes of

objects and use them to obtain good refinements of the spheres in a top down construction

of bounding sphere hierarchies.

1.1.3 Motion and deformation

The objects are under motion and deformation in most applications involving collision

detection. In these cases, before we can use bounding volume hierarchies for collision

detection, we need to make sure that they are currently valid. The cost of updating the

hierarchies may be significant, and thus we must take into account this cost in the collision

detection.

If the objects move rigidly, the update of the bounding volume hierarchies is simple.

When an object moves to a new location and orientation, we can simply transform bounding

volumes in the bounding volume hierarchies of the object to the new location and orienta-

tion. Care must be taken, however, when the bounding volumes are aligned with the global

frame of reference, as in the case of axis-aligned bounding boxes ork-DOPS. In these

cases, the bounding volumes after an arbitrary rigid transformation are no longer aligned

with the global frame. We can recompute the bounding volumes from scratch, which is

expensive but gives tight bounding volumes, though if the rotation is small, we can quickly

compute a new bounding volume aligning with the global frame by modifying the previous

bounding volumes [CLMP95]. The realigning is either done by a local walking on the fea-

tures of the object to obtain new tight bounding volumes, or by computing looser bounding

volumes that cover the rotated version of the previous bounding volumes, see Figure 1.3.

An alternative method to global realignment of bounding volumes was proposed by

Zachmann [Zac02]. In this work, the axis-aligned bounding boxes were not aligned to the

new frame at each step to reduce the update cost. A more expensive collision test based on

the separating plane [GLM96] must be used however to detect collision between aligned

and non-aligned boxes.
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Figure 1.3: Updating axis aligned bounding box under rotation. When an ob-
ject rotates, a new bounding box can be computed from the previous bounding
box by a local walk. A looser bounding box can be computed more quickly as
an axis-aligned bounding box of the rotated version of the previous bounding
box.

Updating bounding volume hierarchies becomes more complicated when the objects

are moving and deforming at the same time. In this case, both the tree structures and the

bounding volumes of the hierarchies must be updated to ensure their effectiveness. The cost

of updating is high, so only bounding volumes with simple shapes such as spheres [JP04],

AABBs [vdB97], andk-DOPs [KHM+98] are used.

The deformations considered in existing literature are limited. Klowsowski et al. [KHM+98]

recomputed and refit bounding volume hierarchies when objects undergo small deformation

without providing any theoretical bound. Lotan et al. [LSHL02] proposed a new bound-

ing volume hierarchies for kinematic chains, chains form by rigid links connecting to each

other via rotational joints. They gave a method for updating the bounding volume hierar-

chies when one or more joints in the chains underwent a large angle change. The work

was independent, yet closely related to our work in chapter 4. James and Pai [JP04] used

BDtree, a bounding volume hierarchy inspired by the work in chapter 4 and showed that

the bounding volumes in a BDtree can be conservatively updated so that the total cost of

updating is sublinear.

Ganovelli et al. [GDO00] also proposed to maintain bounding volume hierarchies when

objects deform. The hierarchies are based on oct-trees, and when the objects deform, the

oct-trees are updated and bounding volumes in the hierarchies are updated to take into
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account changes in the oct-tree and in the positions of the elements. No theoretical perfor-

mance for the scheme was provided, however.

1.1.4 Exploiting coherence

In most applications, collision detection has to be done repeatedly. As the displacement

of the objects from one step to another step is small, the collision detection operation in

two consecutive steps are often highly correlated. We can cache certain information from

one step to speed up later steps. For example, asserting that two oriented bounding boxes

(or convex hulls in general) are not overlapping involves a computation of a separating

axis, a direction such that the projections of the boxes (or convex hulls) on that axis do

not overlap. Caching such direction can help us to quickly verify whether the direction

is still a separating axis for the two objects after a small motion, potentially saving us the

cost of computing a new separating axis [GLM96]. Similarly, the bounding volume test

tree [LGLM00], a structure encoding the collision interface between two bounding volume

hierarchies, can be cached so that the collision checking in future time steps are more

efficient, zooming directly to where the potential overlapping regions and thus saving time

on hierarchy traversal.

We would like to point out that bounding volume hierarchies are only one of the sev-

eral methods used to filter out pairs of non-intersecting pairs of elements. Various other

ways have been proposed for this purpose. One simple way to do the filtering is to hash

elements in the objects into regularly spacing boxes called voxels [LK02, THM+03], ob-

serving that only pairs of elements that are in the same voxel could potentially intersect

each other. Another way to reduce the number of pairs of primitives to check for col-

lision is via visibility-based-overlap query using graphic hardware [GLM04, GRLM03].

The objects are rendered from different view directions, and pairs of objects whose images

are disjoint are guaranteed to be disjoint. For self-collision detection of clothes, Volino

and Thalmann [VT94] use surface curvature tests to rule out self intersections of certain

patches on a smoothly discretized surface.

Just like bounding volume hierarchy methods for collision detection, most work on

these methods focuses on practical aspects of collision detections and rarely provide any
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rigorous theoretical performance analysis. The collision detection algorithms used are sim-

ple tools to achieve fast enough running time for the simulations of interest. There is much

less emphasis on the scalability and accuracy of the collision detection algorithms and on

the worst case performance for arbitrary scenarios.

1.2 Implicit bounding volume hierarchies

It is well known that there is a wide gap between the theoretical and practical performance

of collision detection using bounding volume hierarchies. Consider the collision detection

between two polyhedra as in Figure 1.4. If we consider the faces of the polyhedra as

elements and construct bounding volume hierarchies for the polyhedra with those elements

as leaf nodes, as done in popular implementations such as SOLID [vdB97, vdB99] and

RAPID [GLM96], the cost of the collision detection is quadratic in the number of faces.

This is the case since the two polyhedra potentially intersect each other at quadratically

many places, forcing the collision detection algorithms to visit quadratically many pairs of

leaf nodes. There is little gain in using bounding volume hierarchies for collision detection

in this worst case.

While there is a vast literature on practical use of bounding volume hierarchies for

collision detection, there is surprisingly little work on bounding volume hierarchies from

the theoretical side. Zhou and Suri et al. [ZS99] and Suri et al. [SHH98] showed that if the

objects are fat, the number of overlapping pairs of objects are roughly proportional to the

number of overlapping pairs of bounding boxes of the objects. This result justifies the usage

of bounding boxes to cull away pairs of non-overlapping objects. Erickson [Eri05] studied

a class of polyhedra that he calledlocal polyhedra and showed that the intersection between

two local polyhedra can be computed inO(n log n) time using hierarchies of axis-aligned

bounding boxes.

This dissertation contributes to the understanding of bounding volume hierarchies from

the theoretical side. We use theoretical analysis to analyze various aspects of the perfor-

mance of collision detection using bounding volume hierarchies. We focus on implicit

representations of bounding volume hierarchies and show the advantage of keeping the
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Figure 1.4: Chazelle’s polyhedra from [Eri05]. Two polyhedra could poten-
tially intersect each other at quadratically many places. Algorithms using
bounding volume hierarchies will not help to reduce the quadratic cost of col-
lision detection in this case.

bounding volumes or bounding volume hierarchies as combinatorial objects instead of rep-

resenting them explicitly as geometric objects as in the previous works.

In particular, we show implicit representations of bounding volumes give us a better

trade off between tightness and complexity. Instead of representing the bounding volumes

using explicitly defined shapes such as spheres, AABBs, OBBs, etc., we consider using

zonotopes, complex shapes with simple descriptions as Minkowski sums of line segments,

as bounding volumes. Zonotopes have complicated explicit shapes allowing them to cover

objects tightly. On the other hand, an implicit representation of zonotopes as collections of

segments enables efficient algorithms operating on zonotopes.

We also show two different implicit representations of bounding volume hierarchies. In

both representations, the bounding volume hierarchies are combinatorial objects attached

to the objects and not to the ambient space as in the previous works. When the objects

deform, even though the bounding volume hierarchies change continuously, the combi-

natorial structures representing them only change at discrete moments, at which time the

structures can be updated. We rigorously analyze various qualities of the data structures we

use and the efficiency of our algorithms in the worst case using asymptotic analysis. We
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show that implicit representations are more stable and they enable smooth update of the

bounding volume hierarchies when the underlying objects deform.

1.3 Overview and summary of results

The dissertation is divided into 3 parts. In chapter 3, we propose to use zonotopes, com-

plex polytopes that can be represented implicitly as Minkowski sums of line segments, as

bounding volumes. As complex polytopes, zonotopes can be used to capture objects tightly,

yet with their simple implicit representation as sets of line segments, they allow efficient

algorithms to operate on them. We give algorithms to compute tight bounding zonotopes

containing a set of points in 2D and in higher dimensions, and give an efficient algorithm

to do collision detection in 3D. Given a set of points, we show anO(n log2 n) algorithm

to compute the minimum area enclosing zonotope inIR2, and an algorithm to compute a

(1 + ε)-approximate minimum length zonotope inIRd in timeO(nε−(d−1)2 + ε−O(d2)). We

provide an algorithm for detecting collision between two implicitly represented zonotopes

in IR3 in timeO(n log2 n).

We also show that zonotopes can be used to facilitate collision detection in space time

domain, a technique to ensure that the collisions of objects are always detected during their

continuous motion.

In chapters 4 and 5, we address the issue of updating the hierarchy during motion. In

chapter 4, we consider bounding sphere hierarchy on deformable necklaces, linear struc-

tures such as ropes, strings, muscles, macro-molecules, etc. We exploit this linear property

to define implicit bounding volume hierarchies on necklaces and show how we can maintain

them when the necklaces deform. We prove that self collision detection of the necklaces

using our implicit bounding volume hierarchies can be done in subquadratic time, the first

subquadratic time bound for self collision checking using predefined hierarchies.

In chapter 5, we define data structures calleddiscrete center hierarchieson point sets.

We provide algorithms to construct the structures and algorithms to update the structures

when points are added or removed. When the points move, assuming that the points move

coherently (which we will define precisely later) we provide algorithms to update the struc-

ture, fully exploiting the coherence in the motion of the points. We analyze our algorithm in
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the kinetic data structure framework, a theoretical framework for algorithms dealing with

motion, and show that our algorithm has all the properties of a nearly optimal kinetic data

structure.

The maintainability of the discrete center hierarchies under motion also implies the

maintainability of a number of other proximity structures of interest in computational ge-

ometry. We show how to maintain an(1 + ε)-well separated pair decomposition and an

(1 + ε)-spanner for anyε > 0, an approximate Voronoi diagram, an approximate k-center

data structure under motion, and we analyze the performance of the maintenance for those

structures.

We provide background material in chapter 2, and conclude in chapter 6.

1.4 References

The results in chapter 3 were published in the proceedings of Symposium on Discrete

Algorithms (SODA) in 2003 with title “Zonotopes as Bounding Volumes”, pages 803–812.
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The results in chapter 4 were published in Symposium on Computational Geometry

(SoCG) in 2002 with title “Collision detection for deforming necklaces”, pages 33–42. It

was republished in “Computational Geometry: Theory and Applications”, volume 28(2-3),

pages 137–163, in 2004. The work was coauthored by Pankaj Agarwal, Leonidas Guibas,

Daniel Russel, and Li Zhang.

Parts of the material in chapter 5 have been published in “Symposium on Computational

Geometry (SoCG)” in 2004 with title “Deformable Spanners and their Applications”, pages

179–199 and were republished in “Computational Geometry: Theory and Application”,

volume 35, pages 2–19, in 2006. This was a joint work with Jie Gao and Leonidas Guibas.



Chapter 2

Background

In this chapter we present background material for the rest of the dissertation.

2.1 Points and spheres as primitives

In this dissertation, the primitives we consider are points and spheres to simplify basic

geometric calculations so that we can focus on the combinatorial issues that form our main

interest. This choice of primitives is natural when the objects themselves are collections

of points or spheres. In many other cases, even when the primitives are not points or

spheres, we can frequently formulate the collision detection problems involved as being

on points or spheres. For example, when the objects are polytopes, bounding volumes

for a collection of polytopes could be thought of as bounding volumes of the vertices of

the polytopes. As another example, in simulations using finite element methods [Red93]

objects are often partitioned into small tetrahedra, each can be approximated by a sphere.

There is a literature on using spheres in engineering modeling [DB00] and for biomolecules

spheres are obviously the right choice.

We can also use the technique in [Qui94] to approximate the objects (or their surface

area) with collections of spheres, see Figure 2.1. The smaller the size of the spheres, the

more accurate the collections approximate the objects. The collision detection between

objects can then be approximated as a proximity query between the centers of the spheres

in the sphere collections.

14
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Figure 2.1: A covering using spheres of the surface of an objects and a bound-
ing volume hierarchy of that covering, in [Qui94]

.

2.2 KDS motion model

There has been increased interest recently in modeling time-varying phenomena and this

has naturally led to the study of geometric objects under motion. Certain assumptions on

the motion of the underlying objects are necessary so that algorithms for moving objects

can be analyzed.

Early work on moving objects in computational geometry, initiated by Atallah [Ata85],

focused on bounding the number of combinatorial changes in geometric structures as the

objects move along prescribed trajectories [AS00]. In the late 1980s algorithms were de-

veloped for detecting and computing the actual changes in geometric structures as objects

undergo motion, e.g. [ST95, AGMR98]. However, these results assume an off-line model

of motion in which the trajectories are given in advance, which is a relatively uncommon

situation.

More recently, theKinetic Data Structures Framework(or KDS for short) [Gui98,

BGH99] was proposed. In this framework, each object has a known flight plan, the tra-

jectory that each follows. However, the objects are allowed to change the flight plan when

necessary due to interactions with other objects or with the environment.

KDS works by maintaining a proof over time that a combinatorial structure has certain
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desired properties, for example the current data structure is a valid bounding volume hier-

archy of an object, or that a given pair of points is the nearest pair of points. Each proof,

calledcertificate, is often an assertion about certain relationship between the underlying

objects. Aneventhappens when a certificate fails, making the proof invalid. At each event,

we need to update the KDS, changing the combinatorial structure if necessary, and find a

new proof that the structure continues to have the desired properties.

An event that leads to a change in the combinatorial structure (say the pair of nearest

point change) is called aninternal event. An event that requires changes in the proof

without changing the data structure is called anexternal event. Note that an external event

is considered non-essential, as there are potentially some other KDS’s having the same

desired properties that does not have an event at that time.

As the trajectories of the objects are known precisely, the certificate failure time can

be predicted. Between certificate failure times, all the proofs remain valid, and thus the

desired property still holds. As the result, the KDS changes only at those certificate failure

time even though the objects move continuously.

A KDS maintains an event queue containing the failure times of its current certificates.

When the earliest event happens, the KDS must invoke some repair mechanism to generate

a new set of proofs and associated certificates for the desired property that we wish to

maintain.

The quality of a KDS is measured by the following 4 properties:

• Compactness. The compactness of KDS measures the size of the KDS in the worst

case. We call a KDS compact if the number of certificates in the KDS is at most

linear or near linear to the number of objects, i.e. when there areN objects, the KDS

has at mostO(N) or O(N polylog N) certificates.

• Locality. The locality of a KDS measures the number of certificates in which any

object participates in the worst case. We call a KDS local if any object is involved in

at mostO(polylog N) certificates. When a KDS is local, a flight change involves the

update of a small number of certificate failure times.

• Responsiveness. The responsiveness of a KDS measures how fast the KDS can be

updated in the worst case when a certificate fails. A KDS is called responsive if the
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KDS can be updated in timeO(polylog N).

• Efficiency. The efficiency of a KDS measures the ratio of the number of external

events over the number of internal events. A KDS is called efficient if this ratio is

at mostO(polylog N) in the worst case, i.e. the KDS does not spend too much time

handling non-essential events.

There are KDSs to maintain various geometric structures such as convex hulls, near-

est pairs [BGH97], Delaunay triangulations [BGSZ97], multi-dimensional range search

trees [BGZ97], etc. One of the key results in this dissertation is a KDS for bounding vol-

ume hierarchies.

2.3 Black box motion model

Though the KDS view has provided an elegant framework for the analysis of motion algo-

rithms, certain requirements limit its applicability, especially the need to predict certificate

failure times. In many real-world situations where a physical system is evolving according

to an ordinary or partial differential equation, the motion plans of the simulation elements

are not known in closed form and thus cannot be modeled properly in the KDS framework.

We consider a more practical motion model that we callblack box motion model.In

this model, we assume that at certain times (the time steps of the simulation) an oracle

moves the elements according to the some underlying physic laws and reports their new

position back to us. We assume that the time steps chosen by the simulator are such that

at each step the motion of the elements is small when compared to the overall scale of the

simulation. Unlike the kinetic data structure setting where we have explicit motion paths

and can predict certificate failures, here we are called upon to repair a geometric structure

after small displacements of its defining elements.

Maintaining geometric structures under black box motion model is significantly more

difficult compare to those under the KDS motion model. For example, maintaining a

Delaunay triangulation under the black box motion model is quite complicated with no

performance guarantees whatsoever [GR04], even though the same data structure can be

maintained easily and cheaply in KDS setting.
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We note that the repair mechanism for all existing KDS relies on a strong assumption

that the repair is done when thefirst certificate fails. It is not known whether any existing

KDS can be repaired when there are multiple certificate failures, or even when there is only

one failed certificate but this certificate is not guaranteed to be the first certificate that fails

since the last repair, situations that frequently occure in black box motion model.

In this dissertation, we show that our bounding volume hierarchy can be provably up-

dated in the black box motion model, making it the first data structure that is maintainable

in this more practical setting.



Chapter 3

Zonotopes as Implicit Bounding Volumes

3.1 Introduction

Zonotopes have long been studied in combinatorial geometry, polyhedral combinatorics,

algebraic geometry, and other parts of mathematics. Yet, except for their use in solving sys-

tems of polynomial equations [HS95], their usefulness in applications of interest to science

and engineering has been limited. In this chapter we propose to develop the use of zono-

topes (and especially zonogons and zonohedra, theR2 andR3 cases) as versatile bounding

volumes for pieces of underlying geometry in modeling applications. Unlike other bound-

ing volumes proposed in previous works, zonotopes are complicated objects, yet they have

simple implicit representations, and efficient algorithms are available to operate directly on

these implicit representations.

A zonotopeZ is defined by line segment generatorss1, s2, . . . , sn in Rd. The zonotope

is simply the Minkowski sums1⊕s2⊕· · ·⊕sn of its line segment generators. Equivalently, a

zonotope is simply an affine image of the unit cube fromRn toRd. Well known zonotopes

are parallelograms and regular hexagons inR2, and parallelepipeds, dodecahedrons, and

truncated octahedrons inR3, see Figure 3.1.

It is obviously a convex polytope and its facets are parallelepipeds defined by(d− 1)-

tuples of its generators. Note that a zonotope must be a centrally symmetric convex poly-

tope. While in 2-D any centrally symmetric convex polygon is a zonogon, that is no longer

the case in 3-D or higher dimensions. However, many familiar polyhedra are zonotopes,

19
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Figure 3.1: Rectangles, regular hexagons, cubes, dodecahedrons, and truncated
octahedrons are all zonotopes. They have 2, 3, 3, 4, and 5 segment generators
respectively.

including cubes and parallelepipeds, truncated octahedra, and rhombic dodecahedra. In

3-D the facets of a zonotopes are parallelograms defined by pairs of segment generators.

The collection of all those facets sharing a particular segment generator form a band (zone)

wrapping around the zonotope — a fact which justifies the namezonotope, see Figure 3.2

Figure 3.2: A zonotope and its band corresponding to the vertical segment.

Since a zonotope is always centrally symmetric, every facet has an opposite congruent

facet on the other side. The combinatorics of the faces of a zonotope are equivalent to those

of the vertices in an arrangement of great hypercircles in a sphere of one less dimension.

This can be most easily seen by considering the space ofd-dimensional hyperplanes tangent

to the zonotope. The space of all theird-dimensional normal unit vectors can be seen as a
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unit sphere, equivalent to an oriented projective(d − 1)-space. For any given unit vector,

there is a unique hyperplane normal to the vector and tangent to the zonotope at some face.

Under this map each generator gives rise to a great circle; thus the facets of the zonotope

are in 1-1 correspondence with the vertices of this spherical arrangement under this tangent

space map. Note that all facets belonging to a zone, map to the vertices on the great circle

defined by their shared generator.

Spherical arrangements can be mapped to hyperplane arrangements by a simple pro-

jective map. Because of these two correspondences, we can both estimate the size and

construct zonotopes by using the corresponding classical bounds for hyperplane arrange-

ments. In particular, zonotopes inRd have complexity (including number of facets) that is

O(nd−1), and can be constructed within the same time bound. In particular, a zonohedron

has complexityO(n2). If the generating segments are in general positions, i.e. nod seg-

ments lie on any hyperplane inRd, the complexity of the zonotopes is preciselyΘ(nd−1).

Several facts make zonotopes an intriguing possibility as a bounding volume:

• Zonotopes are closed under Minkowski sum and difference; this implies that test-

ing for intersection between two zonotopes can be implemented by testing for point

inclusion in their Minkowski difference.

• The list of generators is an efficientimplicit representation of the zonotope; for ex-

ample, inR3, a zonotope of sizeO(n2) can represented by onlyn generators. Fur-

thermore, operations such as Minkowski sum and difference are trivial to express in

terms of generator lists.

• Zonotopes allow for bounding volumes ofvariable complexity, within a unified frame-

work. For example, when constructing a bounding volume hierarchy, one can use

zonotopes with more generators at higher levels in the hierarchy, where there are

few hierarchy nodes but the complexity of the enclosed geometry might lead to a

bad fit using only few generators. As we will show, mixing space and space-time

volumes [Cam90, Hub93, Hub95] is another example.
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3.2 Summary of the results

In this chapter we present efficient algorithms for finding tight zonotopes enclosing some

underlying polyhedral geometry and for using zonotopes as bounding volumes in colli-

sion detection applications. Throughout, we aim to represent zonotopes via their implicit

representation as collections of generators, and not as explicit polytopes.

Specifically:

• We give anO(n log2 n) algorithm for computing the minimum area zonotope enclos-

ing a set ofn points inR2.

• We give an algorithm to find a zonotope enclosingn given points inRd with gener-

ators alongk given directions and minimizing the sum of the generator lengths, in

timeO(nkd−1 + kO(d)).

• We give an algorithm to find a zonotope enclosingn given points inRd whose to-

tal generator length is within(1 + ε) of the optimum, in timeO(n(ε/d)−(d−1)2 +

(ε/d)−O(d2)).

Furthermore, given zonotopes inR3 specified by their generators, we can:

• Decide whether two zonotopes withn generators in total intersect or not, in time

O(n log2 n) time.

• When repeated intersection testing is required, as in physical simulations, we de-

scribe how to implement efficiently some of the classical methods (such bounding

volume hierarchies, or tracking closest feature pairs) using only the implicit descrip-

tion of zonotopes via their generators.

• We show how to easily build boundingspace-time volumesfor zonotopes, for use in

collision detection applications where it is critical that no collisions be missed.

3.3 Zonotope fundamentals

Formally, a zonotope is a Minkowski sum of a finite set of line segments. An alternative

view is to define a zonotope by its center and generator vectors. The zonotopeZ centered
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Figure 3.3: The duality between the line arrangementΠ and the tilingT .

atp with generatorsv1, v2, · · · , vn is the point set{p+
∑

i δivi | −1 ≤ δi ≤ 1 for each1 ≤
i ≤ n}. We writeZ = (p, 〈v1, v2, · · · , vn〉). For simplicity, we assume throughout the pa-

per that the zonotopes are non-degenerate, i.e. anyd generators are linearly independent. In

d-dimensions, a zonotope withn generators has complexityO(nd−1). As we remarked, the

topology of the boundary of a zonotope matches the topology of a hyperplane arrangement

in any dimension [Zie94]. We describe this duality in three dimensions.

In three dimensions, the faces on a zonotopes are parallelograms. Let us take thez-axis

as pointing up. The boundary of a zonotope can be decomposed into two pieces: the upper

hull Z+ and the lower hullZ−. We projectZ+ on thexy plane and obtain the tilingT of a

convex polygonQ, the projection of the vertical silhouette ofZ+. Each tileTij in T is the

projection of a face onZ+ and is a translation of parallelogram{xv′i+yv′j | −1 ≤ x, y ≤ 1}
wherev′i denotes the projection ofvi on thexy-plane.

Now consider the planeP = {z | z = 1}. For each generatorvi of Z, we draw a plane

Pi passing through the origin and perpendicular tovi. Let `i be the linePi ∩ P . Denote

by Π the arrangement of{`i | 1 ≤ i ≤ n}. The dual diagram ofT is isomorphic to the

line arrangementΠ: each parallelogramTij in T corresponds to a vertex between`i and

`j; each vertex inT to a face inΠ; and each edge inT to an edge inΠ (Figure 3.3).
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In the later sections, we will exploit this duality between line arrangements and zono-

topes to design efficient algorithms for zonotope intersection testing.

3.4 Smallest enclosing zonotopes

In this section we focus on algorithms for computing smallest enclosing zonotopes for some

underlying geometry inRd. Many possible definitions of ‘smallest’ can be used, including

volume, surface area, total length of generators, etc. A first basic observation is that it

suffices to consider only the convex hull of the underlying geometry, since a zonotope is

convex. Since we are only concerned with polyhedral geometry, from now on we will focus

on computing the optimal enclosing zonotope of a set of points, which we may assume to be

the vertices of a given convex polytope. We consider the casesd = 2 andd ≥ 3 separately.

3.4.1 Minimum area enclosing zonotope inR2

In R2 we can give a fast algorithm to compute the minimum area enclosing zonotope. Our

input can be assumed to be a convex polygonH of n verticesPi, 1 ≤ i ≤ n, in R2. We

show that the smallest area zonotopeZ that contains all the pointsPi can be computed in

O(n log2 n) time.

We first look at a much simpler problem, when the centerO of the zonotope is specified.

In R2, a zonotope is simply a centrally symmetric polygon, orzonogon. If the zonogon has

a center atO and contains all the pointsPi, it must also contain all the reflection points

P ′
i of Pi throughO, and thus it contains the convex hull of the set of2n pointsPi andP ′

i .

This convex hull is centrally symmetric aroundO, and so it is the minimum area zonogon

centered atO and containing all the pointsPi. We call this zonogonZ(O).

In the general setting, only the pointsPi are given. We need to find the centerO that

minimize the area ofZ(O). For notational simplicity, we will allow indices outside the

range[1 . . n] and identifyPi with Pi+n andPi−n for eachi.

For a given centerO, the vertices ofZ(O) are either original pointsPi or reflected

pointsP ′
i . By grouping the original points together, and respectively, the reflected points,

we can describeZ(O) as a circular sequence of vertices in a counterclockwise order of the
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form: S = Pa1 ...Pb1P
′
a′1

...P ′
b′1
· · ·Pak

...Pbk
P ′

a′k
...P ′

b′k
. We call this sequence thecombinato-

rial descriptionof Z(O).

We denote by[P ] the area of a polygonP, and define the functionf : R2 → R,

f(O) = [Z(O)], for each pointO ∈ R2. Note that givenH andO, we can constructZ(O)

in O(n) time, and thusf can be evaluated at any pointO ∈ R2 in O(n) time. To find the

global minimum off , we first establish some properties off .

Pas

O

P'as

Pbs

P'bsP'a's

Pa's

P'b's-1
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P'as+1

P'b's

Pb's

Figure 3.4: Combinatorial description of a zonogon

In a region where the combinatorial description ofZ(O) is a constantS, exploiting the

symmetry ofZ(O), we have that (see Figure 3.4):

f(O) =
k∑

s=1

(
[OPasP

′
a′sPas+1 ] +

[Pas ...PbsP
′
a′s ] + [P ′

a′s ...P
′
b′sPas+1 ]

)

=
k∑

s=1

(
[Pa′sPasOPas+1 ] + 2 [Pas ...PbsP

′
a′s ]

)

=
k∑

s=1

(
[Pa′sPasPas+1 ]− [OPasPas+1 ]

+4 [Pas ...PbsO]− 2 [Pas ...PbsPa′s ]
)

=
k∑

s=1

(
[Pa′sPasPas+1 ] + 4 [Pas ...PbsO]

−2 [Pas ...PbsPa′s ]
)
− [Pa1 ...Pak

] .

It follows from the above equation, in each region whereS is a constant,f is an affine
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function ofO. The coefficient of the linear term of that affine function comes from the term

4 [Pas ...PbsO] and thus depends only on the edges ofH appearing onZ(O).

For an edgePtPt+1 ofH, let s be such thatPs be the point furthest fromPtPt+1 among

all the pointsPi. Let `t be the directed line connecting the midpoint ofPsPt to the midpoint

of PsPt+1.

It is easy to see that the edgePtPt+1 of H is an edge ofZ(O) iff all the pointsP ′
i are

on the left side of the directed linePtPt+1, i.e. iff P ′
s is on the left side ofPtPt+1, and thus,

iff O is on the left side of̀ t. If A denotes the arrangement of the lines`t, then it is clear

thatf is a piecewise affine function overA. We have thus shown:

Lemma 3.4.1.

The area functionf is piecewise affine, and its domain decomposition is given by an ar-

rangement ofn lines.

Given a line`, let us consider the restrictionf` of f onto `. It is clear thatf` is a

piecewise affine function as well. We can compute the intersections of` with the lines`t,

and sort these intersections inO(n log n) time. After that, whenO moves along̀ , we can

track the edges ofH appearing on or disappearing fromZ(O). This way, we can easily

compute the functionf` in O(n) additional time. Thus,

Lemma 3.4.2.

The restriction off onto any linè can be computed inO(n log n) time.

By rotating the plane, we can assume, without lost of generality, that the line` is a

vertical line. We further assume that the line` and the pointsPi are in general position,

and thus̀ is not parallel to any of the edges inH. When the pointO is at−∞ along`, the

edges inH appearing onZ(O) are edges on the upper hull ofH. WhenO moves upward

and crosses one of the line`t, if that line corresponds with an edge in the upper hull ofH,

that edge disappears fromZ(O). If the line`t corresponds with an edge in the lower hull of

H, that edge appears onZ(O). Observe that in both cases, the slope off` increases. As the

result, the slope off` is monotonically increasing. The pointOm where the slope changes

sign from negative to positive must be unique and is the only minimum off`. Thus,
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Lemma 3.4.3.

The restrictionf` of f onto any linè is a unimodal function, i.e. a function with only one

local minimum.

Corollary 3.4.4. The functionf is unimodal, i.e. it has only one local minimum.

Proof: If f has at least two local minima, let` is a line passing through at least two minima

of f . The restriction off on` has at least two local minima, a contradiction to the previous

lemma. ¤

Let ` be a vertical line, and letO` be the point wheref` achieves its minimum. From

Lemma 3.4.2,O` can be computed inO(n log n) time. If we compute the linear coefficient

of f at O`, we can decide whetherO` is the global minimum off , and if not, using the

unimodal property off , we can tell whether the global minimum must be on the left or the

right of `.

As f is piecewise affine onA, it has a global minimum at one of the vertices ofA.

We can use binary search, with the help of the slope selection algorithm of [CSSS89], to

locate that vertex. There areO(n2) candidate vertices at the beginning. In each search step,

we reduce the number of candidate vertices in half, by first running the slope selection

algorithm to obtain a vertical line separating the set of candidates into 2 subsets of equal

size, then deciding which of the subsets contains the global minimum. There areO(log n)

search steps, each costsO(n log n) time for running the slope selection algorithm to obtain

a vertical line, and anotherO(n log n) time to decide what side of that vertical line the

optimal vertex is on. The total cost of locating the global minimum off is O(n log2 n).

Thus,

Theorem 3.4.5.The minimum area zonotope containing a set ofn points inR2 can be

computed inO(n log2 n).

In Rd, d ≥ 3, the computation of the optimal enclosing zonotope for a point set is more

complicated, because not every centrally symmetric polyhedral body is a zonotope. In fact,

most centrally symmetric bodies cannot be approximated arbitrarily closely by zonotopes

— those that can are know aszonoids. Unlike in R2, we know of no simple way to find
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an optimal enclosing zonotope even when the zonotope center is given. The volume of a

zonotopes inRd is also more complicated, being the sum of the volumes of all possible

parallelepiped formed by d-tuples of the generators. We consider instead ford ≥ 3 two

simpler problems. In both problems, we use the sum of the total length of the generators as

the measure of optimality. In the first problem, we consider the case where the directions

of the generators are given, and in the second problem, we consider the task of finding an

approximately optimal enclosing zonotope.

3.4.2 Discrete oriented enclosing zonotope

Given a set of pointsP = {p1, p2, ..., pn}, and a set of unit vectorsV = {v1, v2, ..., vk}, we

would like to compute a pointp and coefficientsc1, c2, ..., ck such that the discrete oriented

zonotopeZd = (p, 〈c1v1, c2v2, ..., ckvk〉) contains all points inP .

What makes this problem easier is the fact that the combinatorial structure of a zonotope

depends on the direction of its generating vectors, and not on the their length, and thus the

combinatorial structure of all discrete oriented zonotopes with the same direction vector

set are the same. We can compute the hyperplane arrangement dual toZd in O(kd−1) time

and then, for any(d − 1)-tuple of directions, we can find the normal direction of the two

zonotope faces corresponding to that tuple, and find the two extreme points amongP along

that direction. It is clear that we only need to look at these extreme points when computing

Zd.

By rearranging the points if necessary, we can assume without lost of generality that

the firstn′ pointsp1, p2, ..., pn′ are the extreme points,n′ = O(kd−1).

To compute the coefficientsci’s, we solve the following linear program:

min

k∑
i=1

ci,

subject to:

pj = p +
k∑

i=1

bijvi, ∀j, 1 ≤ j ≤ n′, and

−ci ≤ bij ≤ ci, ∀i, j, 1 ≤ i ≤ k, 1 ≤ j ≤ n′.
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We can solve this linear program in polynomial time using interior point methods

[Wri92]. There areO(kd) equations and constraints, and therefore the cost of solving

this linear programming isO(kO(d)). Thus,

Theorem 3.4.6.The minimum total length discrete oriented zonotopeZd having genera-

tors alongk given directions and containing a given set ofn points can be computed in

O(nkd−1 + kO(d)) time.

3.4.3 Approximate minimum total length zonotopes

In this subsection, we would like to compute a zonotopeZa containing the set of points

P = {p1, p2, ..., pn} such that the total length of the generators ofZa is within aO(1 + ε)

factor of the the total length of the minimum total length zonotopeZ = (p, 〈w1, w2, ..., wr〉)
enclosingP .

We consider the set of unit vectorsS = {v1, v2, ..., vk} that tessellates the sphere of

directions so that for any unit vectoru, there is a vectorvj in S such that|u − vj| < ε/d,

i.e. any unit vector can be closely approximated by a vector inS. It is intuitively clear that

we can do so withO((ε/d)−(d−1)) vectors. Lete1, e2, ..., ed be the unit vectors along the

axes of some coordinate system.

For each generator vectorwi of Z, let vj(i) be a vector inS that closely approximates

wi/|wi|, i.e.
∣∣vj(i) − wi/|wi|

∣∣ < ε/d. From this and the fact that the unit cube contains the

unit sphere,wi/|wi| ⊂ vj(i) ⊕d
i=1 ((ε/d) · ed). Thus

Z = p⊕⊕r
i=1wi

⊂ p⊕⊕r
i=1

(|wi| · (vj(i) ⊕d
i=1 ((ε/d) · ed))

)

= p⊕⊕r
i=1(|wi| · vj(i))⊕d

i=1

((
(ε/d)

d∑
i=1

|wi|
) · ei

)
.

Let R = S ∪ {e1, e2, ..., ed}, thenZ is contained inside a discrete oriented zonotope

with direction vector setR. We call this zonotopeZ ′. Let D =
∑d

i=1 |wi|, the total length

of generators inZ, then the total length of generators inZ ′ is at mostD + εD = (1 + ε)D.
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We computeZa with direction vector setR having the minimum total length. The total

length of generating vectors ofZa is less than the total length ofZ ′, and thus is within1+ ε

the total length ofZ. Thus,

Theorem 3.4.7.Given a set ofn points inRd, and anε > 0. An approximate enclosing

zonotope of the point set with total length of generators within1 + O(ε) of the optimal one

can be computed inO(n(ε/d)−(d−1)2 + (ε/d)−O(d2)).

3.5 Collision detection between two zonotopes

We now describe algorithms for testing if two zonotopes intersect inR3. We consider two

scenarios. In the first scenario, we only need to detect the collision between two static

zonotopes. In the other scenario, we need to repeatedly detect the collision between two

zonotopes in different positions or orientations. In latter case, preprocessing is allowed to

accelerate the subsequent collision detection. This scenario is often encountered in appli-

cations dealing with dynamic scenes such as moving objects. All of these problems have

been studied extensively for convex bodies. Of course, a zonotope is a convex object and

thus any algorithm for convex objects applies to zonotopes as well. However, the explicit

representation of a zonotope withn generators needsΘ(n2) storage. Direct application of

the existing algorithms to zonotopes becomes inefficient. Therefore, the major challenge is

to design efficient algorithms that work for implicitly represented zonotopes. We show in

this section that many algorithms developed for convex bodies have efficient counterparts

for zonotopes.

3.5.1 Static collision detection

For this problem we need to ‘anchor’ zonotopes at particular points of space. Thus we will

specify zonotopes by giving their center, followed by a list of their line segment generators.

We treat the segment generators as vectors emanating from the origin. Note that when

the center coincides with the origin, a zonotope coincides with its centrally symmetric

reflection through the origin.
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Given two zonotopesZ1 = (p, 〈v1, · · · , vk〉) andZ2 = (q, 〈w1, · · · , wm〉), we wish to

decide whetherZ1 intersectsZ2, i.e. whetherZ1 ∩ Z2 = ∅. The following is well-known.

Lemma 3.5.1. Z1 ∩ Z2 6= ∅ iff q − p is in the zonotope(0, 〈v1, · · · , vk, w1, · · · , wm〉).

The above lemma reduces the collision detection between zonotopes to the point mem-

bership problem of a zonotope: given a pointp and a zonotopeZ = (0, 〈u1, u2, · · · , un〉)
(heren = k + m), determine whetherp ∈ Z. Of course, we may compute the explicit rep-

resentation of this zonotope and apply a standard algorithm for checking whether a point

is inside a convex body. This algorithm, however, will run in at leastΩ(n2) time as the

number of vertices of a zonotope can be quadratic in terms of the number of generators.

In this section, we present an algorithm for intersection detection with onlyO(n log2 n)

running time.

Recall that the boundary ofZ can be decomposed into the upper hullZ+ and the lower

hull Z−. A point is in Z iff it is directly below Z+ and directly aboveZ−. We therefore

further reduce the problem to determining whether a point is directly belowZ+ or/and

aboveZ− (the problems are symmetric). LetQ be the boundary of the projection ofZ+

and the tilingT of Q be the projection ofZ+ on thexy plane (Figure 3.3). For a pointp,

consider its projectionp0 on thexy plane. Ifp0 is outside ofQ, p is not directly belowZ+.

Otherwise, we locate the parallelogramT that containsp0 and decide ifp is above or below

the corresponding facet onZ+.

The tiling T can be viewed as a monotone planar subdivision. We will use a method

similar to [EGS86] to locate the point. Namely, we perform a binary search on the mono-

tone separators to determine the two adjacent separators that sandwich the point. We will

show below that each separator consists ofn line segments and can be computed in time

O(n log n). Since we performO(log n) comparisons against separators in total, the algo-

rithm runs in timeO(n log2 n). In what follows, we shall show how to construct a separator

in O(n log n) time.

We will now exploit the previously mentioned tangent space duality between zonotopes

and arrangements. For a zonotopeZ, let Π be the line arrangement defined in Section 3.3.

Order all the vertices inΠ according to theirx coordinates, and index the vertices according

to their order. We can assign the same index to the corresponding parallelogram inT .
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Clearly, the order is consistent with the “right-of” relationship1 in T . Denote byLk the

vertical line that just on the right of thek-th vertex inΠ. Suppose thatLk crosses the lines

`i1 , `i2 , · · · , `in from left to right (Figure 3.3). Define the corresponding vertical pseudoline

L′k in the tilingT as follows. We start from the top vertex ofQ and form a monotone chain

S by extendingv′i1 , v
′
i2
, · · · , v′in one by one. SinceLk separates all the vertices with indices

≤ k from those> k, L′k separates all the faces with indices≤ k from those> k, i.e L′k is

thek-th separator, from left to right, inT . We can computeLk in O(n log n) time by the

optimal slope selection algorithm [CSSS89]. Therefore, we have that:

Theorem 3.5.2.For any two zonotopes withn generators in total, we can decide whether

they intersect inO(n log2 n) time.

3.5.2 Repetive collision detection

In many settings such as in motion planning, dynamic simulation, and computer animation,

we may need to perform intersection testing between two objects repetitively when they are

in different configurations. When the objects are represented as polytopes, typical methods

used for such collision detections include the Minkowski sum method for translational

motions, hierarchical methods, and local walking techniques. We will describe how to

implement those methods efficiently for implicitly represented zonotopes.

Minkowski sum method. When only translation is allowed, one standard technique is

the Minkowski sum method2. In such a method, we compute the Minkowski sum of two

convex objects and reduce the collision detection problem to a point containment problem

in the Minkowski sum. According to the earlier duality, this is very similar to point location

in line arrangements. Point location in line arrangements is a very well studied topic in

Computational Geometry. The best known trade-off between preprocessing and query time

is roughlyO( n√
m

) query time by usingO(m) preprocessing time and space. Unfortunately,

we are unable to achieve the same bound for our problem. Instead, we have the following

weaker trade-off.

1We use “right-of” instead of “above” notation just for exposition convenience.
2The Minkowski sum method works for rotations too, but it raises the dimension from three to six and

increases the complexity significantly.
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Lemma 3.5.3. For any zonotope withn generators, for anyn ≤ m ≤ n2, we can prepro-

cess it into a data structure withO(m) space so that the membership query can be answered

in timeO(n2

m
log2 n).

Proof: We compute a(1/r)-cutting ∆ of the dual arrangement: a set ofO(r2) interior

disjoint trapezoids that refine the arrangement ofr lines so that each trapezoid is crossed

by O(n/r) lines. We then map the cutting to the tilingT of Q. Each line`i is mapped

to a pseudolinè′i which is the bisector of the strip corresponding to the generatorvi (Fig-

ure 3.3). We perturb each vertical thread to its right and map to its corresponding vertical

pseudoline as defined before. This way, we obtain a planar subdivision∆′ of Q. Each cell

in the subdivision corresponds to a trapezoid in∆. Further, the line-trapezoid incidence

relationship in(Π, ∆) is preserved. Thus, we can compute and store aO(log n) query time

point location data structure for∆′ and associate the crossing lines with each cell in∆′.

For any query point, we first locate it in∆′ and then use the algorithm as shown in Theo-

rem 3.5.2 to locate the point. The first step takesO(log n) time, and the second step takes

O(n
r
log2 n) time as each cell is crossed byO(n/r) lines. As for the preprocessing, since

each pseudoline has complexityO(n), the complexity of the arrangement ofr pseudolines

is O(nr). In addition, each cell needs to storeO(n/r) lines and there areO(r2) cells. The

storage in total isO(nr). By settingr = m/n, we obtain the bound as claimed. ¤

The above algorithms can also be used to compute the polyhedral distance defined by

the zonotope.

Corollary 3.5.4. Given a polyhedral metric defined by a zonotope withn generators, for

anyn ≤ m ≤ n2, we can construct a data structure usingO(m) storage and inO(m log n)

time, so that the distance between any two points can be computed in timeO(n2

m
log2 n).

Proof: For any two pointsp, q, we locate the face intersected by the ray from the origin to

q − p and then compute the Minkowski distance. The intersection can be reduced to point

location in the mapping of the boundary of the zonotope to a sphere centered at the origin.

The same technique and bound apply. ¤

Hierarchical method. In the hierarchical method [DK83, EGSZ99], a series of bound-

ing volumes are computed to approximate the object with higher and higher accuracy. The
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collision detection between two objects is by starting from the coarsest level of the bound-

ing volumes and descending until we separate two bounding volumes or detect the collision

between the two objects. Here, we wish to emulate the hierarchical method for implicitly

represented zonotopes.

Denote byH(A,B) the Hausdorff distance between two point setsA andB and by

D(A) the diameter of a point setA. What is crucial in bounding volumes construction

in [EGSZ99] is a the well-known approximation property of convex bodies: for any con-

vex objectA in three dimensions and for anyε > 0, there exists another convex bodyB

with O(1/ε) vertices so thatH(A,B) ≤ εD(A) [Dud74]. There are similar results for

zonotopes. In [BM83], it is shown that a unit ball inR3 can be approximated within Haus-

dorff distanceε by a zonotope withO(1/ε) generators. The proof is constructive but only

works for Euclidean balls. In [BLM89], it is proven that ind-dimensions, any zonoidA can

be approximated withinεD(A) by a zonotope withO(1/ε2+τd) generators, for anyτ > 0.

But the proof is non-constructive. In the following, we show that for any zonotope withn

generators, we can construct an approximation efficiently.

Lemma 3.5.5. For any zonotopeA in R3 and for anyε > 0, there exists a zonotopeB with

O(1/ε2) generators, so thatH(A,B) ≤ εD(A). Further,B can be computed inO(n) time

wheren is the number of the generators ofA.

Proof: Suppose thatA = (0, 〈v1, v2, · · · , vn〉). By symmetry, we can assume that all the

vi’s have positivez components. We normalize everyvi and eachvi corresponds to a point

pi on the unit hemisphere. Now, we subdivide the unit hemisphere intok patches so that

for any two pointsp, q in the same patch, the angle betweenop and oq is bounded by

O(1/k1/2). Suppose that the patches areC1, C2, · · · , Ck. For eachCj, pick a pointqj in Cj

and denote bynj = −→oqj.

Now divide all thevi’s into clusters according to the patches they are in. DefineVj =

{vi|pi ∈ Cj}. For each vectorvi ∈ Vj, we form two vectors:v1
i = (vi · nj)nj is the projec-

tion ofvi on the directionnj, andv2
i = vi−v1

i . Setuj =
∑

vi∈Vj
v1

i , for 1 ≤ j ≤ k. Consider

the zonotopeZ = (0, 〈v2
1, v

2
2, · · · , v2

n〉). Suppose that(0, 〈w1, w2, w3〉) is the tightest axis

aligned bounding box ofZ. (w1, w2, w3 can be computed easily by projecting eachv2
i to

the x, y, z axes). Now, consider the zonotopeB = (0, 〈u1, u2, · · · , uk, w1, w2, w3〉). We
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claim thatH(A,B) ≤ εD(A) if k = c/ε2 for some constantc > 0.

Becausevi = v1
i + v2

i , we have that

A ⊂ (0, 〈v1
1, v

1
2, · · · , v1

n〉)⊕ (0, 〈v2
1, v

2
2, · · · , v2

n〉)
⊂ (0, 〈u1, u2, · · · , uk〉)⊕ Z

⊂ (0, 〈u1, u2, · · · , uk〉)⊕ (0, 〈w1, w2, w3〉) = B .

Denote by‖v‖ the Euclidean length of the vectorv. For any pointp ∈ B of the

form p =
∑

i αiui +
∑

j βjwj, let q =
∑

i αi

∑
vj∈Vi

vj ∈ A. It suffices to prove that

‖pq‖ ≤ εD(A) if k = c/ε2 for some constantc > 0. First, it is easy to verify that

‖pq‖ ≤ c0

∑
i ‖v2

i ‖ for somec0 > 0. According to the property of the subdivision, we have

that‖v2
i ‖ ≤ c1/k

1/2‖vi‖ for somec1 > 0. Therefore‖pq‖ ≤ c2/k
1/2

∑
i ‖vi‖. Further, it is

not hard to see thatD(A) ≥ c3

∑
i ‖vi‖ for some constantc3 > 0. Setc = ( c2

c3
)2. Then we

have that‖pq‖ ≤ εD(A), if k = c/ε2. Therefore,H(A,B) ≤ εD(A), andB hasO(1/ε2)

generators. ¤

Local walking method. In a local walking method [LC91, Mir97], the closest pair of

features (vertices, edges, or faces) between two convex objects is tracked for two objects.

It is shown in [LC91] that a simple local walking strategy is guaranteed to find the clos-

est pair of features between two convex volumes. If the motion is small, then the closest

pair at any time step should not be “far” from the previous step, and therefore the walking

should terminate in a small number of steps. Now, we show that the local walking method

can be applied to zonotopes as well. What is crucial in Lin-Canny’s method is the ability

to discover the neighboring features of any given feature. This is easy for an explicitly

represented polyhedron. However, again we cannot afford to construct the explicit repre-

sentation of a zonotope. Instead, we show that it is easy to construct the neighborhood of

any feature on the fly. For simplicity, consider the walking from face to face inT . On each

face ofT , there are four choices to choose to which neighbor to exit. We have that

Lemma 3.5.6. For any zonotope withn generators, after preprocessing withO(n) space

andO(n log n) time, we can perform the face-to-face walking inO(log2 n) time per step.

Proof: Again, by duality, the walk is to determine the vertices adjacent to the vertex dual
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to a face inT . This can be done by maintaining a dynamic convex hull data structure. The

classical algorithm by Overmars and van Leeuwen [OvL80] gives us the desired bound.¤

3.6 Zonotopal space-time volumes

As we mentioned, an important benefit of zonotopes is that their description complexity

can be varied or adjusted according to the application needs. In this section we illustrate

how this can be exploited for collision detection involvingspace-time volumes[Cam90,

Hub93, Hub95].

Consider a simple scenario where we have two zonotopesP andQ moving rigidly in

R3. We are interested in verifying that their paths do not collide. In a typical implemen-

tation, the dynamics ofP andQ are controlled by an integrator. At each time time step

the positions of the bodies are updated by the dynamics module, and a new collision test is

performed, using (say), the algorithm described in Section 3.5. Note that in this approach,

the rate of collision checking is determined entirely by the system dynamics. It is possible

that collision may be missed, ifP andQ overlap, and then stop overlapping, within a single

time step. It is also possible that unnecessary collision checks are done, as when the two

bodies are far away.

A way to address both of these concerns is to do collision checking not onP andQ, but

on the portions of space swept byP andQ during a period of time∆t, the so-called space-

time volumes of the two bodies. In this section we show how to enclose these space-time

volumes in bounding zonotopes. Note that if these bounding volumes are disjoint, thenP

andQ cannot collide at any time during the interval∆t. If the volumes intersect (either the

bounding zonotopes, or the actual space-time volumes swept by the bodies), thenP and

Q may or may not collide during∆t. Note thatP andQ collide if they occupy the same

space at the same time. Our space-time volumes are 3-D and are the spatial projections of

the real 4-D space-time volumes. Thus, ifP collides withQ’s location at a different time

during∆t, this will lead to a space-time volume intersection, even thoughP andQ have

not collided. When such collisions are detected, the interval∆t can be cut in half and the

process repeated, until either a real-collision is detected, or non-intersection is confirmed.

We omit further details here.
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If the bodyP just translates during the interval∆t, then its translation vectorv can just

be added to the list of generators forP to produce a zonotopal description for the exact

space-time volume swept byP . The new zonotope needs to be anchored at the origin of

P , translated byv/2. This simple case illustrates the power of the zonotope description.

Of course we must handle the case of a more general rigid motion during∆t. Besides

translation, there can be a rotational component as well. Letz be the rotation axis andθ the

rotation angle; we assume thatθ < 180◦—a condition that should be easy to satisfy since

in general∆t is small. The rotational component causes each vertex ofP to move along a

circular arc centered on thez axis, on a plane normal to the axis. Figure 3.5 below depicts

these vertex arcs, projected onto a plane normal to thez-axis and moved to a common

origin.

O

c

Figure 3.5: The rotational motion of the vertices ofP .

If we can enclose these arcs in a tight-fitting parallelogram (a 2-D zonotope), we aug-

ment the generators ofP with the translation vectorv and these two ‘rotational’ generators,

to produce a space-time bounding volume for the rigid motion ofP . The resulting zonotope

needs to be centered at the center ofP , offset byv/2 and the offset between the common

origin of the arcs and the parallelogram center in Figure 3.5. The fact that this zonotope

bounds all placements ofP during the rotation follows, because the space-volume contain

all vertices of each such placement, and therefore (by convexity) all ofP throughout∆t.

Since we expect∆t to be small, we also expect the set of arcs we need to enclose to

be small in length. However, the number of such arcs can beΘ(n2) (wheren denotes the

number of generators ofP ), so we wish to avoid looking at all these arcs individually.
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Looking at Figure 3.5, we claim that a particular arcc is contained in a circle centered at

the origin and passing through its other endpoint, because by assumption each arc spans an

angle of less than180◦. Thus all arcs are fully enclosed in a circle centered at the origin,

whose radius is the distance to the the most distant endpoint of any of the arcs. This circle

can in turn be enclosed in a square, which forms our bounding parallelogram.

It remains to show how to compute the distance of the vertex ofP most distant from

the rotation axisz. To do so it suffices to project all generators ofP onto a plane normal to

z and simply compute the 2-D zonotope generated by them inO(n log n) time, then select

the most distant of the2n vertices thus formed. Thus we have shown that:

Theorem 3.6.1.Given a rigid motion ofP over interval∆t, a space-time bounding zono-

tope for all placements ofP can be computed by adding three generators toP . These

generators can be computed inO(n log n) time.

Note that, since our space-time volumes are spatial projections of the true 4-D space

time volumes, we need not assume thatP moves with constant velocity and angular accel-

eration during its rigid motion. All that matters is the set of spatial positions occupied and

not the times at which they were. It would be interesting to explore the idea of working

directly with 4-D zonotopes that are bounding volumes in true space-time, but we have not

explored that path since we currently lack an efficient intersection test for 4-D zonotopes.



Chapter 4

Implicit Bounding Volume Hierarchies

for Deformable Necklaces

4.1 Introduction

An aspect of motion that has not been adequately modeled in previous work is that objects

in the world are often organized into groups and hierarchies and the motions of objects

in the same group are highly correlated. For example, though not all points in an elastic

bouncing ball follow exactly the same rigid motion, the trajectories of nearby points are

very similar and the overall motion is best described as the composition of a global rigid

motion with a small local deformation. Similarly, the motion of an articulated figure, such

as a man walking, is most succinctly described as a set of relative motions, say that of

the upper right arm relative to the torso, rather than by giving the trajectory of each body

part in world coordinates. All theoretical analysis to-date are based on the assumption of

independently moving objects. By ignoring such motion coherence we run the danger of

developing sub-optimal algorithms that do not exploit well the structure of the problem. A

similar call for realistic input models in geometric algorithms was made in [dBKvdSV97].

In this chapter we propose to study a model for deformable ‘linear’ objects such as

macro-molecules, muscles, ropes, etc. Though our objects live inIR2 or IR3, they have

an essential one-dimensional character that we heavily exploit in our algorithms. It is

worth noting that, though modeling some aspects of linear objects is simpler than modeling

39
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surfaces or solids, linear objects can come into self-proximity and self-contact in more

elaborate ways than their higher-dimensional counterparts. So from a certain point of view,

dealing with collisions for deformable linear objects is the hardest case.

We call our linear objectsnecklacesand the spherical elements used to model them

beads. The exact way in which a necklace moves and deforms depends on the physical

model used and is application dependent. We focus on tracking different geometric at-

tributes of a necklace, in particular, an bounding volume hierarchy of the necklace.

One of the key contributions made in this chapter is an implicit bounding volume hi-

erarchy for our deforming necklaces. We exploit the linear structure of the necklaces to

obtain bounding volume hierarchies that are simply combinatorial structures attached on

the necklaces instead of on the ambient space. By representing the bounding volume hi-

erarchy implicitly as a combinatorial structure, the bounding volume hierarchy is stable

under motion and can be maintained efficiently. Furthermore, the bounding volume hierar-

chy remains tightly fitting throughout the motion.

We also consider to use power diagrams (generalized Voronoi diagrams) to track prox-

imities between the beads in a necklace. The power diagram can be readily maintained

under the KDS setting, and it provides a complement to our bounding volume hierarchies,

working well when the bounding volume hierarchies does not.

4.2 Our approach and results

In this chapter, we investigate bounding sphere hierarchies for proximity maintenance and

collision detection of deforming necklaces. Given that our atomic elements are themselves

balls, our choice of spheres as our bounding volumes is natural. Spheres do not bound as

tightly as oriented bounding boxes (in the limit they have linear as opposed to quadratic

convergence to an underlying smooth shape [GLM96]), but intersection/containment tests

among them are especially simple and their symmetry makes rigid motions straightforward

to implement.

The various hierarchies discussed above for static geometry aggregate bounding vol-

umes based on spatial proximity. When an object undergoes large deformations, however,

spatial proximity is variable over time and cannot be used as a reliable guide to aggregation.
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We have decided to base the hierarchy we will use ontopological proximityin the object,

because this notion of proximity is better preserved. For our linear necklace this gives us

an especially simple rule for aggregation: we build a balanced binary tree on the sequence

of beads{B1, B2, · · · , Bn} so that the intermediate aggregates correspond to the sets of

leaves that are descendants of internal nodes in the tree.

The specific sphere hierarchy we use is based on bounding volumes which are the

smallest spheres containing relevant parts of the original geometry — which are contiguous

substrings of beads in our setting. This gives each bounding sphere a small combinatorial

description: such a sphere is determined by at most four of the enclosed beads (3 inIR2).

As our necklace deforms, the geometry of this sphere hierarchy also changes continuously.

However, the combinatorial descriptions of these bounding spheres (in other words, the

lists of beads defining them) change at only discrete events. This discrete nature of the

updates makes it possible to maintain the bounding spheres efficiently under motion, in

contrast to non-combinatorially defined bounding volumes

In general, a bounding volume hierarchy is formed by creating a balanced recursive

partitioning of the underlying geometry and computing a bounding volume enclosing each

group. Once the partitioning is determined, there are two ways to form the bounding vol-

ume hierarchy. One is, as we do, to compute a tight bounding volume on the geometry in

each group, which we call the ‘wrapped hierarchy’, and the other is to compute the bound-

ing volume of the bounding volumes of the children subgroups, which we call the ‘layered

hierarchy’. Clearly, the wrapped hierarchy is always tighter than the layered hierarchy. In

this paper, we study first the relationship between the two hierarchies. We show the some-

what surprising result that, in the worst case, a bounding sphere in the layered hierarchy is

at most a factor of
√

log n bigger than the corresponding one in the wrapped hierarchy, and

that this bound is tight. Furthermore, the bound holds in any dimension.

The most important application of bounding hierarchies is in collision and self-collision

checking. While such methods work well in practice, in the worst case nothing better than

the trivial quadratic bound was previously known. This bound arises in the case where

both hierarchies are traversed completely and all leaves of one have to be checked for in-

tersection against all leaves of the other. We show that, with a simple heuristic, the folklore
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self-collision checking method using the sphere hierarchy and local refinement as neces-

sary achieves sub-quadratic time bounds:O(n log n) in two dimensions, andO(n2−2/d)

in d-dimensions ford ≥ 3 — to our knowledge, this is the first sub-quadratic worst-case

bound for collision detection algorithms using bounding volume hierarchies1.

The power diagram is another tool that people often use to deal with balls. While

it has been known that the closest pair of a set of disjoint balls defines an edge in the

power diagram ([GZ98]), that result does not apply directly to our problem since we allow

adjacent spherical elements to overlap. We show that the power diagram can be used to

compute the closest pair in a deforming necklace as well. It is interesting to note that the

worst-case for the sphere hierarchy occurs for highly packed necklaces, while these are

actually very favorable cases for the power diagram — in such cases the power diagram

size is linear in all dimensions [Eri02].

In Section 4.3 we present the formal setting of our beads and necklaces. Section 4.4 dis-

cusses the precise bounding sphere hierarchy we have chosen to implement and the reasons

for our choice. We present verification and repair algorithms for maintaining the hierarchy

as the necklace deforms, and compare the tightness of the wrapped and layered hierarchies.

Section 4.5 presents a number of combinatorial results about collision detection using the

sphere hierarchy or the power diagram.

4.3 Beads and necklaces — definitions

A necklaceconsists of a sequence ofn closed ballsB = {B1, B2, . . . , Bn}, calledbeads,

in the Euclidean spaceIRd. We assume that only adjacent balls along the necklace may

intersect and no ball is fully contained in another set of balls. In some contexts we make

further assumptions. These include:

uniformity: there is a constantα ≥ 1 such that the ratio of the radii of any two balls in a

necklace is in the interval[1/α, α];

1A similar bound was reported concurrently with our work for oriented bounding boxes in [LSHL02].
As already mentioned, they studied kinematic chains similar to our necklaces, although with a different
motivation.



4.4. THE WRAPPED HIERARCHY 43

limited overlap: two consecutive ballsBi andBi+1 along a necklace are allowed to over-

lap, but the angle of their normals at a common point on their surfaces is bounded

below byβ.

connectivity: the beads form a connected set — in other words, any two consecutive beads

along the necklace have a point in common.

Whatever conditions we adopt, we assume that they are maintained by the underlying

physics causing a necklace to move or deform. We remark that similar ‘necklace condi-

tions’ were studied for establishing the optimality of tours in the plane [ERW89].

We define the following terms to be used in later sessions. In a sphere hierarchy built

on top of a necklace, the internal nodes of the hierarchy are calledcages. When the cage

is defined as the minimum enclosing sphere (MES) of the beads it contains, the geometry

of the cage is fully determined by a constant number of the beads which we call thebasis

beads.

The sphere hierarchy is based on a balanced binary tree built on top of the necklace,

which each bead of the necklace is a leaf in the tree. LetL(t) be the set set of beads

corresponding to leaves of the subtree rooted at nodet. Note thatL(t) is a contiguous

subchain of the original necklace, which we will call thecanonical subnecklace. Each

cage corresponds to an internal node,t, of the tree and bounds all the beads inL(t). This

is one instance where we heavily use thea priori known structure of the type of object we

are modeling.

4.4 The wrapped hierarchy

4.4.1 Definition and properties

We define thewrapped hierarchyof a necklace to be the sphere hierarchy corresponding to

the balanced tree described above, where the sphere corresponding to each internal node is

theminimum enclosing sphere(MES) of the beads in the canonical sub-necklace associated

with that node. We call these bounding spheres corresponding to internal nodescages. Note

that this allows the cages of the children of a node in the hierarchy to stick out of the cage
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of the parent. We call the sphere hierarchy defined by making the cage of a parent to be the

MES of the cages of its two children thelayered hierarchy[Qui94]. Though the wrapped

hierarchy is slightly more difficult to compute than the layered hierarchy, it is tighter fitting

and most importantly it can be maintained more easily under deformation — a fact that at

first seems counter-intuitive. An example of each type of hierarchy is shown in Figure 4.1.

Figure 4.1: Wrapped (left) and layered (right) sphere hierarchies. The base
beads are black. Notice that each cage in the wrapped hierarchy is supported
by 2 or 3 beads.

The key property of the wrapped hierarchy that is of interest to us is that each cage,

being a minimum enclosing sphere of a set of beads, is fully determined by a small number

(two, three, or four inIR3) of the basis beads in the associated canonical sub-necklace.

Note that the cage of an internal node is also the minimum enclosing sphere of its basis

beads. When a necklace deforms, the basis of each cage remains constant for a period. At

certain discrete events the basis of a cage changes typically by a pivoting step in which

(1) an old basis bead leaves the basis, and (2) a new bead from the enclosed sub-necklace

enters the basis. At times only one of these events may happen, but the total number of

basis beads will always remain between two and four. Thus, although during continuous

necklace deformation the cages deform continuously, their combinatorial descriptions stay

constant and change only at discrete events. This combinatorialization of a continuous

phenomenon is an insight analogous to what is exploited in kinetic data structures.

We expect that under smooth deformation the combinatorial description of the cages

(i.e. their basis beads) will stay constant for a fairly long time, and when finally the basis

of a cage needs to change, that change will be easy to detect and thebasis updatesimple

to perform. For instance, in Figure 4.2 we show an example inIR2 of the upper layers
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Figure 4.2: A combinatorially defined sphere hierarchy is stable under defor-
mation. Only the top level cage differs between the two conformations.

of such a hierarchy in two quite different configurations of a deforming necklace. It so

happens that all the hierarchy cages except for the root cage continue to have the same

combinatorial description at all intermediate configurations.

While the wrapped hierarchy is always tighter than the layered hierarchy, it is interest-

ing to know exactly how much difference there can be between the two. In the following,

we consider the case where all the beads are points (or equivalently equal radius spheres),

and in arbitrary position. We have the following result:

Theorem 4.4.1.For any given set ofn points in any dimension and any binary tree with

depthdlog2 ne on the points, if we denote byτW , τL the radii of the root spheres for the

wrapped and layered hierarchies of the point set, respectively, thenτL ≤ τW

√
dlog2 ne.

The bound is almost perfectly tight, as we can construct a set of points so thatτL ≥
τW

√
blog2 nc.

We denote the minimum enclosing sphere (MES) of a set of beadsS by M(S) and

the MES corresponding to a nodet by M(t). The upper bound result is implied by the

following lemma.

Lemma 4.4.2. Let O andR be the center and the radius ofM(S), andO` andR` the

center and the radius of a ball on level` in the layered hierarchy of S. Letd` = |OO`|.
ThenR2

` ≤ `(R2 − d2
`).

Proof: Without lost of generality, let us assume thatR = 1. We prove the lemma using

induction. The lemma is clearly true for the0-th level, asR2
0 ≤ (1 − d0)

2 ≤ 1 − d2
0. We

assume that the lemma holds for all balls at level` in the layered hierarchy and show that

the lemma still holds for balls at level` + 1.
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d
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C1 C C2

O

Figure 4.3: A ball and its two children in a layered hierarchy. Lemma 4.4.2
proves that the farther the centers of the children are from the center of their
parent, the smaller their radii must be in comparison.

Let C andr be the center and the radius of a ball at level` + 1 in the layered hierarchy,

and letC1, C2 andr1, r2 the centers and radii of its two children. Letd = |OC|, d1 =

|OC1|, andd2 = |OC2|, see Figure 4.3. By the induction assumption,r2
1 ≤ `(1 − d2

1) and

r2
2 ≤ `(1− d2

2). We would like to show thatr2 ≤ (` + 1)(1− d2). This is clearly true when

the parent ball atC is identical to one of its children balls. We consider the general case

when the parent ball is bigger than both of its children.

Fromcos(∠OCC1) = − cos(∠OCC2) and the law of cosines, we obtain:

a2
1 + d2 − d2

1

2a1d
= −a2

2 + d2 − d2
2

2a2d
, and therefore

a2(a
2
1 + d2 − d2

1) = −a1(a
2
2 + d2 − d2

2), or

(a1 + a2)d
2 = (a2d

2
1 + a1d

2
2)− (a2a

2
1 + a1a

2
2), or

d2 =
a2d

2
1 + a1d

2
2

a1 + a2

− a1a2 . (4.1)

Using Equation (4.1) we have

d2 ≤ (a + δ)(1− r2
1/`) + (a− δ)(1− r2

2/`)

2a
− (a− δ)(a + δ)

=
2a− a(r2

1 + r2
2)/`− δ(r2

1 − r2
2)/`

2a
− (a2 − δ2)

= 1− 1

2`
(r2

1 + r2
2)−

δ

2a`
(r2

1 − r2
2)− (a2 − δ2)

= 1− s2 + δ2

`
− 2sδ2

a`
− (a2 − δ2) .
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Thus,

(` + 1)(1− d2)− r2 ≥ (` + 1)
[s2 + δ2

`
+

2sδ2

a`
+ (a2 − δ2)

]− (s + a)2 .

Simplifying the right hand side of the above inequality, we get:

(` + 1)(1− d2)− r2 ≥ (`a− s)2a1a2 + (s + a)2δ2

`a2
≥ 0 .

Thus,r2 ≤ (` + 1)(1− d2). This completes the inductive proof. ¤

The above lemma immediately implies the upper bound in Theorem 4.4.1 as the depth

of the tree is bounded bydlog2 ne. Furthermore, we can show that the inequality in

Lemma 4.4.2 can be made tight, and we can construct a set of points to attain the upper

bound.

Lemma 4.4.3. There is a set ofn points in the plane such thatτL ≥ τW

√
blog nc, where

τW , τL denote the radius of the root ball in the wrapped and layered hierarchy, respectively.

Proof: It suffices to consider the casen = 2k. We will construct a collection of points such

that their wrapped hierarchy has radius 1 and their layered hierarchy has radius
√

k. The

construction is done incrementally. We first fix any pointO and place a point atO0 such

that|OO0| = 1.

Suppose that we have constructed the setS`, the first2` points. LetO` be the center of

the ball coveringS` in the layered hierarchy. To construct the setS`+1, we first find the point

O`+1 such that (1)∠OO`+1O` = 90◦, and (2)|O`O`+1| = 1/
√

k. We can then constructS ′`
by flipping all the points inS` about the lineOO`+1. Finally we setS`+1 = S` ∪ S ′`. See

Figure 4.4.

It is straightforward to show that in the above incremental construction, the ball cov-

ering S` in the layer hierarchy has radius`/
√

k, and |OO`| =
√

1− `/k. Thus we can

always find the pointO`+1, as long as̀ < k. It is clear that the root ball of the wrapped

hierarchy has unit radius as all the points constructed are on the same circle, and the root

ball of the layered hierarchy has radius
√

k.

Theorem 4.4.1 is the combination of Lemmas 4.4.2 and 4.4.3. ¤
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O O0

O1

O2O3

Figure 4.4: The construction of a set of16 points on a circle of radius 1 such
that the root circle of their layered hierarchy has radiuslog(

√
16) = 2. The

point O0 is chosen arbitrarily. Right trianglesOO0O1, OO1O2, OO2O3 are
then constructed such that|O0O1| = |O1O2| = |O2O3| = 1/2. The point
set is constructed as the closure of the singleton set{O0} with respect to the
reflections over the linesOO1, OO2, OO3, and the refection over the pointO.
The circles in the layered hierarchy are also shown.

4.4.2 Construction and maintenance

It is straightforward to construct the wrapped hierarchy by directly computing the minimum

enclosing sphere (MES) for the canonical set of each cage. There is a complex algorithm

for computing MES of a set of points or equal radius spheres inO(n) time in the worst

case [Meg82] and a simple one running in expectedO(n) time [Wel91]. If the basis beads

are balls of different radii, the algorithm is slightly more complicated but with the same

overall running time [KF03]. Therefore, it takesO(n log n) time to construct initially the

wrapped hierarchy of the necklace ofn beads.

To maintain the wrapped hierarchy, we need to verify the correctness of the hierarchy,

i.e. the correctness of the basis beads at each internal node, after a simulation time step,

and update those which are no longer correct. This task is simplified by the following

observation:
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Lemma 4.4.4. LetB andS be sets of beads withB ⊆ S. If all beadsB ∈ S are contained

in M(B), thenM(S) = M(B). Thus, the basis forM(S) is the same as the basis for

M(B).

Note that the basis can shrink, so ifB was the basis ofM(S) before an update, and

after the updateM(S) = M(B), then some (not necessarily proper) subset ofB is the new

basis forM(S).

The verification is done in a hierarchical manner, bottom up, with a top down pass from

each tree node; we call this method thecascade verification. Suppose that we have checked

the validity of the nodes of a subtree under a nodec. We first compute the minimum enclos-

ing sphereM of the basis beads from the previous time step. According to Lemma 4.4.4,

in order to check the correctness ofc, it is sufficient to check that all the beads inL(c),

are contained inM(c). This can be either done directly in linear time, which we callnaive

verificationor indirectly as follows. Maintain a frontier,F , initially containing the children

of c. At each step we take a noded out of the frontier and check ifM(d) is contained in

M . If it is not, there are two cases — if the node is an internal node we add its children

to F ; otherwise it is a leaf, so we know that the node has escaped and the basis of node

c is no longer valid and needs to be updated. If we can continue the above process until

F becomes empty without encountering an escaped leaf node, we know that the basis for

M(c) is still valid. It is tempting to try to accelerate the above process by noting that the

geometry belonging to a cage must be contained in the intersection of the cages on the path

from that node to the root, and checking to see if this volume is contained in the cage be-

ing verified. However, in practice the extra complexity of this check more than outweighs

its benefits. While in the worst case, the above procedure may takeΘ(n log n) time if all

paths need to be traversed, our experiments suggest than in most instances the actual time

is closer to linear, as only paths to the basis beads need to be checked.

When beads escape from an enclosing cagec, a basis update must be performed. At

least one of the escaped beads must be a basis bead for the newM(c). The LP-type algo-

rithm [Wel91] allows easy exploitation of this knowledge in a natural manner, as well as

easy use of other heuristic information about which beads are likely to be basis beads. The

cost of the update is expected to be linear in the size of the canonical subchain.
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4.5 Collision and self-collision detection

4.5.1 Separating necklaces using the wrapped hierarchy

Bounding volume hierarchies are often used for collision detection algorithms between two

objects or for self-collision detection. Typically, such an algorithm tries to derive a non-

intersection proof by finding a sufficient set ofseparating bounding volume pairswhile

walking down the hierarchy. It reports a collision if it fails to produce such a set of pairs.

More precisely, suppose thatB is a set ofn disjoint objects{B1, B2, . . . , Bn} (beads in our

hierarchy) andT is a tree built on the elements ofB. Each internal nodet in T corresponds

to a bounding volume containing the objects at the leaves of the subtree rooted att. This

way, we create a collectionP of objects, among whichn are basic objects. A setC of pairs

{(ci, c
′
i)}, whereci, c

′
i ∈ P , is called a collection of separating pairs forB if:

1. for anyi, ci andc′i are disjoint, and

2. for anyi, j, wherei 6= j, there exists ak so thatBi ∈ ck andBj ∈ c′k.

Such a separating pair set serves as a proof of the non-collision of the setB, i.e. it exists

if and only if all the objects inB are mutually disjoint. The minimum number of pairs

needed to separate a set of objects is crucial as it is a lower bound of the cost of a collision

detection algorithm taking such an approach. In our problem, the objects are beads and

the bounding volumes are cages, and the hierarchical structure is the wrapped hierarchy.

We also need to relax requirement 2 toi 6= j − 1, j, j + 1 as we allow adjacent beads to

intersect each other. There has been some prior research on separating a set of balls. When

we are allowed to group balls arbitrarily, there always exist a set ofO(n) separating pairs

for n disjoint balls [HSS83, CK95a]. However, to our knowledge, the separating pairs for

predefined hierarchical structures have not been studied combinatorially before. Here, we

will show that for the wrapped hierarchy ind dimensions, there always exists a separating

pairs collection (aseparating family) with O(max{n log n, n2−2/d}) members, if there is

no collision between any pair of two non-adjacent beads. In the following, we do not

distinguish a node in the tree and the cage built for that node.
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Theorem 4.5.1.LetB = {B1, B2, · · · , Bn} be a sequence ofn beads ind-dimensions (for

d ≥ 2), satisfying the uniformity and limited overlap assumptions. Then there exists a

separating family forB of sizeO(max{n log n, n2−2/d}) among the cages in its wrapped

hierarchy.

Proof: By the uniformity and limited overlap assumption, we have that there exists a con-

stantα ≥ 1 such that the distance between the centers of two adjacent beads is in the

interval [1, α]. We give an algorithm for constructing a separating familyΣ. Throughout

the proof,log is understood aslog2.

Fix an integeri such that0 ≤ i ≤ log n − 1. Setri = 2i. Let Dj be the cage in

the wrapped hierarchy that encloses the beadsB(j−1)ri+1, . . . , Bjri
. Clearly, the radius of

Dj is at mostRi = riα. Let Di = {D1, D2, . . .} be the resulting set of balls. For each

Dj ∈ Di, let Kj be the set of points that are distance at most8Ri from a point inDj, i.e.,

Kj = {x | ∃y ∈ Dj |xy| ≤ 8Ri}. Kj is a ball with radius at most9Ri and concentric

with Dj. For any ballDk ∈ Di that is contained inKj and is disjoint fromDj, we report

the pair(Dj, Dk). We defineΣi
j to be the set of pairs reported forDj. We repeat this

process for all balls inDi and setΣi =
⋃

j Σi
j. SetΣ =

⋃log n−1
i=0 Σi.

We claim thatΣ is a separating family forB. It is obvious from the construction that all

the pairs inΣ are disjoint. We need to argue that it covers all the pairs of beads. Consider

a pair of disjoint beads(B`, Bm). Denote byDi
` andDi

m the i-th level (the level increases

bottom up starting from0) cages that containB` andBm, respectively. Lett = max{i |
Di

`∩Di
m = ∅}. It is easy to see that every point inDt

` is within distance4Rt+1 = 8Rt from

the center ofDt
m becauseDt+1

` andDt+1
m intersect. Therefore(Dt

`, D
t
m) ∈ Σ. Hence,Σ is

a separating family.

Next, we bound the size ofΣ. Note that

log n−1∑

i= 1
d

log n+1

|Di| = O(n1−1/d) ,

because each ball in this set corresponds to the cage at a node in the wrapped hierarchy of
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B whose depth is less than(1/d) log n. Hence,

log n−1∑

i= 1
d

log n+1

|Σi| = O(n2−2/d) .

It suffices to bound|Σi| for 0 ≤ i ≤ (1/d) log n.

Every pair(Dj, Dk) in Σi
j “covers” r2

i = 22i pairs of beads. For any pair of beads

(Bu, Bv) covered by this pair, their centers are within distance9Ri becauseDk is contained

in Kj. Therefore,Σi covers22i|Σi| pairs of beads with each pair is within distance9Ri.

But, by a packing argument, there are at most(9Ri)
d = O(2di) beads whose centers are

within distance9Ri from the center ofBu. Hence,22i|Σi| = O(n2di), which implies that

|Σi| = O(n2(d−2)i). Therefore,

|Σ| = O(n2−2/d) +

1
d

log n∑
i=0

O(n2(d−2)i)

= O(max{n log n, n2−2/d}) .

This completes the proof of the theorem. ¤

Remark. The above bound is tight in the worst case. Consider ann1/d × · · · × n1/d

d-dimensional grid. We can form a necklaceB by tracing and connecting the segments

parallel to thex-axis in the grid. By the construction,B containsn1−1/d x-axis aligned

segments, each with lengthn1/d. Any separating family ofB in its wrapped hierarchy has

sizeΩ(max{n log n, n2−2/d}). For two parallel segments at distanceδ whereδ ∈ [i, i + 1),

we needΘ(n1/d/i) pairs to cover the beads on them. According to the bounds on the

number of lattice points in spherical shells, we know that there areΩ(n1−1/did−2) such

pairs of segments. So the number of pairs in any separating family is

n1/d∑
i=1

Ω(nid−3) = Ω(max{n log n, n2−2/d}) .

From Theorem 4.5.1, it follows that there always exists a collection of sub-quadratically

many (O(n log n) in two dimensions andO(n2−2/d) in d-dimensions ford ≥ 3) separating



4.5. COLLISION AND SELF-COLLISION DETECTION 53

pairs if any two non-adjacent balls are disjoint. The above constructive proof also suggests

the following simple heuristic for collision detection using wrapped hierarchies: when two

cages intersect, we always split the one containing more beads, breaking ties arbitrarily.

This way, the cages we compare always have similar number of beads inside them, and

their parent cages intersect. Therefore, the above proof applies — the number of pairs

examined by the algorithm is bounded by Theorem 4.5.1. That is, such a collision detection

algorithm takes timeO(n log n) in two dimensions andO(n2−2/d) in higher dimensions, in

particular, it isO(n4/3) in three dimensions.

4.5.2 Collision detection with the power diagram

Theorem 4.5.1 gives us a sub-quadratic bound on the running time of the collision detection

method using the wrapped hierarchy. While the bound isO(n log n) in two dimensions, it

is Θ(n4/3) in three dimensions. We observe that the wrapped sphere hierarchy is good for

self-collision detection of a deforming necklace when the necklace is not too entangled.

When the string of beads is highly packed, however, many cages in the hierarchy overlap

with each other. We then have to traverse deeply down the hierarchy before being able to

locate disjoint cages. According to a recent result by Jeff Erickson [Eri02], the Delaunay

triangulation has linear complexity for a dense set of points. Although that result does not

directly apply to the power diagrams, we may still expect that a similar result holds for the

power diagram of a dense set of balls with comparable sizes. It was shown in [GZ98] that

the closest pair of balls are neighbors in the power diagram if all the balls are disjoint, and

therefore we may use the power diagram for collision detection of a set of disjoint balls.

In our problem, however, consecutive beads may overlap and that result no longer applies.

In the following, we first show that we can still use the power diagram to perform collision

detection, even when we allow some partial ball overlaps. Then, we discuss briefly how to

maintain the power diagram under our motion model.

We prove our result about the power diagram in a more general setting. LetB be a

collection of balls andP be a set of pairs of balls. We say thatB is disjoint with respect

to P if every pair of balls are disjoint, unless it is inP . For example, a necklace is disjoint

with respect to the setP = {(Bi, Bi+1)|1 ≤ i ≤ n− 1}. We define the closest pair of balls
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in B to be the pair with the minimum Euclidean distance among all the pairsnot in P .

For any givenP , a ballA is a neighbor ofB if the pair (A,B) is in P . A ball A is a

neighbor of a pair(B, C) if A is a neighbor of eitherB or C. A ball B is called aproper

connectorif for every neighboring ballA of B, there is another neighborC of B such that

A andC are disjoint. Balls that are not proper connectors are calledimproper. Note that

when the balls are disjoint, there are no improper balls. For a necklace, only the first and

last beads are improper. We then have the following result.

Theorem 4.5.2.The closest pair ofB must either (1) share an edge in the power diagram

of B, or (2) have a common neighbor, or (3) have an improper ball as a neighbor.

Before we prove the theorem, let us briefly mention some terminology often used in

the power diagram literature. Two balls areorthogonalif they intersect each other and the

angle between the tangent planes at any of the common points is90◦. When the two balls

penetrate each other even deeper, theyintersect more than orthogonally. It is well know

that given two ballsBi andBj, there is an edge betweenBi andBj in the power diagram if

there is no ball intersecting bothBi andBj more than orthogonally.

Bi

O

Bj

Bk

a

x-b
r

b

c

δ

α β

γ σ

K
Bl

Figure 4.5: The power diagram can be used for collision detection in neck-
laces. The ballBk cannot intersect ballO more than orthogonally, certifying
the power diagram edgeBiBj. x is the distance betweenBi andBj.

Proof: Suppose that(Bi, Bj) is the closest pair of balls inB with respect toP . Assume

that (Bi, Bj) does not satisfy (2) and (3). We would like to show thatBiBj is an edge in

the power diagram ofB.
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LetO be the minimum ball orthogonal to both ballsBi andBj, and letr, a, b be the radii

of O, Bi, andBj respectively (Figure 4.5.2). Consider another ballBk, wherek 6= i, j, in

B. We would like to show thatBk does not intersectO more than orthogonally. According

to [GZ98], it is sufficient to consider those balls intersecting eitherBi or Bj. SinceBi

andBj do not share a common neighbor, we assume, without loss of generality, thatBk

intersectBi but disjoint fromBj. Letr be the radius ofBk. We denote the length of the line

segmentsOBi, OBj, OBk, BiBk, BjBk by α, β, γ, δ, andσ, respectively, and the length of

BiBj by x = α + β. We list the following conditions that those quantities have to satisfy:

1. α2 = r2 + a2, andβ2 = r2 + b2 (by orthogonality).

2. σ ≥ x− a + c (by the fact that that the distance between ballBi and ballBj should

be no more than the distance between ballBj and ballBk).

3. δ ≥ c− a (by the triangle inequalityδ ≥ σ − x, and condition 2).

4. δ ≥ x − b − c (sinceBk is proper, there is another neighbor ballBl of Bk so that

Bi, Bl are disjoint, and so the distance between ballBi and ballBl is no less than

the distance between ballBi and ballBj. If K is the intersection of ballsBk andBl,

thenδ + c ≥ |BiK| ≥ x− b).

Given the above relations, we would like to derive that the ballBk does not intersect

ball O′ more than orthogonally, i.e.γ2 ≥ c2 + r2.

From Equation (4.1) in the proof of Lemma 4.4.2, we have

γ2 =
βδ2 + ασ2

x
− αβ .

We substitutex− a + c for σ and the larger ofc− a or x− b− c for δ to find a lower

bound forγ2.
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1. Whenc− a ≥ x− b− c, i.e. c ≥ (x + a− b)/2, we obtain

γ2 ≥ β(c− a)2 + α(c + x− a)2

x
− αβ

= c2 +
2c

x
(−βa + α(x− a)) +

1

x
(βa2 + α(x− a)2)− αβ

= c2 + 2c(α− a) + a2 + αx− 2αa− αβ

= c2 + 2c(α− a) + (α− a)2

≥ c2 + (α− a)(x + a− b) + (α− a)2

= c2 + (α− a)(α + a) + (α− a)(β − b) + (α− a)2

= c2 + r2 + (α− a)(β − b) + (α− a)2

≥ c2 + r2.

2. Whenc < (x + a− b)/2, similarly, we get

γ2 ≥ β(x− b− c)2 + α(x− a + c)2

x
− αβ .

Manipulating the right hand side of the above inequality, we obtain:

γ2 ≥ c2 + 2c
x
(α(α− a)− β(β − b)) + (α− a)2 + (β − b)2 + r2 .

If α(α− a) ≥ β(β− b), it is clear thatγ2 ≥ c2 + r2. If not, usingc > (x + a− b)/2,

we have that

γ2 > c2 + r2 +
1

α + β
((α + a) + (β − b))(α(α− a)− β(β − b))

+(α− a)2 + (β − b)2 .

Simplifying the right hand side of the above inequality, we obtain
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γ2 > c2 + r2 + (α− a)2 + (β − b)(α− a).

In all cases,γ2 ≥ c2 + r2. ¤

Theorem 4.5.2 gives us a way to check self-collision for a necklace: we can first com-

pute the power diagram of all the beads and then check every pair for each power dia-

gram edge. In addition, we check those pairs which share common neighbors, i.e. pairs

(Bi, Bi+2) for 1 ≤ i < n− 1, and those pairs involvingB2 or Bn−1 (the only beads having

an improper neighbor in the necklace). Clearly, the number of additional pairs isO(n),

and the cost of the checking is dominated by the complexity of power diagram, which we

expect to be linear for a densely packed necklace.

Under the KDS motion model, it is easy to maintain the power diagram [GXZ01]. For

the discrete time step model, however, it can be too expensive to recompute the power

diagram at each time step. However, we can use a variety of techniques to update the

diagram, similar to what was done in [GR04] to update the Delaunay triangulation. A

simple and fast solution is to remove some subset of the balls such that the power diagrams

of the remaining balls before and after the time step are combinatorially identical, move the

balls to the final locations, and then reinsert the removed balls. Another way is to convert a

discrete time step into a continuous one by inventing an artificial motion which interpolates

between the initial and final locations of the balls and then apply the KDS technology.

We are allowed to pick whatever motion so that the certificate failure times are easy to

compute, or the number of events is small. For example, we can continuously change the

size of beads so that each bead moves on a straight line in the standard lifting space.



Chapter 5

Discrete Center Hierarchies and

Applications

5.1 Introduction

Bounding volume hierarchies for necklaces described in the previous chapter are stable un-

der motion, and when the hierarchies become invalid, we can often update them quickly.

Unfortunately, the cost of updating the hierarchies in the worst case is high, takingO(n log n)

time. The work in this chapter is an attempt to address that problem, introducing a new type

of bounding volume hierarchies that can be efficiently updated when the underlying points

move.

Given a setS of points, aset of discrete centersof S with a separation radiusr is a

sampling ofS such that the distance between any pair of samples is more thanr and any

point inS is within a distance ofr from some sample. Adiscrete center hierarchy(DCH)

onS is simply a hierarchy of discrete center sets where the bottom level of the hierarchy is

S itself, and each level is a discrete center set of the level below, with the separation radius

increasing exponentially with respect to the level number.

By associating with each discrete center in each level it participates in a ball with radius

proportional to the minimum separation between the centers in that level, the discrete center

hierarchies implicitly define bounding volume hierarchies. We call those ballsimplicit

balls. We study this structure and its various applications. We show that the DCH is

58
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maintainable when the underlying points inS move in KDS setting. The DCH can also

be maintained in blackbox motion model, making it the first non-trivial data structure that

does so.

Given an implicit bounding volume hierarchy associated with a DCH, we can run the

self-collision detection algorithm on that bounding volume hierarchy. This effectively gives

the pairs of intersecting balls at the bottom level of the bounding volume hierarchy, and

thus all pairs of points inS within some threshold of each other. The set of all pairs of

intersecting balls found in the process form a graph calledconflict graphof that bounding

volume hierarchy.

We show that the discrete center hierarchies together with their conflict graphs enable

many data structures for proximity-related problems that are maintainable under motion.

For example, we can maintain the closest pair of points and thus have a collision detec-

tion mechanism. We can maintain the near neighbors of all points (to within a specified

distance), and perform approximate nearest neighbor searches (or get the functionality of

approximate Voronoi diagrams). We also get the first kinetic algorithms for maintaining

well-separated pair decompositions, geometric spanners, and approximatek-center of our

point set. So this one simple combinatorial structure provides a ‘one-stop shopping’ mech-

anism for a wide variety of proximity problems and queries on moving points.

5.2 Specific contributions

We now discuss in greater detail the specific problems we address and the contributions

that the DCH data structure makes.

Maintainable bounding volume hierarchy. We show that by keeping the conflict

graph as an auxiliary data structure, the DCH is maintainable when the points inS move,

either in the KDS framework or in blackbox motion model.

Closest pair and collision detection.We show that there is always an edge between

the closest pair of points inS in its conflict graph. The conflict graph thus naturally contains

the information we need for closest pair maintenance and collision detection.

Compared to the structures in previous chapter and in [LSHL02], the conflict graph is

much lighter weight. It is a purely combinatorial structure (edges, specified by pairs of
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points) of sizeO(n/εd) that allows self-collision detection inO(n) time.

All near neighbors search. The all near neighbors search problem is to find all the

pairs of points with distance less than a given valuer, i.e., for each point, we must return

the list of points inside the ball with radiusr. In physical simulations such search is often

used to limit interactions to only pairs of elements that are sufficiently near each other. For

example, most molecular dynamics (MD) systems maintain such ‘neighbor-lists’ for each

atom and update them every few integration steps.

A typical MD algorithm performs this task by voxelizing space into tiles of size compa-

rable to the size of a few atoms and tracks which atoms intersect which voxels. Since many

voxels may be empty, a hash table is normally used to avoid huge voxel arrays. Atoms are

reallocated to voxels after each time step. The simplicity of this method is appealing, but

its performance is intimately tied to a prespecified interaction distance.

With the conflict graph, to find all the points within a certain distancer from a pointp,

we start fromp and follow the spanner edges until the total length is greater thans · r. We

then filter the points thus collected and keep only those that are within distancer of p. We

can show that the cost of this isO(n + k), wherek is the number of pairs in the answer set

— thus the method is output sensitive and the cost of filtering does not dominate.

Well-separated pair decompositions.The concept of a well-separated pair decom-

position for a set of points inRd was first proposed by Callahan and Kosaraju [CK95a].

A pair of point sets(A,B) is s-well-separatedif the distance1 betweenA,B is at least

s times the diameters of bothA andB. A well-separated pair decomposition(WSPD)

of a point set consists of a set of well-separated pairs that ‘cover’ all the pairs of dis-

tinct points, i.e. any two distinct points belong to the different sets of some pair of the

decomposition. In [CK95a], Callahan and Kosaraju showed that for any point set in a

Euclidean space and for any positive constants, there always exists ans-well-separated

pair decomposition with linearly many pairs. This fact has been very useful in obtain-

ing nearly linear time algorithms for many problems such as computingk-nearest neigh-

bors, n-body potential fields, geometric spanners and approximate minimum spanning

trees [CK93, Cal93, CK95a, CK95b, AMS94, ADM+95, NS00, LNS02, GLNS02, Eri02].

1The distance between two point setsA,B is defined as the minimum distance of two pointsp, q, with
p ∈ A andq ∈ B.
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We show that the DCH and its conflict graph can be used to generate ans-well-separated

pair decomposition, for any positives — it suffices to takeε = 4/s in the spanner con-

struction. The size of the WSPD is linear, which matches the bound by Callahan and

Kosaraju [CK95a]. Since the spanner can be maintained in dynamic and kinetic settings,

the well-separated pair decomposition can also be maintained efficiently for a set of moving

points.

Spanner.A subgraphG′ is aspannerof a graphG if πG′(p, q) ≤ s · πG(p, q) for some

constants and for all pairs of nodesp andq in G, whereπG(p, q) denotes the shortest path

distance betweenp andq in the graphG. The factors is called thestretch factorof G′ and

the graphG′ ans-spanner ofG. If G is the complete graph of a set ofn pointsS in a metric

space(S, | · |) with πG(p, q) = |pq|, we callG′ an s-spanner of the metric(S, | · |). We

will focus on collections of points inRd, in settings where proximity information among

the points is important. Spanners are of interest in such situations because sparse spanners

with stretch factor arbitrarily close to 1 exist and provide an efficient encoding of distance

information. In particular, continuous proximity queries requiring a geometric search can

be replaced by more efficient graph-based queries using spanners.

There is a vast literature on spanners that we will not attempt to review in any de-

tail here. The readers are referred to a number of survey papers for background mate-

rial [ADM +95, Epp00, Pel00]. Extant spanner constructions are all static, based on se-

quential centralized algorithms. We show that the DCH structure also provides us a spanner

data structure for points in a Euclidean space.

(1 + ε)-nearest neighbor query/approximate Voronoi diagram. The DCH struc-

ture we propose can be used to output the approximate nearest neighbor of any point

p ∈ Rd with respect to the point setS, in time O(lg n/εd). There has been a lot of work

on data structures to answer approximate nearest neighbor queries quickly [IM98, AM02,

AMN+98, AMM02]. However, they all try to minimize the storage or query cost and do

not consider points in motion.

k-center. For a setS of points inRd, the k-center is a setK of points, K ⊆ S,

|K| = k, such thatmaxp∈S minq∈K |pq| is minimized. The geometric k-center problem,

where the points lie in the plane and the Euclidean metric is used, is approximable within

2, but is not approximable within 1.822 [FG88]. However, the usual algorithms to compute
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approximatek-center are of a greedy nature [FG88, Gon85], and thus not easy to kinetize.

For the dual problem ofk-center, i.e., minimizing the number of centers when the radius of

each cluster is prespecified, efficient kinetic maintenance schemes are available [GGH+03,

Her03]. Here we show how to compute an8-approximatek-center by using the conflict

graph. Furthermore, we are first to give a kinetic approximatek-center as the points move.

5.2.1 Result summary

We summarize the results below. All the algorithms/data structures are deterministic and

we consider the worst-case behavior. For a setS of n points inRd, let theaspect ratio

α of S be the ratio of the maximum pairwise distance to the minimum pairwise distance

between points inS. We have:

• An algorithm to construct a DCH and its conflict graph.

• An algorithm to insert points to and remove points from a DCH

• An algorithm to maintain a DCH and its conflict graph

Furthermore, we show that the above algorithm could be adopted to obtain the following

data structures, all are maintainable when the underlying points move:

• An O(n) structure for finding all near neighbors in timeO(k + n), wherek is the

size of the output;

• A (1/ε)-well-separated pair decomposition of sizeO(n/εd);

• A (1 + ε)-spanner withO(n/εd) edges, maximum degree bounded byO(lg α/εd),

and total weight bounded byO(MST · lg α/εd+1), where MST is the weight of the

minimum spanning tree ofS;

• An O(n) structure for(1 + ε)-nearest neighbor queries inO(lg α/εd) time;

• An O(n) data structure for closest pair and collision detection;

• An 8-approximatek-center, for any0 < k ≤ n.

The KDS obtained all have the desirable kinetic properties of efficiency, compactness,

locality, and responsiveness.
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5.3 Discrete center hierarchies

In this chapter we focus on a setS of points in the Euclidean spaceRd. Without loss of

generality, we assume that the closest pair of points has distance1 so that the furthest pair

of S has distanceα, the aspect ratio ofS.

5.3.1 Definition

A set ofdiscrete centerswith radiusr of a given point setS is defined as a maximal subset

S ′ ⊆ S such that the balls with radiusr centered at points inS ′ contain all points inS but

any two points inS ′ are of a distance greater thanr away from each other. The points inS ′

are also referred to ascenters. From this definition, for each pointp in S, there is a center

q in S ′ such that the distance|pq| ≤ r. We callq the parent ofp, andp is a child ofq. We

also say thatq coversp. When there are more than one centers inS ′ within a distancer

from p, we pick the parent ofp arbitrarily so that each point inS has exactly one parent in

S ′.

Given a set of pointsS, we can construct a sequence of setsS0, S1, · · · , Sh−1 such that

S0 is the original point setS andSi+1 is a set of discrete centers ofSi with radius2i, for

i ≥ 0. The sequence terminates when there is only1 point left, i.e.|Sh−1| = 1 < |Sh−2|.
The sequence of sets together with the parent-child relations from the discrete centers

yield a tree structure onS that we call adiscrete center hierarchy(DCH). We callh the

height of the hierarchy and call the setsSi, 0 ≤ i < h the levels of the hierarchy. We note

that there are potentially many different discrete center hierarchies on the same setS.

Since a pointp ∈ S may appear in many levels of the discrete center hierarchy, when

it is not clear, we usep(i) to denote the nodep in levelSi. We denoteP (p(i)) the parent of

p(i), and when the level ofp is clear from the context, we simply denote its parent asP (p).

We denote byCi−1(p) the set ofp’s children inSi−1. We callP (i)(p) ∈ Si the ancestor of

p. Note that ifp is in Si, thenp(i) must be the parent ofp(i−1), and thusp is the ancestor of

itself in all levelsj ≤ i.

Since the distance between a nodep ∈ Si and its parent is less than2i, if we associate

with p ∈ Si a ballB(p) with radius2i, its easy to see that the ballB(p) is contained within

B(P (p)). A discrete center hierarchy thus implicitly defines a bounding volume hierarchy
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H of a collection of balls of radius1 centered at points inS. Denote this collection of balls

asC. The ballB(p) is called animplicit ball atp.

More generally, given a parameterc ≥ 1, we can associate with each nodep ∈ Si

an implicit ballBc(p) with radiusc · 2i. We denoteCc the collection of balls of radiusc

centered at points inS. The discrete center hierarchy then implicitly defines a bounding

volume hierarchyHc onCc. The bounding volume hierarchyH1 is simplyH.

Using the terminology in the previous chapter, the bounding volume hierarchyHc is

a layered hierarchy, i.e. the implicit ball at any node contains all the implicit balls at its

children nodes. It is neither a tight nor a canonical bounding volume hierarchy, though as

we will show later,H (or Hc) can be fully maintained under motion and self-collision de-

tection using the DCH is optimal. We note that asc becomes large, the ballBc(p) becomes

well inside Bc(P (p)), and intuitively, the implicit bounding volume hierarchy becomes

more stable when the points inS are moving. We will make this intuition more precise and

exploit this property later in subsection 5.5.3.

We let theconflict graphGc be a multi-graph onS such that for each pair of intersecting

implicit ballsBc(p
(i)) andBc(q

(i)), p 6= q, there is an edge betweenp andq in Gc. We say

thatp andq are neighbors in leveli of Gc, and the edge between them an edge in leveli

of Gc. We denote byNi(p) the set of neighbors ofp in level i. If we wish to detect the

self-collision ofCc using the bounding volume hierarchyHc, i.e. finding out all pairs of

intersecting balls among theC, the edges in the conflict graphGc are precisely the pairs of

balls that we check for collision. The conflict graphGc essentially encodes the proximity

information between all points inS in a hierarchical fashion.

For simplicity, we writeG ≡ G1. Besides usingG as a self-collision data structure

for C, we will show that the conflict graphG can be used as an auxiliary data structure to

update the DCH when points are added or removed fromS, and to maintain the DCH in

the KDS framework. We can further use the graphGc for c > 1 to maintain the DCH in

the blackbox motion model.

5.3.2 Basic properties

We first prove some properties about the discrete center hierarchy and its conflict graphGc.



5.3. DISCRETE CENTER HIERARCHIES 65

Lemma 5.3.1. 1. Si ⊆ Si−1.

2. For any two pointsp andq ∈ Si, |pq| > 2i−1.

3. Gc has an edge in leveli betweenp andq ∈ Si, iff |pq| ≤ c · 2i+1.

4. If q(i) ∈ Ci(p
(i+1)) andq 6= p, thenq(i) ∈ Ni(p

(i)), i.e. there is an edge inGc from

each pointq to its parent in the DCH.

5. p andq are neighbors only if they have the same parent orP (p) andP (q) are neigh-

bors.

6. The hierarchy has at leastblg αc+ 1 levels and at mostdlg αe+ 2 levels.

Proof: The first 3 claims follow from the definition of the DCH and the conflict graphGc.

The fourth claim follows from the fact that ifp(i) is a child ofq(i+1), |pq| ≤ 2i < c·2i+1. The

fifth claims is true because the implicit ball atp (or respectivelyq) is completely contained

in the implicit ball atP (p) (or P (q) respectively). The last claim follows from the fact that

the top level implicit ball has diameter2h > α and that points in levelh− 2 are more than

2h−3 apart which impliesα > 2h−3. ¤

5.3.3 Size of the conflict graph

The DCH clearly has linear size. We show that the conflict graphGc also has linear size.

We first prove a simple result that is used repeatedly in this chapter.

Lemma 5.3.2 (Packing Lemma).If all points in a setU ⊂ Rd are of at least a distancer

away from each other, then there are at most(2R/r + 1)d points inU within any ballX of

radiusR.

Proof: Let X ′ be a ball co-centric withX with radiusR + r/2. The balls of radiusr/2

centered at points ofU insideX are all disjoint and are insideX ′. By a volume argument,

there can be at most((R + r/2)/(r/2))d = (2R/r + 1)d such balls. ¤

Using Lemma 5.3.2, we have:

Lemma 5.3.3. Each point inSi covers at most5d points inSi−1.
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Note that the bound in Lemma 5.3.3 and Lemma 5.3.4 can be improved. A more careful

analysis, e.g., by Sullivan [Sul94], shows that the maximum number of points inSi−1

covered by a point inSi is 19 in R2; 87 in R3; andO(2.641d) in dimensiond.

From Lemma 5.3.2, we also have:

Lemma 5.3.4. A point p ∈ Si has fewer than(8c + 1)d − 1 edges with other points ofSi

in Gc.

Lemma 5.3.5. The maximum degree ofGc is ((8c + 1)d − 1)(dlg αe+ 2).

Proof: It follows from Lemma 5.3.4 and Lemma 5.3.1(6). ¤

Lemma 5.3.6. There are less than2(8c + 1)d · n edges inG.

Proof: Note that ifp is a point in a DCH that does not have any children andp hask

edges in the conflict graphG, removingp from the DCH gives another DCH with one less

vertex, and the conflict graphG′ corresponding with the new DCH hask less edges. The

lemma follows if we can show that we can always find a childless pointp in the DCH that

is incident to at most2(8c + 1)d edges.

Let p andq be the closest pair of points inG, and letk be such that2k ≥ |pq| > 2k−1.

Since|pq| ≤ 2k, p andq cannot be both in levelSk+1. Without lost of generality, assume

thatp is not inSk+1. As p andq is the nearest pair of points, all other points are more than

2k−1 from p. By Lemma 5.3.2,p is incident on at most(1+8c/2j)d−1 edges in levelSk−j

for each0 ≤ j ≤ log2c, and thus at most
∑log2c

j=0 ((1 + 8c/2j)d − 1) ≤ 2(8c + 1)d. ¤

5.4 Construction and dynamic maintenance

In this section we show that we can efficiently construct the DCH and its conflict graphGc

in O(n lg α) time, wheren is the number of points andα is the aspect ratio of the point

set. We also show that we can dynamically insert or remove a point from the DCH and its

associated conflict graph at a cost ofO(lg α) for each operation. In realistic settings where

α is a polynomial function ofn, the construction of the hierarchy isO(n lg n), and dynamic

update operations are done inO(lg n) time each.
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To describe the construction and maintenance of the DCH, we adopt a slightly different

scenario. We assume that the aspect ratioα is always bounded by a polynomial of the

number of points. However, as the points are inserted and deleted, the minimum separation

of the point set may change. To address this, we imagine that we virtually keep sets of

pointsSi for −∞ < i < ∞, such thatSi is a set of discrete centers ofSi−1 with radius2i.

Since the aspect ratio is bounded, there existm andM such thatSi = Sm for all i ≤ m

andSi = SM for all i ≥ M . We refer toSm andSM the bottom and the top levels of the

DCH respectively. The setSM is a singleton, and the node inSM is the root of the DCH.

For each pointp other than the root of the hierarchy, we store the maximum numberMp

such that levelSMp containsp, and store its parentP (p(Mp)). We also store the minimum

numbermp such thatp has a neighbor inSmp , non-empty lists of neighbors ofp in each of

the levels betweenSmp andSMp, and non-empty lists of children ofp in all levels below

SMp . We also store the value ofm andM for the hierarchy. Notice that we can always scale

the point set so that the minimum separation is1 and thus return to the previous setup.

5.4.1 Construction

We construct the hierarchy incrementally by inserting points one by one. Suppose that we

already have a hierarchy ofn − 1 points. To insert then-th pointp, we find a parent ofp

by computing the lowest levelSi and a pointq in that level such that|pq| < 2i−1.

Observe thatp is inside an implicit ballB(q) in a DCH only if it is inside the implicit

ball B(P (q)). We can traverse down the hierarchy and find in each levelSi all implicit

balls containingp, and among them, all potential parents ofp if p is in levelSi−1. We can

then select among all potential parents a parent forp and insertp as a child of that node.

In each levelSi, the points are2i−1 apart, and thus by Lemma 5.3.2, there are at most3d

implicit balls containing any given pointp. The cost of insertingp is thus at most3d lg α,

and the cost of computing the DCH by incremental insertion isO(3dn lg α).

We note that once the DCH is computed, we can traverse it from top down to compute

its conflict graph. The cost of the computation of the conflict graph is proportional to its

size, and thus we can additionally compute the conflict graphGc in linear time.
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5.4.2 Dynamic updates

From the previous subsection, it is clear that we can insert points into a DCH at the cost

O(lg α) each. The removal of points from a DCH is more complicated, and we need a

supporting data structure to make the removal possible. This supporting structure is the

conflict graphG of the DCH. In this section, we show that the DCH and its conflict graph

G can be updated when points are inserted and deleted, costingO(lg α) per point.

It is clear that once a pointp has been inserted into a DCH, the edges incident onp in

the conflict graph can be computed simply by traversing down the DCH. This is the case

due to a simple observation that any given levelSi, the ballB(p(i)) can only intersect with

ball B(q(i)) if B(P (p(i)))) intersectsB(P (q(i))). The cost incurs in each level isO(1), and

thus the total cost of updating the conflict graph isO(lg α).

To remove a pointp from a DCH, we removep level by level from bottom up. In leveli,

if p has no children (except itself), we can simply removep. The conflict graph can then be

updated by removing all edges incident onp. If p has children, its children would become

orphans, and we need to find new parents for them before we can removep. We assume

q(i−1) is a child ofp(i), q 6= p. From(4) in Lemma 5.3.1,q(i−1) is a neighbor ofp(i−1) on

levelSi−1.

From(5) in Lemma 5.3.1, we know the parent ofq(i−1) must be a neighbor of the parent

of p(i−1), i.e.,p(i). If there is a neighborw of p(i) that coversq(i−1), we setq(i−1)’s parent

to bew and we are done. Ifq(i−1) is not covered by any centers on levelSi, it must be

inserted intoSi. Notice that the newly inserted nodeq(i) must be a neighbor ofp(i), we can

recursively either find a parent forq(i) or promoteq further up. The neighbors ofq can then

be computed from top down in a way similar to point insertion in the previous subsection.

Note that the cost of raising a child ofp up one level isO(1), and as the child may

end up in the top level, the cost of fixing a child ofp is O(lg α). Sincep could appear

in O(lg α) levels and hasO(lg α) children, a trivial bound on the cost of removingp is

O(lg2 α). However notice that for any levelSi−1, all children ofp on or below the level are

inside a disk of radius2i−1, and the minimum separation inSi is 2i−2. By Lemma 5.3.2, at

mostO(1) points amongp’s children can end up being inSi. The total number of times all

children ofp are raised up one level isO(lg α), and thus the cost of removingp is O(lg α).
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Once the DCH has been updated, the edges associated withp can be removed. The

edges incident on the children being raised can be computed at the cost ofO(1) per child

per raise, and thus the total cost of updating the conflict graph is alsoO(lg α).

Theorem 5.4.1.Dynamic insertion and deletion of points in a DCH and its conflict graph

G takeO(lg α) each, whereα is the aspect ratio. The DCH can be constructed in time

O(n lg α). Given a DCH, its conflict graphG can be computed inO(n) additional time.

5.5 Maintenance under motion

We analyze the maintenance of the DCH in the kinetic data structure (KDS) framework [BGH99,

Gui98]. A KDS tracks an attribute of a moving system over time by maintaining a set of

certificates as a proof of attribute value correctness. In our case, we would like to maintain

a set of certificates showing that the discrete centers hierarchy is valid. When the points

move, the certificates may become invalid, at which time we need to update the certificate

set and possibly the DCH. We show that our scheme to maintain the DCH has all proper-

ties of a good KDS, and will also show that the DCH can be maintained in a more practical

black-box motion framework.

5.5.1 KDS maintenance

To maintain the DCH in the KDS framework, we again use its conflict graphG as an

auxiliary data structure. We maintain both the DCH and the conflict graph and use the

conflict graph to help repairing the DCH when the DCH becomes invalid. We use four

kinds of certificates for this purpose, the first two to certify the validity of the DCH, and

the last two to certify the validity of the conflict graph.

1. A parent-child certificatecertifies that a nodep in level Si is within distance2i of

P (p).

2. A separation certificatecertifies that nodesq andp in level Si is at least2i−1 away

from each other.
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3. An edge certificatecertifies that neighbor nodesp andq in level Si are near each

other, that the implicit balls atp andq intersect.

4. A potential edge certificatecertifies that non-neighbor nodesp andq in level Si are

far from each other, i.e. the implicit balls in leveli atp andq do not intersect.

All certificates are simple distance comparisons among pairs of points. There are

clearly O(n) parent-child and edge certificates. Notep andq in level Si cannot become

within 2i−1 unless they are already neighbors inSi, we only need to keep separation cer-

tificates between neighboring pairs of nodes, and thus we only have onlyO(n) separation

certificates.

Similarly, note that the implicit balls atp andq in level Si cannot intersect unless the

implicit balls atP (p) andP (q) intersect, we only need to keep potential edge certificates

between pairs ofpotential neighbors, nodes that are not neighbors but their parents are

neighbors. Using an argument similar to that in Lemma 5.3.6, we can show that the number

of potential certificates is also linear.

The failure of the four types of certificates generates four types of events, which are

discussed separately as follows.

1. Addition of an edge. When a potential edge certificate fails, i.e., when the implicit

balls atp andq in level Si intersect, we add an edge betweenp andq, makingq a

neighbor ofp. We also update the list of potential neighbors of the children ofp and

q.

2. Deletion of an edge.When an edge certificate fails, i.e., when the implicit balls at

p andq in level Si no longer intersect, we simply remove the edge betweenp andq.

We also update the list of potential neighbors of the children ofp andq.

3. Promotion of a node.When a parent-child certificate fails, i.e.,q = P (p) no longer

coversp ∈ Si, |pq| > 2i. p becomes an orphan, and we need to find a new parent

for p or promote it into higher levels. We deal with orphans in the same way as in

dynamic updates. We then update the potential neighbors ofp in level i and above.
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4. Demotion of a node. When a separation certificate fails, i.e., a neighborq of p in

level Si comes within a distance of2i−1, we need to remove one of the two points

from leveli. Assume without lost of generality thatp is not in leveli+1. Wedemote

p, i.e., removingp from level i. Each former childt of p in level i − 1 becomes an

orphan, and we deal with each of them as in the previous event.

5.5.2 Quality of the kinetic discrete center hierarchy

There are four desirable properties that a good KDS should have [BGH99, Gui98]: (i)

compactness: the KDS has a small number of certificates; (ii) responsiveness: when a

certificate fails, the KDS can be updated quickly; (iii) locality: each point participates in a

small number of certificates so that when the motion plan of that point changes, the KDS

can be updated quickly; (iv) efficiency: there are not too many certificate failures compared

with the number of combinatorial changes of the attribute being tracked in the worst case.

We show that the kinetic DCH has all desirable properties of a good KDS. As shown

in the previous subsection, the total number of certificates in the kinetic DCH is linear, and

thus the kinetic DCH is compact.

When an edge certificate or a potential edge certificate fails, we need to remove or add

an edge in the conflict graph, and thus the cost of repairing such certificate failure is clearly

O(1). When a parent-child certificate or a separation certificate fails, we need to demote

or promote a node, and the cost of such repair isO(lg α). If the spread of the point set is

assumed to be polynomial in the number of pointsn, then the repair cost for any certificate

failure is at mostO(lg α) = O(lg n). The kinetic DCH thus can be updated quickly when

a certificate fails, i.e. it is responsive.

As the degree of each node in the conflict graph isO(lg α), it is easy to see that each

node is involved inO(lg α) edge certificates,O(lg α) potential edge certificates,O(lg α)

separation certificates, and at most1 parent-child certificates. Thus, when the motion plan

of a node changes, we can update the failure time of all certificates involving that node in

time O(lg α). If we assume that the spread of the point set is polynomial inn, the cost of

updating the motion plan isO(lg n), and thus the kinetic DCH is local.
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To show that the kinetic DCH is efficient, we first observe that each certificate is be-

tween two points, and when it starts to fail, the distance between those 2 points is an integral

power of2. Thus each pair of points can generate at mostO(lg α) certificate failures, and

the total number of certificate failures in a kinetic DCH is at mostO(n2 lg α). We now

show a case when any DCH must change at leastΩ(n2) times.

We consider a necklace of balls in the plane. The necklace consists of three segments.

For the two segments close to the ends, each containsn/c bumps, where each bump has

heightc and the distance along the necklace between adjacent bumps is2c. The two seg-

ments are connected by a bent segment with2n balls. The total number of balls in the

necklace is10n. The top segment with bumps is moving linearly towards the left; the bot-

tom segment remains static. The balls on the middle segment move accordingly to keep the

necklace connected. Figure 5.1 shows the configuration of the necklace at the starting and

ending point.

Figure 5.1: Motion of the points.

2c

2c + 1 1

Figure 5.2: There are at leastΩ(n2) changes to any discrete center hierarchy
during the motion.

Consider the time when a top bump is directly above a bottom bump, so that the distance

between their peaks is1. See Figure 5.2. Letp andq be the nodes at the peaks such that

|pq| = 1. If we choosec such thatc > 2, p andq are far from all other points, and as the
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result, eitherp is the parent ofq or q is the parent ofp in any discrete center hierarchy ofS.

Without lost of generality, letp be the parent ofq. Some time later during the motion, the

distance between the pointsp andq becomes 2 or more, and thusq is either promoted orq

changes its parent. Thus there must be at least one event for the pair of pointsp andq, and

any kinetic DCH for this necklace must haveΩ(n2) events.

We have established:

Theorem 5.5.1.The kinetic DCH is efficient, responsive, local and compact. Specifically,

the total number of events in maintaining a kinetic DCH isO(n2 lg α) under pseudo-

algebraic motion. Each event can be updated inO(lg α) time. A flight-plan change can

be handled inO(lg α) time. Each point is involved in at mostO(lg α) certificates. When

the aspect ratio of the point set is bounded, thelg α in the above formulas can be replaced

by lg n.

5.5.3 Maintenance in a physical simulation setting

In practice, the motion of the points may not be known in advance. Instead, the new point

positions are given by some physics black box after every time step, and we are called in

to repair the DCH. When the points move randomly in a step, the best option is to rebuild

the DCH from scratch. If the points do not move much, however, we can attempt to modify

the DCH in the previous step to get a DCH for the points in the next step.

We first verify and update the hierarchy from the top down, using update operations as

in the KDS setting. Suppose that we have updated all levels above leveli and we would

like to update leveli. First we verify that all centers in leveli are still covered by their

parent centers in leveli+1. For each center in leveli that became an orphan, we find a new

parent for it. Then for each pair of neighbors in leveli that are closer than2i, we demote

one of the two centers and find new parents for the orphans. Edges of the conflict graphGc

in level i are then verified and updated if necessary.

To show that the hierarchy is correct after the update, we need the following lemma

which extends Lemma 5.3.1(5).

Lemma 5.5.2. Let p, q be centers in leveli andr = P (p), s = P (q) in a time frame. If
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p, q, r, s do not move more than(c− 1) · 2i−1 in each time step, then in the next time frame

p andq are neighbors inGc only if r = s or r ands are neighbors inGc.

Proof: Let p1, q1, r1, s1 andp2, q2, r2, s2 be the positions of the centers in the two time

frames respectively. Ifp2 andq2 are neighbors, then|r2s2| ≤ |r2r1| + |r1p1| + |p1p2| +
|p2q2| + |q2q1| + |q1s1| + |s1s2| ≤ 4(c − 1) · 2i−1 + 2 · 2i + c · 2i+1 = c · 2i+2, and thus

r2 = s2 or r2 ands2 are neighbors. ¤

Note that the cost of the update consists of the cost of traversing the hierarchy, the cost

of verifying all edges, and the cost of fixing orphans. The cost of traversing and the cost of

verifying all edges is proportional to the number of edges, which isO(n). The total cost of

the update is thusO(n + k lg α) wherek is the number of changes to the hierarchy.

If we know more about the motions of the points, for example a bound on the velocity

or acceleration of the points, we can compute conservative bounds on the failure times of

the certificates. These conservative bounds can be used to avoid verifying all edges and

thus to lower the cost of the DCH maintenance.

5.6 Applications

5.6.1 Spanner

A subgraphG′ is a spannerof a graphG if πG′(p, q) ≤ s · πG(p, q) for some constants

and for all pairs of nodesp andq in G, whereπG(p, q) denotes the shortest path distance

betweenp andq in the graphG. The factors is called thestretch factorof G′ and the graph

G′ ans-spanner ofG. If G is the complete graph of a set ofn pointsS in a metric space

(S, | · |) with πG(p, q) = |pq|, we callG′ ans-spanner of the metric(S, | · |).
In this subsection, we show that the conflict graphGc is a (1 + ε)-spanner whereε =

4/(c−1). As the conflict graphGc can be maintained under dynamic insertion and deletion

and in the KDS setting, this(1 + ε)-spanner is maintainable in both dynamic and kinetic

change. We note that existing spanner constructions are all static and based on sequential

centralized algorithms, and the update of those spanners when the underlying points move,

added, or deleted is often infeasible.
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Theorem 5.6.1.Gc is a(1 + ε)-spanner whereε = 4/(c− 1).

≤ c · 2i+1

p q

pi−1 qi−1

pi qi

> c · 2i

Figure 5.3: There exists a path inG between any two pointsp andq with length
at most(1 + ε)|pq|.

Proof: For a pair of pointsp, q ∈ S0 we find the smallest leveli so that there is an edge

between their ancestorsP (i)(p) andP (i)(q). Definepi = P (i)(p), qi = P (i)(q), pi−1 =

P (i−1)(p), qi−1 = P (i−1)(q). We take the pathΛ(p, q) as the concatenation of the parent

chain fromp to pi, the edge betweenpi, qi and the parent chain betweenqi andq. To prove

thatG is a spanner, we show that the pathΛ(p, q) has length at most(1 + ε)|pq|.
First, we have that|piqi| ≤ c · 2i+1 and|pi−1qi−1| > c · 2i. By Lemma 5.3.1,|ppi−1| ≤

2i−1, |qqi−1| ≤ 2i−1. So|pq| ≥ |pi−1qi−1| − |ppi−1| − |qqi−1| > (c− 1) · 2i. Also the length

of Λ(p, q) is at most2i + |piqi| + 2i ≤ |pq| + 4 · 2i ≤ |pq| + 4|pq|/(c− 1) = (1 + ε)|pq|.
This proves thatG is a(1 + ε)-spanner. ¤

Given a graph onS, the weightof that graph is the total length of all edges of that

graph. The minimum spanning tree (MST) ofS is a connected graph onS having the

smallest weight. We show that the spannerGc is a graph with small weight.

Lemma 5.6.2. The total weight of the conflict graphGc is O(MST · lg α/εd+1).

Proof: First we bound the total lengths of all edges in a certain levelSi. We charge the

edges inSi to the minimum spanning tree (MST) ofSi as follows. An edge incident on

p(i) is charged to one of the MST edges incident onp(i). Since each node inSi has at most

(8c + 1)d − 1 = O(1/εd) edges with other nodes inSi, each edge of the MST is charged

at mostO(1/εd) times. Since the edges ofGc in level Si have lengths at mostc · 2i+1
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and the points ofSi are at least2i−1 away from each other, the length of an edge inSi is

at most4c = O(1/ε) times the length of the charged edge in the MST ofSi. Thus the

total lengths of the edges inSi is at mostO(1/εd+1 · MST(Si)). The weight of the MST

of Si is at most twice the weight of the minimum Steiner Tree2 (MStT) of Si [Vaz01].

Furthermore if a point is added, the weight of the MStT can only become larger. Thus we

have MST(Si) ≤ 2MStT(Si) ≤ 2MStT(S) ≤ 2MST(S). It follows that the total weight of

theGc is at mostO(MST · lg α/εd+1). ¤

To summarize, we have,

Theorem 5.6.3.For a set ofn points inRd with aspect ratioα, we can construct a(1 + ε)-

spannerGc so that the total number of edges inGc is O(n/εd), the maximum degree of

Gc is O(lg α/εd), and the total weight ofGc is O(lg α/εd+1 · MST). Points can be added

or removed fromGc in time O(lg α) each. Furthermore,Gc can be maintained when the

underlying points move, either in the KDS or blackbox motion model. The KDS spanner

is efficient, local, compact, and responsive.

5.6.2 Well-separated pair decomposition

A pair of point sets(A,B) is s-well-separatedif the distance3 betweenA,B is at least

s times the diameters of bothA andB. A well-separated pair decomposition(WSPD)

of a point set consists of a set of well-separated pairs that ‘cover’ all the pairs of dis-

tinct points, i.e. any two distinct points belong to the different sets of some pair of the

decomposition. In [CK95a], Callahan and Kosaraju showed that for any point set in a

Euclidean space and for any positive constants, there always exists ans-well-separated

pair decomposition with linearly many pairs. This fact has been very useful in obtain-

ing nearly linear time algorithms for many problems such as computingk-nearest neigh-

bors, n-body potential fields, geometric spanners and approximate minimum spanning

trees [CK93, Cal93, CK95a, CK95b, AMS94, ADM+95, NS00, LNS02, GLNS02, Eri02].

2For a set of pointsS in the plane, the minimum Steiner tree is a tree in the plane with minimum total
weight that connects all the points inS.

3The distance between two point setsA,B is defined as the minimum distance of two pointsp, q, with
p ∈ A andq ∈ B.
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In this subsection, we show that the DCH induces a linear size well-separated pair de-

composition. The maintainability of the DCH under dynamic insertion and deletion and

under motion can be easily extended to show that the new well-separated pair decomposi-

tion is also maintainable.

Lemma 5.6.4. The spanner can be turned into ans-well-separated pair decomposition, so

thats = c− 1 = 1/ε. The size of this well-separated pair decomposition isO(n/εd).

Proof: For nodesp(i) andq(i) in the DCH, we denote byPi andQi, respectively, the sets

of all decedents ofp(i) andq(i) includingp(i) andq(i). Consider the setC of pairs(Pi, Qi)

wherep(i) andq(i) are not neighbors in leveli, but their parents in leveli+1 are neighbors.

We now argue thatC is ans-well-separated pair decomposition withs = c− 1 = 1/ε.

Note that all points inPi (or Qi) are within a distance of2i from pi (or qi), and thus

the diameter ofPi (or Qi) is at most2i+1. Sincep(i) and q(i) are not neighbors inSi,

|pq| > c · 2i+1, and thus the distance betweenPi andQi is at least(c − 1)2i+1. It follows

that Pi andQi are s-separated, wheres = c − 1. On the other hand, for each pair of

points inS, there is only one leveli in the hierarchy such that their ancestors on leveli is

connected by an edge but their ancestors on leveli + 1 are not connected by an edge. Thus

any pair of points is covered by exactly one pair(Pi, Qi) in C. This shows thatC is an

s-well-separated pair decomposition.

By Lemma 5.3.3, each point covers at most5d points in one level below. The number of

well-separated pairs inC equals to the number of non-connected cousin pairs in the DCH,

which is at most a factor of52d the number of edges in conflict graphGc. ThusC has size

O(n/εd). ¤

Theorem 5.6.5.The s-well-separated pair decomposition can be maintained by a KDS

which is efficient, responsive, local and compact.

Proof: We construct and maintain the conflict graphGc. By usingGc as a supporting

data structure, we maintain the well-separated pair decomposition implicitly by marking

the pairs(Pi, Qi) wherep(i) andq(i) are not connected by an edge in some leveli, but their

parents in leveli + 1 are connected by an edge. They only change when the edges are

inserted/deleted. So the total number of events isO(n2 lg α), as per Theorem 5.5.1. Upon
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request, a well-separated pair can be output in time proportional to the number of points it

covers.

On the other hand, there exists a set ofn points such that any linear-sizec-well-

separated pair decomposition has to changeΩ(n2/c2) times. For the setting in Figure

5.2, there must be a well-separated pair that contains only the points of the upper bump

and lower bump. The total number of such pairs isΩ(n2/c2), so is the total number of

changes. ¤

5.6.3 All near neighbors query

The near neighbors query for a set of points, i.e., for each pointp, returning all the points

within distancè from p, has been studied extensively in computational geometry. A num-

ber of papers use spanners and their variants to answer near neighbors query in almost

linear time [AS97, DDS92, LS95, Sal92]. Specifically, on a spanner, we do a breadth-first

search starting atp until the graph distance top is greater thans · `, wheres is the stretch

factor. Due to the spanning property, this guarantees that we find all the points within dis-

tance` from p. Furthermore, we only check the pairs with distance at mosts · `. Notice

that unlike the previous papers that focus only on static points, the conflict graph can be

maintained under motion, so the near neighbors query can be answered at any time during

the movement of the points.

Before we bound the query cost of the algorithm, we first show that the number of pairs

within distances · ` will not differ significantly with the number of pairs within distance`.

A similar result has been proved in [Sal92]. The following theorem is more general with

slightly better results and the proof is much simpler.

Theorem 5.6.6.For a setS of points inRd, denote byχ(`) the number of ordered pairs

(p, q), p, q ∈ S such that|pq| ≤ `, thenχ(s · `) ≤ (2(2s + 3)d + 1)χ(`) + n(2s + 3)d.

Proof: We first select a set of discrete centersS`/2 with radius`/2 from pointsS. We then

assign a pointq to a centerp if |pq| ≤ `/2. A point can be within distancè/2 of more than

1 centers. In this case, we assign it to one of them arbitrarily. Any point is assigned to one

and only one discrete center. We sayq is covered byp if p is the assigned center forq. The

set of points covered byp ∈ S`/2 is denoted byH(p). Definek(p) = |H(p)|.
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Define the distance between two setsA, B of points as the minimum distance between

two points in each set. We consider the setΨ of ordered pairs(H(p), H(q)), p 6= q such

that the distance betweenH(p) andH(q) is at mosts · `. By triangular inequality,|pq| ≤
(s + 1) · `. Using Lemma 5.3.2, the number of suchq’s that(H(p), H(q)) ∈ Ψ is at most

(2s + 3)d. ThusΨ has at most(2s + 3)dn ordered pairs.

An edgep′q′ is said to be covered by(H(p), H(q)) if p′ ∈ H(p) andq′ ∈ H(q). We

note that any pair of points within the sameH(p) for anyp are within a distance of̀ of

each other. Thus we have

χ(`) ≥
∑

p∈S`/2

k(p)(k(p)− 1). (5.1)

Furthermore, any ordered pairs(p′, q′) with ` < |p′q′| ≤ s · ` are covered by some pair

(H(p), H(q)) ∈ Ψ. Thus we have

χ(s · `)− χ(`) ≤
∑

(H(p),H(q))∈Ψ

k(p)k(q). (5.2)

Using the inequalityab ≤ a(a − 1) + b(b − 1) + 1 for all real numbersa and b,

k(p)k(q) ≤ k(p)(k(p) − 1) + k(q)(k(q) − 1) + 1. Summing this inequality over all pairs

in Ψ, we obtain

∑

(H(p),H(q))∈Ψ

k(p)k(q) ≤ 2(2s + 3)d
∑

p∈S`/2

k(p)(k(p)− 1) + n(2s + 3)d. (5.3)

Combining (5.3) with inequalities (5.1) and (5.2), we haveχ(s · `) − χ(`) ≤ 2(2s +

3)dχ(`) + n(2s + 3)d, which impliesχ(s · `) ≤ (2(2s + 3)d + 1)χ(`) + n(2s + 3)d. ¤

Theorem 5.6.7.For a setS of points inRd, we can organize the points into a structure of

sizeO(n) so that we can perform the near neighbors query, i.e., for each pointp, find all

the points within distancèof p, in timeO(k + n), if the size of the output isk.

Proof: As we described before, we traverse thes-spannerGc by a breadth-first search and

collect the pairs with distance at mosts · ` that include all pairs with distance no more than

`. We then filter out unnecessary pairs and only keep the pairs within distance`. From

Theorem 5.6.6,χ(s`) ≤ (2(2s + 3)d + 1)k + n(2s + 3)d, wherek is the size of the output.
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For a fixeds, Gc has linear size by Theorem 5.6.3, and the cost of traversing and filtering

is O(k + n). ¤

We remark that this output sensitivity is not valid on a per point basis. Figure 5.4 shows

an example situation where for pointp the number of neighbors within distances · ` is not

proportional to those within distance`.

p

Figure 5.4: The number of neighbors of a pointp increases abruptly.

5.6.4 (1 + ε)-nearest neighbor

An s-approximate nearest neighbor of a pointp ∈ Rd with respect to a point setS is a point

q ∈ S such that|pq| ≤ s · |pq∗|, whereq∗ is the nearest neighbor ofp. We first show that

for a given parameterc > 1, the conflict graphGc can be used a data structure to maintain

(1 + ε)-nearest neighbors of points inS, whereε = 4/(c− 1).

Let p be a point inS, q is its nearest neighbor inGc, andq∗ be the nearest point inS to

p. Clearly|pq| ≥ |pq∗|. As Gc is a(1 + ε)-spanner, the shortest path betweenp andq has

length at most(1 + ε) · |pq| ≤ (1 + ε) · |pq∗|. As q is the nearest neighbor ofp, any path

involvedp must have length at least|pq|, and thus|pq| ≤ (1 + ε) · |pq∗|, i.e. q is the an

approximate nearest neighbor ofq in S.

Supposei is the lowest level where the edgepq appears,c · 2i−1 < |pq| ≤ c · 2i. In any

levelj ≤ i−1, there is no edge attached with pointp as if there is such an edge, it would be

shorter thanpq. Thus to find the nearest neighborq in Gc for a pointp ∈ S, we simply find

the lowest leveli wherep has an edge, and takeq to be the nearest neighbor ofp among all

the leveli edges incident onp. q is then also an(1 + ε)-approximate neighbor ofp.
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If we keep for each point its shortest edge inGc, we can get the(1+ε)-nearest neighbor

of any pointp ∈ S by a single lookup. The maintenance of the DCH and the conflict graph

Gc implies the maintenance of the(1 + ε)-nearest neighbor information as well. So we

have,

Theorem 5.6.8.For a setS of points inRd, we can maintain a kinetic data structure of size

O(n/εd) that keeps the(1 + ε)-nearest neighbor inS of any nodep ∈ S. The structure is

efficient, responsive, local and compact.

Proof: All we need to prove is the efficiency of the KDS. The example in subsection 5.5.2

shows that any linear-size structure maintaining the(1 + ε)-approximate neighbor has to

changeΩ(n2ε2) times. ¤

So far we use the conflict graphGc as a data structure on some point setS to maintain

the(1 + ε)-approximate nearest neighbor query for a specificε, and the query points must

be inS. The approximate(1 + ε)-nearest neighbor query can be done in a more general

setting where the parameterε is not given during the preprocessing, and the query points

can be arbitrary. In this setting, we can still answer the query efficiently, though the query

time is no longerO(1) as in the previous case.

Theorem 5.6.9.For a setS of points inRd, we can organize then points into a structure

of sizeO(n) so that we can perform the(1+ ε)-nearest neighbor query inO(lg α/εd) time,

i.e., given a pointp ∈ Rd, find a pointq in S such that|pq| ≤ (1 + ε)|pq∗|, whereq∗ is the

nearest neighbor ofp.

Proof: Given anε > 0 and a query pointp, we let t = 1 + 2/ε. To answer the(1 + ε)

approximate nearest neighbor ofp, we traverse the DCH top down and keep track of the

setWi = {q | q ∈ Si, |pq| < t · 2i} as the leveli decreases.

First of all, we notice that|Wi| = O(td) for any i, since the points inSi are at least

distance2i−1 apart. Secondly, we observe that for a pointq ∈ Si, if |pq| < t · 2i, by

triangular inequality|pP (q)| ≤ |pq| + |qP (q)| < t · 2i + 2i ≤ t · 2i+1. ThereforeWi must

be included in the set of the children ofWi+1. So we can constructWi from Wi+1 in O(td)

time, by checking the children of all the points inWi+1. The total running time of such a

traversal is bounded byO(td lg α) = O(lg α/εd).
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At the end of the traversal of the DCH, letq be the point closest top encountered. We

will show thatq is a (1+ε)-nearest neighbor ofp. Let q∗ be the closest point top among all

points inS. If q∗ is in encountered during the traversal, then clearly|pq| = |pq∗|, and we

are done. If not, letj be the level such thatP (j−1)(q∗) /∈ Wj−1 andP (j)(q∗) ∈ Wj. j exists

because the root of the DCH is an ancestor ofq and by virtually extending the hierarchy if

necessary, the root of the DCH is always visitted during the traversal.

By definition of q and Lemma 5.3.1,|pq| ≤ |pP (j)(q∗)| ≤ |pq∗| + |q∗P (j)(q∗)| ≤
|pq∗| + 2j. On the other hand,|pq∗| ≥ |pP (j−1)(q∗)| − 2j−1 ≥ (t − 1) · 2j−1. Thus

|pq| ≤ (1 + 2/(t− 1))|pq∗| = (1 + ε)|pq∗|. The theorem is proved. ¤

5.6.5 Closest pair and collision detection

We observe that ifp andq is the closest pair of points inS, and leti be such that2i−1 <

|pq| ≤ 2i, thenp andp must be in levelSi, and as|pq| ≤ 2i+1, there is an edge betweenp

andq in the conflict graphG, i.e. there is an edge inG between the shorest pair of points

in S. By maintainingG, we can maintain this closest pair of points.

Theorem 5.6.10.For a setS of moving points inRd, we have a linear-size kinetic data

structure to maintain the closest pair of the point set. The KDS is efficient, local, compact

and responsive.

Proof: We first construct and maintain a DCH ofS and its conflict graphG. The edge

between the closest pair is the shortest edge inG. As G has only linear number of edges,

we simply use a kinetic tournament tree [Gui98] to keep track of the shortest edge among

all the spanner edges. The kinetic tournament tree is known to be efficient, local, compact

and responsive. Thus our KDS to maintain the closest pair, by using the kinetic DCH and

the kinetic tournament tree, has all those good properties as well. Namely, the total size of

the KDS is of linear size in the number of points. Each point is involved inO(lg n+lg α/εd)

certificates. The update cost on a certificate failure isO(lg2 n), as there areO(lg n) edge

changes in the conflict graphG, and each edge change in the conflict graph triggers an edge

insertion or deletion in the kinetic tournament tree which costsO(lg n).
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There are at mostO(n2 lg α) edge changes in the DCH and its conflict graphG. The

kinetic tournament tree for an input with sizem processesO(m lg m) events. By the effi-

ciency of the kinetic tournament tree, the total number of events processed altogether can

be bounded byO(n2 lg α lg n). The number of times the shortest pair of points can change

is O(n2), using the same example as in Figure 1.4. Thus our KDS for maintaining the

closest pair is efficient. ¤

5.6.6 k-center

For a setS of points inRd, we choose a setK of points,K ⊆ S, |K| = k, and assign all

the points inS to their closest point inK. Thek-center problem is to find aK such that

the maximum radius of thek-center,maxp∈S minq∈K |pq|, is minimized.

The DCH implies an8-approximatek-center for anyk. We take the lowest leveli such

that |Si| ≤ k. If |Si| = k, then we takeK = Si. If |Si| < k, we also add some (arbitrary)

children ofSi to K so that|K| = k.

Lemma 5.6.11.K is an8-approximation of the optimalk-center.

Proof: On leveli−1 we have more thank points with distance at least2i−1 pairwise apart.

So in the optimal solution, at least two points inSi−1 are assigned to the same center. Thus

the optimalk-center has maximum radius at least2i−2. But K has radius at most2i+1. So

K is an 8-approximation to the optimalk-center solution. ¤

Theorem 5.6.12.For a setS of n points inRd, we can maintain an8-approximatek-center.

The KDS is responsive, local and compact. Furthermore, for any fixed integert ≥ 1, our

KDS for the8-approximate(n− t)-center is efficient.

Proof: We first maintain a DCH under motion. When the nodes inSi move, we update the

approximatek-center as well. If a nodep ∈ Si is deleted from leveli, we add children of

Si to K to keep|K| = k. The only problem that needs to be clarified is when the number

of centers at leveli− 1 becomesk or less. However, sinceSi ⊆ Si−1 and we takeK to be

Si and some children ofSi, we thus smoothly switch from leveli to leveli− 1. The other
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event is when|Si| = k + 1, we simply takeSi+1. Notice thatSi+1 ⊆ Si ⊆ Si−1 so the

update toK is O(1) per event. AndK is changed at mostO(n2 lg α) times.

To prove the efficiency of our KDS fork = n − t wheret ≥ 1 is a constant, we show

that there exists a setting in which anyc-approximate(n − t)-center, wherec > 1, has to

changeΩ(n2) times.

G0

G1

Figure 5.5: Anyc-approximate(n− t)-center must changeΩ(n2/t2) times.

Let m = n/(2t) and fix a valueγ > c. We arrangen points on a plane as in Figure 5.5.

First we group then points into t groupsGi, 0 ≤ i < t. Each groupGi consists of

m lower points at positions(γjm, 2γti), 0 ≤ j < m, andm upperpoints at positions

(γj(m − 1), 2γti + 1), 0 ≤ j < m. Note that there are exactlyt matchedpairs of points

that are exactly1 unit distance apart in this arrangement, and the distance between all other

pairs of points are at leastγ > c. As the result, the radius of the optimal(n − t)-center

is 1, and anyc-approximate(n − t)-center must contain exactly one point in each of thet

matched pairs (and the remainingn− 2t points are the unmatched points).

If we fix the lower points in all groups and let the upper points move to the right with the

same velocity, every time the upper points move a distancexγ for each integer value ofx

between1 andm(m− 1), we have a different set oft matched pairs of points, and thus any

c-approximate(n− t)-center must change. It follows that anyc-approximate(n− t)-center

must change at leastm(m− 1) = Ω(n2/t2) times. ¤

Remark Notice that the spanner actually gives an approximate solution to a set ofk-center

problems with differentk simultaneously. We can maintainj subsetsK1, K2, · · · , Kj such

thatKi is an8-approximation of the optimalki-center, where0 ≤ ki ≤ n. The update cost

per event isO(j + lg α).

We also note that there exists a situation and a certaink where the optimalk-center

undergoesΩ(n3) changes, as the example in [GGH+03]. In fact, that example shows that

there is a valuek such thatk-center with approximation ratio< 1.5 has to changeΩ(n3)
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times. On the other hand, any point is a2-approximation1-center and thus2-approximation

1-center does not have to change when the points move. The efficiency of our KDS for

approximatek-center for a full spectrum ofk is still not well understood.



Chapter 6

Conclusions

We have shown in this dissertation the power of using implicit representations of bounding

volumes and bounding volume hierarchies. Implicit bounding volumes such as zonotopes

allow one to achieve a good tradeoff, having compact descriptions yet bounding tightly

at the same time. Implicit bounding volume hierarchies are more stable when underlying

primitives move, and smooth updates of the hierarchies become possible, not only in the

kinetic data structure framework but also in the blackbox motion model.

The work is not complete however. While the algorithms proposed have good asymp-

totic running time in theory, the constant factors behind the asymptotic behavior are some-

times large, making their performance in practice not as desirable. Bridging the gap be-

tween theory and practice for bounding volume hierarchies, coming up with algorithms

with good worst case theoretical bound that also work well in practice is still an open chal-

lenge.

We finally remark that even though we only show that implicit descriptors help in de-

signing data structures for bounding volumes and bounding volume hierarchies, we expects

that they also help in designing data structures for other purposes.
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